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PERIODIC SOLUTIONS OF THE SUNFLOWER EQUATION:
x + (a/r)x + (b/r) sin x(t - r) = 0*
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Abstract. In 1967 Israelsson and Johnsson proposed a model for the geotropic
circumnutations of Helianthus annus. The existence of a geotropic reaction time is
reflected in the delay r of the equation. Numerical computations suggested the existence of
periodic solutions. In this paper, we prove the existence of periodic solutions for a range of
the values of the parameters a,b,r. We use Razumikhin-type functions to prove the
boundedness of all solutions. We then prove the existence of periodic solutions of small
amplitude using the Hopf bifurcation theorem. Finally, we use a fixed-point theorem on a
cone to prove the existence of periodic solutions of large amplitude.

1. A model for the geotropic circumnutations of the helianthus annus. In this sec-
tion we present a model proposed by Israelsson and Johnsson [11] to explain the helical
movements of the tip of growing plants.

The study of these movements goes back to Mohl [15] and Palm [18] in 1827. In 1865
Darwin [5] explained the oscillations as the bending of the plant due to differential growth
on the sides of the stem. Baranetzki [2] used a clinostat to prove that the oscillations were
due to the influence of the gravity. Gradmann [6] proposed an explanation based in the
lateral auxin transport due to the influence of the gravity. He also suggested a connection
between the reaction time and the period of the oscillations. (See Israelsson and Johnsson
[11] for further details and literature.)

In order to investigate the influence of the gravity on the oscillations, the clinostat was
used. In the clinostat, the plant is rotated along the longitudinal axis, while held in a
horizontal position so that the stem is parallel to the ground. This makes the influence of
gravity uniform all around the stem. It was observed that after some time the regular
oscillations of the tip of the plant ceased, as expected.

The next experiment consisted in leaving the plant lying on its side for ten minutes and
then returning it to the vertical position. For about twenty minutes nothing happened, and
then the tip of the plant bent to one side. It kept bending until it reached a certain point
and then it turned back, bending to the other side. It would then oscillate with a certain
period T.

The interpretation of the experiment is as follows: during the time the plant was laying
on its side (exposure time), growth hormone (auxin) accumulated on this side, say the left.
Then the plant was set back in the vertical position and nothing happened for twenty more
minutes. This means that the effect of the auxin accumulation is not felt immediately—

* Received July 15, 1977. The author wishes to thank Professor H. T. Banks for his useful conversations
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there is a geotropic reaction time. After this time, the plant reacts to what happened thirty
minutes before and bends to the right. After a while the auxin starts accumulating, now on
the right side. Some time later there is more hormone on the right side, it grows faster and
the plant bends to the left, and so on.

Increasing the exposure time increases the amplitude of the initial oscillations. For
some plants these oscillations die out, while for others they are self-exciting, i.e. the plant
starts oscillating by itself with a small amplitude which increases until it reaches a steady
state, oscillating with constant amplitude.

The period of the oscillations and the geotropic reaction time of the Helianthus annus
depend strongly on the temperature. The period changes from 100 minutes at 35°C to 270
minutes at 15°C, while in the same temperature interval the geotropic reaction time goes
from 55 to 18 minutes.

We shall need the following equations. Let Lt, i = 1, 2 be the lengths of the sides of the
stem and C, the auxin concentration on these sides. It has been found that the increase of
length per unit time is proportional to the concentration of auxin on that side:

dLi/dt = KiCt, i=l,2. (1.1)
When the stem was tilted to one side it was found that more auxin accumulated on this

side than on the other. The difference in concentration is proportional to the angle a which
the stem makes with a plumb line. Let C\, C2 be the concentrations on sides 1 and 2:

AC = C, - C2 = K2 sin a. (1.2)

Refer to Fig. 1, and assume for simplicity that the stem is passing through the vertical
position (i.e., a = 0). In an increment of time At, the side Lx has grown AL, farther than

AL
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Fig. 1.
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the side L2, which has grown only AL2, and so the stem is tilted by an angle Aa. If d is the
diameter of the stem we have d- Aa = AL = ALi — AL2, from which we obtain

and, from (1.1),

da = 1 (dLx _ dU
dl d\ dt dt

da/dt = ~K, (C, - C2) = (-KJd)(C2 - CO. (1.3)

If we were to substitute (1.2) into (1.3) we would be assuming that the influence of the
position on the auxin concentration is instantaneous.

To take into account the geotropic reaction time r, we assume that only positions of
the plant before the time (t — r) influence the auxin gradient bending the plant at time t.
We can also assume that the auxin gradient is less dependent upon the position of the
plant a long time ago and more dependent on the position at time t - r. Thus, we
introduce an exponential discount function. We can write

/CO
exp (~a(s - 1) sin a(t - sr) ds, (1.4)

*

and combining (1.3) and (1.4) we obtain

a = —b / exp (~a(s - 1) sin a(t - sr) ds, (1.5)
J i

where b = KxK2/d.
We can make the change of variables w = sr — t and obtain

ba = — — I exp
p CO

**r-t
—a

a) + t — r
sin a(-oj) dw.

Taking the derivative, we obtain

a + (a/r)a + (b/r) sin a(t — r) = 0 (1.6)

which is the "sunflower equation".
Using numerical calculations Johnsson [12] determined the values of a, and b for

which Eq. (1.5) has a numerical periodic solution with period 157 minutes, assuming a
delay r of 30 minutes.

We will prove in the following sections that for all parameters in a certain range there
exist periodic solutions of Eq. (1.6). Thus, the model reflects the experimental fact that we
have periodic solutions at different temperatures, and for different plants.

2. Boundedness of the solutions. We shall show that for the parameters in a certain
range all solutions of the system (1.6) are bounded.

We rewrite Eq. (1.6) as

x = y

y = ~{a/r)y - (b/r) sin x(t - r). (2.1)

We will assume a > b > 0, and a > 1.
The initial values we need to define a solution of (2.1) are: an initial function 0 E
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C\—r, 0] —> R for the x component and an initial point p £ R for they component. Thus,
it is natural to pick as state space C0 d= C[—r, 0] X R. We will denote by z(t, \p) = (x(t, \p),
y(t, \p)) a solution of (2.1) with initial value \p = (<p,p) G C0. We write z, = (xt,y(t)) and by
x, we mean xt = x(t + 0),—r < 0 < 0. (See Hale [9, 10] for notation and basic theorems.)

We shall use repeatedly the following obvious fact.
Lemma 2.1. Let S be a set in R2 and V a continuously differentiate function V: S — R

such that for some f£R,r = {(x, y) \ V(x, y) = c} is a Jordan curve separating S into two
disjoint parts \V < c] and \V > c\. If the derivative of V along the solutions of (2.1) is
negative semidefinite, V < 0 on the curve F, then a solution of (2.1) cannot pass from {V <
c( to [V > c) across the curve F.

We can now prove the following lemma.
Lemma 2.2. (/) The y component of z(t) is ultimately bounded; in particular, for each
solution z(t) there exists a tx < 00 such that for I > (, we have \yt\ < b/a.

(/'/') If a solution z(t) is such that\yt\ < b/a for I = h then | x{t) - x(l - r)\ < (b/a)r for
l > tx.

(Hi) Let r < a/(a + 1) ir(a/b) and G = {(x, y) \ \y\ < (b/a), |x| < ir, \x + Ky\ < 7r|,
where K = air/(a + 1 )b. If for some /*, zt« G G and \yt* \ < b/a then z,£C for all / > t*.

Proof: (i) Define V, = y2/2. The derivative of V, along the solutions of (2.1) satisfies

Vx = y(-(a/r)y - (b/r) sin x(t - r)) < -rx \y\ (a \y\ - b)

and for all e > 0 there exists a <5 = 5(e) such that \y\ > (b/a) + t implies < —5 < 0.
Let 0 < £ < 1 and, by restricting it further if necessary, e < abtr/(a + b)r.
Claim 1: For each solution z(t) = (x(t), y(t)) there exists a /„ > 0 such that |>'(f0)l <

(b/a) + e. Assume not. Then | j(r)| ^ (b/a) + e for alW > 0 and Vx < -5 < 0. Integrating
along the solution z(t), we obtain

y1(z(t))- K(z(0)) = [' y,(z(s)) ds
J n

< -51,

and for some I, V1(z(t)) < 0, which is a contradiction. That proves the claim.
By Lemma 2.1 we also have \yt\ < (b/a) + e for all I > t0 + r.
Claim 2: For each solution z(l) there exists a finite r, > t0 such that | v(fi)l < (b/a).
Assume not; then (b/a) < \ v(f )| < (b/a) + e for / > t0 and so

(b/a)(t - t0) < |x(/) - ,v(r0)| < ((b/a) + t)(t - t0).

Since x = y and | v\ > (b/a), there exists t0 < t* < t** and N > 0 such that |a(/* - r)\ =
2/Vtt and \x(t** - /-)| = (2N + 1)tt.

Consider first the case when x(t* — r) > 0. For t G [/*, /**] we have sin x(t — r) > 0
and sincey(t) = ~(a/r)y(t) - (b/r) sin x(t - r), we have;' < -(a/r)y(t) < -(a/r)(b/a) =
— b/r. Fhus,

y(t) < y(t*) - (b/r)(t - t*) for t G [/*, r**].

We claim that (b/r)(t** - /*) > e. Indeed,

7r = ,v(r** — r) — x(t* — r) < ((b/a) + t)(t** — t*) < ^ + ° ((** — t*).
a

Thus, (/** — t*)> air/(a + b) > (r/b) e, by the condition on e, and so (b/r)(t** — t*)> «,
as we wanted.
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Now, >•(/**) < y(t*) - (.b/r){t** - ?*) < >•(?*) - e < (b/a) + e - e = b/a, which
contradicts {b/a) < | y(t)\.

For the case x{t* — r) < 0 one uses the same kind of argument.
By Lemma 2.1 we have |>'(?)l ^ (b/a) for t > h. This proves part (i).
(ii) We have |x| = |_y| < b/a and |x(?) — x(t — r)| < |x| r < (b/a)r.
(iii) Refer to Fig. 2, and consider the box—call it G—indicated. The line x + Ky = n

will cross the line v = (b/a) at the point x0 = air/(a + 1).
From (ii) we also have

|jc(?) — x(t — r)| < r ^ < a/(a + 1 )ir(a/b)(b/a) = a/(a + l)7r.

Thus, if x(t — r) = 0 we have | .v(r)| < *o - and if x(t) > x0 , x(t — r) > 0 (or, if.v(?) = — x0 ,
x(t — r) < 0).

Consider the functions V, = y2/2, V2 = x2/2, V3 = x + Ky. The derivatives along the
solutions of (2.1) satisfy

Vl < -r'x\y\(a\y\-b), K = xy,

V3 = y + K( — (a/r)y — (b/r) sin x(t — /*)) = (1 — K(a/r))y — K(b/r) sin x(t - r).

We have 1 — K(a/r) < 0 since r < aK = a/{a + 1 )ir(a/b).
Assume that a solution z(f) of (2.1) is such that for some t, > 0, Z(> G C, |^«*l ^ b/a.

Let us consider several cases.
If :(t*) is in the first quadrant, then z(t) cannot get out of G across the line y = (b/a)

because Vx < 0 on this line and Lemma 2.1 applies. If jc(?) > x0 then x(t — r) > 0 and so V3

Fig. 2.
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< (1 — K(a/r))y — (b/r) sin x(t — r) < 0 and the solution cannot cross the line x + Ky =
n. Thus, it remains in the first quadrant part of G or goes to the second quadrant.

If z(/*) is in the second quadrant, the solution z(t) cannot cross the line x = it because
there V2 < 0 and Lemma 2.1 applies. It cannot cross y = —{b/a) because Vx < 0.

In the third and fourth quadrants similar arguments prove that a solution cannot leave
G.

That proves the third part of the Lemma 2.2.
Remark: Let

G( = {(„v, y) | | v| ^ b/a, |x| < t - t, \x + Ky\ < 7r - e(.

It is clear from the proof of the lemma that for t > 0 sufficiently small, if z,t £ Ge, and | v(J
< b/a, then z, £ Gt for I > tt.

Theorem 2.1: If r < (a/(a + 1 ))ira/b all solutions of (2.1) are bounded.
Proof: By Lemma 2.2 (i), for each solution z(/) there exists a h > 0 such that \yt\ <

(b/a) for / > ti. There also exists an integer N, such that Iat^)! < 2irN.
We construct a box G as before but with \x + Ky\ = (2N + 1)7r and use the same

arguments as in Lemma 2.2 (iii) to prove that z, £ G for t >

3. Oscillations of small amplitude: Hopf bifurcation. In this section, we look for pe-
riodic solutions of small amplitude. It seems plausible that in a small neighborhood of the
origin the system (2.1) would behave more or less like its linearized version. This statement
is made precise in the Hopf bifurcation theorem.

Thus, we are interested in the solutions of the linear system

x = y

y = -(a/r)y - (b/r)x(t - r) (3.1)

which we will sometimes denote by z = L(a)zt, where L(a) is a linear operator on C0,
depending on a.

The characteristic equation of (3.1) is

A(A) = X2 + (a/r)\ + (b/r) exp (—Xr) = 0. (3.2)

Lemma 3.1: All solutions of (3.2) have negative real parts if and only if (a/br)f > sin f,
where f is the only root of (\/br)o2 = cos a in [0, 7r/2],

Proof: By Pontryagin's method (see Hale [10., Appendix]).
This lemma gives us a range of the parameters for which the origin of (3.1) is

asymptotically stable.
Lemma 3.2: There exists a r0, a/b < r0 < air/2b, such that
(i) For r < r0 all solutions of (3.2) have negative real parts,
(ii) For r = r0 there is a conjugate pair of pure imaginary solutions.
(iii) For each r > r0 there are precisely two roots of (3.2) with Re A > 0 and -7r/r <

Im A < 7r/r.
Proof: (i) By Lemma 3.1 we know that all solutions of (3.2) have negative real parts

if and only if (a/br)£ > sin f where f is the only root of (\/br)a2 = cos a in [0, tt/2].
Refer to Fig. 3. We have (a/br)£ > sin f if and only if the root h of g(<r) def (a/br)a -

sin <T is smaller than f. For r = a/b the line u = (a/br)o is tangent to sin a at the origin and
thus for /■ < (a/b), tx = 0 and h < Also, for r = aiv/2b the root ofg(a) is at tx = x/2. But
f < tt/2, so in this case /, > Thus, there must be a r0, a/b < r0 < air/2b for which the



PERIODIC SOLUTIONS OF THE SUNFLOWER EQUATION 471

(a/br)c

(l/br)o-2

roots and f coincide, i.e. g(£) = 0. For this value of r0 we have

(a/br0){ = sin f

(\/br0)F = cosf. (13)

It is also clear that for r < r0 , u < f, and so (a/br)£ > sin f and all solutions have
negative real parts.

(ii) Let A = n + ia be a solution of (3.2). Then n and a satisfy

n2 — a2 + (a/r)n + (b/r) exp (—/xr) cos ra = 0
(3.4)

2an + (a/r)<r — (b/r) exp (—jur) sin m = 0.

For r = r0 a solution of (3.4) is yw = 0, cr0 = ±(f/r0). Indeed, substituting for these values in
(3.4), we obtain

-(fAo)2 + (AAo) cos f = 0

(a/r0)({/r0) ~ (b/r0) sin f = 0

which are satisfied by (3.3).
(iii) There are two different proofs of this fact. One is due to Grafton [7] and can be

found in Hale [9, Lemma 31.4] and the other is due to Nussbaum [16, Lemma 3.2],
In order to apply the Hopf bifurcation theorem, we have to study the variation of the

spectrum of L, i.e. the roots of (3.2), when we change one parameter of the equation.
We can rewrite Eq. (2.1) as

z = F(a, b, r, zt).

If we choose r as a parameter, the dependence of F on r is complicated because r enters
in the definition of zt . Thus, we choose a as parameter.

The following lemma gives information on the behavior of the spectrum of L(a) when
the parameter a changes.
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Lemma 3.3: Let f be the root of (1 /br)u2 = cos a in (0, r/2). For fixed r, and b there exists
an a0, 2br/ir < a0 < br such that a0 = (br/iT) sin f and

(i) If a > a0 all solutions of (3.2) have negative real parts.
(ii) If a = a0 there is a conjugate pair of pure imaginary roots, A„ = ±iaa, and all

characteristic roots A, / A0 , satisfy Xj / mX0 for any integer m.
(iii) There exists a e > 0 and a complex function X(a) with continuous derivative A '(a)

defined in [a0 - e, a0 + e]. The function X(a) satisfies A(A(a)) = 0, X{a0) = ±ia0, and Re
A'(a0) ± 0.

(iv) If a < a0 there are precisely two roots of (3.2) with Re A > 0 and —ir/r < Im A <
7r/r.

Proof: (i) Refer to Fig. 3. As in the proof of Lemma 3.2, we have (a/br)$ > sin f iff the
root ti of g(t) = (a/br)t — sin l is smaller than f. For a = rb the line u = (a/br)t is tangent
to sin t at the origin and thus for a > rb, tt = 0 and t, < f. Also, for a = 2br/ir, tx = ir/2.
But f < 7r/2 and so > f. Thus there must be a a0, 2br/ir < a0 br for which t, = f.

From the equations

(a0/br)$ = sin f

(\/br)$2 = cos f
(3.5)

it is clear that a0 = (br/iT) sin It is also clear that for a > a0, f, < f, and so (a/br)£ > sin
f and all solutions of (3.2) have negative real parts.

(ii) Let X = ix + id be a solution of (3.2). Then ju and a satisfy Eqs. (3.4) above.
For a = a0, a solution A0 of this equation is /u = 0 and <r0 = ±({/r). Indeed, substituting

in (3.4), we obtain

-(r//f + (b/r) cos f = 0
(a/r) (±f/r) - (b/r) sin (±f) = 0

which are satisfied by (3.5). It is clear that no multiple of this solution can satisfy Eqs.
(3.5). Thus, no multiple of A0 is a solution and A; -/ mX0 for all solutions Xj .

(iii) Let us write A(A) = A(^ + iff) as G(m. ff. a) and Eqs. (3.4) as G(n, a, a) = 0. By part
(ii) we know that (7(0, c0 , a0) = 0, where <r0 = ±f/r, a0 < br.

If the Jacobian of G with respect to n and a is different from zero at (0, <j0 , a0), by the
implicit function theorem there exists a e > 0 and two continuously differentiate func-
tions fi(a), ff(a) defined in [a0 — e, a0 + e] such that

J(n, a, a) =

and

2/u + (a/r) — bcxp (—fir) cos ru —2o — bexp (—fir) sin ra

Iff + /?exp (~[ir) sin ra 2yu + (a/r) - bexp (~nr) cos ra ,
(3.6)

7(0, ff0,a0)= [Ab (3.7)

where A = (a0/r) - b cos a0r, B = 2cr0 + b sin a0r.
Thus, |/| = A2 + B" / 0 since B ^ 0. Indeed, ra0 = and 2(±f/r) + b sin (±f) / 0

for 0 < f < 7r/2.
To show that Re A'(a„) = ^'(a 0) / Owe observe that in [a0 — e, a0 + e], G(n(a), ff(a), a)

= 0; thus dG/da = 0 or
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8G dn 8G da 8G 8,— ■-—+—-.— + — = 0. (3.5)
8n da 8a da 8a

At the point (0, a0, a0), Eq. (3.8) has the form

-Ba' = 0 (3 9)

By.' + A a' = ~a0/r

since 8G/8a = (n/r, a/r). From (3.9), we obtain (A2 + B2)n' = -Bajr ^ 0.
(iv) Same as in Lemma 3.2.

This proves the Lemma 3.3.
Let us now write Eq. (2.1) as

z = F(a, zt) = L(a)zt + f(a, zt) (3.10)

where L(a) is the linear part. We have the following

Theorem 3.1: Eq. (2.1) has a Hopf bifurcation at a = a0 , where a0 is defined in Lemma
3.3.

Proof: F(a, 0) has continuous first- and second-order derivatives in a and 0 for a E R
and 0 £ C, and F{a, 0) = 0 for all a.

By (ii) and (iii) of Lemma 3.3, the hypotheses HI and H2 of Theorem XI, 1.1 in Hale
[10] are satisfied. Therefore there is a Hopf bifurcation at a = a0 . Thus, for a > a0 the only
periodic solution is the trivial one. For a < a0, two non-trivial periodic solutions of small
amplitude appear. The period of these solutions is close to the period of the linear part,
2ir/a0 .

The value a0 of the parameter a is dependent on the values of the other two parameters,
a0 = a0(b, r), which we considered fixed.

In this section we have found a small range for the parameter [a0 - e, a0] for which
there are periodic solutions of small amplitude. Here the parameter a0 satisfies 2br/ir < a0
< br, which can be written as ajb < r < a0ir/2b. This can be interpreted as follows. For
these values of a0 and b there is a value r of the delay such that for this value there is a
periodic solution of small amplitude.

More generally, for any values of a and b satisfying the conditions in (2.1) there is an r
such that the characteristic equation (3.2) has a root on the imaginary axis and there are
no roots in the right-hand plane (Lemma 3.2). Consider now b and this r as fixed. The a0
given by Lemma 3.3 will coincide with the given a, a0 = fl, and applying the Theorem we
prove the existence of a periodic solution. Thus, given a and b, there is an r, a/b < r <
air/lb for which there is a periodic solution of small amplitude.

In the next section we shall prove the existence of oscillations of large amplitude for all
delay in the range a/b < r0 < r < (a/a + 1 )air/b.

4. Periodic solutions of large amplitude. We are going to use the following approach
(see Grafton [7], Nussbaum [16], Hale [9]). Assume we can find a set K in C0 such that for
all ip K, there is a time r(\p) such that the solution z{t\ \p) with initial value \p satisfies
zT(ii.yP) E K. We could then define an operator A: K —> K by A\p = zT^f\p).

If K is closed, bounded and convex and A is completely continuous, A would have a
fixed point 0 in K, Acp = 0. In this case z(t, 0) will be a periodic solution of period r(0).

Since what we want are non-trivial periodic solutions, it is necessary to exclude from K
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the equilibrium points (constant solutions). In applications it is difficult to construct a
closed convex set K not including the zero function. But if, roughly speaking, the zero
solution is unstable, then it is possible to prove that there is a non-trivial periodic solution.

Let us make precise these ideas. Let A" be a subset of a Banach space X, and A a map A:
A"\<jc0} —> K. We say that xB is an ejective point if there exists an open neighborhood G of x0
such that for all y (E G H A there exists an integer m such that Amy G D K.

We shall need the following theorem.
Theorem 4.1 (Nussbaum). If K is a closed, bounded, convex, infinite-dimensional set

in X, A: A\{„x0} ~* K-'s completely continuous and x0 is an ejective point of A, then there is
a fixed point of A in A"\(x0}.

We shall also need a criterion for knowing when a point is ejective. Let C be the space
of continuous functions in [—r, 0] with the sup norm. Consider the equation

x(t) = L(xt) + f(xt) (4.1)
where L(xt)\ C -> R" is linear and continuous, /: C —> R" is completely continuous, / £ C1
and /(0) = 0.

Let

y(t) = L(yt) (4.2)
be the linear part. For any characteristic root X of (4.2) there exists a decomposition of C
as C = P\ © Q\ where P\ and Qx are invariant under the solution operator of (4.2) (see
Hale [9, Chapter 20]). Call the projection operator defined by the decomposition tt\ , with
R(-kx) = Px.

Theorem 4.2 (Chow-Hale). Suppose the following conditions obtain: (i) There is a
characteristic root X of (4.2) such that Re X > 0.

(ii) There exists a closed convex set A C C, 0 £ A and 5 > 0 such that inf \irx<t> I 0 £ A',
|0| = 5} > 0.

(iii) There exists a bounded continuous function r: AT\{0} -■» fa, °°) 0 < a, such that the
map defined by A(j> = xT^(4>), <t> <E A'X{0}, maps A"\ (0} —► K and is completely continuous.

Then 0 is an ejective point.
For the proof of this theorem, see Chow and Hale [4], The idea of condition (i) is to

ensure the existence of an eigenspace of positive eigenvectors. Condition (ii) implies that
the projection of all the initial functions of norm 8 on this eigenspace is non-zero.

To apply Theorem 4.1 we have to define K and A. Let K = {\p = (0, p) £ C01 0 < p <
b/a, 0 = 0( — r), 0 non-decreasing, 0(0) + kp < it — e\ where k = air/(a + 1 )b and 0 < e
« 1. Let z(t) = (x(t), y(t)) be a solution of (2.1) with delay r, (a/b) < r0 < r < (a/a +
1 Va/b and initial function \[/ £ AT\{0}.

Lemma 4.1. (i) There exists a continuous function Tj(^): A"\{0} -> (/•, °°) such that zx
e -k<w \-i\te k).

(ii) There exist a continuous function t2(\J/): —AT\{0} ->(/•, °°) such that zT p) £ K
(iii) The solution z(f) is oscillatory, i.e., x(r), y(t) have infinitely many zeros.
Proof: If \p G A' and z(\p) is a solution of (2.1) then -z(\p) = z(-\p) is also a solution

(simply multiply by —1 both sides of the equation). Thus, (i) implies (ii). Also (i) and (ii)
imply (iii).

We need only to prove (i). Refer to Fig. 4. Let z(t) be a solution with initial function in
K. Then at time t = 0 it would start at some point of the I quadrant, say the point 0 (see
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Fig. 4). As long as it remains in I we have x > 0 and y < 0. Since by Lemma 2.2 it cannot
leave the box G( , it has to cross the x-axis at some time t, . At the crossing y(ti) = 0 and so
x = 0. It crosses with vertical slope. Also, y = —{b/r) sin x(tt — r) < 0, and the solution
cannot cross back to I.

Since it cannot cross back to /, nor get out of the box Gt , it either approaches the
origin or crosses to III. We will show later that it cannot approach the origin, so there is a
time t2 such that x(t2) = 0 and x{t2) < 0.

In III, x < 0, so the solution cannot approach the origin. Since it cannot leave the box,
it will cross the x-axis at some time t4 . This impliesy(t4) > 0, and so sin x(t4 - r) < 0 and
x(t4 — r) < 0. Therefore, there exists a time t3 such that x(t3 — r) = 0.

Using the fact that the solution depends continuously on the initial data, and the
implicit function theorem, one can prove that the time t3 such that x{t3 — r\ 0, p) = 0 is a
continuous function of (0, p) £ AT\{0}.

The function z,3 belongs to -A", for y(t3) < 0, xts is decreasing, x(t3 — r) = 0 and | x(t3)
+ ky(t3)| <7r — e. Thus, we can define r,^) = t3 .

To finish the proof we need to prove that the solution z(t) does not approach the origin
in II. At the time of the crossing of the x-axis we have _v(/i) = 0 and y(ij) = —(b/r) sin .x'(^
— r) < 0. By continuity y(t) < 0 for some time. Let t* > ti be such that y(t*) = 0 for the
first time and let _v(/*) = -5 < 0 be the corresponding value of^. We claim that there exists
a p, 0 < p <5 such that for t ^ t^ and in II, y(t) — p. In particular, this implies that
there exists a t2> t* such that x(/2) = 0 and y(t2) < —p.

Pick a x* > 0 so small that:
(i) x* < 5,
(ii) .Y*/sin x* < 1 + r;, for some small ij > 0 such that (I + rj){a/b) < r0,
(iii) sin x* < min {sin x(tl - r), sin x(?0}.

As t increases, x(t - r) increases from the value x(tl - r) to the value and then
decreases approaching the>'-axis. Thus, it is possible to choose a x* which satisfies (iii) and

Fig. 4.
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such that

sin x* < sin ,v(/ — r) for t > t1 and x(t — r) > x*.

(see Fig. 5). From the second equation in (2.1) we observe that

|_f| < (b/a) sin x(t - r) implies y < 0. (4.3)

Let p = (b/a) sin x*. Note that p < sin x* < x* < 5 since (b/a) < 1. We want to prove
that for t > 1* and x(t — r) > x* we have>'(?) < -5. Indeed, y(t*) = -5 < -p, and for t >
t* the solution cannot cross the line j = —p, since at that moment we have |j| = p = (b/a)
sin a"* < (b/a) sin x(t — r), and by (4.3) y < 0.

Thus, since x = y, we have |x(?) — x(t — r) | > pr or x(t — r) - x(t) > pr = (b/a) sin
x*r. We are interested in values of the delay r > (a/b). By the choice of ?? we have
that r > r0 > (a/b)( 1 + 77) > (a/b)x*/sin x*, and

x(t - r) - x(t) > pr > (b/a)(a/b)x*(sin x*/sin x*) = x*,

and so when x(l — r) = x* we have x(t) < 0 and the solution had crossed the axis at some
time t2, with y(t2) ^ ~p■ That proves the lemma.

We can now define A: A"\{0) —» K by A\f/ = —zT,^,(^). If \p is a fixed point of A, i.e. if A\p
= \p, then z,(\p) is a periodic solution of period 2r(\p). Indeed,

= ZT^izT^d)) = zHi)(-A(\//)) = zTi+)(-\p) = -ZtwW) = Mt) = t-

The next step is to prove
Lemma 4.2. The map A: A\{0} -> K is completely continuous.
Proof: A is continuous, for A\p = -zT,^(ip) and the solution z,(\p) is continuous in t and

\p. Also, r(\p) is continuous in \p. Thus, zT^){\p) is continuous in \p.
To prove that A is compact, we prove that for all bounded sets B C K the set A B is

uniformly bounded and equicontinuous. AB is equibounded since AB C ^ and K is
bounded. Let G B\ since A\p = —zTlf)t\p) and z(t, 1p) is a solution of the equation its
derivative satisfies the equation. The right-hand side of the equation is uniformly
bounded, so we can find a uniform bound for the derivatives. Thus, the set of functions
\A\p | \p £ B\ is equicontinuous.

It remains to prove that the trivial solution (0) is an ejective point. To use Theorem 4.2,
we have only to check condition (ii), since condition (i) is ensured by Lemma 3.2,
condition (iii) by Lemmas 4.1 and 4.2.

Sin x

x(t-r) x(t()

Fig. 5
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Lemma 4.3: Let r > r0: then inf {| 7rx^|, ^ G K, \ \p\ = 1} > 0.
Proof: The proof is essentially the same as in Lemma 31.5 in Hale [9, p. 173],
We can now prove

Theorem 4.3. For each r such that (a/b) < r0 < r < (a/a + \)ir(a/b) Eq. (2.1) has a
periodic solution.

Proof: Take K and A as above. By Lemma 4.2, A is completely continuous. By
Lemmas 3.2, 4.1, 4.2, 4.3 and Theorem 4.2, {0} is an ejective point. By Theorem 4.1, A has
a fixed point in AT\{0}. Since there are no more equilibrium points, this fixed point
corresponds to a non-trivial periodic solution.

5. Conclusions. We have proved that for a wide range of the parameters there exist
periodic solutions. Thus the model reflects the experimental fact that there are periodic
oscillations for a wide range of temperatures and for different experimental setups. Slight
changes in the method of cultivation of the Helioanthus entrain changes in the period (see
Andersen and Johnsson [1]).

An exhuastive numerical study of Eq. (2.1) had been made prior to the present work
(see Casal and Somolinos [3]). The numerical and graphical results obtained via the
computer provided an idea of the properties of the solutions for different ranges of the
parameters. This insight proved invaluable for constructing the theoretical argument
presented in this paper. In particular it was found that for values of the parameters a =
4.8, b = 0.186, all solutions tend to the origin as time increases, if the delay r is less than 35
minutes, but that for each value of r between 35 and 80 minutes there exists a periodic
solution.

The value of r0 in Theorem 4.3 is, for these values of a and b, r0 = 35 minutes, in good
agreement with the computer results. Our original proof of the theorem yielded periodic
solutions only for r < {a/b)tt/2 = 40. It was the desire to match the computer results
which provided the motivation to improve the range of r to r < {a2/a + 1 )ir/b ~ 76
minutes, which agrees much better with the numerical results.

Johnsson and Karlsson [13] proposed also different weighting functions ("windows")
for the description of the plant's memory. They lead to models with infinite time delays. It
is possible to prove the existence of periodic solutions with small amplitude, using a Hopf
bifurcation theorem for equations with infinite delay (see Lima [14]).

Finally, it would be interesting to study the phenomenon of entrainment [1], The
experiments suggest the existence of forced oscillations when the forcing frequency is not
too different from the natural frequency.
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