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Abstract. We show that the standard sphere on R3 admits a Tchebychev net which

covers an open subset of the sphere which contains a closed hemisphere.

1. Introduction. Tchebychev introduced the notion of what are now called Tcheby-

chev nets in [Teh] in order to model the deformation of cloth. In this model a surface

is considered to consist of two families of "fibers" which are inextensible, although

the angle between fibers belonging to the two families can vary. Moreover this surface

is assumed to be initially planar and to have obtained the current shape after going

through a deformation which did not change the lengths of the fibers. The simplest

way to describe such a surface is to say that it admits a coordinate chart such that the

coordinate vector fields have unit magnitudes with respect to the ambient Euclidean

metric.

Bieberbach [Bie] proved that every surface is locally a Tchebychev net, i.e., around

every point there exists a coordinate chart such that coordinate vector fields have unit

magnitudes. This was accomplished by reducing the problem to that of existence of

solutions to a pair of quasilinear hyperbolic equations. However, the global issue, i.e.,

existence of a Tchebychev net over a prescribed open set has not adequately been

investigated, except for an important equation called Hazzidaki's formula, which

was first derived in [Haz] (see [St], [Pi], etc.) which shows that at least on a simply

connected, open surface which is complete with respect to its Riemannian metric,

the integral of the Gauss curvature must be less than 2n in magnitude in order for

a Tchebychev net to cover the whole surface. For example there does not exist a

Tchebychev net covering a semi-infinite cyclinder having one end closed.

One important question is whether we can find a Tchebychev net on the standard

sphere. It is easy to show that the open hemisphere and the sphere with north and

south poles removed admits global Tchebychev nets. Tchebychev claimed that a

hemisphere can be clothed in its entirety [Tch]. The purpose of this paper is to

show that there does exist a Tchebychev net which covers a closed hemisphere. Our

proof goes as follows. It is well known ([St], [Pi], etc.) that if x,, x2 denote the

coordinates along the fibers of a Tchebychev net and if k and a denote the Gauss

curvature and the angle between fibers, respectively, then d a/dx{dx2 = -Ksin a.
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In our case k = 1 and hence we have the sine-Gordon equation. We use a particular

solution of the sine-Gordon equation and put a Riemannian metric of the form
2 2 2

dxx + 2 cos adxj dx2 + dx2 on some open subset of R and construct an isometry

from a subset of the standard sphere onto this chart. By using careful estimates we

show that the domain of this chart contains a closed hemisphere and hence we arrive

at the stated conclusion.

Although it was generally believed that a Tchebychev net covering the closed hemi-

sphere exists, as far as we know, ours is the first rigorous mathematical proof of the

existence of such a net.

2 3
2. Preliminaries and the main result. Let S denote the unit sphere in R endowed

with the Riemannian metric g induced from the Euclidean metric in R3.

Definition 2.1. A Tchebychev net on S2 is a coordinate chart (U, (x,y)) in R2

such that the coordinate vector fields have unit magnitudes with respect to

g . These vector fields will be called fiber fields and thier integral curves will be called

fibers.

Theorem 2.2 (Main Theorem). There exists a Tchebychev net (U, (x, y)) on S2

such that U contains a closed hemisphere.

3. Proof of the Main Theorem. Our aim is to construct a Tchebychev net on S2

such that orthogonal longitudes through the south pole are fibers. Let (U, (x, y)) be

a Tchebychev net on S2. Define y: U —► R such that y(p) is the angle betwen

and . Hence y = f at the south pole. It is well known that y is related to the

Gauss curvature k (in our case k = 1 ) by the relation [Pi], d y/dxdy = —k sin y .

Also is parallel along the integral curves of j- and vice versa (in the sense of

Levi-Civita) and this forces y to be | on each of the two longitudes mentioned

above. Therefore we are led to the characteristic initial value problem

B2
= - sin y, y(x, 0) - | = y(0, y) (3.1)

for x, y e [0, a], where a is positive.

To simplify the equations let

a := ^ - y. (3.2)

Then

d2a
= cos a(x , y),

dxdy~ y (3.3)

a{x , 0) = 0 = a(0, y).

Equivalently,

a{x,y)= [ [ cos (a(x, y)) dx dy. (3.4)
Jo Jo

It is well known that Eq. (3.3) admits a unique solution on R2 and the solution

depends only on the product of x and y. One way to establish this is to assume a
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solution of the form a = a(xy) and rewrite (3.3) in the form,

d2a da . . ... „ ^
t—T + -7- = cos a(t), a(0) = 0, 3.5)

dt dt

where t = xy .

The existence of a solution can be shown by assuming a power series for a and

obtaining unknown coefficients by equating coefficients in (3.5). However we need

some sharp estimates on the solution and therefore we work with (3.4) and find a

solution by iterating the right-hand side. Since this technique is standard, we will omit

the details and list only the relevant facts. The estimates given below are obtained

by using the contraction mapping property.

Let a > 0 and let

Ja := [-a, a\ x [a, a]. (3.6)

Fact 3.1. For arbitrary a > 0, (3.4) admits a unique C°°-solution. The algo-

rithm,

a0(x,y) = 0, (3.7)

aK+i(x,y)= [ f co s(aK(6, <f>))d<j>dd, j> 0, (x, y) € J , (3.8)
Jo Jo

yields a sequence of continuous functions {a -}^0 on Ja which converges uniformly

to the solution of (3.4).

Fact 3.2. The solution a e depends only on (xy) and xya(xy) > 0 for

all (x,y)eJa.

Fact 3.3. If a < 4, then

|(a - a2)(x, j>)| <    t for all (*, y) e Jn. (3.9)
2 (3!) (1 - \xy\/A a ;

This then yields

( \ x3y3a(x, y) -xy- <
2(x3y3) + xV5

63 300 (3.10)

for all (x, y) € R such that \xy\ < \ . In particular \a{x, y)\ < f for all (x,y)e

M2 such that \xy\ < f . Now let 2! = {(x, y) e M2: |x| < n, \y\ < it, \xy\ < f} and
let y — | - a on 2 . Then y satisfies

B2
--sin y y{x, 0) = ^ = y(0, y), (3.11)

Oxdy ' ' 2

and y(x, y) G (0, n) for every (x, y) e 2). Thus y is a candidate for the angle
2

between the fibers of a Tchebychev net on S , where x and y are now coordinates

with respect to a Tchebychev chart. We must produce an open subset ^ of S2

which is the domain of this Tchebychev chart.

It is well known that the Riemannian metric can be written on a Tchebychev chart

(see [Pi],[St]) as

g(X,y) = dxl + 2cos y(x,y)dxdy + dy2. (3.12)
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Since ^ and ^ have unit magnitude with respect to g on 31 it follows that
2 2

2! endowed with the Riemannian metric g = dx + 2 cos ydxdy + dy admits

a Tchebychev net , -j^)). If we can find an open subset ^ of S2 and an

isometry cp from ^ into or onto 3 endowed with g , then , tp) is a Tchebychev

net on S . We will produce such an open subset by using the exponential mapping.

First let us recall some facts from Riemannian geometry.

Let (M, p) be a Riemannian manifold and p £ M. Then expp is a mapping

having an open subset of TpM as its domain and M as its codomain, and such that

expp(v) = <7(1),

where a is the geodesic of (M, p) such that <j(0) = p and <j(0) = v .

The Riemannian metric p induces a unique Riemannian connection V on M.

Many of the computations needed can be done conveniently by using the Christoffel

symbols with respect to some coordinate chart.

Let (U, (x1, x2)) be a local coordinate chart on M. Then the Christoffel symbols

k<2 are C°°-functions on U defined by

(3.13)
dx' dx1 dx

where the summation convention is used.

Let p = ptj dx' dx1 with respect to the local coordinates on U .

Define {pij}x<i i<ncC°°{U) by

a i 1 if i = I,

The Christoffel symbols are easily computed using the formula

■^k 1 kl
TU = 2P

ddd

dx'P,] + dxjp'1 dx'Pi
(3.15)

Let a: [a, b] -+ M be a geodesic such that o([a, b]) c U. Then, writing the

components of a with respect to the local coordinates as a = (er1 , a2), we have

a +aJakF'jk) = 0, i=l,...,n. (3.16)

Let us consider the Riemannian manifold , g). Using (3.15) we compute the

Christoffel symbols:

(3.17)

rn = rL = cox(y)yy>

rjj = - esc {y)yx,

V\2 = -csc (y)yy,

r1 = r2 = r1 = r2 = o1 12 1 12 1 21 1 21 — yJ'

Remark 3.4. The fact that = 0 for i = k is equivalent to the statement

that on a Tchebychev net each fiber field is parallel along the integral curves of the

remaining fiber fields.
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Let t h-> (x(t), y(t)) be a geodesic of [3, g). Then by (3.16) and (3.17) we get

x = u

y = v

ii = -cot(y)yxii2 + csc(y)yyv2, (3.18)

2 2
v = csc(y)yxu - cot(y)yyu .

The following facts are obtained from Fact 3.2 and Eq. (3.18).

Fact 3.5. The curves
11-> (t, 0), |f| < n,

t^{0,t), \t\<n,

are both geodesies.

Fact 3.6. If t (x(t), y(t)), |?| < b , is a geodesic, then the curves

t^(±x(t), ±y{t))

are all geodesies.

Because of this we consider geodesies in the first quadrant unless such a goedesic

crosses the x- or the y-axis.

Fact 3.7. If t (x(t), y(t)) is a geodesic, then t (y(t), x{t)) is a geodesic.

In particular the goedesic er: [-b, b] —► 31 satisfying <r(0) = 0 and <j(0) =

(^ , ^-) lies on the line x = y .

Fact 3.8. yx(x, y) = - f0v cos(a(x, <p))dcp . Thus

0 > sgn(j;)}'Jx, y) > -\y\ and y(x,y) = 0 iffy = 0,

and

0 > sgn(x)yJ)(x, y) > -|x| and yy(x, y) = 0 iffx = 0.

6n\( 1 1Lemma 3.9. The domain of exp0 contains (^f , ^75) for some S > 1 .

Proof. Let a\ [—b, b\ —► M2 , a(t) = (x(t), x(t)) be the geodesic satisfying <r(0) =

0 and (7(0) = (^=, ^=). Let u(t) = x(t) for all t

1 = Mt)\\l = 2(1 +cos y)u\t).

Since y{x(t), x(t)) e (0, f) we conclude that 0 < u(t) < . Thus x2(t) < (^) =

^ . Since x < f it now follows that x(f) is defined and (x(t), x(t)) € Int(^)

for all t e [0, f ].

We would like to find an isometry from some subset of S2 into 3! such that the

south plole is mapped to the origin. Hence some longitude would be mapped to the

geodesic a which we had just considered and in particular cr(|) would correspond

to a point on the equator on S . We now produce as a candidate for the equator a

geodesic passing through <r(|) and orthogonal to a.

Lemma 3.10. Consdier the geodesic ^ of (3, g) such that ^(0) = cr(§) and w(0)

is a unit vector such that (fi(0), a(|)) forms a positively oriented orthonormal basis.
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Then pL can leave 2 n {(x, y): x > 0, y > 0} by crossing the x-axis and no other

part of the boundary.

Proof. Let

2+ -2 n {(x, y): x > 0, y > 0},

(x, x) = exp0(|(^= , ^-)), and fi(t) = (x(t), y(t)), t 6 [0, T], where T is chosen

such that n{t) e m\{2+) for all t e [0, T], Then sin(y(/x(t)) is bounded away

from 0 and x{t) is bounded above for all t € [0, T]. In particular,

x(t)csc(y(/i(t))) is bounded on [0, T).

Now consider u and v as in Eq. (3.18). By Fact 3.8 we obtain,

v(t) < x(t)cot{y(n(t)))v2.

Hence + ^ < /O'x(t)cot y{n{T))dx < oo for any t e [0, T], Thus v(t)

never changes sign in [0, T] and since v(0) < 0, v(t) < 0 for all t e [0, T].

Therefore,

y(t) < y(0) = x for all t € (0, T].

Also by Fact 3.8,

£-(u(t) + v(t)) = yx{l ~.C0S y)u+y (1 ~.C0S y)u < 0 for/e[0, T].
at x sin y y sin y

Since m(0) + f(0) = 0, it follows that

u(t) + v(t) < 0 for all t e [0, T],

Now the conditions v(t) < 0 and u(t) + v(t) < 0 for all / € (0, T] imply that the

curve n(t), (t e (0, T]) is in the triangle A, bounded by the lines

{(x, 0): 0 < x < \flx}, {(x, x) e 0 < x < x} and {(x, 2x-x): x < x < 2x}.

Since the line {(x, 2x - x): 0 < x < 2x} is in the interior of 2+ , fx does not

leave 3>+ by crossing the curve xy = | or y = n .

Moreover, the curve n does not cross the line {(x, x): 0 < x < x} for t e [0, T],

since if it does, there is a geodesic triangle contained in A the sum of whose interior

angles is greater than f . However, since the Gaussian curvature of g is equal to 1

and since the measure of A (with respect to the measure induced by g ) is less than

1, this contradicts the Gauss Bonnet theorem.

Since v(t) <0, t e [0, T], it follows that the geodesic fi ultimately leaves 2+

by crossing the x-axis.

Let 2 be the closed region bounded by the line x = y, the geodesic n , and the

positive x-axis.

We now show that we can construct a diffeomorphism of a segment of the hemi-

sphere into 2 . We introduce Gauss coordinates to do so.

Lemma 3.11. The map

¥■ Mj
defined by

if/(6, t) = expQ(?(cos 8, sin 9))

is well defined, and it is the inverse of a Gauss coordinate system on the sector 2.
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Proof. Let fi be the geodesic constructed in Lemma 3.10

Thus we wish to show that all geodesies in 3 which start radially from the origin

meet n orthogonally; i.e., that, U := {9 G [0, f]: ys{6, [0, f]) &3, y/(9, f) G //,

and §-ty/{6, f) is orthogonal to //} is all of [0, |],

Clearly | g U . Let 60 G U . Then the map t y/(60, t), t G [0, f ] is a geodesic

by definition. Also by our construction the curvature on 3 is 1 and hence for each

t0 G [0, f] there exists an isometry from a neighborhood of i//(dQ, tQ) in 3 onto an

open subset of the standard sphere. It follows from the compactness of [0, f] that

there exists an open subset V of 60 in [0, f] such that y/(V x [0, f]) is isometric

to a triangular sector around i//(dQ x [0, f]) of the standard sphere with a vertex

at the south pole and a base on the equator. Now i//(V x is mapped onto the

equator, thus V c U . Therefore U is an open subset of [0, f ]. Since U is closed

by the continuity of y/ , U = [0, f ]. In particular, y is defined and Rng(^) c 3 .

Since (//(0 x [0, §]) is a subset of the horizontal axis and y/(f x [0, f]) is along

the line x - y and ^([0, |] x f) contains /u, it follows that ^([0, |] x [0, f])

contains 3. We claim that y/ is one to one. In order to show this we use the

following fact from [Kl], Let p G M where M is a Riemannian manifold, and let

r(p) = supr€K{r > 0 such that exp: Br(0) c TpM —► M is injective } . ( r(p) is called

the injectivity radius at p .) Then expp: Br{p)(0) c TpM —> M is a diffeomorphism

onto some open set (and this is a Gauss coordinate system).

Now consider <p: Bn^2(0) —► 3 given by

<p(6, t) = exp0(?(cos 6, sin 6))

where (t, d) are polar coordinates on the disc. If (p is not one to one, then the

injectivity radius is less than or equal to f . It follows that there are 2 geodesies

r]x, rj2 in 3 eminating from the origin of the same length r(0) < | which meet.

Let the parameter t denote arclength parameterization on each geodesic. Since

exp0: 5r(0)(0) —> 3 is the inverse of a Gauss coordinate system, we have an isom-

etry from exp0(5r(0)(0)) to a southern polar cap of radius r(0) of the sphere. By

considering the isometry, we conclude that the distance d[r]{{t), rj2(t)) is increasing

with t.

But this is a contradiction since ^,(^(0)) = rj2(r{0)). Since <p is one to one it

follows that y/ is one to one. We have now seen that the injectivity radius at the

origin is greater than f and hence if/ is a diffeomorphism providing a sectorial

Gauss coordinate system.

We have now established that y/: [0, f] x [0, f] —► 3 is a bijection. Also, no

point in 3 is antipodal to the origin along any geodesic. Hence is a Gauss

coordinate system on 3 and therefore 3 can be mapped isometrically onto the

subset of S in the closed southern hemisphere bounded between longitudes 0 and

90 degrees.

By symmetry there exists an isometry from the closed southern hemisphere into 3

such that the image is contained in the interior of 3 . Since Gauss coordinates have

open domain, we can increase the domain slightly and obtain a surjective isometry

(p: W —> W such that W is an open subset of S and contains the closed southern
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hemisphere and W is an open subset of 2). Moreover, we can use the inverse of

(p: W —> K2 to construct a Tchebychev net on S2. This concludes the proof of the

Main Theorem.
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