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1. Introduction. Many linearized physical problems are described by Laplace's equa-

tion, for example in steady-state heat conduction, potential flow, theory of elasticity, and

elsewhere. When the small nonlinear terms are retained the resulting elliptic equations are

weakly nonlinear. Multiple-scale perturbation methods have been used [1] to solve certain

weakly nonlinear elliptic equations in two independent variables. In that paper, a method

which Chikwendu and Kevorkian [2] had found useful for nonlinear hyperbolic equations

was extended to nonlinear elliptic equations, complex characteristics being used instead of

real characteristics. However, only a very limited class of boundary-value problems (on a

semi-infinite strip) was considered. Also, Eckhaus [3] has shown that the series used in [2]

is uniformly asymptotically valid for space-periodic initial conditions (or boundary con-

ditions in the elliptic case).

Recently, Chikwendu [4] has developed a Fourier transform perturbation method for

nonlinear wave equations on the infinite line. In this note we wish to show that the Fourier

transform perturbation method can be applied to weakly nonlinear elliptic equations on

the upper half-plane, and that the boundary data need not be periodic. This should make

the method more useful since it is well known that many boundary-value problems for

Laplace's equation can be solved by conformal mapping to the upper half-plane.

Thus we consider the equation

Uyy + uxx + eh(u, ux, uy, uxx, ...) = 0, e < 1, — co < x < oo, y > 0, (1.1)

with appropriate Dirichlet [u(x, 0; e) = a(x)], Neumann or mixed boundary conditions

specified on y = 0, — oo < x < oo. We assume that u(x, y; s) is bounded and Fourier-

transformable with respect to x. It is also assumed that the nonlinearity h has a Taylor

series in its arguments and can be Fourier-transformed, for example in the form of convolu-

tions.

The Fourier transform perturbation method involves Fourier-transforming Eq. (1.1)

with respect to x and then seeking a solution of the resulting ordinary differential equation

for the Fourier transform of u in the form of a uniformly valid asymptotic expansion in

powers of e. Multiple scales are used and "secular" terms are eliminated, as is done in

nonlinear oscillations, leading to equations for the "slow" variation of the solution. These

solutions are then Fourier-inverted back to physical space.

* Received October 15,1981.
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2. Fourier transform perturbation method. We introduce the slow variable

Y = ey, (2.1)

and before Fourier-transforming we first seek a solution of Eq. (1.1) in the form of a

uniformly valid asymptotic expansion in powers of £,

u(x, y; s) = X s"un(x, y, + 0(eN+'). (2.2)
n = 0

When this expansion (2.2) is used in Eq. (1.1), with uy now becoming uy + euY and the

coefficients of e" equated to zero for n = 0, 1, 2, ..., a system of equations is obtained for

u0, uu u2, The first two equations are

uoyy + "o« = 0, (2.3a)

uiyy + U2XX = - 2«o,r - h(u0, u0x, u0>, ...). (2.3b)

The dominant approximation u0 is governed by Laplace's equation (2.3a) which has the

general solution

"oU, Y) =f(x - iy, Y) + g(x + iy, Y) (2.4)

where

oc = x — iy, (I = x + iy (2.5)

are the complex characteristics. In the case of Dirichlet boundary conditions a(x), the

solution of Laplace's equation on the upper half-plane is given by Poisson's integral

u0(x, y, 0) = (l/7i)
(x - t)2 + y2'

which can be written in the form of Eq. (2.4) as

y a(t) dt 2~~—j' y>0, (2-6)

1 f°u0(x, y,0) = — J_
a(t) dt 1

a — t 2ni

a(t) dt

J^~t
= f(*,0) + g(p,0). (2.7)

We note that/and g are complex conjugates and so u0(x, y, 0) = 2 Re /(a, 0).

Fourier transformation. Using the Fourier transform definition

U(l y, e) =

and its inverse

e'*xu(x, y, e) dx (2.8a)

u(x, y, e) = ^ J e iXxU(k, y, e) dl, (2.8b)

the expansion (2.2) can be Fourier-transformed, leading to the new expansion

U(X, y, Y, e)= £ £"[/„(A, y, Y) + 0(eN+l), (2.9)
n = 0

where the Fourier transform of a (lower-case letter) function is denoted by the correspond-

ing capitalized variable.
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The system of equations (2.3) thus transforms to

U0yy-X2U0 = 0, (2.10a)

Ulyy - X2U, = - 2U0yI - H(U0, U0y, — iXU0,...), (2.10b)

and the solution of Eq. (2.10a) is

U0(X, y, Y) = A(X, Y) exp(- \X\y), y > 0, (2.11)

where A(X, 0) is the Fourier transform of the boundary data on y = 0. In this note it is

convenient to write this solution (2.11) in the form of the Fourier transform of Eq. (2.4), as

U0(X, y, Y) = F(X, Y)e-X> + G(X, Y)ex\ (2.12)

where for boundedness we must have

F(X, 7) = A{X, y), Re A > 0
(2.13a)

= 0, Re X < 0,

G(X, 7) = 0, Re X > 0
(2.13b)

= A(X, Y), Re X < 0.

Since y appears in the solution (2.4) only in the form iy, we can define

s = iy, (2.14)

and the leading approximation in Fourier space (2.12) can now be written as

U0(X, s, Y) = F{X, Y)eUs + G(X, Y)e iXs. (2.15)

This is an important step because, instead of exponential decay with y,U0 is now oscilla-

tory in s, and so the methods of nonlinear oscillations can be applied to elliptic equations as

has been done for wave equations [4], We thus proceed to find the y-dependence of F and

G by eliminating "secular" terms from Eq. (2.10b) in the usual manner for ordinary differen-

tial equations (Cole [5]).

Using (2.14) and (2.15), the O(e) equation (2.10b) can be written as

Ulm + X2U1 = — 2XFyeiXs + 2XGYe~Us + H(U0, iU0a, -iXU0,...). (2.16)

In order that the asymptotic expansion (2.9) remain consistent and uniform (avoiding

indefinite growth with Y when X and s are held fixed), the inhomogeneous term on the

right-hand side of (2.16) must be orthogonal to all the solutions of the corresponding

homogeneous problem. If we assume that u is symmetric in y (i.e. that its behavior in the

lower half-plane is the same as in the upper half-plane), then we can multiply (2.16) by

exp(iAs) or exp( — iXs), integrate with respect to s from s = — M to s = M, divide by 2M and

take the limit as M—» oo. After integration by parts the left-hand side is seen to go to zero.

The resulting slowly varying equations are

"M

2XFy(X, Y) - lim
M-00 2M t

2XGy(X, Y) + lim
M-00 2M

e~ H(IJ0, iU0s,...) ds — 0, (2.17a)iXs

— M

M
,iXs

e SH(U0, iU0s, ...) ds = 0. (2.17b)
- M

Since U0 is periodic in s with frequency X (from Eq. (2.15)), it follows that H will also be



314 S. C. CHIKWENDU

periodic in s and so can be written as a sum of terms with frequencies X, 2X, 3A, 

Therefore in the limit as M—> oo the averaged integrals in Eqs. (2.17) will only pick up the

terms with frequency X since all the others will be orthogonal to e~Us (or e"1*). These

averaged integrals will thus be independent of s.

The equations (2.17) are therefore a pair of coupled nonlinear integrodifferential equa-

tions for F and G. If these equations are solved, F and G can then be Fourier-inverted to

give the lowest-order solution u0, and the process can be continued to determine the

higher-order approximations.

Convolution nonlinearities. For hyperbolic equations [4] interesting results were ob-

tained when the nonlinearity was of convolution form, but for elliptic equations the results

are not as interesting. Consider, for example, the equation

uyy + uxx + e

'oo fa

- oo J —

u(x - y)u(£ - r\, y)u(ti, y) d£ dr\ = 0. (2.18)

Fourier-transformation of this equation immediately gives

U„ - X2U + £t/3 = 0 (2.19)

and in this case Eq. (2.10b) becomes

U1„-2.2U1 = -2U0yy-Ul. (2.20)

The nonlinearity will not contribute secular terms and Eqs. (2.17) can be used to show that

U0r = 0. This is perhaps most immediately seen if Eq. (2.11) is used in (2.20), giving

Ulyy~X2U1=2\X\AY(X, F)exp( — |A|y) — A3(X, 7)exp(-3111y). (2.21)

Thus the nonlinear inhomogeneous term does not contain terms which are in the form of

the solutions of the homogeneous problem, and so A will be independent of Y. In this

problem U posseses a straight-forward, regular asymptotic expansion.

3. Illustrative example. Consider the boundary-value problem

Uyy + Uxx - e(uy - uuy) = 0, y > 0, (3.1a)

u(x, 0) = 2(1 +ex)'1. (3.1b)

For this nonlinear problem, Eq. (2.17a) becomes

1
2kFY(k, y) - XF(X, Y) - lim

m -»oo (2*)2M -M 1"J — c

M

e~Us ds I [F(A - t], Y)eiU~n)s

+ G(k - r], y)e-i(A-")s] r,[_G(ri, Y)e~^ - F(rj, y)e''"s] di\ = 0, (3.2)

that is,

2XFy(X, Y) - XF(X, Y) + (1/2tc) [ F(k - rj, Y)ri F{ri, Y) drj

lim
m-* oo (2tt)4M

where t = 2s.

r oo f2M r oo

F{X - i/, Y^Girj, Y) drj dt - G(X — r,, Y)r,F(r,, Y) dr,
J — oo J—2M J — oo

C2M

edt +
-2 M

G(X - n, Y)tjG(t], Y) dr,

'2 M

e~a' dt
-2 M

= 0, (3.3)
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Under the limit sign in Eq. (3.3) we can interchange the limits of the t and r, integrals.

Thus instead of integrating on the strip — oo < r, < oo, — 2M < t < 2M, we can integrate

on the strip —2M < r, < 2M, — oo < t < oo before letting Af—> oo. In both cases the

entire rj, t plane is covered. With this interchange, Eq. (3.3) can be written as

2AFy(l Y) - ;.F(A, Y) + (1/2tt)

— lim :—
M-oo (2?r)4M

F(X - r,, Y)r,F(r,, Y) dr,
J — OO

riM roo rzM

F(/1 - rj, Y)rjG(rj9 Y) drj e~ir,t dt - G(A — rj, Y)rjF(rj, Y) drj
J-2M J- go J-2M

j:
g-.u-,), dt + G(A - YfoGfa, 7) dr,

- 2 M J — oo

e dt 0. (3.4)

Since j® x e "" dt = 2nS(r,), where <5 is the Dirac delta function, Eq. (3.4) becomes

2lFy(X, Y) - AF(A, Y) + (1/2*) f° F(A - r,, Y)r,F{r,, Y) dr,

I
+ lim -—

M-» oo

r•2M

AF(A, Y) I G(/ - r,, Y)S(/. - rj) dr,
2 M

2 M

G(-^7, ^)^G(^, y) dr,
2M

= 0, (3.5)

or

21FY(X, y) - AF(A, Y) + (1/2tc) F(A - r,, Y)r,F(ri, Y) dr,
J — 00

+ AF(A, Y)<G(-£ Ym» - <G(Z - & Y)£G(£, Y)<S(A)> = 0, (3.6)

where,

<••••>= lim —
M oo 2M

f* M

-M
d£. (3.7)

If Eq. (3.6) is Fourier-inverted back to the physical plane the resulting equation is

2fa ~L+ff« +/.<# Y)> = <^>. (3.8)

But

11 fM
(ggp) = lim — ggpdp = lim — [g\M, Y) - g\-M, Y)] = 0, (3.9)

M-> oo J — M M-> oo

since g is bounded.

Thus after integration with respect to a, Eq. (3.8) becomes

2ft -/[I - <<?>] +/2/2 = 0. (3.10a)

Similarly, from (2.17b), the corresponding equation for g is

2gY - 0[1 -</>] + g2/2 = 0. (3.10b)
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Eq. (3.10a) is a Bernoulli ordinary differential equation and can be linearized through

the substitution v = l/f. Alternatively, since <g> is a function of Y only, the solution can be

written as

/(a, Y) = 4</>'(Y)/(a, 0)[<f>(Y)f(oc, 0) + 1] "\ (3.11)

where

4<fi'(Y) = exp{(l/2) £r[l - <3>(r)] dY'}; 0(0) = 0. (3.12)

Since/and g are complex conjugates and here satisfy similar equations (3.10a,b), it follows

that for this example, <g> = </), and

g(P, Y) = 44>'(Y)g(A 0)[1 + 4>(Y)g(P, 0)]1. (3.13)

It can be shown that for the boundary condition (3.1b), the solution of Laplace's

equation on the upper half-plane (2.7) is obtained from

/(a, 0) = (1 + 9(P, 0) = (1 + eV1, (3.14)

and so

/(a, Y) = mYM(Y) + 1 + eT1, (3.15)

and using the definition (3.7), we have

</> = <9> = 2 ViMWY) + 1]. (3.16)

The differential equation (3.12) for (j> can thus be written as

log(44>'(Y)) = Y/2 - log\_4>(Y) + 1], (3.17)

44>'(Y)14>(Y) + 1] = eY'2; 0(0) = 0. (3.18)

The solution of (3.18) for </> is

</>(7) = exp(7/4) - 1, (3.19)

and using this in (3.15) gives

/(a, Y) = exp( y/4)/[exp( Y/4) + exp(x - iy)l (3.20)

Finally, the leading approximation to the solution of the nonlinear boundary-value

problem (3.1) is

* n = 2Re/(a, 7, - „ +f™.* (3-21)
l(e + e cos y) + (e sin y) J

An interesting approach of the dominant solution to a constant at large Y has thus been

determined.
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