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1. Introduction. The purpose of this paper is to study the dynamic behavior of a soap

film which is stretched between two coaxial rings (cf. Fig. 1.1a). An "exact" theory for the

axially symmetric deformation of such films has been described in [1], This theory leads to

a pair of nonlinear, hyperbolic partial differential equations with the axial and radial

displacements from equilibrium as the quantities to be determined. Unfortunately these

equations are rather complicated; thus the study of the equations has been limited to

numerical approximations of the solutions (cf. [1]).

In this paper we will describe an approximate theory for the axially symmetric defor-

mation of soap films which leads to a great simplification of the governing equations. This

theory is based on two approximations which, while new to the theory of soap films, are not

unusual in the study of elastic membranes and strings. In order to describe the approxi-

mations it is convenient to introduce the notation u(x, t) and w(x, t) for the axial and radial

displacements of the film from some appropriate surface connecting the two end rings (e.g.

the equilibrium surface). We will assume that ux(x, t) is small of first order. No assumption

will be made on the magnitude of w(x, t) or its derivatives. This approximation was first

introduced by Foppl [2] in the study of plane membranes. Related approximations have

been used by Bromberg and Stoker [3] and Reissner [4] in the theory of curved mem-

branes. Secondly, we will assume that the kinetic energy due to axial motion can be

neglected in comparison to the kinetic energy due to radial motion. This assumption is also

quite typical in various special theories of elasticity (cf. [5,6, 7]).

z=r (x)

T

Fig. 1.1.
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In Sec. 2 it will be shown that the approximations indicated above lead to a single,

nonlinear, partial integro-differential equation for the determination of w. In Sec. 3 the

static problem is studied. It is shown that if a/l (cf. Fig. 1.1b) is sufficiently large there are

two equilibria (both are catenaries of revolution) and if a/l is sufficiently small there are no

equilibria connecting the end rings. There is a certain critical value of a/l, say a/l = c, for

which there is exactly one equilibrium. These results agree with the exact theory of soap

films described in [8]. In Sec. 4 it will be shown that if a/l > c one of the catenaries is

linearly (dynamically) stable. If a/l = c the single equilibrium is unstable.

2. The dynamic equations. Two coaxial rings of radius a are located at x = ±1. We

will assume that these rings are connected by a surface of revolution (the soap film)

obtained by rotating a curve z = r(x) about the x axis. For simplicity we will assume that

z — r(x) is symmetric about the origin, i.e. r( — x) = r(x)(r'(0) = 0, r(l) = a) and that this

symmetry property is retained by film during any deformation. If the surface z = r(x) is not

an equilibrium surface or if the film is in motion at time ( = 0a point of the film located at

(x, r(x)) at f = 0 will be at some new position (x + u(x, t), r(x) + w(x, t)) at some later time t.

The surface area of this deformed surface will be given by

A(t) = 4?rJ (r + w)((l + ux)2 + (r' + wx)2)112 dx (2.1)

(r' = dr/dx). The kinetic energy of the surface will be

K.E. = 4n I ^ r(l + (r')2)1/2(wt2 + uf) dx (2.2)
Jo 2

where p is the surface density.

The theory of soap films assumes the potential energy of the film is proportional to the

surface area, i.e.,

P.E. = KA(t) (2.3)

where K is a constant of proportionality. As was indicated in Sec. 1, it will be assumed that

I "* | < , (2.4a)
'P 'P

r( 1 + (r')2)1/2u2 dx< ^ r(l + (rf)1/2wf dx. (2.4b)
Jo 2Jo 2

Thus we obtain the approximate expressions for the potential and kinetic energies

K.E. * 4tt I f r(l + (r')2)ll2w? dx, (2.5a)
Jo 2

P.E. % 47ij\r + w)(l + 2ux + (r' + wx)2)1/2 dx. (2.5b)

The equations of motion for the film are simply the Euler equations (cf. [9]) for the

integral

ft
(K.E. - P.E.) dt. (2.6)
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These Euler equations are easily found to be

8 ( (r + w)

dx V(i + 2ux + (r' + wx)2)1/2)

8 I (r + w)(r' + wx)

8x V(1 + 2ux + (r' + wx)

= 0, (2.7a)

pr( 1 + (r')2)1/2w„ - K ^ ( n , l^+ | Wf 2 i/2 ) + K(l + 2ux + (r' + wx)2)1/2 = 0.

(2.7b)

The appropriate boundary conditions on u(x, t) and w(x, t) are

u(0, t) = u(l, t) = 0, wx(0, t) = w{l, t) = 0. (2.8a, b)

The equations (2.7) are greatly simplified by the observation that (2.7a) implies that

7m—7mT—^171 =/W' (2-9)(1 + 2ux + {r + wxYY'1

i.e., the quantity on the left of (2.9) is independent of x. Thus rewriting (2.9) in the form

(r + w)2 =/(f)2(l + 2 ux + (r' + wx)2) (2.10)

it follows from (2.8a) that

This result may be combined with (2.7b) to show that w(x, t) must satisfy

pr( 1 + (r')2)1/2wIt - KN[r + w] j- (r' + wx) + K (r + w) = 0 (2.12)
ox N[r + w]

where JV[r + w] is defined in (2.11).

3. The static problem. If w = oj(x) is an equilibrium solution then a> must satisfy the

ordinary differential equation

N[r + w] — (r + w) - ^Tr_ n (r + w) = 0 (3.1)
dx2 v ' ' 7V[r + w]

and boundary conditions

^'(0) = oo(I) = 0. (3.2)

It is immediately evident from (3.1) that the static theory is independent of the choice of r(x).

Indeed, the actual equilibrium position of the film, i.e. r + w, can be treated as the de-

pendent variable. Thus introducing the notation

V(x) = r(x) + a)(x) (3.3)

Eq. (3.1) becomes

N^v"-^v=0 (3-4)

and V must satisfy the boundary conditions

F'(0) = 0, V(l) = a. (3.5)
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The equation (3.4) is nonlinear. However, since N(V) does not depend on x, the equation is

easily solved. In fact, introducing the notation

the solution of (3.4) satisfying the boundary conditions (3.5) is

v = a cosh(Bx/l)

cosh B

where B (B > 0) is to be chosen so that (3.6) is satisfied. If (3.7) is introduced into (3.6) there

is no difficulty in showing that B must be a solution of the algebraic equation

- B = cosh B. (3.8)

This equation may have one, two, or no roots depending on the value of a/l.

Let B = B0 be the (unique) solution of

B0 tanh B0 = 1. (3.9)

a/l = sinh B0 = c (3.10)

then Eq. (3.8) has the unique solution B = B0. If a/l > c there are two solutions which we

denote by B_ and B+ where < B0 < B+ .If a/l < c there are no solutions.

4. Stability. In Sec. 3 it was shown that if a/l > c then Eq. (2.12) has two equilibrium

solutions

a cosh(B± x/l)

■°tW- cosh B± ^ (41)

It is convenient to choose one of these equilibria as the reference surface r(x). Thus we

choose

/ x a cosh (Bx/l)
r(x) = —-———— (4.2)

cosh B

where B is either B+ , or, in the particular case where a/l = c,B = B0. The function r(x)

will satisfy the differential equation

r" -(jj r = 0 (4.3)

and boundary conditions

r'(0) = 0, r(l) = a. (4.4)

It follows of course that w(x, t) = 0 is an equilibrium solution of (2.12). Indeed, with the

above choice for r(x) Eq. (2.12) becomes

<{lYw„ - KNl'+ ":w" + ivt^o w" K((t) N[r + ̂  " iviTT^a)''' <4-5)
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It is easily verified that the right side of (4.5) vanishes when w = 0

Our interest is in the linear stability of w = 0 for the various possible choices of r(x), i.e.

with B = B+ , B = , or B = B0 (if a/l = c). The linearization is somewhat clearer if we

introduce the notation

a[r + w]2 = j (r + w)2 dx, /?[r + w]2 = j (1 + (r' + wx)2) dx. (4.6a, b)
Jo Jo

In this notation Eq. (4.5) becomes

^y\2a[r + w]/?[r + w]w„ - K<x[r + w]2wxx

+ KP[r + w]2w = K(^jj a[r + w]2 — /?[r + w]2^r. (4.7)

If only terms linear in w are retained in (4.7) we find that

p(jjr2^rMr>„ ~ Ka[r]2w„ + K^rfw

= K((j) aM2 - Plr¥ + 2{jj | ™ dx - 2| r'wx dxjr (4.8)

where

a[r]2 = J r2 dx, (4.9a)

'I / d\ 2

(1 + (rf) dx = ( -2   , /„'\2\ j I " t „2 j I B\ „r.n2
/?[r]2 =

In addition, an integration by parts shows that

'( / d\ 2

r2 dx = ( - J oe[r]2. (4.9b)

J r'wx dx = - | r"w dx = - (jj J rw dx.

Thus (4.8) becomes

p(f) r»w. - + *(f) » = ̂ (f) <"•'»)
In order to decide whether w = 0 is a stable or unstable equilibrium we must decide

whether solutions of (4.10) are bounded or growing. We look for solutions of (4.10) of the

form

w(x, t) = T{t)co{x). (4.11)

Supposedly the general solution of (4.10) could be constructed by an appropriate super-

position of such solutions. Placing (4.11) into (4.10), we find that T(t) and co(x) must satisfy
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the ordinary differential equations

B 2

p\-)T+kT = 0, (4.12)

„ / 2 (B\2\ 4 r f B^ 2
co + r2 - t co +

K \IJ J airy \ l

P'
ra> dx = 0 (4.13)

o

where A is the separation constant and plays the role of an eigenvalue in (4.13). to must

satisfy the boundary conditions

co'(0) = co(l) = 0. (4.14)

If all of the eigenvalues A,- of (4.13) are positive then the corresponding solutions of (4.12)

are bounded and the equilibrium is stable. If any of the h — 0 then (4.12) has growing

solutions and the equilibrium is unstable. Thus the object is to determine the sign of the

eigenvalues kj. It is convenient to begin by asking if A = 0 is an eigenvalue, i.e. does

B\2 4r (BX2
co —It) co + rco dx = 0 (4.15)

o. /) ~ ' oc(r)2 \ I

have a nontrivial solution satisfying (4.14)? Eq. (4.15) can be rewritten as the integral

equation

2 jo ra> dx

a (r)

where we have used the fact that r(x) is a solution of (4.3). It is a consequence of (4.16) that

co(x) = / x2— ((B tanh B)r — xr') (4.16)

' J 2 \'0rco dx (n i 2
rco dx = —-——2— I B tanh B \ r dx

Jo <*(r) \ jo

Thus (4.16) will have a nontrivial solution if B satisfies

o
xrr'dxj. (4.17)

' = xirf ' (B tanh B^r' ~ xrr' dx =f(B). (4.18)

A calculation shows that B satisfies (4.18) iff B satisfies (3.10). Thus the problem (4.13) and

(4.14) has / = 0 as an eigenvalue iff B = B0 which requires that a/l = c (cf. Sec. 3). In this

case the equilibrium is unstable, i.e. the equilibrium (4.2) with B = B0 is unstable.

If / is less than the smallest eigenvalue of

co" + (j; r2 - (jj^jco = 0 (4.19)

with co satisfying (4.14), Eq. (4.13) can be rewritten as the integral equation

4 jo rco dx f B^

a [r]2 \1,

where G(x, <^; B, /) is the Green's function for Eq. (4.19). Eq. (4.20) reduces to (4.16) when

W(-X) = ,.r„-i2
G(x, B, MO ^ (4-20)
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/ = 0. If co{x) is a nontrivial solution of (4.20) then it follows that

1 =
B r i

r(x) G(x, Bkm di dx =MB, k) (4.21)
«W2V// Jo

which reduces to (4.18) when / = 0, i.e.

MB, 0) =f(B) (4.22)

(cf. (4.18)). The qualitative behavior of G(x, £; B, k) as a function of k is easily described. It

may be shown that G(x, £; B, k) > 0 and that G(x, B, k) is an increasing function of k if

- oo < k/K < (B/l)2 (cf. Lemmas 2.2 and 2.3 in [10]). Thus if A<0 we see that

G(x, £; B, k) < G(x, £; B, 0) so that j\(B, k) < ft(B, 0) -f(B). Thus solutions of (4.2) with
k < 0 all have B > B0. Since B < B0 we conclude that values B = cannot correspond

to negative eigenvalues, i.e. equilibria (4.2) with B = B_ are stable.
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