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Abstract. The purpose of this paper is to discuss stability properties of solutions of

periodic and almost-periodic differential equations containing a small parameter. The

existence of the solution can be obtained in the first approximation but the stability only

after k approximations. We obtain the results using asymptotic expansions, higher-order

averaging and the concept of exponential hyperbolicity of order k.

1. Introduction. In the study of a certain class of models, for the spin/orbit resonance

of the planet Mercury in particular and for nonlinear resonance in general, Murdoch [6]

encountered an interesting problem in the stability of periodic solutions of periodic differ-

ential equations containing a small parameter. The existence of the periodic solution

could be obtained from the first approximation, but the stability could not.

Murdoch and Robinson [7] resolved the difficulty through the introduction of the

concept of "strong fc-hyperbolicity" for the period map. It is the purpose of this paper to

show that the same results are valid under the weaker hypothesis that the original vector

field has an "exponential dichotomy of order k". Since the latter concept does not assume

the vector field is periodic, it is possible to have applications to more general situations as

in almost periodic cases, for example.

In Sec. 2, we introduce the concept of exponential dichotomy of order k and present a

result relative to its "roughness". In Sec. 3, we present the main result in the periodic case

showing that the stability properties of the periodic orbit can be solved through the latter

concept; also, we give sufficient conditions to ensure "exponential dichotomy of order k"

and some remarks and examples. Finally, in Sec. 4, we solve the almost-periodic case.

2. Exponential dichotomy of order k. Let X(t, e) be a fundamental matrix for the

linear system:

x = sA(t, e)x (2.1)

where the n x n coefficient matrix A(t, e) is continuous on t e R+ and a sufficiently

smooth function of the real parameter e e (0, £0).
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Definition 2.1. The equation (2.1) has an exponential dichotomy of order k if there exists a

projection Pe continuous for e e (0, £0), a positive constant K and a function a(e) = cek,

c > 0, such that

|X(t, e)PEX~l(s, e)| < Ke~"m'~s), t>s> 0,

| X(t, £)(/ - Pe)X~l{s, e)| < Ke-"ms''\ s > t > 0. (2.2)

An important property of exponential dichotomies is their roughness; that is, they are not

destroyed by small perturbations. More precisely, we can state the following result:

Theorem 2.1. Suppose that the linear system (2.1) has an exponential dichotomy of

order k. Let Bc = B(t, e) be a continuous matrix function, bounded uniformly on t e R +

for each fixed s e (0, 60). If | Be \ = sup,e R+ \ B(t, e)| = 0(| e I*) for N > k, then the perturbed

system

y = E(A{t, e) + B(t, e))y (2.3)

also possesses an exponential dichotomy of the same order.

The proof can be accomplished by applying the contraction mapping principle to the

operator

TY(t) = X(t, e)Pc + X(t,e)PcX l(s, e)eB(s, e)Y(s) ds

D

X(t, £)(/ — Pc)X~l(s, e)eB(s, e)T(s) ds.

Elementary estimates yield:

I TY(t)\ < K + 2a(e)~lKs \ BE\ || Y ||,

I TY.it) - TYM < 2tx(e)~1Ke \ Bc \ || - Y2 ||

where || Y || = sup(^0 | 7(t)| and a(e) = cek. If a(6)_1Ke|B£| < 5, the mapping T has a

unique fixed point. Since | Be \ = 0(| e I*), there exists an £j >0 such that the latter estimate

is valid for e e (0, £x). The remainder of the proof is easily supplied by following the

techniques in Coppel [1],

Corresponding results for the half-line may be obtained by the change of variable

t—> — r and the same question for the whole line R can be answered in terms of the results

for the two half-lines or directly using the operator:

TY(t) = X(t, e)PcX l(s, e)eB(s, e)Y(s) ds

0

X(t, e)(/ - Pe)X~\s, e)eB(s, e)Y(s) ds.

Corollary 2.3. Consider the perturbed system

y = EA(t, E)y + eN + lf(t, y, e) (2.4)

where /: R x Q c R" x [0, 60] —»R" is uniformly continuous and bounded in t e R for

each (_y, 6) fixed in Q x [0, £0] and /(£, 0, e) — 0.



DYNAMIC BEHAVIOR FROM ASYMPTOTIC EXPANSIONS 163

If the unperturbed system (2.1) has an exponential attraction of order k < N then, for

small e, the solution y = 0 of (2.4) is uniformly asymptotically stable.

More generally, results of this kind can be extended to a system of the form

x = sA(t, e)x + eN+1f(t, x, s) + g(x, e) (2.5)

where g{0, e) = 0, (dg/dx) (0, e) = 0. The reader is referred to Hale [4] and Coppel [1] for

details.

Remark. In [7], Murdoch and Robinson consider a system x = e/(f, x, e), where

£ > 0 is a small parameter, / is continuous, co-periodic in t and smooth in x and e, and

the Poincare map Uf : R"—> R" is given by Ue(x) = <p((o, x, e) where <p(t, x, e) is the general

solution of the system above satisfying </>(0, x, e) = x.

Suppose that the Taylor series of Ue is available; that is, Uc(x) = Ve(x) + sk+1Ue(x)

where Vc(x) = x + sU^x) + • • • + ekUk(x). If there is a x0 such that C/^Xq) = 0 and t/'i(x0)

is nonsingular, the implicit function theorem gives us fixed points x*(e) of Vt(x) and x(e) of

UE(x) with x*(e), x(e) —> x0 as e —► 0.

The question is: if x*(e) is a hyperbolic fixed point for Ve, will x(e) be a hyperbolic

fixed point of Ue? This, in general, is not true, except when the first approximation U1 is

hyperbolic, as is well known.

They resolved the problem by introducing the concept of "strong fc-hyperbolicity" and

giving sufficient conditions to obtain "strong fc-hyperbolicity". The concept of ex-

ponential dichotomy of order k is more general and can be applied to "the almost-

periodic problem", as we will show in the last section.

3. The periodic case. Suppose x e R", s > 0 a small parameter, /: R x R" x

[0, e0) —> R" analytic in e e (0, e0), cu-periodic in t for each fixed (x, e) and sufficiently

smooth in x e R". Consider the system:

x = sf{t,x,e). (3.1)

Suppose the asymptotic expansion, in powers of e, of the system (3.1) up to order N is

known:

x = efiit, x) + e2/2(£, x) + • • • + eNfN(f x) + eN+'f(t, x, e) (3.2)

where each /;, i = 1, 2,... N is an w-periodic function in t and / is co-periodic for each

(x, a) fixed.

Using averaging up to order N, we may choose a suitable change of coordinates

x —> y, co-periodic in t, which eliminates t from the first N terms in the right-hand side of

(3.2). The resulting system has the form

y = fJi(y) + • • • + e"/jvOO + £n+ 7U y, «0 (3.3)

where / has the same properties as / before. If there is a y0 such that f,(y0) = 0 and

{dfjdy) (y0) is nonsingular and, furthermore, if is an eigenvalue of dfi(y0)/Sy and Re

/ 0, i = 1, 2, ...n, then we can conclude existence, uniqueness and stability

properties of the periodic solution x*(t, e) of (3.1) from known results (see Hale [4]).

Actually, in this case, we have an exponential dichotomy of order one. In what follows,

we discuss a more general situation. That is, suppose at least for some i, 1 < i < n, we

have Re fi(y0)ldy\ = 0 and consider the equations

x = eF(x, e), (3.4)
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where F(x, £) =/,(x) + e/2(x) + • • • + eNfN(x), and

x = eF(x, e) + en + */(t, x, e). (3.5)

Theorem 3.1. Suppose f, i = 1, 2,... JV, / satisfies the conditions enumerated in this

section. If there is an x0 such that F(x0, 0) = 0 and (dF/dx)(x0, 0) is nonsingular, then

there exist an £j > 0 and functions xn(e) and x*(t, e), both analytic in e, x*(t, e) continuous

in t for each fixed e e [0, £t], x*(f + to, e) — x*(t, e), x^e) is an equilibrium point of (3.4),

x*(t, e) satisfies (3.5), x,y(0) = x*(t, 0) = x0 and || x*(t, e) — xn(e)\\ = 0(£w).

Furthermore, if the linear variational equation of (3.4) at the equilibrium point x^e)

has an exponential dichotomy of order k, k < N, then the linear variational equation of

(3.5) at x*(t, a) also has an exponential dichotomy of the same order.

To prove the theorem we need the following result:

Lemma 3.2. Consider the system

x = eA(e)x + /(f) (3.6)

where x e Rn, A{z) is a continuous matrix function of the parameter e > 0 and / e #oj,

the Banach space of the continuous co-periodic functions.

If det >1(0) ̂  0, then there exist K > 0, e0 > 0 such that (3.6) has a unique solution

jT(e)f e &CO and | Jf(e)f \ < K/e \ f \, 0 < e < e0.

Proof. Since det ,4(0) ^ 0, there exists an £0 > 0 such that the unperturbed system

x = eA(e)x is noncritical with respect to . This implies the existence of a continuous

linear operator JT(e), 0 < e < e0, defined by

(jrwxo = e(-esAMc _ jyle-,AMs!/e/(f + s) ds

0

Furthermore, lim£_0+ E[e'eA(c)a' — /]_1 = — l/a>-4(0)~Thus, X~(e) has a uniform bound

on (0, e0] given by | JT(e)/ | < K/e \ f |. More details can be found in Hale [4].

Proof of Theorem 3.1. Consider the system

x = £F(x, e) + en+ lf(t, x, e). (3.5)

If there is an x0 such that F(x0, 0) = 0 and det (8F/dx)(x0, 0) ^ 0, by the implicit function

theorem, for e small, there is a unique xn(e) such that xN(0) = x0 and F(xN(c), e) = 0. x^(fi)

is the equilibrium point of the autonomous system

x = eF(x, e). (3.4)

Using the transformation x—> y defined by x = xn(e) + y, (3.5) becomes

y = zF{XflE) + y, e) + £N+lf(t, Xjv(e) + y, e)

dF
= (xn(4 s)y + EG(y, e) + sN+1f{t, x^e) + y, e) (3.7)

where G(0, e) = 0, (dG/dy)(0, e) = 0.
Eq. (3.7) can be written in the form

y = cA(e)y + s[G(y, e) + eNf(t, xn(e) + y, e)], (3.8)

where A(e) = (SF/dx)(xN(E), s) = (dF/dx\x0, 0) + eP(e) = >1(0) + eF(e).
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A solution y of Eq. (3.8) in <Pa must satisfy

H(y, e) = y ~ sJf(s)J>(y, e) = 0 (3.9)

where J5": x (0, £0] —► . Lemma 3.2 and the properties of and Jf(s) give us a

unique co-periodic solution y* of (3.8), for e sufficiently small, defined by

y* = £JT(e)[G(y*, e) + en/(-,xn(e) + y*, e)].

Since \eJf(e)\ < K, using successive approximations with y0 = 0, we obtain |y*| < Ken-,

this shows that there exists an co-periodic solution x*(t, e) of (3.5), x*( ■, 0) = Xjv(0) + y*(-,

0) = x0 such that || x*( •, s) — xw(e)|| = 0(eN).

The linear variational equation of the system (3.5) at the co-periodic solution x*(t, e) is

given by

z = e ^ (x*(t, e), e)z + eN +1 ^ (t, x*(t, e), e)z
ox ox

= e(lT (x*(£)> s) + 0(£,v)V + gN+1 ~r~ (t, x*(t, e), e) z
dx ) 8x

SF
= e — (xv(f:), e)z + 0(£'v+1). (3.10)

ox

This means that the linear variational equations of (3.4) at xN(e) and (3.5) at x*(t, e) coin-

cide up to order N, and a simple application of Theorem 2.1 completes the proof.

Sufficient conditions for exponential dichotomy of order k < N, equivalent to those

given by Murdoch and Robinson for strong fc-hyperbolicity, can be given as follows.

Lemma 3.3. Consider the system

x = eA(s)x (3.11)

where x e R" and A(e) is a n x n matrix such that eA(e) = eAt + e2A2 + • • • +

eNAN + 0(eN+l). If the eigenvalues of are distinct and if the eigenvalues eA,(£) of

eA1 + ■ ■ ■ + enAn, suitably numbered, satisfy:

Re eA;(e) < — cEk, i = 1, 2,... r

Re 6/ij(e) > cek, i = r + 1, n

for some k < N and some positive constant c, then the equation

x = (sA1 + ■ ■ ■ + enAn)x (3.12)

has an exponential dichotomy of order k < N. In fact, consider A(s) = At + 0(e). If A1

has distinct eigenvalues, A(e) = At + ■ ■ ■ + en~1An has distinct eigenvalues (s) for £

small. The matrix (it of eigenvalues is nonsingular (even for £ = 0) and c€~xA(t)(€t =

Diag(Aj(e)), i = 1, 2, ... n. If x = c€ly, Eq. (3.10) becomes

y = Diag(£/; (£))>- (3.13)

with fundamental matrix 7(f) = Diag (exp (eA;(£))£.

Using the hypotheses, reordering if necessary and taking the projection P£ =

(/,«„ 0)nX„, we obtain

| Y(t)PE Y~ 1(S)| = | Diag (exp (eAf(e))(t - s)| < e'ceH'-s\ t > s, / = 1, 2, ... r
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and

|7(t)(/-Pi)y-1(s)|<e-cti(,-'), s>t, i = r+l,

Since (3.13) is similar to (3.12), the fundamental matrix Jf(t) of (3.12) satisfies

| X(t)PeX-l{s)\<Me-"k{,-s\ t>s,

| X(t)(I - Pr)X~ '(s)| < Me~ceHs-'\ s > t,

with same projection and same order.

Remarks. (1) Actually, to obtain an exponential dichotomy we do not need to have

distinct eigenvalues, as the following example shows:

*"(~0 -e')* (314)

where x 6 R2, e 1, n > 2.

The fundamental matrix X(t) of (3.14) satisfies | X(t)X^1(s)\ < e~i/2E2('~s), t > s where

Pc — 12x2 a°d we have an "exponential attraction of order 2." Observe, if n = 2, that

Al =0, A2 = ("o -J) and the matrix (€t = (J ^E) of eigenvectors becomes unbounded

when £—>0.

(2) The example given by Murdoch and Robinson to show that the hyperbolicity

present at order e2 may be destroyed by a perturbation of order e3, can be obtained up to

order e2 considering the solution operator etA(e)' at t = 1 of the system (3.14), when n = 1:

1 0\ fO 1\ J-1 0
o ij+ \o o] + e( 0 -1

In fact, in this case the hyperbolicity present at order e2, (Alt 2 = 1 — £2), is destroyed by

(2 0) e3> f°r example. However, the fundamental matrix X(t), given by

X(t) =
0 e — e2t

does not have an exponential dichotomy of order 2.

The same problem may occur if we have, in the first approximation, a double eigen-

value in the imaginary axis.

4. The almost-periodic case. Consider the system

x = e/(t, x, e) (4.1)

where / is uniformly almost periodic in t e R, analytic in e > 0 and sufficiently smooth in

x, x e R".

Consider the expansion

x = eMt, x) + • • • + eNfN(t, x) + sN+lf(t, x, e) (4.2)

where the/j, i = 1, 2, ... N, and/are almost periodic in t with the same properties asf.

Under some nonresonance hypothesis on the frequencies of the/-, we can average up

through order N to obtain the following system:

x = £/i(x) + e2/2(x) + • ■ • + eNfN(x) + eN + lf(t, x, e). (4.3)
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This system can be seen as a perturbation (almost periodic) of the autonomous equa-

tion

x = F(x, e) (4.4)

where F(x, e) = ef^x) + • • • + sNfN(x). The method used in the proof of Theorem 3.1 does

not work in this case, but with a slight modification we can establish the following:

Theorem 4.1. Suppose/-, i = 1, 2, ... N,f satisfy the conditions enumerated in the be-

ginning of this section.

If there is an x0 such that/t(x0) = 0 and (d[/dx) (x0) is nonsingular, then there exist an

e0 > 0 and a function xn(e) analytic in e, 0 < e < e0, x,v(0) = x0, xN(s) is an equilibrium

point of (4.4).

Furthermore, if the linear variational equation of (4.4) at xN(e) has an exponential

dichotomy of order k < N/2 then, in a small neighborhood of xn(e), Eq. (4.3) has a unique

almost-periodic solution x*(t, e), analytic in e, x*( •, 0) = x0 and the linear variational

equation of (4.3) at x*(t, e) also has an exponential dichotomy of order k for e small

enough (possibly with a positive constant c smaller than c).

To prove the theorem, we need the following:

Lemma 4.2. Consider the system

x = eA{e)x + f(t) (4.5)

where x e RA(e) is a continuous matrix function of e > 0 and / e $42?, the Banach space

of almost-periodic functions. If the autonomous system x = eA(e)x has an exponential

dichotomy of order k, then there exist K > 0, £0 > 0 such that (4.5) has a unique almost-

periodic solution Jf (e)/ e for 0 < e < e0 and | (e)/1 < K/sk | /1. In fact, there exist a

projection PE and positive constants M and c such that the fundamental matrix X(t) of the

autonomous system x = eA(e)x satisfies

\XE(t)PEX;\s)\<Me-«H'-°\ t>s,

| Xe(t)V ~ Pe)X* Hs)I < s > t.

Since Jf(e)/is given by

IxE(t)PE x,: l(s)f(s) ds - xe(t)(i - rc)XF; l(s)/(s) ds,

elementary estimates yield | Jf(fi)/1 < K/ek \ f |.

Proof of Theorem 4.1. The first part of the proof is similar to the periodic case and,

making the transformation of variables x = x^(e) + y, we can consider directly the equa-

tion

y = eA(e)}' + e[G(y, s) + ENf(t, xn(e) + y, e)] (4.6)

where A(s) = (dF/dx)(xN{s), e), G(0, e) = 0, (8G/dy)(0, e) = 0 and / as before. If there is a

solution y* e of (4.6), this solution must satisfy the equation

y - eJf(s)[G(y, e) + sNf( •, xv(c) + y, e)] = H(y, e) = 0 (4.7)

where Jf(e) is the linear operator defined in Lemma 4.2.

Suppose the linear system x = e^l(£)x has an exponential dichotomy of order k. Scale
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y — ekz in formula (4.7) and, if k < N/2, H, dH/dy are continuous in a small neighborhood

of the origin, H(0, 0) = 0 and (dH/dy){0, 0) = I. Using the implicit function theorem, we

obtain a unique almost-periodic solution y* = y*(t, e) of (4.6), analytic in e e (0, £j) for

some £! < £0, y*{ •, 0) = 0. This means that Eq. (4.3) has a continuous almost-periodic

solution x*(t, e) = xN(e) + y*(t, e), analytic in e, x*( • ,0) = x0. To estimate |j>*( •, e)| =

| x*( •, e) — x^e) |, consider y* = y*( ■, e) given by the formula

y* = £jf(£)[G(><*, e) + £*/(•, Xn(e) + >'*, £)] (4.8)

where | jT(e)| < K/ek. We can proceed by iterations, taking _y0 = 0, and if k < N/2 the

estimates yield \y* \ < KeN/2 + l and the linear variational equation of (4.3) at x*(t, e) and

of (4.4) at x^y(fi) coincide up to order N/2. Theorem 2.1 is applied to complete the proof.

As a special case consider the linear system:

x = Le(t)x = fi/l^Ox + • • • + skAk{t)x + ek+lC(t, e)x (4.9)

where A^t), i = 1, 2, ... k, are matrices whose elements are trigonometrical polynomials

and C(t, e) is an almost-periodic matrix, continuous in £ e [0, e0], uniformly in t e R.

Consider the averaged system:

y = eB(s)y + ek + 1D(t, e)y (4.10)

where B(e) = + eB2 + ■ • • + sk~lBk, 0 < £ < e0, and D(t, e) has the same properties as

C(t, e).
Suppose that B, has a simple eigenvalue zero, all others lying in the left half-plane.

Then B(e) has, for e small, a simple real analytic eigenvalue A(fi) = + a2s2 + • • • and

the stability properties of (4.9) depend only on the sign of the first nonvanishing coefficient

ajo of /1(e) provided that j0 < k — 1. Actually, the following result is valid:

Theorem 4.3. Let j0 < k — 1; if ajo / 0, Eq. (4.9) has an exponential dichotomy of order

jo + 1 and for each function / e the equation

x = Le(t)x +f(t) (4.11)

has a unique solution x* = x(t,f e) e srfgP, stable if ajo < 0 and unstable if ajo > 0.

This result is given by Krasnosels'ki [5].
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