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Abstract. Four classes of network problems—conductive, resistive, conductive
boundary value, and resistive boundary value—are considered in this paper. In each
case solution of the network problem is tantamount to determining a zero of a nonlinear
system of equations. Under certain monotonicity assumptions, it is shown that the
nonlinear Gauss-Seidel iterative procecdure is globably convergent when applied to these
systems.

1. Introduction. Mathematical models of electrical, hydraulie, and elastic systems,
as well as certain considerations in operations research and the numerical solution of
partial differential equations, give rise to a wide variety of what may be loosely termed
network problems. For a survey and analysis of many of these the reader is referred to
Berge and Ghouila-Houri [1]. In this paper we shall study four classes of network prob-
lems. These are formulated in terms of general statements of the Kirchhoff laws, and a
collection of functional relations between the network variables. In electrical, hydraulic,
and elastic network problems these relations are known respectively as Ohm's law,
Darcy’s law, and Hooke'’s law. Here we shall simply call them characteristics.

In Sec. 2 we present some fundamentals of network topology and statements of what
we call conductive, resistive, conductive boundary value, and resistive boundary value
problems. We have chosen circuit theory terminology because this appears to be the most
common area of application of these concepts. The conductive and resistive problems
differ only because of the type of characteristic that is involved. The conductive problem
is associated with what in circuit theory is known as ‘‘voltage controlled’ resistors while
the resistive problem is associated with ‘current-controlled’ resistors. In the important
special case of strictly isotone characteristics, it is theoretically possible to go from one
problem to the other by replacing the given characteristics by their inverses. However,
in practice this may be difficult or impossible to do. Hence, we have included treatments
of both problems.

The main object of this paper is to provide a theoretical justification for use of the
nonlinear Gauss-Seidel iterative process to solve numerically certain conductive, resis-
tive, conductive boundary value, and resistive boundary value problems. This is done
by establishing its global convergence in these cases. It will turn out that when global
convergence occurs, uniqueness (and of course existence) of the solution is also assured.
To prove these convergence results it is necessary to reformulate the network problems
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as systems of nonlinear equations. This is done in Sec. 3 by utilizing bases of certain
finite-dimensional vector spaces.

Secs. 4 and 5 contain the convergence theorems. These are not obtained ab ovo, but
proceed from more general results on M-functions in Sec. 4 and uniformly monotone
gradient maps in Sec. 5. Isotonicity of the characteristics is an assumption which is
common to all of our theorems. However, strict isotonicity and surjectivity of all charac-
teristics is not required in general. Thus we demonstrate convergence even when some
of the characteristics are bounded, or constant on all or portions of their domains.

Many authors have considered existence and/or uniqueness questions for network
problems, see for example [1-5, 7-9, 13, 17] and the references contained therein. On the
other hand, the computational aspects of network problems do not appear to have been
treated very extensively. In 1952 Diaz and Roberts [6] used a monotonicity argument
to prove that the Gauss-Seidel process converges when applied to the usual 5-point
difference analogue of Laplace’s equation. Later Birkhoff and Diaz [2] and Dwyer [9]
extended this proof idea and applied it to certain network problems which in our termi-
nology are conductive boundary value problems. Accordingly, in Sec. 4 we are able to
obtain a generalization of their work.

A different approach was taken by Minty [1, 13] in developing an algorithm for the
solution of conductive and resistive problems when the characteristics are isotone step
functions. His algorithm is based on the ‘“‘colored arc lemma’ and is finite in the sense
that it finds a solution after a finite number of steps. This is in direct contrast to the
Gauss-Seidel process which generally requires an infinite number of steps for convergence.

Porsching [15] has analyzed the convergence of the Gauss-Seidel process when it is
applied to a class of network problems which are related to the present conductive
boundary value problems. In [15] the characteristics are permitted to have a more general
form than those considered here, but the isotonicity requirements are stricter.

Computational experience has shown that the Gauss-Seidel—or, as it is known to
engineers, the Hardy Cross—method often converges slowly [12]. In this regard the
recent paper [10] may be consulted for a practical technique to accelerate convergence.

2. Network problems. In this section we recall some basic graph theoretic notions
and give general statements of the network problems to be considered. Throughout this
paper we will assume that we are given a finite, connected network 9 with node set V'
and directed arc set S. Let

o) = o (U) U o (U)

denote the cut (coboundary) associated with the node set U C V, o*(U) and o (U)
representing respectively the arcs incident from and to U. Let |S| = m and label the
arcs of N from 1 to m. Then, as is well known, each cut can be uniquely associated with
a cut vector

w(U) = [@(U), -+, wa(U)]"

by means of the rule

w;(U) = +1 if arci € " (U)
—1 if arci € w (V)
0 if arct & w(U).
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In an analogous manner each cycle of 3,
u=uv" Uy,
may be associated with a cycle vector
o= [ur,p2, - ,Mm]ry
where
pi = +1 if arci €y’
= —1 if arciEy”
=0 if arc? € u.

Here u* is the set of cycle arcs which are oriented in a given sense and u~ is the set of
arcs which are oriented in the opposite sense.
A flow on 9 is a vector

¢ =1[d, "
which is orthogonal to every cut vector. That is,
w(U)¢ = 0, vUcCyvV. (2.1)
Similarly, a lension on 9 is a vector
6=1[6,, - ,0,,,]T
such that for any cycle vector g,
u'o = 0. (2.2)

In the context of electrical networks Eqgs. (2.1) and (2.2) are statements of Kirchhoff's
current and voltage laws.

For each arc 7z of 9T we relate the quantities ¢; and 8; by means of a conductive charac-
teristic

(¥ z:(6,), (2.3)

or a resistive characteristic
0; = yi(¢i)l (2~4)

where the functions z, , y; : R' — R', are given. We shall generally identify properties
of the functions z,(t) or y,(f) with arc <. Thus, when we speak of a continuous or isotone
arc, we mean that the corresponding function is continuous or isotone.

We now state two problems.

Conductive Problem: Find a flow ¢ and a tension 6 such that (2.3) is satisfied for
t=1 - ,m.

Resistive Problem: TFind a flow ¢ and a tension 6 such that (2.4) is satisfied for

i=1---,m
Let |[V| = n and let the nodes of 9 be labeled from 1 to n. Then it is not difficult to
show that 6 is a tension if and only if there exists a set of scalars {p, , -+, p.}, called

a node state, such that for any arc 7

0; = pi — P, (2.5)
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where j is the initial node and k the terminal node of arc 7. The scalar p; , which is unique
up to an added constant, is called the state value at node j, and many practical problems
are formulated in terms of these values.

Specifically let V, be a non-void set of boundary nodes of V and let p,;* be an assigned
state value for j € V, . Then we have the following two problems:

Conductive Boundary Value Problem: Find a tension 6 and a vector ¢ & R™ such
that (2.3) is satisfied, p;* is a state value at node j € V, corresponding to 6, and w(U)"¢ =
0ifUCV —-V,.

Resustive Boundary Value Problem: TFind a tension 6 and a vector ¢ & R™ such that
(2.4) is satisfied, p;* is a state value at node j € V, corresponding to 6, and w(U)"¢ = 0
fUCV-V,.

Note that the vector ¢ in the conductive and resistive boundary value problems is
not necessarily a flow on 3 since the orthogonality condition holds only for a restricted
class of cuts. However, these two problems can be reformulated exclusively in terms of
a flow and a tension on an augmented network.

For the conductive boundary value problem let us construct the network 9 from 3
by adding one new node, say node n + 1, and |V,| new arcs, say arcsm + 1,-- -, m + |V,
where each new arc is incident from a different node of V, to the new node. If arc ¢
connects node j &€ V, to the new node, we define the resistive characteristic

6; = p;* (2.6)

By introducing the node cut vectors w(j), and the fact that any cut vector w(U) has the
representation

W) = 2 w(j), 2.7)

i€EU

it is a straightforward exercise to show that the conductive boundary value problem is
equivalent to the

Augmented Conductive Problem: Find a flow and tension on 9 such that (2.3) is
satisfied on ares 1, - -+ , m and (2.6) is satisfied on aresm + 1, --- , m + |V,] .

In the same way we can show the equivalence of the resistive boundary value problem
with the following

Augmented Resistive Problem: Find a flow and tension on 9 such that (2.4) is
satisfied on ares 1, - -+ , m and (2.6) is satisfied on arecs m + 1, --- , m + |V, .

Finally, we note that an augmented resistive problem is simply a resistive problem
on 9, but an augmented conductive problem is not a conductive problem on 9’ because
the characteristics (2.3) and (2.6) are of mized type. In the next section we examine
these problems relative to bases of cuts and cycles.

3. Bases of cuts and cycles. Let @ and M denote respectively the spans of cut and
cycle vectors of 9. Then it is well known that @ and M are orthogonal subspaces of R™

anddim@ =n — 1,dimM =m —n + 1. Consequently, if w*,7 =1, --- , n — 1, and
gyt =1, --- ,m — n 4+ 1, are bases for @ and M, then ¢ is a flow on N if and only if
there are scalars v, , - -+ , ¥m—ns1 Such that

m-n+1

¢ = E 'Yi#i) (31)

i=1
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and @ is a tension on 9 if and only if there are scalars é, , --- , 8,_, such that

n—1
=2 b (3.2)
i=1
It follows that relative to the basis {w'}, solution of a conductive problem is equivalent
to determination of scalars §; ,j = 1, - -+ , n — 1 which satisfy the cut equations,

n—1
w”x(z 5,»(.0") =0, 4i=1,--,n—1, (3.3)
=1

where z(8) = [2,(6,), - -+ , Zn(8..)]". Furthermore, relative to the basis {u‘}, solution of a
resistive problem is equivalent to determination of scalarsy; ,7 =1, --- ,m — n + 1
which satisfy the cycle equations

i=1

m—-n+1
u"y(z wi)=0, i=1,-,m-—n+1 (3.4)

where y(¢) = [yl(d’l); ) ym(¢m)]r'

Clearly the actual form that either the cut or cycle equations assume depends on the
particular basis chosen in the representations (3.3) and (3.4). Some of these forms are
better suited for analysis than others. Indeed, in Secs. 4 and 5 we shall utilize particular
bases to establish a globally convergent iterative algorithm—the nonlinear Gauss-Seidel
method—for the cut and cycle equations.

The cut and cycle equations are mathematical formulations of conductive, resistive
and augmented resistive problems. It remains to deduce a corresponding formulation
for an augmented conductive problem. In this case let @ be the span of cut vectors of the
augmented network 9’ and let ', ¢ = 1, - -+ , n be a basis for @'. We write

. ’i . r
W't = [“’l ’1 Tt wm+nll’bl] ’
and
A ) T
¢ = I.¢l, y¢m+|VaI,] J

Solution of the augmented conductive problem is then equivalent to determination of
scalars 6, ,k =1, --- ,nand ¢;/,j = m + 1, -+ , m + |V,| which satisfy the mized
equations,

m n m+ V|
Ewi"rf(E mw,-'*) + Y o'’ =0, l=1,.,n (3.58)
i=1 k=1 i=m+1
Z buwo; * = pi*, t=m+1, - ,m+ |V, (3.5b)
k=1

In (3.5b), as in (2.6), it is assumed that arc 7 connects node j € V, to node n + 1.

4. M-functions. Having formulated the cut, eycle and mixed equations, we now
investigate conditions under which these equations have unique solutions and for which
a globally convergent iterative method exists. In this section we shall do this by relating
the equations to a general class of nonlinear mappings called M-functions.

Let ¢’ € R" denote the sth unit coordinate vector,7 = 1, - - - , n. A function F : R* —
R F ={[f,, -, 1] is off-diagonally antitone if ¥.;(t) : R* = R*, ¥:;(t) = f.(x + t€') is
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antitone for allz € R and ¢ # j, 7,5 = 1, - - - |, n. It is ¢nverse isotone under component-
wise partial ordering if Fxr < Fy implies that < y. Finally, F is an M-function if it is
inverse isotone and off-diagonally antitone. As shown by Rheinboldt [16], if F is a con-
tinuous surjective M-function, then the system of equations

Fz =z (4.1)

has a unique solution z* for any z € R", and moreover the (nonlinear) Gauss-Seidel
iterates {2*} given by:

k+1 k+1 k k
Solve f,*(xl y * iy y Ly Tipry * 0 ° ,x,,) =2, fOl‘ Z;, (4.2)
k .
Setz,**'=2,, 1=1---,n, k=0,1,---,

are well defined and converge to x* for any starting vector 2° € R".

We shall make use of the following special case of a theorem of Rheinboldt [16, pg. 301]
which gives sufficient conditions for F to be a surjective M-function.

THEOREM 4.1: Let F : R" — R" be continuous and off-diagonally antitone. Suppose
that for any x & R", the functions

q"(t) = ’Zx Vi), t=1,--,n, (4.3)

are isotone. Assume further that for every 7(0), 1 < ¢(0) < n, there is a sequence {i(1),
i(2), .-+, 4up)} C {1, ---, n} such that Y.y ;e (@), k = 0, --+ , p — 1 is strictly
antitone and surjective and ¢, (f) is strictly isotone and surjective. Then F is a con-
tinuous surjective M-function.

To relate Theorem 4.1 to network equations we require the following definitions. We
shall say that an arc is bzjective if it is strictly isotone ans surjective. Two nodes will be
said to be bijectively connected if they are connected by a path of bijective arcs and two
nodes will be termed (bijectively connected) neighbors if they are the extremities of
some (bijective) arec.

We now consider the cut equations and prove the following.

TuEOorREM 4.2: Let 91 have n nodes, m arcs and continuous isotone conductive arcs.
If every two nodes of 91 are bijectively connected, then the function

F:R*" —’Rn_ly f,(a) = w(j)rl<"_zl 51‘0)(]0)) ’ .1 =1,.---,n—1, (44)

is a continuous, surjective M-function.
Proof: For the function defined by (4.4) we have

\l/il(t) = Zwi(j)xi(ci + wi(l)t)) j; l = 1; e, N — ly
where

n—1
C; = Z Bkw,-(k)

k=1

is independent of {. If j 5 [, then it follows from the definition of the node cut vectors
{w(j)} that

va(t) = 2wl + 2wl — wh)), (4.5)

i€w(s)—wll) i€aw(Nall)
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and therefore F is off-diagonally antitone since the arcs are isotone. Moreover, if any arc
1 € o(j) N o) is bijective, then ¥ (t) is strictly antitone and surjective. Since every
node 5(0) is bijectively connected to node n, it follows that there is a node j(p) which is a
bijectively connected neighbor of node n and a sequence {j(1),- - -,j(p)} C {1,---,n — 1}
such that ¥ . ;s (@), 5 = 0, -+, p — 1 is strictly antitone and surjective.

Now by (2.7),

2 V() = f':‘, ("i wi(j))ri(c; + wi(D)2)

i=1 Vf=1

a: (1)

I

- z: wi(m)zi(ci + wi(D)t)
= — Z )we(n)xe(Ci) + Z )w;(l)x.-(c; + w:()1), l=1,---,n—1.

t€a(n)—w(l t€own)Na(l
Hence ¢,(?) is isotone and if node [ is a bijectively connected neighbor of node n, then
q:(t) is strictly isotone and surjective. Therefore, all of the hypotheses of Theorem 4.1
are satisfied and so F is a continuous, surjective M-function. Q.E.D.

We note that if F is the function defined by (4.4), then the equations F§ = 0 are
the cut equations relative to a basis of node cut vectors. However, any two bases of @
are related by a nonsingular matrix transformation. This gives us the following result
on the solvability of the cut equations.

CoroLLARY 4.3: Under the hypotheses of Theorem 4.2 the cut equations (3.3)
have a unique solution. Furthermore, relative to any basis of node cut vectors, the
iterates of the Gauss-Seidel process (4.2) converge to the solution for any starting vector.

We now turn to the mixed equations (3.5).

THEOREM 4.4: Let 9 have m arcs, n nodes, boundary node set V, = {y+1, --- , n},
and continuous isotone conductive arcs. If every node of V — V, is bijectively connected
to a boundary node, then the function

n

PSR, 0= E 0e® + 5 opoe®), =10 @9

is a continuous surjective M-function.

Proof: Asin the case of Theorem 4.2, the proof consists of verifying that the hypoth-
eses of Theorem 4.1 are satisfied. For j = [,j,1 = 1, - -+ , » the functions ¥ (¢) are again
given by (4.5) except that now

C; = kZ 3kwe(k) + kzl pk*wi(k)'
=1 =y+
Therefore F is off-diagonally antitone. Furthermore,

o) = i (VZ w;(]’))x‘-(cg + w:(DY)

i=1 V‘j=1

=3 aTne + @)
= — Z w(Vy)zi(c)) + Z wi(Dz:(c; + wi(D)t), Il=1,--,»

i€ (Vo) —w(l) i€ w(Ve)Nell)

and the isotonicity of ¢,(f) follows. Finally, the hypotheses imply that every node of
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V — V, is bijectively connected to a node which is itself a bijectively connected neighbor
of some boundary node. Thus the remaining hypotheses of Theorem 4.1 are seen to hold.
Q.E.D.

Theorem 4.4 serves as the basis for the following solvability result concerning the
mixed equations.

CoRrOLLARY 4.5: Assume that the hypotheses of Theorem 4.4 hold, and let F be
defined by (4.6). Then the equations Fé = 0 have a unique solution 6* which is the limit
of the iterates of the Gauss-Seidel process (4.2) for any starting vector. Under the same
hypotheses the mixed equations have a unique solution and relative to the basis of node

cut vectors {’(j)};-," thissolutionis: 6, = 6,*, k=1, --- ,»,0., =N k=v»+1,---, n,
and ¢,/ = —w() Q" dw(k)), i = m + 1, -+, m + |V,| , where arc 7 connects
node j € V, to node n + 1.

Proof: Relative to the basis {«'(j)};-," and boundary nodeset V, = {» + 1, - -+ , n}
Eqgs. (3.5b) reduce to 6, = p.*, k = v + 1, - -+, n. But then F§ = 0 represents the first
v equations of (3.5a) and these have the solution 8* The remaining n — » (i.e. |V,|)
equations become w(j)” £(O_i-1" Sw(k)) + ¢/ = 0,5 =m + 1, --- ,m + |V,|, where
arc ¢ connects node j € V, to node n + 1. Finally, the solution relative to any other
basis is obtained from this solution by a linear transformation. Q.E.D.

Birkhoff and Diaz [2] and Dwyer [9] have considered boundary value problems in
which the earlier condition

w(U)¢ =0, uvCcv-v,
is replaced by the condition
o)’ = g:(p)), FEV -V, (4.7)
where ¢;(t) is a continuous antitone function. These seemingly more general problems
may be reduced to a conductive boundary value problem as follows. We construct an
augmented network 9, from N by adding one new boundary node, and |V — V,| new
arcs each of which connects a different node of V. — V, to the new node. If arc 7 connects

node j € V — V, to this node, then we define the conductive characteristic for that
arc as

é: = —g,(6,).

Also, we assign the new boundary node a state value of zero. It is not difficult to see that
solution of a boundary value problem which employs (4.7) on 9 is equivalent to solution
of a conductive boundary value problem on 97, . Furthermore, it is evident that if the
hypotheses of Theorem 4.4 hold on 9, then they also hold on 9, . Hence an obvious
analogue of Corollary 4.5 holds for the mixed equations of 91,’, and as such it represents
a generalization of results of Birkhoff and Diaz and Dwyer on the convergence of the
Gauss-Seidel iterates.

In order to apply the M-function theory to the cycle equations (3.4), we need an
additional restriction on 9, namely, that it be a planar network. Let 9 have n nodes
and m arcs. It follows that 9T can be embedded in the plane in such a way so as to divide
itinto m — n + 1 simply connected bounded regions and one unbounded region. Further-
more, the cycle vectors corresponding to the cycles created by the arcs which constitute
the boundaries of the bounded regions form a basis for M (see, for example, Berge and
Ghouila-Houri [1, p. 135]).

To fix these ideas let R, , --- , R,,_.., denote the bounded regions and R,._,.. the
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unbounded region. We will say that two of these regions are (bijectively connected)
neighbors if their boundaries have at least one (bijective) arc in common. The regions
R, and R;,, are bijectively connected if there is a sequence {i(1), --- , i(p — 1)} C
{1, .-+ ,m — n 4+ 2} such that R,, and R;4+1, , k = 0, -+, p — 1, are bijectively
connected neighbors. Now let w',j = 1, --- , m — n + 2, denote the cycle associated
with the boundary of region R; where the given orientation of the arcs of w' is in accord-
ance with the positive sense of the boundary of R; . The corresponding cycle vectors
{1’} will be termed contours.

THEOREM 4.6: Let 9 have continuous isotone resistive arcs and contours {u'}. If
every two regions are bijectively connected, then the function

m-—n+1
F:R™™' S R"™'  fiy) = piTy( ;—:{ 7,,;;") j=1,--,m—-n+1, (4.8)

is a continuous surjective M-function.

Proof: We construct 91¥*, the dual network of M, by associating node j of 9U* with
R;,,j=1,.--,m — n + 2 and connecting nodes j and k of 9* by arc 7 of 9* if the
boundaries of R; and R, have arc 7 of 9 in common. Are 7 of 9U* is chosen to be incinent
from node j to node k if arc ¢ of 9 is a member of u'*. Otherwise it is incident from node &
to node j. Thus the dual 9* has m — n + 2 nodes, m arcs, and «(j) of 9U* is precisely
4 of 9. For each arc ¢ of 3* we define the conductive characteristic ¢; = y,(6;), where
0; = y.(¢:) is the corresponding resistive characteristic for arc ¢ of 9. This yields a
conductive problem on 91*. Since 91* has continuous isotone conductive arcs and since
every two nodes of 3* are bijectively connected, the proof now reduces to that of
Theorem 4.2 with (4.8) in place of (4.4). Q.E.D.

As in the previous cases, we have the following corollary which we state without proof.

CoroLLARY 4.7: If M is a planar network with continuous isotone resistive arcs,
and if every two regions of 9 are bijectively connected, then the cycle equations (3.4)
have a unique solution. Furthermore, relative to the basis of contours x', j = 1, -+- ,
m — n + 1, the iterates of the Gauss-Seidel process (4.2) converge to the solution for
any starting vector.

The M-function result of Theorem 4.6 required that 9t be planar. This is in contrast
to Theorem 4.2 where nonplanar 9 were allowed. If the arcs are resistive and isotone
but 3 is nonplanar, then it will not be possible in general to select a basis of cycle vectors
{«'} such that the function (4.8) is an M-function. This is because the off-diagonal
antitonicity of F can not be guaranteed. This in turn is a consequence of MacLane's
result [11] that a necessary (and sufficient) condition for 9 to be planar is that it contain
a basis of cycles such that every arc appears at most twice in the basis. Thus if 9 is
nonplanar, then any basis of cycle vectors will be such that for some index ¢ the ith
component will be nonzero in at least three vectors. Necessarily, two of these components
will have the same sign. Consequently there will exist indices j and I, j # [, such that
one of the terms appearing in the sum that defines f;(y) in (4.8) will be of the form
oyi(e(y; + 1) + Dixis % vi) Where ¢ = 1. Hence if y,(f) grows sufficiently fast,
then the function ¢,;(¢) can not be antitone.

5. Uniformly monotone networks. To obtain a convergence theorem for the cycle
equations when 9 is not necessarily planar, as well as further results for the cut equations,
we introduce the idea of a uniformly monotone network.
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We will say that arc ¢ is uniformly isotone if the function z,(t) or y,(t) associated
with its characteristic is differentiable and dzx;(¢)/dt > ¢ or dy;(t)/dt > ¢ for some con-
stant ¢ > 0 and all ¢ € R'. Let 9% have n nodes and m arcs. With each basis
for M,u',j=1,---,m — n + 1, we associate a corresponding cycle matriz

= [“l; #2’ ] ”m-n+l].

This matrix necessarily has at least one (m — n + 1) X (m — n + 1) submatrix which
is nonsingular. If 9t has continuously differentiable, isotone, resistive arcs, and a cycle
matrix K such that the arcs corresponding to the rows of some (m—n+1) X (m—n-+1)
nonsingular submatrix of K are uniformly isotone, then 9 will be said to be R-uniformly
monotone. Analogously, if 9 has continuously differentiable, isotone, conductive arcs and
there is a basis {w'} for Q such that the arcs corresponding to the rows of some
(n — 1) X (n — 1) submatrix of the cut matrizx A = [w', @*, -+ , " '] are uniformly
isotone, then 9T will be termed C-uniformly monotone.

Uniformly monotone networks are related to the so-called uniformly monotone
gradient maps. There are a number of convergence theorems for such mappings. We shall
utilize the following one which is proven in Ortega and Rheinboldt [14, p. 516].

THEOREM 5.1: Assume that F : R" — R" is continuously differentiable, that the
Jacobian matrix F’(z) is symmetric for all + € R", and that there is a constant ¢ > 0
such that for all z, h € R"

R'F'(z)h > ¢ h"h.

Then for any starting vector the Gauss-Seidel iterates (4.2) converge to the unique
solution of Fz = 0

The next theorem on R-uniformly monotone networks is essentially a corollary of this.

THEOREM 5.2: If : is R-uniformly monotone, then the cycle equations have a
unique solution. Furthermore, there exists a basis for M such that relative to this basis
the iterates of the Gauss-Seidel process (4.2) converge to the solution for any starting
vector.

Proof: By hypothesis, there is a cycle matrix K with m — n + 1 linearly independent
rows each of which corresponds to a uniformly isotone arc. With no loss of generality
we can assume that these are the first m — n + 1 rows of K. Hence we can partition K as

<]

where K, is nonsingular and arcs 1, - - - ,m + n — 1 are uniformly isotone. Now consider
the continuously differentiable map

m=n+1
F:R™™" SR, fiy) = y(E 'y,u) i

i=1

1, .-« ,m—n+4+1.
One easily verifies F'(y) = K"D(y)K, where

d d - - m-n+1 ;
D(y)—dlag(y’(¢),"',—y;l(g—)>, b = ;7’.#,‘, k=1, .. ,m.

The matrix F’ is obviously symmetric for all y € R™"*'. Furthermore, if h &€ R™™"**
and we write
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D=|:D, 0}
0 D,

where D, and D, are diagonal matrices of orders m — n 4 1 and n + 1 respectively, then
R'F'(y)h = (K.h)"D,(Kh) + (K;h)"Dy(K,h).
It follows from the isotonicity hypotheses that there is a constant ¢ > 0 such that
h'F' ()b 2 c(K:h)"(K:h) = ¢ h"K,"K k.

However, the matrix K,”K, is positive definite so that if A > 0 denotes its smallest
eigenvalue, then h"F'(y)h > (cA\)h"h. This demonstrates that all of the hypotheses of
Theorem 5.1 hold and proves the convergence part of the theorem as well as existence
and uniqueness of a solution relative to a certain basis. General existence and uniqueness
follow from the invertible relationship between this and any other basis. Q.E.D.

There is an analogous theorem for C-uniformly monotone networks which we state
without proof.

TueoREM 5.3: If 9T is C-uniformly monotone, then the cut equations have a unique
solution. Furthermore, there exists a basis for € such that relative to this basis the iterates
of the Gauss-Seidel process (4.2) converge to the solution for any starting vector.
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