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Abstract. This paper discusses the finite time blow-up of the amplitude of accel-
eration waves in the case of heat propagation in one-dimensional rigid and elastic
bodies. In both cases dissipation is not strong enough to preserve the smoothness of
the solutions whose initial data is far from equilibrium.

1. Introduction. Under suitable assumptions on the constitutive relations, the
equations of isothermal nonlinear elasticity are of hyperbolic type. This fact can
lead to the formation of shocks; that is, the velocity and deformation gradient be-
come discontinuous, and for smooth data the Cauchy problem does not have a global
smooth solution (Lax [9]). This strong effect of elastic nonlinearity is due to the
fact that there is no dissipation. Many kinds of dissipation, e.g., Dafermos [5], will
produce stabilizing phenomena. Such a stabilizing role is played, for example, 'by
heat diffusion. This can be detected by investigating the evolution of the amplitude
of acceleration waves along characteristics. Coleman and Gurtin [3, 4] first showed,
for inelastic materials with memory, how the amplitude of the waves can approach
infinity in finite time.

For a one-dimensional thermoelastic material with heat flux given by Fourier’s law,
the amplitude of the acceleration waves satisfies a Bernoulli equation, which stays
bounded in time only for small initial data (Dafermos [5]). Indeed, Slemrod in [10]
proved an existence theorem in thermoelasticity for smooth and small initial data,
and Dafermos and Hsiao in [6] showed that, for the /arge smooth data, solutions of
thermoelasticity develop discontinuities in finite time.

In the present paper, the Fourier law modification due to Kosinski [8] has been
used and finite speed of heat propagation obtained. The Fourier law for heat flux was
modified in a number of papers, for example, by including the time derivative of the
heat flux accompanied by a thermal relaxation time (Chester [1]). Another approach
is used by Gurtin and Pipkin [7], for rigid conductors, where the constitutive relations
are in the form of functionals over the temperature history. An advantage of the
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current approach is in retaining proportionality between heat flux and a form of
temperature gradient.

Based on the work by Kosinski [8], we examine the concept of a new temperature
scale S, which is related to the absolute temperature ¥ by the initial value problem

B,=1,8), )
B(ty) = By, B €(0,00).
Instead of the classical proportionality equation for the heat flux q = —kAV3Y, we
assume that
q=dV§g, (1.2)

where d, in general, is a function of the deformation F and absolute temperature
9.

Constitutive equations for a nonlinear thermoelastic material, with reference mass
density p,, form a set of equations for the following quantities: the Helmholtz free
energy v , specific entropy 7, Piola-Kirchhoff stress tensor T, the heat flux q in
terms of the deformation gradient F, the temperature ¥ > 0, temperature gradient
V3, and the new temperature S, where

y=y(F,5,Vp),
”=ﬁ(F9197VB):_819([/(F’ﬂsvﬂ)’ (13)

~

I, = K—(F, ﬁavﬂ)zpan(/}(F’197vﬂ)’

K
and
q=dVp.
Equations (1.3) and (1.1), together, describe the property of the material and state
the constitutive relations. Equations (1.3) are compatible with the second law of
thermodynamics (there is no dependence of V& in (1.3),-(1.3),), which is reduced
to the following inequality describing the internal dissipation:

. 1
—poavﬂwaB’,—gq'VﬁzO, (1.4)

where by Eq. (1.1),
VB, =(‘)19sz9+(’)va/3.

Using Eqgs. (1.4) and (1.2), Kosinski in [8] provides an explicit function f such that
the Maxwell-Vernotte-Cattaneo equation holds:

1q ,+q=—kV9. (1.5)

Here 1 is a thermal relaxation time-valued function. We assume (cf. Kosinski [8])
that the free energy function  is given by

W(F, 9, VB) =g, (F,0)+16(Vp), (1.6)

where €, = k;7,/(p,¥,) and 7, and k, are characteristic material constants rep-
resenting the relaxation time and the thermal conductivity at d,. The additional
assumption that d = const = k0 is made.
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On using Egs. (1.1), (1.2), and (1.5), the following results hold (Kosinski [8]):

k = —tky0,f, 1= —raﬁf, (1.7)
70/ (8, B) = B, log(8y/9) + f,(B), (1.8)
where
. fé)(ﬂ)=‘tof(l90a :8)
Motivated by relations (1.7) and (1.8), we will investigate three types of function
fo(B) proposed in [8]:
& . () =1,, then k(8, B) = kyd,0”", and

foB)=—(B = By); (1.9)
B 1(B)=1,89,", then k(8, B) = k,f0”", and
fy(B) = By log(B, ™) (1.10)
%: 1(B) =1,0,8"", then k(3, B) = k,05(8)”", and
fo(B) = ~305" (B~ ). (1.11)

2. Derivation and hyperbolicity of the heat equation. If we neglect mechanical
coupling (i.e., assuming the material is rigid) energy balance takes the form (Kosinski

(81 .
T
Pocy®  + 3_0W VB +kgAB = pyr. (2.1)
0

Here ¢, = 99,1 > 0 is the specific heat at constant volume and ¢, is a function of
¥ only, as a result of assumption (1.6) concerning the energy function, and r is the
body heat supply.

The temperature ¥ can be expressed as a function of g, and B using Egs. (1.1)
and (1.8), particularly,

l9=ﬁoexp{l9io(ﬂ)(ﬁ)—105_,)}; (2.2)

thus, |
D, = exp {5(—)%(10 0.0} (o B0 B (2.3)

Therefore from Eq. (2.1) we obtain a second-order partial differential equation for
B of the form

~C(B, B )B ,+bVB-VB +alB+H(B, B )= pByr- (2.4)

Equation (2.4) is a second-order hyperbolic equation and locally has smooth solutions
(Cimmelli and Kosinski [2]).
Before we explain the coefficients in this equation, let us introduce new indepen-
dent variables
B, ,=w,

2.5
—— (2.5)
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which lead us to a quasilinear system replacing Eq. (2.4)
-C(B,w)yw +bp-Vw+aV-p+H(B, w) = pyd,r,
B, =w, (2.6)
P, - Vw =0.
The coefficients in system (2.6) are
CB,w)= poroﬁcv(ﬂ) >
H(B s ’U)) = pOﬂCV(ﬂ)f(‘)ﬂ(ﬂ)w ’

2.7
a=kyb,, 27)
b=k,
and, by Eq. (2.2),
z9=z9(ﬁ,w)=l90exp{l9io(f0(ﬂ)—row)}. (2.8)

Note that by Egs. (2.7), and (2.7),
TH(B, w)=CB, w)fy (Bw. (2.9)

This system is hyperbolic, i.e., all eigenvalues are real, and the corresponding set of
five eigenvectors are linearly independent for all orientations of the wave normal n.
Routine calculations lead to the following equation for the eigenvalues A :

A(CP+ibp-n—a)=0. (2.10)

These eigenvalues are real if a/c >0 (i.e., k,0,/(p,7,0,¢,) > 0), and
1/2
b b’ 2. a
Al—‘fl"“—(rcz(p’n) +6) )

2 1/2 2.11
/1z=—5%p~n+<z%—2—(p-n)2+%) . e
Ay=A,=4;=0.
Note that in the limit case, when 7, — 0 and (dc¢),) is finite, 4, = —oc and 4, — c0.
The corresponding five eigenvectors y, are
A=y, =(0,-4,,n),
Ay — v,=(0,-4,,n),
Ay — y3=(1,0,a,), (2.12)
Ay —v,=(1,0,a,),
Ay — ys=1(1,0,a,),

where
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If 7, =0 and (dc¢,) is finite, then for all cases &/ , Z, and & (see Eqgs. (1.9),
(1.10), and (1.11)), t(B) = 0, and also the constant in Eq. (1.6), é = 0. As a
consequence, Eq. (2.1) reduces to

PoCy 8+ kAB = pyr. (2.13)
Comparing formula (1.5) where 7 =0 with Eq. (1.3),, we find
VB = —{—Vﬂ. (2.14)

0
From the evolution Eq. (1.1) and Eq. (1.8) for 7 = 0, the following relation holds:

ﬂolog%=ﬁ)(ﬁ). (2.15)

By Eq. (2.15) we can express S as a function of ¢, and using Eq. (2.14), deduce

that
1

A,B:——V~(le9)=——1—(Vk~V19+kAz9), (2.16)
ko ko
where k£ = k(9, B(9)).
We can now replace Eq. (2.13) by the following equation in terms of ¢ alone:

dk
Pocy B, — %(W)Z — kAS = p,r, (2.17)

which is a nonlinear parabolic equation. Thus the case 7 = 0 reduces to a regular
Fourier law.

3. Amplitude of the acceleration wave (rigid material). In this section we will con-
sider the propagation of the heat waves in a one-dimensional, homogeneous rigid
body. Then system (2.6) takes the form (for r = 0)

-C(B,wyw ,+bpw  +ap +H(S,w)=0,
B,~w=0, (3.1)
p,~w =0,

where the constants b and a and the functions C(f, w) and H(f, w) are given
by Eqgs. (2.7).

Our aim is to show that as the amplitude of the acceleration waves evolves, it
blows up in finite time. This contrasts the classical assumption that involves Fourier’s
law, when the heat equation is of parabolic type, yielding smooth solutions in rigid
conductors.

The one-dimensional acceleration wave is a smooth curve x = ¢(¢), with speed
of propagation

s(t) =9(1), (3.2)

across which S, w, and p are continuous functions, but their derivatives are not,
i.e., the jumps of the following derivatives are not zero:

[w 1#0, [p]#0; (3.3)
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but since g, =w,

B 1=0 (3.4)
and
[w]=[B]=[p]=0. (3.5)
Calculating directional derivatives along the wave, defined by
d 0 3}
21'7 = 5; + 55; y (36)
for [B], [w], and [p], the following relations hold:
(B,1=0, [w  ]1#0, lp J#0. (3.7)

If we use Egs. (3.3), (3.4), and (3.5) with Eq. (2.3) we can observe that ¥ ; and 9 |
are discontinuous across the wave, particularly,

(9. = = ryexp { 5 UG8 - tqu) b )
1 0 (3.8)
©.]= 118},

Evaluating system (3.1) across the wave, remembering Eqgs. (3.3), (3.4), and (3.5),

we find .
-C'w J+bp'w J+alp 1=0,

(3.9)
P J-[w, =0,
where C* = C(p*, w*) and w*, g%, p" arethe valuesof w, B, p for x = ¢(1).
(Note that w, B, and p are continuous, i.e., wr =w™, p* =p~, " =57.)
According to Eq. (3.6)
1 1 1

[P‘X]=—§[P,,]=—§[w,x]=s-;[’w,,]» (3.10)

and the following equation for nonzero s results:
Ct's"+bpts—a=0. (3.11)

Next we assume that the wave is propagating into a material that is in a state of rest,
that 1s,
B(x,t)=p" =const>0,
pix,)=p" =0, (3.12)
w(x,t)= w =0
for ¢(t) < x. In this case C* = C(B", 0) and
2_ a ko,

s" = — =const =

—_— 3.13
ct PoTod ¢} (3:13)

Let
a(t) =[w (1) (3.14)

be the amplitude of the acceleration wave. The amplitude evolves in time along
the acceleration wave x = ¢(¢) according to a first-order differential equation. In
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order to derive this equation, we differentiate the system (3.1) with respect to ¢ and
evaluate it at the wave

2
-C'w _,]- C" [w’ ]+ blp w J+alp J+H [w ]=0. (3.15)

The symbol “ + ” means that the functions C and H and their derivatives C , and

H , are evaluated at w" =0, B =const.
Using the relation
d . 2
ZE[w’t]z[w,"]—s[w‘x]—s (w ] (3.16)

and the constant speed of propagation (3.13), together with Eq. (3.10), we can rewrite
Eq. (3.15) first as

~C*w - Chfw FP+blp Jw J+alp J+H ' [w ]=0 (3.17)
and then as the following differential equation for o:
d 1 (b ), HY,
Ok A T2 (3.18)

Equation (3.18) can be simplified into a form suitable for discussion. To do so we
recall formula (3.13) for the speed s, notation (2.7), relations (1.7),, (1.8), (2.8),
and (2.9) and then calculate that

+ + o+ TOC+
©WH ,=C fyg=———"F">
TT (3.19)
+ + qF + qF
C,=Cu0,= —EQC’ﬁﬁ ,
0
where by Eq. (2.8)
o =dyen{ A} =), (3.20)
0
and .
0, = ——19—219.
Combining Egs. (3.19) and (3.20) with Eq. (3.18) gives
2 I
7;% Mo +m_‘c0a_0' (3.21)
Here n and m do not depend on 7, and
+ +
1 (¢ 40
= — - +1]. 3.22
) ( 2cy ) 322
Also (see Egs. (1.9), (1.10), and (1.11))
1 in case & ,
n 9, i B 2
5 = B7/9, incase Z, (3.23)

9,/B" incase @.
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Equation (3.21) is of Bernoulli type, which, for m > 0, has the property that the
solution «(#) blows up to +oo or —oc in finite time ¢,, if the initial condition
a, = a(0) satisfies the inequality

|
—-nt — <0 3.24
0% T mt, (3.24)
and ,
mna,T
t, = mtylog—3-0—.
mnayt; — 1
It is easy to verify that ¢, is a decreasing function of 7 for fixed «,. The magnitude
of the relaxing time 7, in Eq. (3.21) governs which effects dominate in the behaviour
of a(t). Small 7, plays a stabilizing role and prevents «(f) from breaking up, while
large 7, asserts that the time ¢, is short.
Let us note two limit cases: first as 7, — oo, and the second as 7, — 0. If

7, — oo, then s> -0 and t, — 0, and then disturbances do not propagate; «(t)
blows up instantly. If 7, — 0, then st o oc, t; —oc,and «a(t) — 0 as 1 — >,
which is the case corresponding to the Fourier law.

From Eq. (3.24) it follows, in the case %/ , for example, that

nt > —2
«a .
00 T

The relaxation time is of order 10™'° for most materials; hence, the last inequality
will be satisfied for o, being of order 10%°, which means that in most situations of
physical interest blow-up will not occur. A similar observation is true for the cases
Z and % .

4. Thermoelastic material. In this section we will consider a one-dimensional ther-
moelastic material whose mechanical and thermal properties are described by the
constitutive equations (1.3) with d = k;, and Eqgs. (1.1) together with Egs. (1.7)-
(1.11). If v and © (or v ,) denote the particle velocity and the acceleration, then
with vanishing body force and heat supply, the balance laws for linear momentum
and energy reduce to

pv‘,—TK‘=O (4.1)
and
pole +3v%) (T, —q) ,=0. (4.2)
Here ¢ is the interval energy and ¢ = w + nd. The compatibility condition is
F —-v =0, (4.3)

t X

the constitutive equation for g (cf. Eq. (1.2)) is
q = kOB..\‘ s (44)

and the evolution equation for g is (1.1), with f(3, B) given by (1.8). We can now
write the basic system of equations for the one-dimensional thermoelastic body in
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the form
v, = Tp(F, ﬂ,w)F’x+B(F, ﬂ,w)wyx—G(F,B,w,p)zo,
F,-v, =0,
B,—w=0, (4.5)
-C(F, B, w)w ,+D(F, B, w)v ,+bpw  +ap +H(F,B,w)=0,
p’,—w’x=0.

The unknown functions are (v, F, B, w, p), where (cf. Eq. (2.5)) w = B,
p=§,,and

Te(F, B, w)=Tp(F,8)=0pp9,(F,0),

Ty(F, f,w) = Ty(F, 8) = 044, (F, 9),

B(F, B, w) = L0T,(F,9),
0

C(F,B,w)= pOTOﬁCV(F, ),
¢, (F, 9) = 00,5 = —08,,,(F , 9), (4.6)
D(Fa B» 'lU) = - poﬂoﬂTg(Fa 29)7
155

G(F’ B’ w’p) = ﬁ_OTﬁ(F’ ﬂ)fo,ﬂ(ﬂ)p,

H(Fa ﬂ7 'UJ) = poﬁcl/(F’ ﬂ)f(‘),ﬂ(ﬂ)w ’
a=kyb,,
b =kyt,,

and
|
0= 008 w) = dyexp { 5-(4(4) - row)} .
0

Note that Egs. (4.6) imply

tOGzBf()J}p,
ToH=Cfo,/;w’
B = _LD (4.7)
2 b
Po%
cy = —ﬁTﬁ’ﬁ.

F

Similarly, as for the rigid conductor, we will consider the one-dimensional accel-
eration wave x = ¢(t), across which each of the functions (v, F, #, w, p) are
continuous, i.e.,

[vl=[F]=[B]l=[w]l=[p]=0, (4.8)
but the derivatives are not, namely,
[v 1#0, [F,1#0, lp 1#0, (4.9)

except for the derivative 8 ,, [8 ,1=0 by Eq. (4.5),.
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There are two amplitudes,
a(t) = [wy,](z) and 4(t) = [v )(1). (4.10)

Evaluating the system (4.5) across the wave (assuming that the coefficients are con-
tinuous), and since by Eqgs. (3.6) and (4.8)

1 1
[U,X]—__—Ed’ [wvx]=—§a,
1 1
[FJ]:_Eéa [p‘tlz_gaa (4'11)
1 1
URERTE P .= e,

we find
(s°=T7)6 — BYsa =0,

. L . (4.12)
-D's6+(a—-C's"=bp s)a=0.
The nonzero speeds of the wave satisfy the equation
~C*s*—bp*s’ +(a+ TS C* -~ B*'D")s* + TS bp*s —aT; = 0. (4.13)

As previously, we assume that the fastest wave is moving into the body that has been
in a state of rest, i.e., for ¢(¢) < x
ﬂ(x,t)=ﬂ+=const, F(x,t)= F" = const,
p(x,)=p" =0, v(x,)=v"=0, (4.14)
wx,)=w" =0.

In this simplified case, the first wave has a constant speed of propagation s, such
that

(s; - Tf)a—C's})=B'D*s: <0 (4.15)

and

2 1/2
a B*D* aTy
(6¢+T;- = ) —4Cf] . (4.16)

We are assuming that 7, >0 and ¢, > 0.
For 7, # 0, Eq. (4.12) gives the relation between the amplitudes J and a:

Bs, a- C“Ls,2
= .

0 = a =
st —TF Ds,

(4.17)
Next we derive the equation that describes the behaviour of the amplitude a or ¢
along the wave with speed sf‘. As was done in the case of the rigid conductor, we
differentiate each equation in system (4.5) with respect to ¢ and then take the jump
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across the wave. To do so, first we recall assumptions (4.8) and (4.9) and relations
(4.11); then (cf. Eq. (3.16))

[v )= 2%5 +5iIF 1,
A (4.18)
[wy,,]=zaa+sl[p’,x];
also
.= = s
4.19
[F )= ldita s [F 1. e

Since all the coefficients are continuous across the wave, this introduces some sim-
plifications (after Eq. (4.6)):

B ~T; =2BT, 0l =Cfy .
G'\,=Gp=Hp =0, rOG =B'f - (4.20)

After some lengthy but simple calculations we obtain coupled equations for ¢ and
a:

¥ (e, )+ (512 - T;)[F,xt] - s]B+[p’,x] =0

N L (4.21)
¥y(a,d) -5 D[F J+(@—-Cs)lp ,1=0
where we introduced the notation
d. B'd 1 alp 1 B7f) 4
- - = = — ’ 4.
¥ (a,d) = 2dt6 dt +S|T s 1B IZB’F(SCH_SI 0 a, (4.22)
_ + d D+ d 1+ 2 1 + 2
‘I’z(a,é)— - dt l E5+?D‘F(3 +<S—2b—C‘w>a
! : (4.23)
1+ + +
+ E(C’F —D,w)5a+C T—Oﬂa
For each of the three cases of function f,(8), Egs. (1.9), (1.10), and (1.11),
B'fy ok
20Tt 4.24
TO k+ Tﬂ > ( )
and .
C
% _ _ PO+ (4.24)

+ ‘v
L k

The coefficients in Eq. (4.21) accompanying [F ] and [p ] must satisfy Eq.
(4.15); as a consequence we have that ¥, and ¥, are proportional,

¥ (a, 6) = &¥,(a, d), (4.25)
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where " . .
é=_sl—{F=_ s, B ‘
s,D a-C*s
This fact together with relation (4.17) leads us to a single equation for ¢, again of
Bernoulli type,

%5 + M+ N6 =0, (4.26)
where the coefficients .# and ./ are given by
1 a—C+Slz + S$B+D+(CTF _2D-f—w)
= — T + - (4.27)
2(aT; - C7s)) S * a-C"s;
2 +
+ nt + 2 4+ 5 — TF
+3D B‘FS]+S1D (b_SlC‘w)al_T;;f s
22 +/t+\2
9 (T,

W= 514 Po® Ty) . (4.28)

(aT} — C*sha—C*s?) 2"
The solution of Eq. (4.26) blows up in finite time ¢, if .Z46(0)+./ <0.

Finally, we would like to investigate some limits concerning the speed of prop-
agation s, as a solution of Eq. (4.13). One is for 7, — 0, which corresponds to
the case of thermoelastic materials with the Fourier law of heat propagation, and the
second one, which is hypothetical, for 7, — oc. To do so, let us express explicitly
the dependence of the coefficients in Eq. (4.13) on 7, in the following way:

P(7)) = —11054 - mros3 + (a+ (nl+ d)to)s2 +nmtys —an =0, (4.29)

where [, a, d, m, n are positive constants independent on 7,, and from Egs.
(4.6) and (4.7)

= p019+c; ,
m=kyp",
n=T,, (4.30)
d=py(8'Ty)",
a=kyd,.

For 7, — 0, we have P(0) = as’—an =0 and s° = sé = T;T , and Eq. (4.26) for

the amplitude J§ takes the form derived by Dafermos [5]

+
d. Tr, 2 p, 07 (T}
—0+ —+6 + 20 9. §=0. 4.31
" 25, 2k* (430
If 7, — oo, then from Eq. (4.29),
s(—ls3 —ms® + (nl+d)s+nm)=0 (4.32)

and s = 0, or else s is a nonzero root of the above polynomial. Since we made
assumptions (4.14), the fastest nonzero speed can be obtained with m = 0, that is,

—1s2+(n[+d) =0
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and + +4,2
97 (T,
sz=s:o=n+%=7’;+%. (4.33)
Vv

It is easy to calculate

ProrosiTiON 1. If the fastest acceleration wave is moving into a body that has been
in a state of rest (4.14), then its speed 512 given by Eq. (4.16), has the following
properties:

lim s, =s_, (4.34)
‘to—'OO
lim 57 = oo, (4.35)
7,—0
st > 55, (4.36)
si>st, (4.37)
512 is a decreasing function of 7. (4.38)

As a first approach to discussing the second wave, which generally propagates into
a disturbed state with speed s, in the positive direction, we assume that the first

t A s, “wave
S -wave
0
S ~wave
00
S] -wave
> X
FIGURE 1
s
s
(1)
s
00
s
o
52( T, )
\ to

FIGURE 2
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wave did not change the values of F, v, B, w, p far from equilibrium. As a
consequence, the speed s, can be approximated by (cf. Eq. (4.16)) the formula
172

2
2 1 a + B'D* a + B'D" aTt
Szz— (F-‘-TF_T)_ (F'FTF— C+ —4C_f . (439)

ProposiTION 2. If the second wave propagates into a state close to equilibrium and
is again given by Eq. (4.39), then

lim s> =0, (4.40)

‘[0—'00

. 2 2 +
zh—rPos?- =5y =1, (4.41)
0
2 2

Sy <S5 (4.42)
55 <5, (4.43)
s§ is a decreasing function of 7. (4.44)

The analysis performed so far allows us to sketch (Fig. 1) in the phase plane the
following representation of the wave fronts for positive s, and s, .

Here, s, is the speed of the slower wave propagated into the disturbed region.
However, in terms of 7, regarded as a variable we can sketch the graph of s, and
s, as functions of 7, (Fig. 2).

It follows from both figures and the propositions that, in the limit of vanishing
7, , the larger characteristic speed s, goes to infinity, while the smaller one s, tends
to the classical thermoelastic wave speed s, obtained by Dafermos [5] and by others.
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