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SOLUTIONS OF THE ELECTROMAGNETIC WAVE EQUATIONS
FOR POINT DIPOLE SOURCES AND SPHERICAL BOUNDARIES*
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Abstract. Solutions of the electromagnetic wave equation are derived in systems con-
taining spherical interfaces when the source field is that of a magnetic or electric point
dipole. Piecewise constant electromagnetic parameters are assumed, but their values as well
as the frequency of the source field are arbitrary. The solutions are obtained in terms of
scalar and vector spherical harmonics. A sphere embedded in full space with a radial or
transverse source dipole is considered explicitly.

1. Introduction. The solution of the electromagnetic wave equation is a central pro-
blem in many fields of applied physics and engineering, e.g., in radio science and geophysics.
The solutions used in practice are often approximate ones. In calculations concerning radio
waves infinite conductivities and high frequency limits are used, while in geophysics a
quasistatic approximation is common practice. In scattering problems the incident field is
usually assumed to be a plane wave even though the field may actually be dipolar.

Attempts to find solutions of the wave equation in analytic form usually involve separ-
ation of variables and looking for the solution as an infinite series. If cartesian coordinates
are used, the general solution requires integration over the parameters of separation. The
spherical coordinate system, on the other hand, allows the field vectors to be expanded in
terms of a complete and discrete set of functions. The coefficients of the expansion can be
uniquely determined from the boundary conditions.

In this article we consider the behavior of spherical waves emitted by magnetic or
electric point dipoles in the presence of a spherical interface. We have in mind geophysical
applications, but our method of solution is independent of the specific properties of the
physical systems which our models represent. The fields are assumed to have harmonic time
dependences, but no restrictions are imposed on the frequency. The electromagnetic
properties of the medium are allowed to change only at the interfaces, but otherwise they
are arbitrary. We first outline the method of solution. Then we proceed to derive the true
wave solution for a spherical region embedded in full space.

2. Method of solution. The electromagnetic potentials are generally determined by the

density p(r, t) of free charge and the total current density j(r, ¢) through the coupled
differential equations

* Received October 15, 1980.
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V2¢+£(V°A)=—B, (1)
&

0*A . o
VZA—su?=—uj+V(usa+V'A), 2

which are equivalent to Maxwell’s equations for E and B. It is understood that j includes
terms due to magnetization or electric polarization acting as sources of the field. The
parameter u is the magnetic permeability, and ¢ is the electric permittivity of the medium.
The field vectors can be directly obtained from ® and A:
0A

B=V x A, E=—V(D—E. 3,4
The total current density is the sum of the primary current density j,, which is imposed on
the system by external means, and the conduction current density,

0A
j=jp+aE=jp—6<Vq)+E>- (5)
The conductivity is here assumed to be a scalar. By imposing the Lorentz condition
oo
V'A+,u85+;wd>=0 (6)

on the potentials ® and A, they can be decoupled to obtain the wave equations
o’ oD p

Vzd)—usw—yoa—=—;, (7
0’A 0A .
VA —pe o3 — 0o o= —Hjp. ®)

Assuming the time-dependence to be given by the factor exp(—iwt), we obtain for the
space-dependent parts of the potentials the scalar and vector Helmholtz equations

V2O + k2D = — f’ V2A + k%A = — jp, ©, 10)

where the complex wave number k is defined by
k* = pw(ew + ic). (11)

Thus we allow complex representations of the fields. The physical fields are conventionally
obtained by taking the real parts of the complex fields. Our problem is essentially to solve
Eq. (10) for the vector potential, from which B is directly obtained using Eq. (3). The electric
field is given by Maxwell’s equation

E=;(—QZ)V><B. (12)

The scalar potential ® is not needed but can, of course, be obtained from Eq. (6). In
particular, if there are no free charges and if V- A =0, then ® can be chosen to be
identically zero.
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The conditions to be satisfied by E and B throughout the boundary between any two
regions 1 and 2 are

nx(E, —E,;)=0; nx(i—&>=0, (13)
M K

where n is a vector normal to the boundary. If the boundary is spherical about the origin,
then we can simply take n = e,,and the conditions are E g = Ey, Ey, = E;,, Hig = Hy,
and H,, = H,,.

The general solution of Eq. (10) is obtained by adding a particular solution to the
general solution A, of the homogeneous equation. The latter can be given in terms of three
sets of vector functions,

As= i ‘2, {A7LY(r) + DYM(r) + GINJ(T)}, (14)

n=0 m=-n

whereV x L'=0,V-MP=V - N =0, and

1 1
N,,"'=;V><M,,"‘; M,,"'=;V><N,,"‘. (15)

We note that A; can always be chosen to have zero divergence, since B, =V x A is
independent of L]". The vector functions can be constructed in many ways from solutions of
the scalar Helmholtz equation. In spherical coordinates the spherical harmonics

2n + 1)n — m)!

1/2

Y70, ¢) = (- 1)’”{
where PJ is the associated Legendre function, and the spherical Bessel functions can be
used. We adopt the vector spherical harmonics

P" = e, Pre™,

B v nn + 1) {eo<n—m+l m n:m . )+ m(2n + 1) 'P"‘}e""'“’,

" = 2n + lsin 0 n+1 T T )

o= N+ 1) { m2n + 1) iP"m_e¢<n—m+1 pr n+m__ )}e""“" a7

"T@n+sin6 | nn+1) n+1 ntLT o, et

given by Morse and Feshbach [1], and the corresponding vector functions

m __ : pm J_" m
Ln "‘JnPn + n(n+1) kr Bn,
My = /n(n + 1)j,Cy,
N" = n(n + 1) f; P"+ /nin + 1)(7{—; +j;> B, (18)

where j, stands for any of the spherical Bessel functions of order n and the prime indicates
the derivative with respect to kr. The vector spherical harmonics for m = 0 (the zonal
harmonics) have no ¢-dependence, and they have the special forms

P, o P,

L E— C=e, —2—,
“ it  Jant 1)

Pl=eP,; Bl=-— (19)
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where P, is the Legendre polynomial. Thus the solution of the homogeneous vector wave
equation can be written in spherical polar coordinates as

) { AR, + GInln + 1) ’—"} P+YY {A:'j; + Gl + 1) 22 preme,
0 kr 1 —-n kr

n(n + 1)e'™

o ) 40 dn 0 P! o
;{A + G (k +'I">} +§Z (2n + 1)sin 6

m m o n_LH m n+mom
{{An k +G <kr .]n>}< n+1 n+1 n n—l) (20)

m. m2n+1) m}
+ Dii n(n + 1) P

© © n 1)e'™® j S m2n+ 1),
Pl _rl.@_-t-— { mJn m< >} m
o= LD Pt L o i U e T e ) e )

pri(Pomtl g ntmo, >
— Upn n+ 1 n+1 n n—1](>

where the prime on the summation indicates the omission of the terms with m = 0. The
terms with A™ are not actually needed, since we may choose V * A; = 0. Finally, to obtain
the most general solution we must take a linear combination of two expressions like Eq.
(20) having linearly independent Bessel functions.

In the important case of azimuthal symmetry the general solution (20) reduces to the
terms withm = 0.

The particular solution of Eq. (10) reflects the nature of the primary potential A, which
is the potential due to jp in a homogeneous space. We consider explicitly two kinds of
sources, a point magnetic dipole m,e™ %, and a point current dipole Idle” iot The vector
potential of a magnetic dipole at r,, in a space with wave number k is

M lk 1 ikolr —r —iwl
Ap = °<|,_°, EA— la)e“' °(r — ro) x mye™"" (21)
0 0
and that of a current dipole is
#01 eikolr—rol .
A, = iot 22
= M e (22)

By definition, A, satisfies Eq. (10) in the region where the dipole is situated; hence in this
region A = A, + Ap, while in all other regions A = A;. We note that for the magnetic
dipole V - Ap = 0, but for the current dipole V * Ap # 0.

To be able to determine the coefficients in the expression of A, (Eq. (20)) we must expand
Ap in terms of the spherical harmonics and Bessel functions. A procedure of finding the
expansions of Eq. (22) and Eq. (21) is given in the Appendix. In the following sections we
apply the general method outlined to specific problems.

3. Radial magnetic dipole and sphere. The geometry of the problem is shown in Fig. 1.
The spherical region has the wave number k;, and the rest of the space has the wave
number k,. The model is a rather elementary one, but represents the first step in the
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z

FiG. 1. A radial magnetic dipole outside a sphere with electromagnetic parameters different from those of the
surroundings. The vector r represents the general point where the field is to be evaluated.

interpretation of e.g., double-dipole measurements. Without loss of generality we may
choose the origin to be at the center of the sphere and the dipole to lie on the polar axis, i.e.,
ro = (ro, 0, arbitrary) and my = (my, 0, arbitrary).

The expansion of the primary potential is

ito komy S @n + 1)j, h, P}, 23)

AP = €
4nr, T4

(4
where the r-dependence is j, for r < ry and h, forr > ry. The primary field and therefore the
total field has azimuthal symmetry (no dependence on ¢ except for the unit vectors). The
general solution A; must be finite everywhere; hence inside the sphere its r-dependence
must be given by j, alone. Outside the sphere and far from the source the field must behave
like an outgoing wave, since there is no other interface to scatter it. Therefore the r-
dependence is given by the spherical Bessel function of the third kind, h,. Thus the total
vector potentials in the two regions are

i[.lo k i

Ao=¢,Y D%, P! +e, FO2 " (on 4 1), b, P2, (24)
n=1 21—

A =¢e, Y. D}j.Pa, (25)
n=1

where the D-coefficients are to be determined from the boundary conditions at r = a. Since



280 M. T. HIRVONEN

in this case E = iwA, one of the boundary conditions (13) is 4o, = A4;,. Evaluating B and
applying the second boundary condition easily gives for the coefficients (j, (ko a) = j,0, €tc.)

DO — ino ko my 2n + 1, Ko JnolUn1 + K1jn1) = H1jn1Uno + Ko Gino)

" dnrg t1Jni(huo + ko M) — po Puolin1 + ki @jn1)’ 26)
Dl = io ko my @n + D, K1 jnolhao + ko @hpo) — pihaoljno + ko o)

" 4nrg H1Jmi(Buo + Ko ahro) — pio PuoUint + ki Gjny)”

These expressions are enough to calculate the “homogeneous ” part of the field at any
point in space to the accuracy desired. The primary field can, of course, be obtained from
the exact expression (21).

4. Transverse magnetic dipole and sphere. The model is the same as that of Fig. 1
except that now the dipole is perpendicular to the polar axis, my; = (m,, n/2, 0). The field is
no longer azimuthally symmetric. The expansion of A, can be calculated as outlined in the
Appendix, and its spherical components can be written as

Ap, = iCoro S'“r 2y (@n+ 1)k, P,
1

Apg = iCy :‘s’:n"’e S juha{nro Pley — 2n 4 DrP! 4+ (n + Dro P2}, (27)
Ap, = —iC C‘:'n"; S juh{nrPL, — @0+ Dro P 4+ (n + DrPL_ ),

where C, = g ko my/dnry. We shall also need the 6- and ¢- components of B, =V x Ap,

. COs @
BPG = lCO r sm 0 z h {n(zjn + kO r]n)Pn+1
—koro(2n + 1), Py + (n + 12, + korjm)Pr_ 1},
sin . o
Bry = ~iCo 35 ¥ hy{mraltiy = J, — ko 7P 28)

+1(2n + 12, + koj)Ps — ro(n + Dnj, + 2 + Ko Tj)Pr_1}.

Since the ¢-dependence is linear in cos ¢ or sin ¢, it is clear that it is enough to take the
terms with m = 1 in the expansion of the homogeneous field, Eq. (20). Furthermore, instead
of the factor exp(ip) we must take i sin ¢ in A, and Ay, and cos ¢ in Ay, to be able to
satisfy the boundary conditions. Thus we arrive at the following expressions:

o0

A, = i3 nin+ )G, 3 In " Pl sin g,

sr
1

i{( ',> 2 G+ 1 {"ZPn+x n+1 2P1 1} + ij, D, P”}, (29)
1

@
to= 225l D
1

{nzPrH-l (n + I)ZP: l} + (k +]H>G Pn}a
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B, =k) n(n+1)D, :(" P! cos o,
1

cos @ & in ., D, ..
By=k< g;{(i—r+1>2 2 (WP - (n+1)2P,‘,_1}+l],.G,,P,f}, (30)

osine 2. G, ) 251 ( >D }
B, ik sin 6 }1 { "2n+1 (W' Prey = (n + 1Py} kr Jn

The boundary conditions give a set of equations for the coefficients which may be solved
recursively. All the first-order coefficients vanish, and the second-order coefficients are

5C, ij21{koro hyjio — ha(2j2 + ko aj2)} + ky — <k]2 +Jz>(ah2]20 —rohyj10)
DY =— 12
2 3a [ hy ’
koja1 Ta + h) kl hzo ;(_ +J2
0d 14
h
5C, ko (ko_za + h'2>(ah2j20 — rohyjio) + ihaotkoro hyjro — ha(2i2 + ko aj3)}
py = 30 ,
3a . h, Ho <j2 , )
—_—_ ! — v h s 1
ko]21<k0a + h2> ky ) 20 k. a +J2
(31)
5C .
Gg = = ﬁ {kl ]21(ah1110 —roh3j20)
- <kJ_2 +12> {ah (2, + ko aj}) — rohy(4j2 + ko ajlz)}}a
14
5c '
Gé =-= {ko hyo(ahyjio — 1o h2j20)
h
- <ﬁ' + K ) {ah,(2j, + koaj}) — ro ha(4); + ko aj)}},
where

Ho . h,
F=k — !
) 121<k0 +h) kohzo<kl +12>

The electromagnetic field due to a general magnetic dipole in the presence of a sphere
can, of course, be calculated by resolving the dipole into a radial and a transverse compo-
nent.

5. Radial current dipole and sphere. The current dipole Id1 = —Idle, = —Idl(e, cos 0
— e, sin ) is placed inside the sphere at ry = (r,, 0, arbitrary), as shown in Fig. 2. The
primary field has azimuthal symmetry, and its expansion is obtained from Egs. (22) and
(A2),

Ap = Cy(e, cos 0 — eg sin 0) Y. (2n + 1)j,h, P, (32)
[



282 M. T. HIRVONEN

z

FI1G. 2. A radial current dipole inside a sphere.

where C, = —iu, k, Id1/4n. Since V * Ap # 0, we must use Eq. (12) to obtainEp,

o)

Bp=¢,C, Z 2n + 1)1,l by P}, (33)
iw i -
Ep=e 'kz ClZ(2n+ n(n+1)1 e,,;(—C1 Z(2n+l)1,,—r—P,,. (34)
1 1
The homogeneous field is evidently

[e o]
A,=¢) G n(n+1)—P—e92G<j" )P’ (3%)

(o]
B, =¢, ) kG,j, P,, (36)

V]
Es=e,inG,,n(n+l)—P —ewaG( +J,.>P1 (37

0

Outside the sphere we must use h, instead of j, in B, and E;. The boundary conditions
for H,and Ey at r = a yield

. h;ll hnl jn .
kyjnt "‘_( — +J:.)
k, 1d1 k k
G = —”“’4 2 + 1), (ky ro) — :
ko hno (_]" +j;.> _b kyjn (’ -+ h:.)
kla Hy koa (38)
' h h
k h nl _&i( n 1)
Gl = ipg kg Id1 0Tk a uy a koa+h"

(2n + 1)j(ky 7o) - .
4n Juno,u) Mo, . (P o
kO hn0<kla +.ln> U kl]ul <koa + hn)
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Using these coefficients and the expansions (36) and (37) the field vectors can be calcu-
lated everywhere. In applications the quantity actually measured is often the potential
difference between two points 1 and 2, i.e, the line integral of E from 1 to 2. Such an
integration can be done numerically.

The field due to a transverse current dipole can be calculated in a way analogous to the
treatment of Sect. 4.

6. Discussion. The solutions of the vector wave equation derived above are given as
series expansions in spherical wave functions. Otherwise they are analytical and exact.
Their practical usefulness depends, of course, on the rate of convergence, which in turn
depends on where the field is evaluated and on the geometry and parameters of the
particular problem. The solutions have certain advantages as well as restrictions. They are
quite general with respect to the frequency, and hence they should be as applicable at the
very low frequencies used in geophysical measurements as at radio frequencies. The materi-
al parameters are assumed to be piecewise constant scalar quantities—a conventional
approach in electromagnetic field problems. The wave equations (9) and (10) remain valid
even if ¢ and ¢ (but not u) depend on r continuously. However, the solution of Eq. (10) can
be given as in Eq. (20) only for a constant k. The confinement to dipolar source fields is not
a serious one, since higher multipoles are usually not used in practice, and the plane wave is
actually easier to treat than the dipolar field.

The most severe limitation from the point of view of modelling is the requirement of
spherical boundaries. Our method of solution can be used also in a problem having several
spheres. However, if they are not concentric, use must be made of the transformation
formulas of the scalar and vector spherical harmonics in a translation of the origin [2].
Mixing boundaries having altogether different characters, e.g., planes with spheres or cylin-
ders, presents formidable difficulties. The mathematical tools needed to carry out the
coordinate transformations in a form required to satisfy the boundary conditions are yet to
be developed.
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Appendix: Expansion of dipolar fields in terms of spherical harmonics and Bessel func-
tions. Let a harmonically oscillating point dipole be located at ry = (ry, 6y, @o) in a
homogeneous space having the wave number k. The field of the dipole at r = (r, 8, ¢) can
be expressed with the help of the well-known expansion

eikolr—rol

{j"(ko Nhykoro), T <ro
jn(kO rO)hn(kO r)a r> rO

where j, and h, are the nth-order spherical Bessel functions of the first and third kind,
respectively. Eq. (A1) represents an outgoing spherical wave emitted by the dipole. In the

= 471'ik0 Z Z Y”m(o’ (p)Y:l*(HO s (PO)

||'—|'0| n=0 m=-n

(A1)



284 M. T. HIRVONEN

following we assume that the dipole lies on the polar axis, i.e.,f, = 0. Then Eq (A1) reduces
to

eikolr—rol ©
= iko Y, (2n + 1)j, h, P, (A2)
Ir—rol 0
and
r—ry,=e.rsin 6 cos ¢ + e,rsin 6 sin ¢ + e(r cos § — r)
= e,(r — ro cos 0) + e, 1, sin 6. (A3)
Noting that
1 9 eolrrol ( ik 1 )
- ———— — pfkolr=rol 2 A4
rro 0 cos 0 |r —ro| € [r—rol> |r—ro?)/ (A4

differentiating term by term, and using the properties of the Legendre functions

m

d cos 0

sin’ 6 =M+ cos § P" —(n—m + 1)P™, |, (AS)

@2n+cos P =(n—m+ DPy,y + (n+ mP;_, (A6)

(2n + 1)sin QP™ = pri} — pri}
=n+mmn+m—1DPr —(n—m+ 1)(n—m+2)Pr L, (A7)

we obtain

ikolr - ro| iko _ 1 1 A
) <|"—"o|2 lr—r0|3) rros1n02(2n+ll’"hp (A8)

Let the moment of a magnetic dipole be m,; = (m,, 6,,0), since we can choose ¢, =0
without loss of generality. Then

(r—ro) x my = —e, myry sin 0, sin 6 sin @ + egm, sin G4r — ro cos O)sin ¢
+ e,m, sin O,(r cos 0 — ro)cos @ — e, myr cos 0, sin 6. (A9)
The expansion of the potential of a magnetic dipole is given by the product of Eq. (A8)
and Eq. (A9). That of an electric dipole can be obtained with the help of Eq. (A2).

The expansions of the dipolar fields can be written compactly in terms of the vector
functions L', M and N7 (see Eq. (18)). For m = 0 and m = 1 these functions are

L,?=e,.j:,P,, eok P:’

M, = e,j, Py, (A10)

NO=e, n(n+1)—P —eo<:("+],,>
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_ 1
(2n + )sin 6 kr
{ep{n®Piiy — (n+ 1)’P)_} + €,i2n + 1)P,}e",

L! =e,j, Ple' +

Jn
2n + l)sin 0

1 J
= 1 ip n 4
N e n(n + l) P + 2n + Dsin 0( j,‘>

- {ea{n? P:+, —(n+ 1?P1_1} +e,i2n + 1)P}}e'

Comparing the vector potential of a radial magnetic dipole (see Eq. (23)) and Eq. (A10)
we see immediately that

M! = {egi(2n + )P} — e, {n*Ph,y — (n + 1)*P)_,}}€", (A11)

i‘°—"°—’"‘z (2n + 1)h, MO. (A12)

A
PT 4, 4

To obtain the expansion of the potential of a transverse dipole, we replace cos ¢ and
i sin ¢ in Eq. (27) with e*. To get the r-component right, the expansion must obviously be
i < 2n+1
Ap =) MM} + Coroko Y ——
P ; M, + o"ooz(_'_l)

since V+Ap =0 and the L-functions are consequently not needed. To match the 6-
components we must have

h,NL, (A13)

0

o had i ., n+1
Zan]nP:'*'COrOkOZhn(‘IIC_r ])( +1Pn+l n P:—l)
1

1

=C, ¥ h,,Jf {ronPlyy +ro(n + DPI_, — @n + 1rP}}.  (Al4)
1
Using the properties of the Bessel functions
@nt W= iy = (14 Djgers @t D=y + s (A15)

and collecting the coefficients of j, P}, we obtain after some algebra

1C0(2n

n(n + {( + Dh, — korohy sy} (A16)

This coefficient also gives the correct ¢-component. Thus the expansion of the potential
of a transverse magnetic dipole is
2 Co2n+1)

Ap=) ——

d Z,: nn+ 1)

The potential of a current dipole can also be expanded. For example, the potential of a
radial dipole, Eq. (32), can be written as

{i{(n + l)h,l - ko roh"+ 1}M: + koro hnN:}. (A17)

AP=erC~l Z]nhn{(n"' 1)Pn+l +nPn—l} eOCl Z.]nh(Pn+1 P:—l)' (Alg)
0



286 M. T. HIRVONEN

Using Eq. (A15) it is easy to show that
(n+ DLy, + Ny, =e(n+ 1),P,.i — €, Poyy
_nLg—l +Ng—l=ernjnpn—l +e0jnP:—l; - (Alg)

hence
Ap=C; Y {(n+ 1LY, + N2, } = Cy ;(nL,?_, —NJ-,)
0
=C, Yy (ML + N))— C; Y {(n+ LY — N2} (A20)
(1] (1]

= €1 Y (N - L)
0

These expansions in terms of the vector functions are particularly useful when coordi-
nate transformations are needed in order to satisfy the boundary conditions.



