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0. Introduction. In this paper we analyze a one-dimensional parabolic partial dif-
ferential equation which models a large number of physical phenomena. These are
phenomena which, viewed on an appropriate time-scale, exhibit a switch-like be-
haviour. For this reason we have a source term in the equation that is discontinuous
as a function of the dependent variable with a jump discontinuity.

This kind of problem was investigated by Norbury and Stuart in [1] where the
equation was derived to model a combustion problem in a porous medium. In further
papers, [4, 6, 7], Norbury and Stuart studied some mathematical aspects of such
an equation (travelling waves, steady solutions, stability, and asymptotics). In [9],
Friedman and Tzavaras proved the existence of a weak solution for the complete
system of equations proposed in [ 1 ] to describe combustion problems.

The aim of this paper is to prove a global existence theorem of a classical solution
having a "regular" free boundary, that is, a curve x = s(t) which separates the
domain in which we study the problem into two regions and through which the
source term exhibits a jump.

The problem that we study, in the standard functional space, is:

ut - (K{u)ux)x = f(u)M(u - 1) inQ,
u(x, 0) = <t>(x) in (0, 1),

t) +&ux{0, t) = g^t) in(0,r),
Wu(l, t) +3tux{\, t) = g2(t) in (0, T),

where ^ = (0, l)x(0, 7"); (s/ , 38), (£?, 3$) are either (0, 1) or (1,0).
In the problem studied by Norbury and Stuart, which will be our reference model,

u(x, t) is the temperature of a porous medium. H(*) is the Heaviside function, that
we define to be zero when its argument is nonpositive, and one otherwise.

The interface is the level set 6 = {(x, t): u(x, t) = 1}.
We look for a solution for which 6 is a regular curve x = s(t) such that ux{x, t)

and ut(x, t) are continuous across {x — s(/)}; this means that the discontinuity,
due to the presence of a discontinuous source term in the equation, appears only on
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the second derivative of u(x , t) with respect to i. A very large family of equations,
which includes this problem, was studied by Fasano and Primicerio in [2], but this
was done only in a sufficiently small interval of time [0, /0]. Instead, in this pa-
per, the result concerns two main issues: we find the existence of a regular solution
u(x, t) and we specify conditions under which we have a unique regular interface
corresponding to the solution u{x, t). This interface is global in time in the sense
that it is regular in a time interval [0, 7"] in which it does not touch the lateral
boundary {x = 0} and {x = 1}. Actually, from the theorems of this paper, we
can easily conclude that the interface 6 is locally representable by a regular curve
x = s(t) in any inner compact domain Q' c Q . As far as the regularity of the inter-
face is concerned, we prove that s{t) is Lipschitz continuous in [0, T), continuous
in [0, T] and Holder continuous in (0, T). (More generally, we prove that 6 is
locally representable by a curve x = s(t) with s(t) e Hu" in any inner compact
domain Q' c Q.)

The paper is organized as follows. In the first section we investigate the global
existence of a regular interface separating Q into two regions (u > 1; u < 1), where
u{x, t) is a solution of (0.1), for a particular determination of the pairs , 38)
and (^% 3). To get this result, we find some auxiliary estimates that are used to
solve our problem. Moreover, a quite general local existence result is obtained.

In Sec. 2 we consider a certain number of problems that can be solved using the
techniques of Sec. 1 and we give a more general local existence theorem.

Throughout the paper the notations are the same as in [3]. Moreover, with /? and
y we denote any suitable Holder exponents that we need not specify.

1. Global existence for a particular boundary condition. As a first step we consider
the following problem as a tool to prove the theorems of the following section:

ut - (K(u)ux)x = /(m)H(m - 1) in <2, (1.1)

u(x , 0) — <j>{x) in (0,1), (1.2)
ux(0,t) = h(t) in (0, T), (1.3)
ux(\,t) = k(t) in (0, T). (1.4)

We assume:
tf(w)eC2(K); K(u)>K> 0,

/(m)gC'(E); /(«) > 0 for u > 1,
/(«) grows as a linear function at infinity,

h(t), k(t) E c\[0, 71),
4>'{x) is Lipschitz continuous in [0, 1] and

4>(x) > 1 if x e [0, b), 4>{x) < 1 if x € (b, 1]
\<t>"\ <M in [0,1].
^'(0) = A(0), <j>(l) = k(0).

1.5)
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Theorem 1.1. Under the assumptions (1.5), there exists at least one function u(x, t)
such that

u(x,t), ux(x, t) e '^2(Q) for a suitable /?, (1.6)

u(x, t) e Wy' X{Q) for all q > 2 and satisfies (l.l)(a.e.), (1.2)-( 1.4).

To prove this theorem let us consider a sequence of approximating problems:

Unt-(K(Un)UnX)X = f(Un)mn(Un-1) 111 Q' (L7)

un(x,0) = <pn(x) in (0,1), (1.8)
= in (0, T), (1.9)

"»x(1.0 = fcl,(0 in(° >T)- (L1°)

Here hn(rj), kn(rj), (j>n{t]) 6 C°°(M) and they converge to their respective limits
h,k,<j> in the C'-norm; moreover, we can arrange that </>n{x) - 1 changes sign
only at b. For Hn{tj) we have

H(l)eC°°(R),
lim lie - H|L2 = 0 in K\(-£, e) V£ > 0,

n n C

lim||ei|-H||2>R = 0,

Hn(rf) is an increasing function of its argument.

Moreover, because of assumptions (1.5) it is possible to choose <j>n{x) such that

\K\<m.
Here and in the following, M will denote any constant independent of n . We

assume the system (1.7)—(1.10) satisfies the first-order compatibility conditions. The
existence of a classical solution of problem (1.7)—(1.10) follows from [3, Theorem
(7.4), p. 491] once we have applied the Kirchoff transformation:

run(x,t)
vn(x> 0 = / K(rj)dtj. (1.11)

Jo
Proposition 1.2. The following estimates hold:

max\un\< M, (1-12)

\un\(QP)<M, (1.13)

II". xx>UntK,Q<M- d-14)
Proof. The estimate (1.12) follows from [3, Theorem (7.3), p. 487] (using the Kir-

cholf transformation (1.11)). Estimates (1.13) and (1.14) follow from [3, Theorem
(1.1), p. 419; Theorem (3.1), p. 437], Although these theorems give an estimate in
an inner domain of the form (e, 1 - e) x (0, T), we can overcome this difficulty
in the following way. We reflect the domain Q with respect to x = 0 and x = 1 ,
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respectively. Then we apply the previous theorems to the two parabolic problems
satisfied by the functions

vn{x,t) = vn(x,t) if x e [0, 1], vn(x,t) = v(-x,t) if* e [-1,0),
and

w„(x, t) - wn{x, t) ifxe[0, 1], w(x, t) = Wn(2 - x, t) if a* G (1, 2],
where

vn(x> 0 = "„(*» t)-xhn(t), Wn{x, t) = un(x, t)-( 1 -x)kn(t).

Thus we get the estimates up to the boundary.
Proof of Theorem 1.1. Let un(x, t) be the solution of problem (1.7)—(1.10). The

estimates (1.12)—(1.14) are independent of n, and we can extract a subsequence
from {un}, that we denote again by {un}, which converges in the following sense:

C° ttPJ/2 ■ C° ^ uPJ/2 ■ ~7\un —* u G H in Q, unx —> Ux£ HH m Q,

unxx^un,^uxx'u, inC'

(here and in the following w-L~ denotes weak convergence in L,).
Applying to (1.1)—(1.4) Theorem (9.1) on p. 341 of [3], we get that u(x, t) e

Wq'[(Q) Vq . Rigorously speaking, it is not immediately clear that

1)-=^H(«-1).

However, we can easily obtain that

Mn(un-l)^<S>(x,t), <D(a,/)gLoo(0)

with 0(a , t) = 1 if u{x, t) > 1 ; 0(a , t) = 0 if u(x , t) < 1 , and 0 < 3>(a , t) < 1
in 6 := {(x, ;) e 2: u(x, t) = 1}. However, it can be proved that either meas© = 0
or 0(x, t) = 0 a.e. in 6 . In fact, using Lemma A.4 on p. 53 of [8], since ux(x, t)
and ut(x, t) are in L2(Q), we get ux{x, t) = ut{x, t) = 0 a.e. in 6 . At this
point, still applying Lemma A.4 on p. 53 of [8], to the function ux(x, 1) (remember
that because of Fubini's Lemma, uxx{x, 7) e L?((0, 1)) for almost every 1), we get
uxx(a , 1) = 0 in 6n{( = ?}. Hence uxx(x, t) = 0 a.e. in 6 . Since ut - uxx = <t>
a.e. in Q , we have that <P(a , t) = 0 a.e. in 6 ; then <I> = H(m- 1) and this completes
the proof.

This implies the existence of a solution u(a, t) for the system (1.1)—(1.4).

Theorem 1.3. Under the assumptions (1.5), if

h(t) < d < 0, k(t) < S < 0, <j>\x)<8< 0,V ) _ , - , V V ) - (1 15)

K(u)> 0, / (m) > 0;
then

ux{x, t) < 5 < 0 in Q, (116)

ut(x,t)eHP-l,l\Q), (1.17)

Iut(x, 01 < M in Q. (1-18)
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Proof. We consider again the approximating problems (1.7)—(1.10), selecting data
so that they satisfy inequalities of the same kind as (1.15) uniformly in n . Let us set
wn(x, t) = vnx(x, t) where v (x, t) is defined by (1.11). The function w (x, t)
satisfies the following system of equations:

Wnt-^Vn)Wnxx-K\vn)Wnwnx = {f{v„)%[?!n)K{vn))'Wn in Q,

wn(x, 0) = K{vn(x, 0))(p'n{x) < 8 < 0 in (0, 1),

w„{0, t) = K{vn{0, t))hn(t) < 8 < 0 in (0, T),

wn(l,t) = K(vn(l,t))kn(t)<S<0 in (0, T),
where the prime in the right side of the parabolic equation denotes differentation
with respect to vn. Here K(vJ = K{un(vn)) and f{vn) = f{un(vn)) (where un{vn)
is the inverse function of (1.11)).

It is easy to verify that, because of the assumptions, A (?/) and f\t]) are non-
negative. Then, from the maximum principle, we see that wn(x, t) < 0 on Q.
Regarding (f{vn)Mn{vn)K(vn))'wn as a nonpositive source term and applying the
strong maximum principle, we get:

u„r(x,t)<M<0 on Q,
with M a suitable negative constant independent of n.

Let us now prove the Holder continuity of unt. The first step is to prove that

sup|M„,(.x, ?)| < M. (1-20)
Q

Let zn(x, t) = unt(x, t). zn(x, t) satisfies the following equations:

znt~ (K(un)znx - K'(Un)znunx)x - (f\ + fm'n)zn = 0,

Zn(x, 0) = (A'(0„(x))^(x))' + Wn{<t>n - 1).
We prove now that the assumptions of Theorem (8.1) on p. 192 of [3] are satisfied.
This will imply the estimate (1.20). Because of (1.12)—(1.14), we need only to prove
that

\\f'(un)Mn(un - l) + f(un)M'n(un - l)||fl>r0 < M,
with q = 1 and suitable r (r ± oo). We have

II f\ + /<!ll,r,0 = { [ ([ l/X + fK\^

~{io (i) ^'Mn\dx + J0 •

Now we multiply and divide H'n by unx and use (1.12), (1.19) to obtain

\\fX+f<\\x,r,Q<{[ d'}
r j \ I It

L (c'+c)f<11 (c, + o' dt i < cr1/r.
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This allows us to get an estimate for |zj in any inner domain of Q .
At this point, by means of the same arguments (reflection with respect to {x = 0}

and {x = 1}) used to prove the estimates (1.13)—(1.14) and again using Theorem
(8.1) on p. 192 of [3], we obtain (1.20) (remember that zn is bounded independently
of n on the parabolic boundary of Q). Using estimate (1.20) and Theorem (10.1)
on p. 204 of [3] we get that, Ve :

\unl(x, t)\{^ < M(Q') in Q', uniformly on n , (1-22)

where Q' is of the form Q' = [e, 1 -e] x [e, T]. Eventually, using the same argument
used to prove Theorem 1.1 (convergence of a subsequence {unk} c {un} to a solution
u of our problem), we get (1.16)—(1.18).

Theorem 1.4. Under the assumptions (1.5) and (1.15) there exists a solution to
problem (1.1)—(1.4) such that

u{x , t), ux(x , t) e H^'^2(Q), ut(x, t) e H^'^2(Q), for a suitable /? e (0, 1),
s(t) € Hl+y((0, r]), for a suitable y € (0, 1), s(t) is Lipschitz continuous in

[0, T], where u(s(t), t) — 1 with t e [0, T].
(Here and in the following sections when we write that s(t) e H]+7((0, T]),

Vr > 0, we mean that this is true whilst the problem is really a two-phase problem;
that is, if V7 e [0, T], none of the two sets {x e [0, 1]; u(x ,1) > 1}, {x e
[0, 1 ]; u(x, 7) < 1} is void.)

More generally, the theorem implies that the interface 6 is locally representable
by a curve x = s(t) e Hl+y in any inner compact domain Q' c Q. This result holds
true for all the theorems below and therefore it will not be stated again.

Proof. Using Theorem 1.1 and estimates (1.16)—(1.18), and by means of the in-
verse function theorem, we get that the level set {(x, t) e Q: u{x, t) = 1} can be rep-
resented by a function of the form x = s(t) for t e [0, T] with s(t) e Hl+r{(0, T])
for a suitable y and s(t) Lipschitz continuous in [0, T]. We stress the fact that,
for the existence of this curve the condition ux{x, t) < S < 0 on Q is crucial. At
this point the other estimates of Theorem 1.4 follow from Theorems 1.1 and 1.3.

Clearly only one curve starts from {/ = 0} because, from the assumptions (1.5)
and (1.15), there is only one b such that (f>(b) = 1 . Moreover, if a 1 exists such
that s(t) — 0 or s(i) — 1 , then the curve s(t) can start again only from the axis
{x = 0} or {x = 1}, respectively. We can derive this from Hopfs theorem. Using
again Hopfs theorem we get that no other level curve u = 1 can start from the axes
x = 0 and x = 1 while the curve from (b, 0) is still present. This implies that
until there is a region {u > 1} and a region {u< 1}, there exists a curve s(t) that
separates the two regions and the curve is unique in the sense that for any t = t0 a
unique point x0 exists such that u > 1 in 0 < x < x0, u < 1 in x0 < x < 1, and
*o = ^o) •

Remark 1.1. It is easy to observe that we can drop all the assumptions (1.15) if
we are interested in a local existence theorem. For the sake of simplicity we assume
that there exists a unique b such that <f>(b) — 1 and 4>\b) < 0 (the last condition is
quite natural because we need <j> {b) / 0 if we want to have a classical solution up
to {t - 0}).
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First we can prove the existence of a weak solution as in Theorem 1.1. Then using
the Holder continuity of ux(x, t), we get ux(x, t) <S < 0 on (b -e, b + e) x (0, t)
for suitable 3, e , and r . At this point we can proceed as in Theorem 1.1, obtaining
the existence of a regular interface in (b - e, b + e) x (0, t) , eventually proving
the local existence theorem. We observe that this local existence theorem is rather
general, because it allows us to make only standard assumptions on the regularity on
the boundary data and on the coefficients of the equation, the stronger assumptions
being made only for <j>{x) in the vicinity of x — b .

2. Other cases of global existence. Let us now deal in more detail with the problem
with no flux boundary condition at x = 0 , i.e.,

ut-{K(u)ux)x = f(u)M{u- 1) in Q, (2.1)

u(x, 0) = (f>{x) in (0,1), (2.2)
ux(0,i) = 0 in (0, T), (2.3)
w(l, t) = h(t) in(0,r), (2.4)

with
4>{b)± 0; <t>\x) < 0 Vxe(0, 1),

h(t)< 1, h\t)< 0, (2.5)
K'(r,)> 0, f\rj)> 0.

Let the assumptions on the regularity on </>(x), K(rj), and f(rj) be the same as in
Theorem (1.1). Here, as before, T is the largest interval in which the problem is
really a two-phase problem.

Theorem 2.1. Under the assumptions (1.5) and (2.5) there exists a solution of (2.1)-
(2.4) with the same properties listed in Theorem 1.4 such that s(t) e Hl+y({0, T)),
s(t) is Lipschitz continuous in a neighbourhood of x — b, t = 0, and s{t) is
continuous in [0, T].

As in Sec. 1 we write down an approximating system of the form

Un, ~ (*(Un)Unx)x = ~ in Q ' (2*6)

un(x, 0) = <j>n{x) in (0,1), (2.7)
= W in (0, T), (2.8)

un(\, t) = hn(t) in (0, T), (2.9)

with 4>'n(x) < 0, (j>n(b) = 1, 4>'n(b) > 5 > 0, h'n{t) < 0, and ln(t) < 0, converging to
zero uniformly. Moreover, the assumptions on the approximating system in Sec. 1
are still satisfied. To prove Theorem 2.1 we will use Propositions 2.2, 2.3, and 2.4.

Proposition 2.2. Under the assumptions (1.5), the problem (2.1)—(2.4) admits at
least one weak solution u(x, t) such that u(x, t), ux{x, t) e (Q) for a suit-
able /?; u(x , t) e tV2'l(Q) for all q> 2.
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Proof. We consider the system of equations satisfied by functions v„(x, t) de-
fined in [-1 , 1] x [0, T], which is equal to vn(x, t) in [0, 1] and to vn(-x, t) in
[-1,0], where vn(x, t) = un(x, t)-xln{t). Then we apply Theorem (6.1) on p. 457
of [3] which gives us the existence of a regular solution of such a system and hence
the existence of a regular solution of system (2.6)-(2.9). Moreover, from Theorem
(2.2) on p. 428 of [3] we have max\unx\ < M.

From Lemma (3.1) on p. 535 and Theorem (4.1) on p. 443 of [3] we obtain

As in the proof of Theorem 1.1 we can now extract a subsequence {uk} that con-
verges to a function u(x , t) which is a solution of (2.1 )-(2.4) and which satisfies the
properties we need.

Proposition 2.3. Under the assumptions (2.5) and (1.5), the solution u(x, t) of
problem (2.1)—(2.4) is such that

uxix> t) < S(e) < 0 in (e, 1) x (e, T) Ve > 0, (2.10)

\ut\(^<M(e) in (e, 1) x (e, T) Ve > 0, (2.11)

with <5(e) and M(e) independent of n .
Proof. Let us observe that unx{ \ , t) < <5, < 0 V/ e (0, T), with <5, independent

of n . In fact, because of the assumptions on the boundary data, in (0, 1) x (0, 7),
u(x , t) takes its minimum at (1,7), then by Hopf s theorem we get the result. Using
the strong maximum principle, as in Theorem 1.3, we get

unx(x' ?) - ^(£) < 0 in [e, 1] x [e, T] Ve > 0, (2.12)

uniformly on n and hence (2.10) is obtained. At this point, proceeding as in Sec. 1
and using (2.12) we get

\unt\m < M(e) in (e, 1) x (e, T) Ve > 0,

with M(e) independent of n . Now this implies that we can choose the subsequence
{uk} of the proof of Theorem 2.2 such that

ukt-^u,eHfi'p,2([e,l]x[e,T]) Ve.

(This can be done using diagonal sequence.)

Proposition 2.4. Under the assumptions (1.5) and (2.5) there exist two positive
constants e and r such that in the rectangle [b - e/2, b + e/2] x [0, r], ut(x, t) is
bounded and ux(x, t) < d2 < 0.

c' /Proof. Since <f>n ——> 0, for some e > 0 we have <j>n{x) < 5^ < 0 in [^-e, b + s].
Using the uniform Holder continuity of unx, we get that an analogous result is true
in [b — e, b + e] x [0, t] for a suitable t , so, following the path of the proof in Sec.
1, we get the uniform boundedness of unt in [b-i/2, b + i/2] x [0, r]. This implies
that \ut\ < M in [b - e/2 , b + e/2] x [0, r].

Let us now return to Theorem 2.1.
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Proof of Theorem 2.1. Using Propositions 2.2, 2.3, 2.4, we get that the solution of
the approximating problem converges to a function u(x, t) that satisfies the prop-
erties we are looking for. Moreover, as done in Sec. 1 (Theorem 1.4), we get that a
regular interface x = s(t) for our solution exists such that s(t) e Hy((0, T)) for a
suitable y € (0, 1) and s(t) is Lipschitz continuous in a neighbourhood of x = b,
t — 0. Moreover, s(t) is continuous in [0, T]. In fact, if limsup^^Z) = L with
L > 0, we have, because of the continuity, that u(L, T) — 1 and this contradicts
ux(x, t) < 0 in (0, 1) x (0, T].

From the proofs of Theorems (1.4) and (2.1) we see that the crucial point in our
global existence theorems for the interface is an estimate of the sign of ux(x, t) on
the lateral boundary x = 0, x = 1 .

For these reasons, still using an approximating system, it is not difficult to prove
that analogous theorems are true for the problems

ut — (K(u)ux)x = f(u)M(u — 1) in (9,
u(x, 0) = 4>(x) in (0, 1),

with the boundary conditions

u(0,t) = g1(t) in (0,7), u(l,t) = g2(t) in (0, T), (A)

with
g[(t) > max|/|, g'2(t)<0.

(Here and below we assume, for the sake of simplicity, that is bounded.)

"v(0, o = g,(0 < o in(0,r), ,
u(l,t) = g2(t) in (0, T) 2 ~

u(0,t) = gi(t) in (0, 7"),
ux(l,t) = g2(t)<0 in (0, T)  51

ux(0, t) = g{(t) < 0 in(0,r),

with g\(t) > max|/|. (C)

(D)ux{l,t) = g2( 0<° in (0, T).
The assumptions on the coefficients of the equation, on the boundary data, and on
<f>(x) are the same as the previous theorems (see for example (1.5), (1.15), (2.5)).
At this point, by means of the maximum principle and Hopf s theorem, it is easy
to prove that in all the previous cases ux(0, /) < 0, ux{ 1 , t) < 0, and then we can
proceed as in Theorem 2.1.

We can summarize the results above in the following statement.

Theorem 2.5. Consider the following equations:

ut - {K(u)ux)x - /(m)H(m - 1) in £>, u(x, 0) = 4>(x) in (0,1), (P)

+ boundary conditions on x = 0, x = 1,

under the assumptions: K{tj) e C2(R), f{r])e C'(K), K'(tj) > 0, f\t]) > 0 ; <j>'(x)
is Lipschitz continuous in [0, 1]; <j>'(x) < 0; (j>{b) = 1 ; (f)'(b) < 0; and \4>"\ < M
in [0, 1]. Assume that an approximating system (Pn) of (P) as in Theorem 1.1
exists such that u'n(x, 0) = ^(x) < 0, <t>'n(b) < S < 0, (j>n(b) =1 V«, and such
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that a weak solution un of (Pn) exists for which ||w„||2 Q < M, \uJ~q < M,

\unJ~Q < M and moreover unx(0, t) < 0, unx{ 1, t) < 0; then a solution (u, s) of
problem (P) exists with the same properties as in Theorem 2.1.

The proof of this theorem follows the same pattern as the one of Theorem 2.1
with some minor technical differences.

By means of Theorem 2.5 we can deal with a slightly more general case than (A),
(B), (C), (D). For example, we can consider the boundary conditions «x(0, t) =
K(u, t); ux{ \, t) — K{u, t) with K < 0 ; K < 0, sufficiently "regular".

Remark 2.1. Theorems on the existence of a solution u(x, t) having a "regular"
interface, for all the systems of equations considered so far, are valid also if <j> (b) - 0
(b is still the unique point in which (f>(b) = 1). The assumptions on the boundary
conditions and on the coefficients are the same as the previous cases. In fact once we
have written down an approximate system as in Theorem 1.1 whose solution un(x, t)
satisfies estimates of the form

\\UnWl,Q - M> \Unx\<2 -M,

we can proceed as in Theorem 2.1, obtaining

unx(x > 0 - ^(£) < 0 in Q' Ve>0, \un^Q' - M{e) Ve>0,

where
Q' = [e, 1 - e] x [e, T],

with d{e) and M(e) independent of n. This implies the existence of a solution
u(x, t) for the original system such that

ux{x, t) < 5(e) < 0 in Q' Ve > 0, \u^q) <M{e),

and then the set © = {(x, t) e Q: u(x, t) = 1} is representable as a regular curve
s(t) 6 //'+},((0, T]), for a suitable y e (0, 1). As t goes to zero we have that s(t)
goes to b . In fact if a sequence {?n} exists such that s(tn) goes to x0 ± b we get,
because of the continuity of u(x, t), u(x0, 0) = 1 and so <j>(x) =1 Vx 6 (xQ , b)
or (b, jcq) and this is against our assumptions. So, by the technique of Theorem
1.1 and Theorem 2.1, we have proved also in this case the existence of an interface
s(t) e //1+y((0, T]) n C°([0, T]) (\/r for which we have a two-phase problem in
[0, 1] x [0, 71).

Remark 2.2. As in Remark 1.1, we can drop all the assumptions on the sign of
K-'iri), f\yl), and on the boundary conditions (only keeping <j> (b) # 0) if we
want just local existence. The same can be done when <f>'(b) = 0 and 4> (x) < 0
in [b - e, b) U (b, b + e] but in this case we still need the assumptions K'(tj) > 0,
f\n)> o.

In conclusion, we see that if we have a problem that can be treated as a free
boundary problem because of the discontinuity on the source term, it can be useful
to solve it simply by looking for a weak solution and regularizing it up to a point
such that we can apply the inverse function theorem. For the problems solved in
this paper, this technique allows us to get global results on the existence of the free
boundary. Moreover, this technique gives a very simple way to get a local existence
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theorem for a solution having a regular free boundary under very general assumptions
on the coefficients and on the boundary data.
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