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1. Introduction. Martin [1] developed a new approach in the study of plane viseous
flows of incompressible fluids. Following Martin [1], Nath and Chandna [2] studied
plane viscous magnetohydrodynamic flows and derived the fundamental equations
governing the flow in a new form, using streamlines and magnetic lines as the coordinate
curves in a curvilinear system. These authors established the following results in case
of orthogonal flows:

(i) if the streamlines are straight lines but not parallel, then they must be concurrent;

(i1) if the streamlines are involutes of a curve, then the streamlines must be concentric
circles.

The above approach is valid if magnetic lines and streamlines do not coincide and
thercby excludes aligned flows from consideration. Throughout this paper we study
plane, steady flows of a viscous incompressible fluid of infinite electrical conductivity
for which the magnetic ficld vector lies in the flow plane and makes a constant angle
8 with the velocity vector, including the casc of aligned flows. We introduce curvilinear
coordinates ¢, ¢ in the physical plane in which the coordinate lines ¢ = constant are
the streamlines and the lines ¢ = constant are left arbitrary. For instance, orthogonal
trajectories of streamlines, or in the case of non-aligned flow, magnetic lines can be
taken as the lines ¢ = constant. For the flows under study we establish the following:

(1) If the streamlines are straight lines then they must be concurrent or parallel.

(ii) If the streamlines are involutes of a curve, then they must be concentric circles.

(iii) If the streamlines ¢ = constant and their orthogonal trajectories ¢ = constant
generate an isometric net, then the streamlines are restricted to parallel straight lines,
concurrent lines, concentric circles or logarithmic spirals if 8 = /2. This result was
first established by Hamel [3] and later proved using new approach by Martin [1] for
non-MHD flows.

2. Flow equations. The steady, plane flow of a viscous, incompressible fluid of
infinite electrical conductivity is governed by the following system of equations:

dpu/dx + dpv/dy = 0, 1)
du a_u) w _ (&e &) _ (aHz _ in)
”(u o Tlay) Tor = Mo Topp) —#H:\, — 5y ) @
& @) w _ <_a_ ie) (aHz _ 9&)
P(u oz + v 3y + ay =1 Py + 6y2 + uH, or oy /" 3)
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uH, —vH, = Ik, 4)
0H,/dx + 0H,/dy = 0, ()

where u, v are the velocity components, H, , H, the components of magnetic field vector
H, p the pressure function, 7 the constant coefficient of viscosity, p the constant density, u
the constant magnetic permeability and & an arbitrary constant which is zero for the
aligned flows and non-zero in the case of non-aligned flows.

We define the following functions:

Lo o om ol
CT e ey’ Y ay ' ©)
h = %p¢" + p,

wherein ¢ = (u° + v*)".
In terms of these functions, the system of equations (1)-(5) is replaced by the fol-
lowing system:

dpu/dx + dpv/dy = 0, )
1(dw/dy) — pwv + wQH, = —(0h/dx), ®)
7(0w/dx) — pwu + uQH, = dh/dy, )
uH, — vH, = I, (10)
0H,/dx + 0H,/dy = 0, (11)
w/dx — ou/dy = w, (12)
0H,/dx — 0H,/dy = Q (13)

of seven cquations in seven unknowns u, v, H, , H, , w, @ and h as functions of x, y. The
advantage of this system over the original system is that the order of partial differential
equations has decreased from two to onc.

Eq. (7) implies the existence of a stream function y(x, y) such that

oy/dx = —pv, OY/dy = pu (14)

and ¢ (x, y) = constant defines the family of streamlines. Let us take ¢(x, y) = constant
to be some arbitrary family of curves such that it gencrates with ¢(x, y) = constant
a curvilinear net (¢, ¢) in the physical planc.

Let

=209, y=yo ¥ (15)

define the curvilinear net in (z, y)-planc and let the squared clement of arc length along
any curve be

ds’ = E($, Y)do* + 2F ($, ¥)dgdy + G (9, ¥)dy” (16)

R )

o= G+

where
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Eq. (15) can be solved to obtain
¢ =9o@y), ¥=1¥@v)
such that

9r _ oy ar _ _ ;99 W _ _;9¢ 9y 9¢
ap " dy’ oy ‘]ay’ dp Jaz’ Y J&.x (17)

provided that 0 < |J| < «, where J is the transformation Jacobian, and
- (- (e
(6!// Y/ \og.
Letting « denote the local angle of inclination of the tangent to the coordinate line ¢ =

constant, directed in the sense of increasing ¢, we have, from differential geometry, the
following results [4]:

J = xW, W = (EG — F*)'?,

6¢ = VE cos a, @— VE sin «,
;—:: = -5—]3 CoS a —\‘/]—] sin a, % = \/L’ sin o + j], cos a, (18)
da _ J 2 da S
0¢ I" I-‘ll ) a‘// 1" Flz )
where
1 6 oF ok
F112=I)__§< +2E-‘———E )
oW £y En Y 19)

G 2 oL

N2 p]
" = 2W“’ <L ¢ a¢>

The three functions E, F, G of ¢, ¢y satisfy the Gauss equation:

e b - 2] -

where K is the Gaussian curvature.

We shall now study only those flows in which the magnectic field vector H makes a
constant angle 8 with the velocity vector V. Aligned flows arc treated as special cascs of
such flows.

In the case of non-aligned flows with non-zero constant angle (V, H) = 6, (10) implics
that

Hqgsin 6 = k, E#0 (21)

where H = |H.
In the casc of aligned flows, we have

H={V
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where { is some arbitrary scalar function. In view of (7) and (11), we find that [ is constant
along each individual streamline, i.c.

V.grad f = 0.
Conscquently, in case of aligned flows, we have

H = |{(¥)] ¢ @’

Next, we transform the flow equations into a new form with ¢, ¥ as independent variables.

3. New form for the fundamental equations. [quations of continuity and vorticity:
Martin [1] has shown that the equation of continuity (7) implies that the fluid flows
along the streamlines towards higher or lower parameter values of ¢ accordingly as J
is positive or negative and that

~

Woq = VE, u—+w= lp/jb exp (ta). (22)

He has also proven that

o= v L () - 33 ()] 2

Solenoidal condition on H: H makes an angle § + « or § 4+ a — = with the x-axis
according as fluid flows along the streamlines towards higher or lower parameter values
¢ and so we have

H, = & H cos (0 + a), H, = 4+ Hsin (0 + «) (24)

where the positive or negative sign is taken according as J is positive or negative.
Using (17) in (11), it follows that
(6_1&.11'./_ aﬂn.a.u) _ (a_liz,‘l{ oM, a_x)

96 9y 9y 9¢ 96 9y Y 9

Employing (18) and (24) in this equation, we have

oH vin g+ M i g — B cos 64 s
9% (J cos @ — Fsin 6) + 9y I'sin 6 HEI“ (F cos 8 + J sin 6)
J 27y

+ H Tl cos 6 =0. (25)

The function Q: By the definition of @ and (17) we have
0= <aH2_gLL aHQ.ay> <6H,.ax 0H, az>

op oY oy 0o
Using (18) and (24) in this cquation, we get

ap oy oy d¢

Qﬁ I cos 0

s wo = 2 cos <in 6) —
VEWQ = 2% (F cos 6 + J sin 6) 9y

- H %, I,(Fsing— Jcos6) +H 1{, IL’Esin 6. (26)
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Momentum equations: Using (17) and (18) in (8), we have

dw dr | 3w or]| _ oy y (ahay 3h‘9ﬁ>. ‘
n[ a¢a¢+a¢a¢] wa¢+uWQHsln(0+a) 9 90 ~ oy 90 27)

Likewise, (9) takes the form

i‘*’ﬂy__a_‘ia_y] _ o ( oh oz sz.a_x).
[a¢ 3 ave) Tese T s Gt = (5 ) @
Multiplying (27) by 9dy/d¢ and (28) by dx/d¢ and adding, we get
0 32— WF + wWQHV/E cos § = — + E af; 29)
Likewise, multiplying (27) by dy/dy¢ and (28) by dx/d¢ and adding, we have
o _ P LU R
nJ 31# wF-{—uWQH( VE cos 6 + \/Esmo = +F6¢/ (30)

Summing up, we have:

TueOREM 1: If the streamlines ¢ = constant and an arbitrarily chosen family of
curves ¢ = constant gencrate a curvilinear net (¢, ¥) in the physical plane of fluid flow
under study, the system of seven partial differential equations (7)-(13) involving seven
unknowns w, v, H, , H, , w, @ and h is replaced by the new system

h
nJa¢—Ew+uWQH\/FCOSt9 Ia—‘;—Fa—d’
doh dh
nd ¢—Fw+pWQH(\/Fcost9+ \/Ecsmﬁ) F(w—(}gq—s,

S-S -0 o k2646
oy \Il M dp\E ) T T LW Lag \W/ T oy \W/]"

dH . oH _, .
% (Jcoso—Fs1n0)+a¢Lsm0

31)

HJP“(FCO'30+JSlnﬂ)-l-HJF,z]‘ cos 6§ = 0,

\/L’WQ——(F0090+J81n0)—5‘;E0030

H{JPll(P31n0— Jc0s0)+HJI‘,2E3111 6)

of six partial differential equations in seven unknowns E, F, G, w, @, H and h. Given a
solution

E =K@, ¥), F=F@g¥), G=0Go¥), h=~hs

w = w(d), \l/), H = H(d’: ¢)) Q = Q(¢) ‘/’)
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of the system (31), we can find x, y as functions of ¢, ¢ from

_ f oxrz/(;a) {E d¢ + (F + 1J) dy/}
where
a = f]l" {I‘“? ([¢ + P122 d#’% (32)

E,F,d, h, v, H and Q may now be obtained as functions of x, y and thus H, , H, , u, v
and p are obtained as functions of x, y from:

i, + it = () exp 1ito + o),

l/E(‘x (ia) )—IL——E——~
g xp e, p= 20W°

u+w=

The system (31) is an underdetermined system as there are seven unknowns and
only six equations. It can be made a determinate system in several ways. We consider
one of the methods of making above system determinate. In this method the orthogonal
trajectories of the streamlines y = constant are chosen as coordinate lines ¢ = constant.
In this case F = 0 and the momentum cquations (29), (30) become

J dw

Ceos g = 9P
n]—;,(—:)g—w-l—,uQH\/(r(‘osﬂ— ,

9y

J dw oh
“Gay wQH = \/(, sin 6 = Ere

Using the integrability condition 8°h/d¢dy = 0°h/dYde, we get
[ (J aw) L9 (1 29)] o
a6 \E a¢/ T ay \(i oy o
[ (QHVG) cos 6 +33 (QH 0 >sm e] =0, (33

Therefore, we state:

CoroLrary 1: If strcamlines ¢ = constant and their orthogonal trajectorics ¢ =
constant arc taken as (¢, ¥) net in the physical plane, the fluid flow under study is re-
presented by the system

EXA AT

- —¢ + #[— (QHN/G) cos 6 + — 3y (QH Va ) sin a] 0,

9 <_1___ 6112) 42 < 1 QQ) _ 0
Ay \(Ii()'"* oy o \(EG)'* ¢ ' 34)

_ __1__3_(,«})
CT T oWay \W/
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J G
= o il 1 == 1 = - =
J cos 6 ¢+Lsm06‘l/+ H%lnoa‘// sH cosﬁa¢ 0,
- ofx 9z 1 __E_ 1 i oG
V'E WQ J91n06¢ Ecosotw Hcosb‘alp iH sm06¢

of five partial differential equations in five unknowns E, G, », H and Q.

4, Straight streamlines. In this section we inquire what plane flow patterns arc
possible when the streamlines are straight lines. For clectrically non-conducting viscous
flows this result has been studied by Martin [1], and streamline pattern is either parallel
or concurrent lines. Nath and Chandna [2] extended this result to electrically conducting
fluids for orthogonal flows.

Now we investigate the same problem for constantly inclined velocity and magnetic
fields. In order to approach the answer, we assume that the streamlines are non-parallel
straight lines enveloping a curve C. Taking the tangent lines to C and their orthogonal
trajectories (the involutes of C) as a system of orthogonal curvilinear coordinates, the
squared element of arc length is given by [4]

ds’ = d&° + (& — o)’do” (35)

where o denotes the arc length, « the curvature of C' and £ the parameter constant along
each individual involute. If v denotes the angle of elevation of the tangent line to C, we
have dv/de = « and (35) becomes

ds’ = d€ + (¢ — o)dv® where o = o(v). (36)

In this coordinate system the coordinate curves §¢ = constant and v = constant are
respectively the involutes of C and the tangent lines of C.
We now investigate the flows for which

¢ = ¢, ¥ = ¥(@). (37)
Using (37) in (16), we get
ds® = E¢'’dt® 4 2F¢'Y'dtdy 4 Gy °dv” | (38)
Comparing (38) with (36), we obtain
E=—es, F=0 G-= [ :-5(")] 3
7Xa) 0 o) (39)

We assume that J > 0.
Using (39) and introducing £, » as new variables in the Gauss equation (20), we find
that it is automatically satisfied. Substituting E, F, G from (39) into (34), we have

0 dw d 1 dw , 0w
”5%[(5 az]+"5;[@—a)5]"'”as
T a% [QH( — )l cos 0 + > (QH)sin 6 = 0, (40)

oo — 2 (V) @)

E—o0

p(§ — o) oy
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oH oH .
795_ & — o) cosB+—ay sin 8§ + H cos 8 = 0, (42)
-0 =2 o)sino— 2 coso+ Hsing. 43)
ot v

Eqgs. (40)—(43) are valid for both aligned and non-aligned flows. However, for the non-
aligned case ¢H sin 6 = k 5 0, as given in (21), is the additional restriction. This restric-
tion is not valid for aligned flows and, therefore, we use (40) to (43) with 6§ = 0 for such
flows.

First we consider the non-aligned flows. Using (21), (41), (42) and (43) in (40), we
obtain the condition

5na”*y" + (¢ — o)[15na”* Y + 1050’a”" '] + (¢ — o)’ [Iny'a’ + 4na’’¢"’
+ 6na’Y" 4 na’"'Y 4+ 3¢l + (E — o)Ay’ + " + 2¢'Y]

T A

sin® 0 y"* sin® 9 ¢"°

0. (44)
Since £, » are independent variables, for the relation (44) to hold identically, it must
hold on the curve C which appears as £ = ¢(v), and consequently

1570y = 0.

This implies that ¢/ = 0 as ¢’ cannot vanish identically. Therefore, the radius of curva-
ture R(= ¢'(v)) of C vanishes identically and streamlines are concurrent lines. Now we
consider aligned flows. Eqs. (40)-(43) reduce to the following form:

oot Aot vkl -a-0, @)
_ 1 9| _¥

©7 T e — o) o [s—a]’ 46

ad
o [H¢ — 0)] =0, (47)
¢ — o)Q = —oH /. 48)

Eq. (47) implies that

H=FQ@/¢— o) (49)

where F(v) is an arbitrary function of ». From (45), (46), (48) and (49), we get
1590”°y" + (¢ — 0)(1570"*¢"" + 100’0""y’)
+ (¢ = o)’ (90" ¥ + dno”' W + 6na’ Y + mo'Y + 30’Y* — Bua’FR))]
+ ¢ — o)dny” + ' + 29y — 2uFR)F'()] = 0.

By the same argument as used earlier, ¢/ = 0 and so the radius of curvature of C is
zero and streamlines are concurrent. Summing up, we have:

TueoreM 2: If the streamlines in steady, plane flow of a viscous incompressible
fluid of finite electrical conductivity are straight lines, they must be concurrent or parallel.
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5. Flows in which streamlines are involutes of a curve C. In this section we in-
vestigate flows in which streamlines ¢ = constant are involutes of a curve C. Martin
[1] studied such steady, plane flows of viscous incompressible fluids and found that
streamlines must be concentric circles. Nath and Chandna [2] extended this result to
orthogonal magnetohydrodynamic flows.

As in Sec. 4, we take the curvilinear coordinate system (£, ) where coordinate curves
£ = constant and v = constant are the involutes and tangent lines of C respectively.
We now seek those flows for which

¢ =00), ¥ =4y (50)
The squared element of arc length is
= d&’ + (& — o)dv. (51)

Using (50) in (16) and comparing with (51), we get

E = (‘f 7 ")2, F=0 G-= (i) (52)

We assume J = (¢ — 0)/¢’y’ > 0. The Gauss equation is again automatically satisfied.
With the introduction of E, F, G from (52) in (34), we obtain

d | ) ad Jw , 9w
"[5 {@——7) 5} + :az{@ - &}] Vo

[ (QH) cos 6 + {QH(& — o)} sin 0] 0, (53)

1
%gus0+-——(£——a)smG+Hs1n0—0 (55)
(.§—a)Q=éﬁsino———(g—a)coso—HcosO (56)

Eqgs. (53)-(56) arc valid for non-aligned as well as aligned flows. First we consider the
non-aligned flows. Using (21), (46), (55) and (56) in (53), we obtain the condition

3o’ + a”’(E — o) + (¥ — Y)E — o) — W' — o) + 209" — 0)°

+ WE - ' =0 (D)
For the relation (57) to hold identically, it must hold on the curve C given by £ = o(v)
and consequently ¢’ = 0 since ¢’ cannot vanish identically. This implies that radius of
curvature of C vanishes identically and C reduces to a point. The streamlines are con-

centric circles with this point as centre.
In case of aligned flows (55) becomes

dH /dv = 0,

implying that H = F(§), where F is an arbitrary function of ¢£. From (53), in this case
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we obtain the condition
3d” + W't — o) + (¥ — Y+ WFE)E — o) — W'(E — o)’
+ 2" ¢ — o) + W E— ) =0  (58)

By the same argument as used carlier, we see that ¢’ = 0 and streamlines are concentric
circles. Therefore, we have:

TaEOREM 3: If the streamlines in the fluid flow under study arc involutes of some
curve C, then C must be a point and the streamlines are circles concentric at this point.

6. Isometric net. In this section we study those flows in which streamlines and
their orthogonal trajcctories coincide with the curves in an isometric net [4]. Martin
[1] has studied this problem for non-MHD flows.

Let

z=ua+ 1y =2 (59)

be an analytic function of { = § 4+ to. The curves ¢ = constant, ¢ = constant in the
z-plane (physical plane) form an isometric net. We want to determine all flows for which

¢ =9¢E), ¥ =¥, (60)

the functions ¢(¢), ¥ (o) being at our disposal.
The squared element of arc length in this (¢, ¢) net is

ds* = N, o)[dg" + do’] (61)
A = |Z/(£)|°. Using (60) in (16) and comparing with (61), we get

poMeo Ly ME, o) (62)

2) /. r = 2l 7

C Or’ W' @I

Substituting for £, F, G from (62) and using (60) to introduce £, ¢ as independent vari-
ables in the Gauss equation (20), we get

1 (9%, & l)
g (652 + i = 0 (63)
where [ = In A\, which merely confirms that In X is a harmonic function.

Noting that d(z, y)/9(, ¢) = \, from (60), we have

J =93z, y)/o(, ¥) = MoV (64)
Using (62), (64) in (32), we get

©
Il

[ exp 1 + i) ac

where

1 ol ol )
2 (’aa‘[£+agd"’

a

choosing J > 0. If m denotes a harmonic function conjugate to I, then o = a; + m/2
where a, is an arbitrary constant and z is given by
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z = f exp (L + im)) dr¢. (65)

Substituting for E, F, G from (62) in system (34), we obtain

l:a © o+ 9 ‘g] -y = 9 I: (QH/')) cos 6 + QH V/\) sin 0:] 0, (66)

9t 32
w = —y"/p\, (67)
oH oH 1 L al _
ot coso+ sm0+ H%m(z"a + 3H cos oag 0, (68)
VAQ = ——<s1no—gl-—10030——Hco%0ﬂ+‘Hsmﬁa—l (69)
do do a¢

We consider the aligned and non-aligned flows separately. In the case of the aligned
flows, (68) becomes

(0H /o) + $H(3l/3¢) = 0O
which implies that
VMH = F(o) (70)
where F(o) is an arbitrary function of ¢. On elimination of w, @ and H from (66), we obtain

provided that w # 0.

If we set
al al 1 ’ 1 )
a=S, B=-5, a=——[p¢ - 2 rere |,
a¢ do 21 ¥ (72)
117 ‘p
b= —>5, = 5,
v ‘T
a 4+ 78 is an analytic function of ¢ and (71) becomes
o + 8 —20a—28+c=0 (73)

where a = a(s), b = b(s), ¢ = c(o).
Martin [1] has shown that as a consequence of (73) «, 8 must be constant. In view
of this we take a, 8 to be constants «, , 3, in (72) and obtain

l= ayt — Boo + Vo, m = Bof + ayo + 0y

where v, , §, denote arbitrary constants.
From (653), we get

z = Cfexp(Ag‘)dg“




298 0. P. CHANDNA AND M. R. GARG

where A = 1 (a, + 18,) and C = cxp (3(», + 78,)), so that

2=z + C¢ if A= (74)

=2z, + % exp (A¢) if A =0
where 2, is an arbitrary constant.
Since the streamlines are the transforms of the lines ¢ = constant, they are restricted
to (i) parallel lines if A = 0, (ii) concurrent lines if a, # 0, 8, = 0, (iii) concentric circles
if @y = 0,8, # 0, (iv) logarithmic spirals if «, # 0, 8, # 0.

Now considering the case of non-aligned flows, from (66)—(69) and making usc of
(21), we get

_ m a_[)) <6[)J ¢ rrr 28 (re) — rr - ]b 5 _:: 2 ?-l — ¥

From (21), (62) and (68), we get

(W'/¥) = cot 6(3l/3%) + (9l/d0) (76)
which, on differentiation with respect to £, gives

(8°1/38d0) + cot 8(3°L/IE) =

Noting that [ is a harmonic function, we get

d |al al -
60[65_ cot 8 ]—O. 77)
IFrom (76) and (77), we conclude that
al
52(05 0 + —sm 0= Ac+ B
(78)
al al .
a—gsmo 6—60050— — At + C
and
¥ = acxp [(2 A¢° + Bo) cosce 6], a # 0, (79)

A, B, C being arbitrary constants.
As a result of (78), we obtain
l=1Asinb8s" + A cos btc — % A sin 6 + (B cos 6 + C sin 0)¢
+ (B sin § — C cos 6)d + D, (80)
and
m = 1 A cos 8c° — A sin k¢ — 1 A cos 68 — (B sin 8§ — C cos 0)¢
+ (B cos 8 + C sin 6)¢ + D, (81)

where D, , D, are arbitrary constants. From (75), (79) and (80), we get




THE FLOW OF A VISCOUS MHD FLUID 299
(Ao + B)’ + (— At + C)*(Aoc + B) — 2[(Ao + B)* cosec 8 + A](Aosin § + Af cos 8
+ Bsin § — C cos ) + (Ao + B)[(Ac + B)® cosec 6 + 3A] cosec 6 + '—; a(Ao + B)
(Ao cos § — Atsin 6 + B cos 0 + C sin 6) exp [(346° + Bo) cosec 6]

2
asn#slgnré (Ao + B)(Ao cos 6 — Atsin 6 + B cos 6 + C'sin 6)

-exp [A(sin 8 — $ cosec 0)o® — At sin 6 + 2Afo cos 0
+ 2(B cos § 4 C sin 6)t + (2B sin § — 2C cos § — 3B cosec 8)o + 2D,] = 0. (82)
For the relation (82) to hold identically, A = 0 and either
B =0 or Bcosf+ Csin § = 0.

From (65), we get
z2 =2z + D¢
if B =0, ¢ =0

_ 2D
i(Bsin 6 — C cos 6)

if Becosf 4+ Csinf =0 and Bsind — Ccos 8 %0

=zo

exp <—2§ (Bsin 6 — C cos 0)3‘

= 2D c, . . )
= + C(Sin (7] + 1 Ccos 0) €xp (2 (Sln 0 + 1 COS 0){

if B=20 and C # 0.

where D = exp (3(D, + iD;)) and z, is an arbitrary constant.

As the streamlines are the transforms of the lines ¢ = constant, they are restricted
to (i) parallel lines if B = C = 0, (ii) concurrent linesif B = 0, C % 0,and § = + #/2,
(iii) concentric circles if Bsin 8 — C cos 8 # 0 and B cos § + Csin = 0, (iv) logarithmic
spirals if § # + n/2and B = 0, C %= 0.

Summing up, we have:

THEOREM 4. If the streamlines and their orthogonal trajectories coincide with the
curves in isometric net then the streamlines are restricted to (i) parallel straight lines,
(ii) concurrent lines, (iil) concentric circles, (iv) logarithmic spirals if 6 = + =/2.

In particular, in case of orthogonal flows we have:

CoroLLARY: If the streamlines and magnetic lines coincide with the curves in an
isometric net, then the streamlines must be (i) parallel straight lines, (ii) concurrent
lines or (iii) concentric circles.
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