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1. Introduction. This paper concerns what we term a parabolic-elliptic interface problem
in the plane. It arises in the study of two-dimensional eddy-current problems in electro-
magnetic theory. The physical situation is discussed in Sec. 7.

Let T' be a smooth, simple, closed curve in the plane with interior £~ and exterior Q*.
Let a be a smooth, positive function in €~ and K a smooth field of symmetric, positive
definite linear transformations in £ . We denote by L the parabolic operator

Lu = ai — div(Kgrad u), (1.1)
where @ indicates differentiation with respect to .

We let T > 0 be fixed, and for any set R C E, we write R for R X (0,T). For any f
on E} we write f * for its limits on T from Q7. If n is the outer normal to I', we denote
by u, and W the operators

u,=gradu-n, Wu= (Kgradu) - n. (1.2)

Suppose we are given smooth functions Fon £, f and g on T, and 4 on [0, T]. Then
consider the following:

Parabolic-Elliptic Problem (PEP). Find u such that

Lu=F inQ7; Au=0 inQf,
o u(x,0) —h0 1r+1 Q-, (13)
u=u'+f, Wu=u, +g only,

u(t,x) — A(t)log|x|= 0(1) as|x|— oo.

We will not state precise smoothness conditions except to say that (1.3) should hold
pointwise and Green’s theorem should be applicable. The latter yields the following
elementary result proved at the end of the section.
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THEOREM 1.1.(PEP) has at most one solution.
We show in Sec. 7 that the eddy-current problem leads to the following problem.
Parabolic-Hyperbolic Problem (PHP). Find u such that

Lu=FinQjy, Au—B*=0 inQ;,
u(x,00=0 inQ; u(x,0)=i(x,0)=0 inQ", (1.4)
u=u'+f, Wu=u, +g onl,.
We do not, as yet, know how to treat (1.4). For a large class of problems, however, the
parameter 82 is very small, and it is common practice to take it equal to zero (the
quasistatic approximation). Thus we are led to (PEP). The extra condition (1.3), is a
technical consequence of the approximation (see Sec. 7). It causes considerable mathe-

matical complication but is essential if the problem is to be physically meaningful.
In the eddy current application we will have

frgds =0, (1.5)

and we assume from now on that this condition holds.
In Sec. 2 we will convert (PEP) to a problem (NLP) in which

Lu=F inQf; u(x,0)=0 inQ", (1.6)

but we have a nonlocal boundary condition on [';. In Sec. 3 we give a variational
formulation (VP) for (NLP). We also present a Galerkin procedure for (VP), consisting of
a family of approximate problems (AVP), depending on a parameter h. We have two
main results:

1. The problems (AVP), have solutions that converge to a (unique) generalized solution of
(VP).

2. The convergence is optimal.
These results are stated precisely in Sec. 3 and the proofs are presented in Secs. 4 and 5.
Sec. 6 contains some remarks on numerical implementation. Many of the ideas here come
from [1] and [7].

Proof of Theorem 1.1. It suffices to show that the only solution for F, f, g. and 4 all
identically zero is u = 0. Suppose u is such a solution. We multiply the differential
equation in €7 by u and integrate over &, . Green’s theorem yields

2_/ x, 1) dx +/ / (x)gradu(x,7) - gradu(x,7)dxdr

//WuXT u(x,7) dxdr=0.
0

Since u is bounded as |x| » o and Au =0 in Q7. we have Vu = 0(|x|"?). We can
perform a similar integration outside (with a limiting argument), obtaining

‘ 2 ! N
radu(x,7)| dxdt + uy(x,m)u(x,7) dxdr=0.
[ [ leradux.n)] [ [ Gemuten)

We add the results and use (1.3), and (1.3), to conclude that u(x,7)=0 in 7,
gradu(x,t)=0in %, and u*(x,1)=u (x,1)=0o0n I so u(x,1)=0in 7.
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2. The nonlocal boundary problem. We need some results from potential theory. Let
g(x,y) = (7) 'log|x — y|and let & and 2 denote the simple and double layers:

Llel(x) = /F o(»)g(x, y)ds,;

919)(x) = [ () grs(x.2)ds, 21)

For smooth IT" and ¢, the following results are well known:
AZ[9] =A2[p] =0 inQ*,
Slol"=F[p] = S[¢] onT,
(2le])"= Fip + D[¢] onT,
[8#1el/8n]*= tip + N[g] onT,

(2.2)

o] = mlolioglx| + O(Ix"). mlo]= ()" [ 9(y)ds, aslx|- co.

Here S is an integral operator with logarithmic kernel, while D and N are integral
operators with smooth kernels.
Suppose now that u is a solution of (PEP). Then (1.3), can be sharpened to

D*{u(x,1) ~ Aloglx| - B(1)} = O(lx|"*"") as|x| - o

for some function B and for any spatial derivative D°®. Then one can apply Green’s
theorem to obtain the representation

u=%[uf] -9[u*]+C, C=-BinQ;. (2.3)
Egs. (2.3) and (2.2), , yield
tut=S[u}] - D[u*]+ C onT;. (2.4)

Now we use the interface conditions. We have u*= u~— f, and if we put (Wu) = ¢, then
u} = ¢ — g. We substitute into (2.4) to obtain

su + D[u"] - S[¢]-C=D[f]-S[gl+3f=G onTy. (2:5)
From (2.3), (1.3),, and (2.2) ; we obtain, by (1.5),
mle] = 4. (2.6)

The formulas above lead us to the following:
Nonlocal Problem (NLP). Find {u, ¢, C} such that

Lu=FinQr; u(x,0)=0 inQ",
Wu =¢ only,
ju"+ D[u"]-S[¢]-C=G onTy,
ml¢]=A.

(2.7)
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THEOREM 2.1. Suppose { u. ¢, C } is a solution of (NLP), and we set
u=%[¢—gl—-2(u—f]+C inQ;. (2.8)

Then u is a solution of (PEP) with ¢ = (Wu) ™.

Proof. Let « denote the right side of (2.8). We have A« = 0 in ©, while (2.6) and (2.2),
show that (1.3), is satisfied. By (2.2),, (2.2);, and (2.5), we have «"=u"— f. Now
consider « in 7. By (2.2),, (2.2),, and (2.4) we have

«=S[¢—gl+3(u—f)-Dlu —f]+C=0.
We conclude that « = 0 in 7. But then (2.2), yields ¢ — g = «.

REMARK. (NLP) is an extension of an idea used in [5] for static problems and in [1] for
tirne-periodic ones.

3. The variational problem. Eq. (2.7) and an application of the divergence theorem yield,
for an arbitrary function v,

/ aiw dx +f Kgrad u - grad vdx —f v gds =f Fodx. (3.1)
Q Q r Q
Similarly we multiply (2.7), by a test function ¢ and integrate over I' to obtain
f u"ds + 2/ D[u"]yds - 2/ S[¢]vds — 4nCm[y] = 2/ Gyds. (32)
r r r r

Finally (2.9), yields, for any constant &,
dmkm[¢]| = dmAk. (3.3)

Let us introduce the following notation:
a({u,9,C}, {v.¥,k}) =f K grad u - grad v dx —f v ¢ ds +f u Yds
Q r Q
+z[ Dlu |yds — z[ S[¢]yds — daCm[y] + dmkm[o],
r r
(3.4)

ZF‘G‘A)({U,HD,/(})=‘/I;dex+2/l: Gy ds + dmAk. (3.5)

Then (3.1)—(3.3) give our variational formulation.
Variational Problem (VP). Given { F,G, A} on[0,T), find {u,p,C} on [0, T) such that
u(x,0) = 0 and for any {v, ¢, k},

fgaz’wdx +a({u.@.C}. {v. . k}))=F r;{v. 4. k}). (3.6)

The following result is easily verified.

THEOREM 3.1. If {u, @, C} is a solution of (VP) with sufficient smoothness, then {u,¢.C}
1s a solution of (NLP).

We also consider approximate problems. Let { H"} and { B"} be families of finite-di-
mensional spaces depending on a parameter 4 > 0. Pui #/ = H" x B" x R.




A TIME-DEPENDENT INTERFACE PROBLEM 679

Approximate Variational Problems (AVP),. Given {F,G, A} on [0,T), find
(u", ¢",C"} € #" on [0, T) such that u”(x,0) = 0 and for any {v",y", k} € #",

f auv" dx + a({u",(p",C"}, {Uh,¢h,k}) ="Q;(F‘G,A)({Uh»¢h’k})' (3.7)
Q

We will obtain generalized solutions of (VP), and we formulate this concept now. We
will require of u and v that they lie in H,({) so that 4™, v~ lie in H, ,,(T'). Since ¢ is to
be a conormal derivative we expect that ¢, and hence ¢, should be in H_, ,(I'). We put

H= H1(Q), B = H—l/Z(r)

and let H" and B’ be their duals with respect to L,() and L,(T). Thus B’ = H, ,(T).
Naturally H" and B" are to be subspaces of H and B. We put
H#=H X B X R, H'=H X B"XR.

We can extend a and F . 4, to X ¢ and H, respectively. To do this, we need to
interpret some of the integrals as duality pairings. For any space J we write (7,v) for
such a pairing of 7 € J, v € J. Then we replace [rv ¢ds and [ru ¢ ds by (v7,¢) and
(u=,¢). For & and F in H’, we replace [qaiwdx and [o Fodx by (ai,v) and (F,v).
m[e] and m[y] can be interpreted as duality pairings with the function which is
identically one. For the remaining terms we need the following result from [4].

LeEMMA 3.1. For any r > -1/2, § maps H(I') into H, ,(I') and D maps H.(I') into
H, ().

Lemma (3.1) shows that we may replace 2 [ D[u" ]y ds — 2 [-S[¢]y ds by 2(D[u"],¢)
— 2{S[¢],¥). Moreover, the lemma and (2.8) show that if f € B’ and g € B then
G € B’ and we can replace 2 [ Gy ds by 2{G, ¢ ). Thus we can put

a({u,9,C}, {v,¢,k}) =fQKgradu -gradvdx — (v,¢) + (u",¥) + 2(D[u"],¢)

“2(S[el,¥) — 4nCm[y] + dnkm[@] F r 6 0 ({0, ¥, k})
= (F,v) + G, ¥) + 4ndk. (3.8)

Our solutions will also be generalized with respect to time. For any space J we write J
for L,((0,T): J). We set

Or={{u,9,C}: u€e H,p€ B, CER;},

07 = {{u,9,C} € Q7 i € Hy, u(-,0) =0}, (3.9)

P.={{F,G,A}: FEH;,GE€ By, A €R;}.
Note that u € H; and # € H; imply u € C([0,T]: L,()) so that u(-,0)=0 has
meaning. The bilinear form a extends to Q X Q and Z F.c.4) toalinear functional on
Q. Thus the following is meaningful.

DEFINITION 3.1. For any { F,G, A} € Py, {u,,C} is a generalized solution of (VP) if
{u,9,C} € Q7 and for any {v, .k} € O,

(ait,v) + a({u,<p,C}, {U»‘P,k}) =‘707(F,G,A)({Uv‘lb*k})- (3.10)
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We will need two assumptions concerning the spaces H” and B":
A.1. Define the L, projection P*: H - H" by [ P'ow"dx = [ovw"dx for all w" € H".
Then there is a constant vy, 0 < y < oo, independent of 4, such that
|P#oll _

sup <v. (3.11)
veH ”U”H

A.2. For any & > 0 there is an h(e) such that for any & < h(e) and any {u, @} in
H; X By with u, € Hj thereis a {u”, ¢"} € H} X B such that
”u‘ uh||H7.+||u,— u:’”H’T+I|(p_q)h“Br<8' (312)
We indicate the meaning of these assumptions in Sec. 6.

We can now state our main results under the assumptions A.1 and A.2.

THEOREM 3.2. There exists a unique generalized solution {u,@,C} of (VP). Moreover,
there is a constant K, independent of 7, such that

{u,9.C}lo; < KI{F.G, A} s, (3.13)

THEOREM 3.3. There exists an # > 0 and a K, independent of T, such that
(i) For any h < h, (AVP), has a unique solution { u", ¢", C"}.

(i) [(w9.C) — (w04, C*) g; < inf] (w.9.C) = (whx". ) |or.  (314)

where {w", x", 1"} € Q% = H! X BL X R;.

The optimality result, Theorem 3.3(i1), yields an estimate on the order of convergence as
we discuss in Sec. 6. In particular, if one uses piecewise linear finite elements for H” and
piecewise constant elements for B and if {u, @, C} has enough smoothness, then (3.14)
yields O(h) convergence, h being a mesh size.

We expect that if one imposes enough smoothness of f and g, then the generalized
solution of (VP) will be sufficiently regular to yield a classical solution of (PEP). We have
not, however, carried out the details.

4. Proof of existence. We will prove Theorem 3.2 in this section. We do so by showing
that (VP) is a compact perturbation of a coercive problem and then using Riesz-Schauder
theory. We let a, denote the bilinear form

ag({u,9,C}, {v,¢,k}) =-/;2(Kgradu ~gradv + w)dx — (v, ¢) + (u", )

~2S[e].¥) = 4nCm[y] + dmkm[9] (4.1)

on Qr X Q. We also let # and _# be the bounded linear maps from H; into H; and
B, defined respectively by

(Ru,v) =/qudx, (Fu by = -2Du"]. ). (42)

To simplify the formulas, we assume & = 1. Then (3.10) becomes

(i, v) + aO({u,(p,C}, {Us‘l/,k}) =ZF+9'Iu.G+ju,A)({U’¢’k})' (4~3)
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We consider the auxiliary problem suggested by (4.3):

{0y + ao({u,q),C}, {Uall"»k}) =‘%F‘G.A)({U"p’k})* (4~4)
The approximate problem corresponding to (4.4) is u*(x,0) = 0, and for any {v", $*, k},
Gt oty + ag({u, @, CMY, (0" 4 kY) = Fop g0 ({040 K )). (4.5)

We observe that since K is positive definite, we have
2
/ (Kgradu - gradu + u?) dx > v, || ul/n-
Q

Moreover, we have the following result, proved at the end of the section.

LEMMA 4.1. There exists a constant y, > 0 such that for any ¢ € B with m[¢] = 0,

~(slele) > vlells. (4.7)
Thus the form a, is nearly coercive. In order to exploit this coercivity, we devise a
two-step procedure for solving (4.3).
We let R denote the set of constant functions on I'. We assume B” O R and for any
C € Rlet C denote the corresponding function in R. We have then

B"=B"®R (4.8)
with respect to L,(T'), where " € B* implies m[{"] = 0, and for any y* € B,
V=9 Qa/mly] (4.9)
where / is the length of T'. Note that for any C € R,
IClz=IClITs. (4.10)

We put v" =0, ¢" =0 in (4.5) and conclude that m[¢"] = 4. Then (4.9) yields
¢" = ¢" + 2mA /1 = ¢" + 7. This leads to our two-step procedure.
Step 1. Find (u”, ¢"), ¢" € B", such that u”(x,0) = 0 and for any (v", "), " € B",

(i, oy + ao( (19, 97,0), (04, 94,0)) = Fp o ({07, 94,0)), (@11)
Folt = (F, oty + ((v") 7,7y,  Gy" = (G, "y + 2(S[7],§"). (4.12)

Step 11. Find C* such that for u”, ¢" from Step I and any { € R,
()78 = «S[¢"].8) — dnC'm[F] = (6. 0. (4.13)

One verifies that if the {u”, ¢", C"} are determined by (4.11)—(4.13), then {u",¢" + 7,C")
satisfies (4.5).

LEMMA 4.2. The problems (4.5) have unique solutions for each 4.
Proof. We show first that (4.11) has solutions. If we choose bases for H" and B”, then
(4.11) will be equivalent to a system of equations of the form

MU'+ AU + 3O =F, UMN0) =0,
SO - BTU" = . (4.14)
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Here U”" and % have values in R, and ®” and ./ values in R" for some M and N. .#
and &/ are M X M matrices, ¥ an N X N matrix, and & is M X N. The mass matrix /#
is positive definite, and one verifies that (4.7) implies that % is positive definite.
Accordingly one may solve (4.14), for ®” in terms of U” and substitute in (4.14) to obtain
a differential equation for U”. Since .# is nonsingular, this equation has a unique
solution. Once U” and & are determined, (4.13) will yield C".

We now prove stability with respect to the data for solutions of (4.5).

LEMMA 4.3. There exists a constant K, independent of A, such that the solution of (4.5)
satisfies

[{u" ¢".C"} |l os < KI{F.G. A} |p,. (4.15)

Proof. We put v" = u" and " = ¢" in (4.11), and we integrate from 0 to T. Equations
(4.6) and (4.7) yield

lu*(T)|
Since ||(u") 7| g, 1s bounded by a constant times |[u"||,, , it will satisfy an inequality of the
same type, and then (4.13) shows that the same is true for C*. It then follows from (4.9)
and the fact that ¢" = ¢" + 274 // that (4.16) holds with ¢" replacing ¢.
Now let P" be the L? projection as defined in A.1. We have
Jou"(t)vdx Joi" (1) Pt dx

||i4"(t)||,,' = sup ———— = su
vel “U"II vel “U“ll

Now we use (4.5) with v" = Py, Y = 0, k = 0 to estimate the right side of this equality.
If we use A.1 and (4.16), this yields

2 2 o2 2 2 2

Ly + " oy + 185, < K\ (I F Il + Gl oy + 11 4l7). (4.16)

h
ll

Mwm=vawh%wm%wwm%ﬂw>

veH
—/Q (Kgrad u” - grad p"v + u"P"v) dx}
1Pl
10" {11
< K5I Flly + G I3 + 1 4717} (4.17)
The estimates (4.16) and (4.17) yield (4.15).

< Ké{”F”H.’, + ”qb"”BT + ”Llh”HT}SUp

LEMMA 4.4. (i) There exists a unique solution {u, ¢,C} of (4.4).
(11) There 1s a constant K such that

{u,9.C}llo; < KI{F.G. A} |lp,. (4.18)

Proof. This is a standard argument, which we only outline. From the estimate (4.15) we
conclude that there is a subsequence of the {u”, ¢", C"} converging weakly to u, with
{i#"} converging weakly to & Then one shows from A.2 that i is the generalized
derivative of u and that {u, @, C} satisfies (4.4). The estimate (4.18) follows from (4.15)
and lower semicontinuity.
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To show that the solution of (4.4) is unique, it suffices to show that the only solution for
{F,G,A} = {0,0,0} is {0,0,0}. For such a solution, (4.4), with v = 0 and ¢ = 0, yields
m[ep] = 0. Then we put v = u, ¥y = ¢, and k = C in (4.4) and integrate from 0 to 7.
Equation (4.12) and Lemma 4.1 yield

lu(-.T)

Thus u and ¢ are identically zero, and (4.4) yields C = 0.

Since the solution of (4.4) is unique, it follows in the usual way that the entire Galerkin
sequence { u”, ¢, C"} converges weakly to the solution {u, ¢, C}.

We turn now to (VP). Let us first establish the uniqueness. We use a combination of the
proofs of Theorems 1.1 and 2.1. Again let {u, ¢, C} be a solution of (3.10) for { F,G, A}
= {0,0,0}. We set v = 0 and ¢y = 0 and deduce that m[¢] = 0. Now define « by

w=S[p)-2[u"]+C. (4.19)

Ly +lullm +llolls, = 0.

For ¢ in B or B’, (2.2), is still true pointwise, as is (2.2),. Also #[¢] and Z[¢] are in
H\(Q7). 9[¢] is in H(Q"Y), Llel€ H(Q") if m[ep]=0, and &[¢] is always in
H!*°(Q%) (see [4]). Formulas (2.2),-(2.2), continue to hold if interpreted by the trace
theorem.

We take v = 0 and k = 0 in (3.10) and conclude that u~+ D[u" ]~ S[¢ ] — C = 0.
As in the proof of Theorem 2.1, this implies «*= u~, «7 =0, and «) = ¢. Now we
proceed as in the proof of Theorem 1.1. We apply Green’s theorem with a limiting
argument to obtain

[ |grad «|” dxdr + [ ugydr=o. (4.20)
0 JQr 0

On the other hand, if we take y = 0, kK = 0, and v = u in (3.10) and integrate from 0 to ¢,
we obtain

1 2 t o,
= u(x,t) dx + Kgradu - gradudxdr — Lo dr=0. (4.21
2]9_ (x,1) fofa g g xdr f()(u ydr (4.21)

We conclude that ¥ = 0in 7 and « = 0in QF; hence ¢ = 0, and by (3.10), C = 0.
Lemma 4.4 states that there is a bounded linear map %,: P — Q7 with S\ {F,G, 4}
the solution {u, @, ¢} of (4.4). Now consider the map J: Q7 — Py defined by

J{u,9,C} = {Ru, fu,0}, (4.22)
where # and ¢ are defined in (4.2).

LEMMA 4.5. J is a compact map from Q7 into Pj.

Proof. Let {u,,q,,C,} be a bounded sequence in Q7. Then {u,} is bounded in H,
and i, is bounded in Hj. This implies ([6]) that {u,} is bounded in H, ,(0,T:
(H,H),,,)=H, ,0,T: L,(R)). Now the injection of H,(0,7: X) into L,(0,7:Y) for
any y > 0 is compact whenever the embedding of X into Y is compact. Taking X = L,(f2)
and Y = H’ we see that the injection of H, ,(0,T: L,(R)) into H7 is compact. Hence
there is a subsequence { 4, } which converges in H7.
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Next we see that since {u,} is bounded in both Hy and H, ,,(0,T: L,({)), we have
u, € H, ,4(0,T: Ly(T)) (see [6]). But by Lemma 3.1, D is a bounded map from H, into
H,,,; hence {Du,} is bounded in H, ,(0,7: H,(I')). The embedding of H,(I') into
H, ,(I') is compact so that, as above, H,,(0,7: H,(I')) is compactly embedded in
L,(0,T: H,,(I')). Hence fu, = Du, has a convergent subsequence in B7. This com-
pletes the proof.

We see that {u, ¢, C} is a solution of (3.4) if and only if it satisfies
{u,9,C} =S {F.G, A} + £ J{u,9,C}. (4.23)
Now & is a bounded map from P, to Q7, and by Lemma 4.5, J is compact from Q7 to
P,. Hence &J is compact from Q7 to itself, and (4.23) is a Riesz—Schauder system.
Uniqueness for (VP) shows that the only solution of the homogeneous equation for (4.23)
is {u,9,C} = {0,0,0}. Hence (4.20) has a unique solution and so does (VP).
Proof of Lemma 4.1. It is known [4] that — S is coercive, that is,

~«(S[].@) > v @[5, (4.24)

provided that the diameter of T is sufficiently small. Assume the origin is inside I'. For a
¢ with m[¢@] = 0, we have for any &,

Slel(x) = —“f o(y)log|x — y|ds, = 21 f(p(y)log' 8)/! ds,

Put x = 8§, y = 81, ¢(8n) = ®(n), and I'" = I' /8. Choose § so that the diameter of I
is small enough for (4.24) to hold. Then S[g](x) = 6SP(8£), where S is the simple
layer for I'". Eq. (4.24) yields

37 [ eO)S 08 ds > v

and reversing the transformation yields

2
~(S9.9) > Yol
which is (4.7).
The proof of Theorem 3.2 is now complete.
5. Proof of optimality. We follow the ideas of [3]. We require the following definitions.
DEFINITION 5.1. The Galerkin operator G" for (VP) is the map on Q; defined by
G"u, 9,4} = {&1,p,C}, where it(x,0) = 0 and for any { o", y", k},
(0" + a({@,9,C), {o" 9" k}) = (a, 0"y + a({u,9,C}, (V" 9" k}). (5.1)
DEFINITION 5.2. The Galerkin operator G for (4.5) is the map on Q; defined by
Gi{u,9,¢} = {&,¢,C), where #"(x,0) = 0 and for any {v", ¢, k},
(it 0"y + ao({#,,C ), {0 9" k}) = (o) + ag({u,9.CY, {0" 9" k}).
(5.2)

LEMMA 5.1. G¢ is well defined and for any {u,p,C} € QF
[{u,9.C} = Gi{u,9,C}|o: =0 ash—0.
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Proof. It follows from Lemma 4.2 that G is well defined. The stability result (4.15) can
be used to show convergence of G¢{u,p,C} to {u,p,C} as follows. Let {w”, x", r"} be
an arbitrary element of Q7 and put

{ei,er,e3) = Go{u,9,C} _{Wh’Xh,'rh},
{51»52’53} = {“~‘P»C} _{Wh’Xth}
Then (5.12) yields
(e, 0") + ap({ereznes ), {Uh»Xh»k}) = (&, 0") + ag({e1, 62,83, {o" 9" k}).
(5.3)

The right side of (5.3) can be written in the same form as in (4.5), and the estimate (4.15)
can be applied to yield

[{e.e;.e5} ”Q; <K'|l{e. 5.6, ”Q}'

Thus we obtain

1Go{u.@.c} —{u@.c}los <K inf  [{w.@.c}—{whx" r"}]

(" X" " e0f

Q; . (5.4)

Equation (5.4) and our assumption A.2 yield the assertion of the lemma.

LEMMA 5.2. ||G¢|| is bounded independently of 4.

Proof. Put {w" x" r*} =1{0,0,0} in (5.4) to conclude that G} — I is uniformly
bounded and hence so is G.

Let ¥: P, — Q7 be the solution operator for (VP). We know this exists and is
bounded from Sec. 4.

LemMA 5.3. Let J be defined by (4.22). Then
|£(1 = G§) |srios 0y =0 ash— 0. (5.5)

Proof. We note that J(I — G}) is an operator from Q3 into P; and & is a bounded
operator from P, into Qf. Suppose (5.5) does not hold. Then we can find ¢ > 0, a
sequence 4,10, and {v,,¢,,C,} € Q7 with |[{v,,9,,C,}|lp; =1 such that ||[LJ(I -
G$){ Uns @1 Co g > . Since ||[I — G{»|| is uniformly bounded, (I — G{"){v,.,.C,} =
{w,, Xn» I, } 1s a bounded sequence in QF and, by construction,

Oy 0+ ag({ W X s 7 ) {u"",xl/"",k}) =0 (5.6)

for any {v"»,y"» k} € # "~ Since the sequence {w,, x,.r,} is bounded, it has a subse-
quence converging weakly to {w,x,r} and from (5.6) and A.2 one concludes that
{w, x, r} is a solution of (4.5) for { F,G, A} = {0,0,0}. Hence {w, x,r} = {0,0,0}. But
the map J is compact, so that J{w,, x,,, r, } converges strongly to zero and hence so does
FLI{w,, X ,» I, }» which gives us a contradiction.

By Lemma (5.3), we see that the operator G" = G/[I — £J(I — GI)]™" exists for h
sufficiently small.
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LEMMA 54. G" = G".
Proof. Put Z = (z,¢,p)= (1 = LJ(I — G¥)"'U and U = {u.¢p,c}. Then Z — LJ(I
— G¢)Z = U and, in obvious notation,

(z,0) +a({z.6p) {0 k}) = F an2({v.d k)
= (o) +a({u.@.C}. {v.y.k}). (5.7)

If we use the definition of J in (4.22), we see that (5.7) is the same as
(z,0) + ao({z,ﬁ,p}, {U"I’»k}) -F'?/G{;Z({U*‘I”k})
= (i) +a({u,9,C}, {v,¢y.k}). (5.8)
But we have, again by (4.22),
J@}G{;z({vﬂl”k}) = a(G(’)'Z, {U"P»k}) - ao(G(')'Z’ {Uﬂl/’k})-
Hence (5.8) can be written
a(Gez, (v, 4, k}) + (z,0) — ag(Z = G{Z, {v, ¥, k})
= (i,vy +a({u.@.C}, {v.¥.k}). (5.9)
Nowset Z = GtZ = (z,€, p). Then,
(Eo"y +ag(Z, (v k)) = (20" + ay(Z, {0 48 k). (5.10)
If we combine (5.10) with (5.9) for {v, ¢y, k} = {v", ", k }, we obtain finally
(G,o"y 4+ a({2,€ p), {v" 4" k) = (o™ + a({u,9,C}, (V" 9" k}),
which proves the lemma.
We can now complete the proof of Theorem 3.3. By our construction, we see that G” is
uniformly bounded in the operator norm. Now for the solution of (VP), we have

G"{w,p,C} = {u", ¢" C"}, the solution of (AVP),. For any {w” x" ["} we have
G"{wh x" 1"} = {(w" x" I*}. Hence,

[{u.@.C} ={u".o".C"} ||

<|{u.9,C} = G"{u,9,C} + GH{w' x" 1"} = {wh. X" 1"} |o;

<[{u0.C) = {whx" "o +[G"({u.9.CY) = {w" X" 1"} o; .
from which (3.14) follows.

6. Numerical considerations. In this section, we discuss approximate subspaces for
which assumptions A.1 and A.2 are satisfied and show that quasioptimal convergence is
obtained for such spaces.

We introduce polygonal grids Ag and A on € and T, respectively, with generic mesh
spacings ho and hp. Let M" c H'(Q) be a space of piecewise polynomials of degree

<k—-1on Ag and B"C H_, ,(T) a space of piecewise polynomials of degree </ — 1
on Ap. We identify the parameter & with max(hg, hy). With the above definitions of H”
and B", we can show that the Q% = H! X B% x R, approximate Q; in the sense of A.1.
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We consider the case of k = 2 and / = 1, that is, when piecewise linears are used on £
and piecewise constants on I'. Let

= {(v.4,C) v € L2(0,T: Hy(R)), b € L*(0,T: Hy(Q)),
0(0) =0, C € Ry, y € L}0,T: H, ,(T))}.
Then it is known [2] that, given v € H,(82) and ¢ € H, ,(T).

inf [v— w0 < Kh|v]2g. (6.1)
whe H"
inf ||y — x*|-12r < KA ¥l 20 (6.2)
xheB"

for some constant 0 < K < oo independent of 4. Hence, given V = (v,¢,,C) € Z, we
can integrate (6.1) and (6.2) in time to obtain
inf |V - W"|o, < K'h, (6.3)
whe ot
where K’ depends upon V' but not h. Moreover, we can simultaneously approximate v
and 0 by a function w”(¢) € H} and its derivative such that for almost all ¢, we have (6.1)
together with

lo(e) =wh(r)llo < Knljo(2) |1 . (6.4)
Integrating (6.4) with respect to ¢ and combining it with (6.3), we obtain for V € Z,
h. (6.5)

A.1 is then a consequence of the following lemma.

LEMMA 6.1. If Z is a dense subspace of Q7 such that (6.5) holds, then inf » ¢ gul[V — VA
- 0forall Ve Qf as h - 0.

Proof. Let V € Q*/Z. Since Z is dense in Q7, there exists a sequence {V"} € Z such
that [V" — V||5; — 0. Now

inf[V = V"o <V = V"lle; + inf|V" — V"

The right side can be made arbitrarily small by choosing » sufficiently large and then with
n fixed, letting # — 0.

In order for A.2 to be satisfied, a sufficient condition is that H" satisfy the following
inverse property, which will hold for any grid A, that is regular.

DEFINITION 6.1. H" is said to have the inverse property if there is a number 0 <(C, <
such that

o1 < Chgt|v*|lo for all " € H". (6.6)
Let v € H'(Q) and P" be its L? projection in H", as defined in A.1. Then for any
wh e H"
IP* = w0 <llo = w"[o. (6.7)
Also,
1Py <ol + o = w |y + [ P" — wh||y
<lolly +lo = whlls + Crhglllo = whllo

< Cllolx
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since
inf (o= w"lh + Chg'lo = w"llo) < Kllvll
whe H"

(see [2]). This proves A.2.

Hence, we see that (6.5) combined with (3.14) yields O(h) convergence in Q7 , that is,

IV —V"lei < Ch

provided that the true solution U € Z.

Note that unlike the usual condition obtained when Lagrange multipliers are used for
the Poisson equation, we do not require a restriction of the form hgy/h — 0 as hg,

hp — 0. In particular, this implies that A can be taken to be the grid introduced on the
boundary by Ag,.

7. Physical considerations. The problem we want to consider is that in which we have an
initial electromagnetic field in all space, which we think of as air, a dielectric. Metallic
obstacles are introduced and the problem is to determine the subsequent field. We term
this the eddy current problem.

Electromagnetic fields are governed by Maxwell’s equations,

curlé = -%,, curl o = £, (7.1)

where & and ¢ are electric and magnetic fields, & is magnetic displacement, and £ is
current density. For a homogeneous isotropic dielectric. such as air, it is customary to
neglect conduction current and use the constitutive relations

XK =p,'4B, S =¢,6, (7.2)
po and g, constants. For a nonferromagnetic metal which is electrically isotropic but
magnetically anisotropic and inhomogeneous, one usually neglects displacement current
and assumes

H=H'%, J = oE, (7.3)
where the scalar o and the symmetric positive definite transformation X’ depend on
position.

We suppose that we have an incident field &°, #°, #° satisfying (7.1) and (7.2) in all
space. Then the distorted field satisfies (7.1) and (7.3) in the obstacles and (7.1) and (7.2)
outside. Across the interface the tangential components of both & and 3 must be
continuous.

We scale the problem. Let L and T be a representative length and time and replace x
and 1 by x/L and t/T. Let %, be a representative magnitude for %, and put

% = %,B, &= (L/T)%,E, X = p 'K, (7.4)
so that B, E, and K’ are dimensionless. Then
curl E= -B,, curl B=B%, inair,
curl E= -B,, curl K’'B = aE in metal, (7.5)

where

B*= NosoLz/Tz» a=pol?/T (7.6)
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are also dimensionless. We let E and B denote the scattered field, total minus incident,
outside. Then the interface conditions are

Et;ng = El:mg, + El?ing’ (K,B)l:lng = Bt:ng, + Btgng (77)
on the interface, where + and — denote limits from air and metal.

We now specialize the geometry. Assume the metallic obstacle is a uniform cylinder of
cross-section £ parallel to the z-axis with K’ and a depending only on x and y and with
K[, = 0if i or j = 3. Assume that all fields are transverse magnetic, that is,

E=E(x,y, 1)k, B =B'(x,y,1)i + B¥(x, y,1)]. (7.8)
One can verify that such fields will satisfy the Maxwell equations if

B'(x,y 1) =u(x,y.1), B x,y.1)=-u/(x, y.1),

E(x,y,t) = -u/(x,p,1) (7.9)
with
Au=u, +u, =B, inair,
div(Kgradu) = au, in metal, (7.10)
where
K, Kj K; -K;
K’=( 1t }z) K=( 2 ,21)’
Ky Ky -k, Ky

so that K is still symmetric and positive definite. If the incident field is generated by u°,
then the interface conditions (7.7) yield
u=u"+u’, (Kgradu) -n=(gradu) -n+gradu®-n onT. (7.11)
The above simplifications yield a u satisfying (1.4), and (1.4), with
f=u’ g=gradu®’ - n=u’ onT. (7.12)
We assume all fields start from rest, and then we obtain (1.4), and have the problem
(PHP).

For fields that do not vary too rapidly with time, the parameter « is usually O(1) while
B? < 1. Hence a natural approximation is to set 82 = 0, in which case we no longer need
the initial conditions in £*. We do, however, have to impose a growth condition as
|x| = oo. We require that the total fields remain bounded at infinity. There is a technical
difficulty here. If we require that the incident field generator u° stay bounded at infinity
and be defined everywhere, it would have to be a constant, since Au, = 0. Then (PEP) is
trivial. To obtain a meaningful problem, we give up the requirement that u, be every-
where defined and bounded. We have in mind the case where E° and B° are generated by
wires parallel to the cylinder and carrying current. For such a wire at x° € Q* carrying
current I(t), the corresponding u,, in the 8 = 0 limit is

u®(x,t) = (1/27)1(t)log|x — x,|. (7.13)
If we use such a u°, we observe that to keep the total electric field bounded at infinity we

must allow the scattered field generator u to grow logarithmically at infinity to com-
pensate for (7.12). This is the origin of (1.3),.
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If we assume u° is defined and satisfies Au® = 0 everywhere except at a finite number
of points x, then in particular we will have Au, = 0 in £ ~; hence

frgds=fru3ds=0,

which is (1.5).
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