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Abstract. We consider the adiabatic tangential flow of an incompressible Newto-

nian fluid with temperature-dependent viscosity between two coaxial cylinders, one

of which is rotating, while the other is kept stress-free. We show that every classical

solution approaches, as time goes to infinity, a uniform rigid body rotation at fixed

temperature, thus establishing the stabilizing role of dissipation. The proof is based

on a priori estimates, obtained with the help of certain identities for solutions of the

governing equations.

1. Introduction. The intent of this article is to contribute in the investigation of

the stabilizing effect that the temperature dependence of viscosity iaduces to certain

thermomechanical processes. In fact, we test the stabilizing effect of dissipation in

the case of an adiabatic annular flow of an incompressible Newtonian fluid with

temperature-dependent viscosity between two coaxial cylinders, one of which is ro-

tating, while the other is kept stress-free.

All the previous works on the stabilization of thermomechanical processes ([3]-

[6]) were focused on the case of an adiabatic rectilinear shearing between two parallel

plates caused by various external agencies. Here, we are concerned with a tangential

annular flow sustained by the uniform rotation of a rigid cylinder, where the fluid

is also restricted by a coaxial cylindrical stress-free interface. Needless to say, such

a tangential flow approximates better than rectilinear shearing the torsional tests un-

der whfch the material response is experimentally determined. We should note that

identical equations govern the behavior of a solid material, exhibiting strain rate sen-

sitivity and thermal softening but no strain hardening, in the plastic region. In both

cases, the only dissipative mechanism present is viscosity varying with temperature.

The flow region of our problem is the annulus between two coaxial cylinders, a

rigid one at r = 1, rotating uniformly around the axis with angular velocity w — 1,

and a frictionless (stress-free) second one at r — a. We will assume that 0 < a < 1.

Then an incompressible Newtonian fluid occupying this region will move in a circular

pattern with an angular velocity w(r, t) (where rw = v is the tangential velocity) and

under a pressure p{r,t) balancing the centrifugal force. Under adiabatic conditions
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and upon identifying internal energy with temperature 8(r,t), the evolution of the

fields w(r, t), p(r, t), and 6{r, t) (for unit density) is governed by the following balance

laws of momentum and energy (see [1] for their derivation):

rw2 = pr, (1.1)

1
w, = Ar(r2a)r, a<r<l,t>0. (1.2)

r

= arwr. (1.3)

Above, a{r, t) is the shear stress, for which we adopt the following Newtonian con-

stitutive relation:

a = p(9)rwr. (1.4)

We assume that the viscosity p. is a decreasing function of temperature of the form

0(0) = 0-', y > 0. (1.5)

Such a temperature dependence of viscosity, in addition to being typical for liquids

(cf. [2, p. 15]), is the most interesting case in the study of the asymptotic behavior

of solutions of equations (1.1)—(1.4), as shall be seen below.

The system of equations (1.1)—(1.5) together with the boundary conditions

w = 1, r = 1, (1.6)

a = 0, r = a, t > 0, (1.7)

(i.e. no-slip at r = 1 and stress-free at r = 0) and the initial conditions

w = wo, a < r < 1, / = 0, (1.8)

e = 90, (1.9)

that satisfy the compatibility conditions w0 = 1, r = 1, and w0r = 0, r = a, will

determine w(r, t), p(r, t), and 6{r, t) on [a, 1] x [0, oo).

From the rotation of the rigid boundary, energy is pumped into the system, and as

the process is adiabatic, temperature will keep rising with time. Under assumption

(1.5), p{8) tends to zero as 9 —► oo, and the asymptotic behavior of solutions of (1.2)

becomes delicate. The question is whether the temperature increase will be uniform

or whether it could localize, thus destabilizing the system. (For a solid, destabilization

would be possibly manifested by shear band formation.)

From the point of view of analysis, the answer depends upon the outcome of the

contest between the destabilizing effect of hyperbolicity of Eq. (1.3) and the stabiliz-

ing effect of dissipation in Eq. (1.2). However, under the adopted dependence of vis-

cosity on temperature by (1.5), the analysis establishes that temperature increases in

an "orderly" fashion to reach asymptotically a finite stationary distribution 9(r), and

angular velocity approaches asymptotically the uniform rigid body rotation w(r) = 1,

preventing any development of singularities. In other words, the uniform rigid body

rotation at fixed finite temperature distribution is the unique asymptotically stable

solution of (1.1)—(1.9). More precisely, we will prove the following result.
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Theorem. Let p depend on 8 as in (1.5). Assume that w0 e W2-2(a, 1), 60 e

Wl2(a, 1), doir) >0, a < r < 1. Then there is a unique classical solution of

(1.1)—(1.9) on [a, 1] x [0, oo), and as / —► oo,

a{r,t) = 0{e-Kl). (1.10)

w(r, t) = 1 + 0{e~Kt), (1-H)

p{r,t) = r2/2 + 0{e~Kt), (1.12)

\e(r,t)\<K, (1-13)

6{r,t)->6{r)> 0, (1.14)

uniformly in r on [a, 1], for some positive constant K depending solely on a, y, w0,

and 0O-

2. Proof of Theorem. Let us assume that (w(r, /), p{r,t), d(r,t)) is a fixed classi-

cal solution of (1.1)—(1.9) on [a, 1] x [0, oo) such that w(-, t), wr(-, t), w,(-, t), wrr(-, t),

P{-> t), pr{-, t), 0(-, t), 0r(-, t) are all in C°([0, oo);L2(a, 1)), while wrt(-, t) is in C°((0, oo);

L2(a, 1)) and is in L,2OC((0, oo); L2(a, 1)).

We begin by deriving certain identities that will be used to establish the a priori

estimates that will lead to the proof of the theorem.

Lemma 2.1.

[ f r3wj dr dx + I- f r3d~yw2dr + l- f f r5d~2y~lw? dr dx
Jo J a 2 J0 2 J o Ja

= \far'8-yW2rdr, t> 0, (2.1)

]r^- f r3wjdr+ f r3d 7w2dr = y f r2dy la3wrtdr, t > 0.
^ J a J a J a

(2.2)

Proof. To show (2.1), after substituting a in (1.2) from (1.4) and (1.5), multiply

by r3w,, integrate over [a, 1] x [0, t], and integrate by parts, using (1.3)—(1.7).

To show (2.2), after substituting a in (1.2) from (1.4) and (1.5), differentiate with

respect to t and then multiply by r3w,, integrate over [a, 1], and integrate by parts,

using (1 -4)—(1.7). □

The next lemma summarizes some useful relations obtained from the equations

and the boundary conditions.

Lemma 2.2. For a < r < 1, t > 0,

P{r.t)= f pw2(p,t)dp, (2.3)
J a

9{~y(r, t) - d\-y{r) = (1 -y) [' a2(r, t) dr. (2.4)
Jo

r4e~y(r, t)6r{r, t) + -^—r3dl-y{r, t)

1 t (2-5)
= r46Zy(r)6or(r) + r38l~y{r) + 2 [ r5cr(r, x)w,(r, x) dx,

i - y Jo
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r4

r2o(r,t) = f p3w,(p,t)dp, (2.6)
J a

a2{r,t) = 2f pio{p, t)wt(p, t) dp, (2.7)
J a

w{r,t)=\-jr wr(p,t)dp. (2.8)

Proof. Integrate (1.1) to obtain (2.3). Substitute (1.4) and (1.5) into (1.3) to get

1 id1'?), = a2, (2.9)
1 - y

which integrated over [0, ?] yields (2.4). Multiply (2.9) by r4, differentiate with respect

to r, use (1.2), and then integrate over [0, /] to obtain (2.5). Apply (1.7) to get (2.6),

and combine with (1.2) to get (2.7). Finally, (2.8) follows from(1.6). □

Now, we are in the position to establish the a priori estimates that will yield the

proof of the theorem. In what follows, K will stand for a generic constant which can

be estimated from above solely in terms of y, a, and upper bounds of the W2'2(a, 1)-

norm of w0 and the Wl2(a, l)-norm of d0.

The first estimate refers to the L2-norm of w, and a.

Lemma 2.3. For a < r < 1, t > 0,

rt r\

u.
L
L

wf dr dx < K, (2.10)

o2dx<K, (2.11)

l

o2 dr < K. (2.12)

Proof. (2.10) is a direct consequence of (2.1). Applying the Cauchy-Schwarz

inequality to (2.7) and using (2.10), we obtain (2.11). Finally, (1.4), (1.5), and the

fact that 6(-,t) is nondecreasing imply that

[ a2 dr < a '(min0o) y [ r3& 7w2dr,
J a V'l J a

from which, after using (2.1), we get (2.12). □

The next lemma establishes that 6 is bounded.

Lemma 2.4. For a < r < 1, t > 0, it is

9o{r)<9{r,t)<K. (2.13)

Proof. Use (2.4) and (2.11) to get the upper bound. Since d(-, t) is nondecreasing,

we get the lower bound. □

We now proceed to estimate the L2-norm of wt.
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Lemma 2.5. For t > 0,

[ wjdr<Ke~Kl. (2.14)
J a

Proof. Applying the Cauchy-Schwarz inequality to (2.2), we obtain, using (2.13),

~ j\3w2 dr + K J^^w^dr < K j\6 dr. (2.15)

Applying the Cauchy-Schwarz inequality to (2.7), we obtain, using (2.12),

f ex6 dr < (max c2)2 [ a2 dr < K [ r3w?dr,
J a [«■'] J a J a

because of which (2.15) yields

J r3w?dr<K J r3wjdr.

Integrating the above relation over [0, t] and using (2.10), we get

f r3w?dr<K. (2.16)
J a

Now, applying the Cauchy-Schwarz inequality to (2.8) and then integrating over

[a, 1], we obtain

f r3wjdr<K f rzw}tdr. (2.17)
J a J a

Again, the Cauchy-Schwarz inequality applied to (2.6) yields, on account of (1.4),

(1.5), and (2.13),

w} < K I r3w? dr,
J a

i.e.,

f a6 dr < K( f r3wfdr)\ (2.18)
J a J a

Thus, setting

„2 dry/(t) = / r3w}
J a

and combining (2.15) with (2.17) and (2.18), we obtain the integrodifferential in-

equality

^ + <K2iy3, (2.19)

where, by account of (2.10) and (2.16),

[ V( t )dx < K0
Jo

and

y/{t) < K. (2.20)

Because of the last two inequalities, there exists a to > 0 such that

W(t) < {Ki/(2K2))^2, t > t0.
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Therefore, for t > t0, (2.19) becomes

f <(-1/2)*,*
Integrating the last differential inequality over [/o, t], we deduce

¥{t) < y/{to)e{'K'/2){t~'o), t > t0,

and combining with (2.20), we obtain (2.14) for any t > 0. □

Applying the Cauchy-Schwarz inequality to (2.7) and using (2.12) and (2.14), we

arrive at

a2 < Ke~Kt,

which proves (1.10).

Using (1.4), (1.5), (2.13), and (1.10),

| wr | < Ke~Kl

and so (2.8) yields
|w - 1| < Ke~Kt,

i.e., (1.11) is valid, from which, on account of (2.3), we arrive at (1.12).

Applying the Cauchy-Schwarz inequality to (2.5) and using (2.13), (2.11), and

(2.14), we obtain immediately (1.13).

Since, for every a < r < 1, d(r, t) is a nondecreasing and bounded function of

t, 6(r,t) converges as t —► oo to some 9(r) < oo. Furthermore, by (1.13) and the

Ascoli-Arzela theorem, the convergence is uniform in r, which proves (1.14).

Thus, the above a priori estimates establish the existence of a unique global solution

of (1.1)—(1.9) by a routine procedure, first showing that a unique local solution exists

on a maximal time interval and then using the a priori estimates to infer that this

solution cannot escape in a finite time.
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