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LONG WAVELENGTH INSTABILITY OF THE ABC-FLOWS

By
A. LIBIN anD G. SIVASHINSKY *

The Levich Institute, The City College of New York, New York, N. Y.

Abstract. Multiple-scale and spectral (Galerkin) techniques are employed to ana-
lyze the long-wave stability of a simple periodic helical flow at large Reynolds num-
bers. For a certain class of long-wave perturbations the corresponding mathematical
problem admits an exact asymptotic solution, showing that the helical flow is always
unstable.

I. Introduction. In recent years, significant attention has been attracted to the prob-
lem of long-wave instability of periodic flows [1-18]. It is believed that these systems
may provide important insight into the phenomenon of inverse energy cascade and
spontaneous formation of large-scale structures in 2-D and 3-D turbulence.

One of the simplest periodic flows capable (due to its intrinsic instability) of gen-
erating large scale structures is the so-called Arnold-Beltrami-Childress (ABC) flow

(i) h=V)[A4sin(z/d)+ Bcos(y/d), Acos(z/d)+ Csin(x/d),
Bsin(y/d) + C cos(x/d)].

Here V) is a typical velocity, 2nd is the space period of the flow.
In order to sustain the time-independent flow with (i) one must introduce an
external force field

(i) f=— (%) h

where v is the kinematic viscosity. Previous studies have been focused primarily
around two specific cases: 4 = B = C = 1 (quasi-isotropic ABC-flow [12]) and
A=1, B=C =0 (Beltrami flow) [12, 14, 17]. It was found that at finite Reynolds
numbers (R = Vyd/v ~ 1) the quasi-isotropic ABC-flow is stable relative to long-
wave perturbations [12], while the antisotropic Beltrami flow loses its stability at
R > V2 [12, 14]. The long-wave instability at large Reynolds numbers has been
studied only for the Beltrami flow [17].

The present work extends the long-wave stability analysis developed in [17] to the
general case. It turns out that at Re >> | for a certain class of long-wave perturbations
the corresponding mathematical problem admits an exact analytical solution, showing
that ABC-flow is always unstable—even in the quasi-isotropic case.
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The paper is organized as follows. First, the limit of ideal nonviscous (R = o)
fluid is studied in detail (Sec. II). The results obtained are then extended to the case
of large Reynolds numbers (Sec. III).

All the equations are written in the nondimensional form with &, d/V,, V; taken
as units of length, time, and velocity, correspondingly.

I1. ABC-flow in the ideal fluid. Consider the Euler equation in the rotational form

%(rotV)-krot[rothV]:O, (N

where V= (V| (x,y,z,0), Vy(x,y,z,1), Vi(x,y, z,1))
divv =0. (2)

Let h be the ABC-flow:

Asinz + Bcosy
h=| Acosz+ Csinx |.
Bsiny + Ccosx

Since roth = h, h is a solution of the Euler equation (1). The linearization of Eq.
(1) around h yields

{ & (rotu) + rotfh x (u —rotu)] =0, 3)

divu=0.

The main object of the present analysis is to verify the stability of the trivial solution
u=0 of Eq. (3).
The first step is the scaling transformation of Eqgs. (3):

ux,y,z,t)—ux,yv,z,&,n,0,1),
v.\'y: - v.\'_v: + 8v§nﬁ
g, — €0, (t = et).

(e=¢ex,n=¢y,0=¢z), (4)

Therefore

rot, . —rot _+erot,,,

and
div_ . —div_ _+ediv.

xXy:s xXyz <ne
The rescaled equations (3) become

2 .
W) HE %(rotéw) rot._[h x (u —rotu)]

—rot,, [hxrot, ,u] + erot,, ,[h x (u—rot  _wu)]

J
&5 (rot

‘ (5)
—e"rot, ,[h xrot, ,ul =0,

div, u=-ediv,,,u

We are seeking solutions of (5) which are 2n-periodic in x, v, z. Hence, the
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integration of(S) from 0 to 27 in x, y, and z yields

2 p2rn P27
a— // rot; ,udxdydz

2n 2n 2n
+ / / / rot, ,[h x (u —
o Jo Jo <no

2 p2m p2n
_3/0 /0 /0 r°t¢n0[hxro‘.:,,g“]dxdydzzo

We now consider ¢ as a small parameter and seek a solution of the system (5), (6)
in the form of an asymptotic expansion in powers of ¢:

w)dxdydz (6)

\”\'

2
ll(X,y,Z,é, ”,6,7)=u0+8u1+8 ll2+"'

Thus for the ao-approximation of (5) we obtain

\l’

dlv

X

[h x (uy—rot, _u,) =0,
= O. '

)'0

Consider the following set of vectors:

sin z
e, =|cosz |,
0

€

f, =

cosy 0
0 , g, = | sinx |,
sin y cos X

cos z —siny 0
—sinz |, f, = 0 , g = cosx |.
0 cosy —siny

Vectors (8) from the orthogonal basis of the proper subspace of the rot  _ operator
in the Hilbert space with eigenvalue 1. we should seek u, in the following form

“o(x, y,z,¢,n,0,1)= ao('l, 6, T)g0+ﬂo(é, 0, T)f0+y0(é, n, T)eo
+a,(n, 0,08 +B,E&,0,0f +7,(, 1, 1)e, +G,

where G = [G,(&,n,0,1), G&.n,0,1), G;(&,n,0,1)]. Actually h = Ade, +
Bf, + Cg, . The substitution of (9) into (7) yields

AG,e, + BG,f, + CGe, = 0.

9)

Hence

G=0, ifAd#0, B#£0, C#0.
For u, in the form (9), the integral relationship (6) for ¢’-approximation is auto-
matically satisfied. In order to determine the coefficients in (9) we have to pass to
the sl-approximation in (5) and ez-approximation in (6),

(rotﬂ - uy) — p=[h % Iots,q u,] + rotme[h X (uy — rot, .. uy)]
= - rotn_[h >< ( —rot . _u)],
divxy_, u =- div@,o u,
divm, divéwul , (10)
P f roténo Ddxdyd:z
0 02” 0 otiw[hx (u, —ro “_uz)]dxdydz
= [ rote,4[h x rot;,;u ldxdydz.
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Set
u=[Vx,y,z,¢,n,0,7), V(x,y,z.¢.n, 0,0, Vi(x,y,z,&.n,0, 1))

Thus, in view of (9), the second equation in (10) is

ov, oV, oV 0 J ay
_1+_2+_3:<A_ﬁ> sin = — <d/'+ )cosz

ox = dy | Oz on  O& o¢
Oﬁl ()BO H dﬂl ﬂO
—L_ 0 - =+ =2 11
+<05 00)sm,v ( + dé>cosy (11)
N da ()(xo ()(y Oay | ()(to
00 o sin x 50 ) COSX:
Since V|, V, are 2zm-periodicin x, y, z we get
dax day day Jor s
(7,471 (,)cos,\ ((m +ﬁ)sm,\ 51(5"1»9%)
u = (f)—ﬁ(}—%)cosv—(%qt%)siny + | 0,8, m,0,7) | +w, (12)
dy, Oy ~ 5 o\ e L 0,(&,n,8,1)
(d—g m})cos;—(ﬁ-k(—,g)sm.r 3
=V, +7+w,,
where div, .. w, =0, divw}& = 0, and the projection of w is orthogonal in the

Hilbert space to the subspace of constant (in x, v, z) vectors, and on the subspace
of vectors with zero vorticity is null.

Note that the first two vectors in the right-hand side of (11) (v and &) belong
exactly to these subspaces. In view of the specific choice of coefficients in (9), direct

evaluation of rot,,u, yields
da da da da .
-0 . 1 - Pl 13 1
( an a6 ) Cosx ( an + Jf ) sin.x
_ 9By _ 9B _ (28 o 9B
Totg, 4 U, = ( 90 — e ) COsY oz T o0 siny |,
drg _ 90 R Y -
( g an ) €Os = ( an + JE sin z
Le.,
rot.,, Uy =V, (12a)
or

U, =10t Uy + 6 + W,
Hence rot..[h xrot,, ,uj] =rot . [hxV]. On the other hand, in view of (12)

J
m(rot”: u,) + rot_\_),__[h x 6]=0. (13)
Direct evaluation yields:
[h x 6] = Ad,e, + Bo,f, + Cdg, (14a)
Csinx —Ccosx 0
+dy| —Bcosy | +6, 0 +d,| Bsiny
0 Asin z —Acosx

Last three vectors in this expansion are of zero vorticity. Thus
ot‘\_y:[h x 8] = 4dd,e, + Bo,f, + Cd,g,- (15)
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In view of (9) we get from (10a)

% 6B0f+

e 9B,
ot ot

atgo+<(9 +A6>

(16)
9
+ (% +352> f+ (a—VT' +C51>g| = 0.

Or ‘ )
Ioks Ioks 01 (17)
00‘0 9By _ ) oy _
ot Cél 5 E = —de, 6—‘[ = —A53.

In the seeking of solutions of (5) which grow in time, «,, f,, and y; are of no
interest for our purpose.
Hence u, = a,(n, 0, 1)g, + (¢, 0, Of, +7,(¢, n, 1)e; and

J J
54 cosx + d—':,Lsmx

V,=- %cosy+ 98 siny (18)

)
—Lcosz+i—/gsmz

Set w, = 4,8, +A,f, + 4;e, . Clearly rot,,.w, =W, . Thus

% cos x + % sin x 9 in z 9% cos 0
’1 W an %Y i
rotéw W, = 00 =7 COS Y + smy + 70.1005;2 + o 0' + Tf-smx
oc %1 cosz+ 24 oo sin 2 0 Ty Siny 57 €08 X
(18a)
On the other hand
div.\'y: m=- divgﬂe u,
= - dlv, oV, — dlvéng 0 — dlvérle w,
= dwcrz(i w,
OA, 94, (19)
= _—Llsinx — —Lcosx + —sm
06 on g *
cosy + 944 sin z 044 3 co
— 1 T e — S
00 y an & <
Therefore
W,L cos X + %L sin x
u, = — —Lcosy+ﬂLsmV +62+w2:V2+52+w2, (20)

"_"L _L
an COS Z + 9z sin z

where divn,: w,=0, dlvé”(, J, = 0. Hence, Tl W, = V, +{, where

2n
/ / / [hx {]dxdydz = 0. 21
On the other hand

2n 2n 2n
/ / / [hx (w, —rot_ _w,))]dxdydz=0, (22)
0 0 0 T
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since w, —rot, _w, does not have any projection in the Hilbert space on the subspace

of the gradients of the scalar functions (proper subspace of the rot . operator with
the eigenvalue 0—the kernel of the operator). Hence, due to (21)

2n 2n 2n
/ / [hx (u, —rot  _u,)]dxdyd:z
0 0o Jo T

2n p2n 21
= / / / [hxV,]ldxdyd:z (23)
0 0 0

2n 2n n
:/0 /0 ; [h x rot,, ,w ]dxdydz.

Hence, the integral in the right-hand side of the integral relationship in (10) is

2n p2n p2n
/ / [h x rot, ,u Jdxdyd:z
o Jo Jo

2n 2n on
:</O /() /0 [hxr()ténfivl]dXdde

2n 2n 2n
+/0 /o ; [hxroténewl]dxa’ydz

2n 2n 2n
+/ / / [hx 8,]dxdydz
0 0 0

2n p2m p2m
= / / [h x rotéle]a’x dyd:z
o Jo Jo

2n p2n p2n
+ / / / [hx (u, —rot  _u,)]dxdyd:z.
o Jo Jo :

Thus, the integral relationship (in 10) is actually

Bl 2n 2n 2n 2n 2n
—/ 6dxdydz=/ / [hxrot, ,V ]dxdyd:z (25)
ot Jo Jo o Jo Jo <

(24)

or

) 2n 2n 2n 2n 2n 2n
ot Jo /0 /0 6dXdde=/0 /0 0 [h x (rot,,, rot, gujldxdydz (25a)

since V| = rots, Uy -
In view of (12), we get (o, =B, =y,=0)

92 2 . )%y 9y .
DB cosy + Lhisiny — ‘O—n:lcosz— 71 sin z

de 0 06’ 7008
— ")27 02}' : _ 02(1 _ 02(, .
rot,,, v, PRI 7y COS Z + E&" sin z ——1003 cos X _Lor;oc sinx |. (26)
97y Oay oo OB ey
gnan COSX + ot sinx — 5k cos y gas Siny
Hence 7 i
C J« d
2 (mr FT) )
(.)2 Ul
[hertén()Vl]: g <__ﬂzl+_ﬂ§L> 4o, (27)
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where the truncated terms vanish after integration. Thus, after integration (25) be-

comes
96, C Bzal 62(11
_ = — —_ + 3 s
ot 2\ 90*  op

99, B (az/}, azﬂ,)

ot -3\ a2 T oe? (25)
P 2 2

99y _A(07y 9T

ot 2 a,,z &2

In fact, IOty of both sides of (25) are equal. Thus, in principle, one can add
grad F(¢, n, 0, 1) to the right-hand side. However, divgrad F = 0 or AepoF = 0.
Since we are seeking bounded solutions of this equation in the whole space, F =0.

Thus, (17) and (28) form a closed system of equations, reducible to three inde-
pendent subsystems

Oa,

ELds

08, _ C (0%, 9% (29.1)
ot 2\ an*  06* )’

9B, _

or = (29.2)
¢ o2 2 .
99, _ B (0°h 9B

ot 2\ 9¢&? 96°* |’

9y, _

o _A53’ 29.3
26, _ 4 azyl 9%, (29.3)
ot 2\ o9& o00* )

Differentiation of the second equation in (2) with respect to 7 and the substitution
of —Cé,, instead of da,/d7 in the new equation, yields

2 2 2 2
) 58, 6%
00 O (2%, 2% (30.1)
o1 2 \on* 096
Similarly
0’6, B (9%, 0%,
0’6, A% [d%s, a5,
f?'"7(7?+_? , (30.3)
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Hence, the corresponding dispersion relations are

5

W} = %(/2+m2), (31)
2

wg = BT(/\'2 + mz). (32)
2

= %(k2+12). (33)

Hence, if 4 # 0, B # 0, C # 0 there are three exponentially growing solutions
which are linearly independent.

It is worth noting that the constructed solutions are the exact solutions of the
system (10).Jr

The case of the Beltrami flow is of special interest to us. For this flow the system
(29.1-29.3) contains a closed subsystem

&

=-45

T

37
05 =g (P4 Ty
Jt 2\ pe on’

This means, that we may consider the solutions dependent on z only. The corre-
sponding solution is

R cos z
uy +euy = exp |[i(k&+1n) + |4\ ; T —sinz -
( [SE

ie(lcosz+ksinz)—¢ 3

<

34)

III. ABC-flow in viscouse liquid at large Reynolds numbers. Consider the Navier-
Stokes equation in the rotational form

{ Z(rotV) + rot[rotV x V] = L rot(AV) + +F, 35)
divV =0.
Let F be a vector-function such that (35) is an identity for
V=h
=[Asinz + Bcosy, Acosz+ Csinx, Bsiny + C cos x]
= Ae, + Bf, + Cg,.
The linearization of (35) around V = h yields
{ 4 (rotu) + rot[h x (u — rotu)] = £ rot(Au), 36)
divu = 0.

Here Au = —(rot)zu, due to divu=0.

! It should be noted that the relation (5) differs from that which was recently proposed in the work of
Moffatt [9], where the similar system was analyzed by variational methods.
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Consider the scaling transformation (4) of (28), while ¢ = R™":

. 2 .

8(.;)—!(1'011\,.‘,: u) +¢ (.%(rotw, u) +rot, _[hx (u—rot,,_w)]—erot [hxrot,,,u]
2

+ rotéw[h X (u—rot_ . _u)]—¢ rOIan[h X IOt 4 u]

xypz

2 22 2 2
u)+e [rOICn()(A.\',\' (Ay-w) + 2r0t,\‘y: ((‘)l.)r él)lé + U(,{'i;’r] + Og (l)lﬂ)]

-\Sxys

=¢ rOt,\’j'S (A,\’}‘:

3 UZ 02 02 4
+é [rOt.\')':(Aé'](iu) +2 rOtér]H ((‘).\' ("}'é + é)y(‘i)]r] + U:;G)] té (rOtén()(A@yGu)) ’
divw: u=—¢ divw, u,

(37)

where

9'u  9'u 0w
= + - + —.

on~ 06

We repeat the procedure of seeking the asymptotic expansion for a solution of the
scaled Euler equation (5) to the scaled form of the Navier-Stokes equation (36). The
integral relationship, obtained through integration of (28) over [[0, 2x] x [0, 27] x
[0,2x]] in x, y,and z,is

P 2n p2n p2n
85/0 /0 /0 rot;, ,udxdydz

2n 2n 2n
+ /0 /0 /0 mtirl(i[h X (u— rot wldxdyd:z

2n 2n 2n
—8/0 /0 /0 rot,, ,[h x rot;, , u] dxdyd:z

2 2n p2n p2m
:8/0 /0 ,/0 rOtC'lO(A@;o“)dXdydz.

This is due to 2n-periodicity of u(x,y,z,&,n,60,1) in x, vy, and z. In fact,
¢’- and s]-approximations of Eq. (38) are the same as in the scaled Euler equation.
The eo-approximation of (37) is the same as that of (5):

uy)] =0. (39)

Afnau = 6_62

rotv\_),:[h X (uy — rot, .

We seek u, in the form (9)
u= (10(}7, 0, t)go + ﬂ(é, 0» T)fo + 70(é~ n, T)eo
+(l|(7’], 0, T)gl +,B|(¢” 0, T)fl +71(é7 n, T)el +Gl s
where e,, g,, f,, e, f, is the basis (8) of the proper subspace of the rot
operator, with the eigenvalue 1. Note that all these vectors are the eigenfunctions
of the Laplace operator A with periodic boundary conditions with the eigenvalue
. 2
(=1), since A= —(rot,.)".
If A0, B#0,and C #0
0

G,
as was proved earlier.
The s'-approximation of (37) yields
(,j’—r(rot_\,y._ uy) —rot  _[hxrot,, ,ug]+rot,, ,[hx (u; —rot  _ug)]
—rot, (A, . uy) =—rot  [hx(u —rot —u)], (40)
div  _u, = —div

xyz

&b Uy.
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The first equation in (40) is distinguished from the first equation in (10) only by the
last term on the left-hand side. Hence, in view of (17) (and instead of it), we get

da op oy

9ag _ _ . 9P _ _ 0o _ ..

ot %> ot Bo ot 70> (41)
da 9B 9y

i L T et L e IS

Thus, a,, f,, and y, are exponentially decaying in 7 and so of no interest to

us. As already stated, the integral relationship for 8'-approximation remains intact
when we pass from the scaled Euler equations to the scaled Navier-Stokes equation at

large Reynolds numbers. Thus, Eqs. (28) are valid, since the condition div, _u, =
—div,,,u, remains intact. '
Thus, the final system of equations is
3]
% =—a,-C6,,
96, C 52(11 N (‘)zal (42.1)
ot 2\ an?  06* )’
op
It = =, .
08, _B (38, 05, (42.2)
ot 2\ a2 96° )’
a9y
Ge =7
98, 4 ‘527’1 azyl (42.3)
ot 2\ e ot )’

Differentiation of the second equation in (33.1) with respect to T and multiplication
by 2C - together with the application of operator Asg 1O the first equation and the
subsequent summation of the two new equations yield

20%6 .
? 0‘[2l = -—C(A)]()5 ) - (Ay]()al) = —C(A’mé]) — E_Tl
or 7
025] 99, C? 05, 62(51
o T T T 50 ) 43.1
Similarly
0’s, 00, B (076, 0%,
0‘[2 * It - _7 0{2 + 062 , (432)
2 2 "2 2
00y, 00 A4 (20,05 (43.3)
2 ot~ 2 22 — |- '
ot T PY: on
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Hence, the corresponding dispersion relations are
2

0w, =(w, +1)= C—(12+m2

)

2
B’ 2
wz(w2+l)=7(k +m’), (44)
2
Wy, + 1) = %(k2 + 1Y,
or
\/1 +2CH7 +m?) -1
W, = 5 >0, (45.1)
V1+2B (K +mh) -1
w, = 5 >0, (45.2)
V1424303 + ) - 1
W, = 5 > 0. (45.3)

Thus, if 4#0, B#0,and C # 0, there are three exponentially growing solutions.
As for the case of Beltrami flow, one may consider only solutions of (36) depending
onlyon z, &, n,and 7.
In the dimensional (*) form, (45.1-45.3) become

. JIR2RECU 4 m?) -
=V

' = e , (46.1)
. I 2REBKT +m) - 1
W, =V, e -1, (46.2)
L 1 2RELET w1
Wl =V, - . (46.3)
Hence
I** + m*?

*
w; — Kl Cl

k)

2
. k*? + m*?
w; — 0|B|\/T, (47)
. [k*2 4 172
w} - I/()IAI ——T—_ 5

as R — oo (cf. 31-33, and Fig. 1).

IV. Concluding remark. The undertaken study shows that at large Reynolds num-
bers there exists a wide class of long-wave perturbations destabilizing the basic ABC-
flows.

The proposed asymptotic analysis clearly does not apply to the perturbations,
whose wave-length is comparable to period 2md of the basic flow. In a real sit-
uation as the wave-number Vk? + [° + m* increases, the instability rates w, are



622 A. LIBIN anD G. SIVASHINSKY

-

/
° (R20Y) pre

Fic. 1. Rate of instability parameter w; versus perturbation wave-

number p* = /"2 + m*? inregion p"d ~R™' < 1.

expected to slow down and eventually even to change sign when the perturbation
wave-length becomes comparable to 2nd (cf. Green [2]).

Finally, regarding the quasi-isotropic case A = B = C = 1, the found transition
from stability at R ~ 1 [12] to instability at R > | resembles the similar effect
observed in the 2-D system of triangular eddies [18].
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