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NOTE ON THE FUNCTIONAL DIFFERENTIAL EQUATION

£m=-oo amy'{x + ma) = f(x)*

By

LL. G. CHAMBERS

University College of North Wales, Bangor, Wales, United Kingdom

1. The solution of functional differential equations of the form
OO

amy'(x + ma) = f(x) (1)
m= —oo

does not appear to have been considered in the literature. It is easy to show however

that a very simple particular solution exists. Let

F(x) = JXf(Z)dZ (2)

where c is some convenient arbitrary constant. The arbitrariness of c corresponds to

the fact that y is indefinite by an arbitrary constant. Let
OO

A(t)= J2 a^m-
m=—oo

It is clear that if
OO

£ am(emk") = 0 (4)

m=—oo

that is k is a root of
A{ekn) = 0 (5)

there will also be a further set of complementary functions ekx in the solution.

2. Look for a solution of the form
OO

y(x)= bnF(x + na). (6)
n= — oo

Substitution of this expression into the original differential equation gives
OO OO

E E ambnf(x + m + na) - f(x)
m=—oo ft— — oo

that is
OO OO

E E ambi-mf{x + la) = f(x). (7)
/=-oo m=—oo
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Equation (7) is satisfied by

OO

53 amb,-m =1 1 = 0 (8a)
m= — oo

= 0 / / 0. (8b)

If
OO

5(0= bmr (9)
m= — oo

the relations (8) are equivalent to the statement

A(t)B(t) = 1

that is
B(t) = [A(t)]~l (10)

and the bn will be the coefficients of the corresponding powers of t in the Laurent

series expansion of the reciprocal of A(t).

3. If we consider the example

y'(x) + y'(x + a) - f(x) a > 0 (11)

it may be verified that a particular solution

00 rX + nc*

y(x) = £(-1)"/ f(t)dZ (12)
n=0 Jn"

exists, provided that the series converges. If, for example

|/(.x)|<^-^ p>0 (13)

it may be verified that this is so.


