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Abstract. We consider the stability of plane wave solutions of both single and
coupled complex Ginzburg-Landau equations and determine stability domains in the
space of coefficients of the equations.

1. Introduction. Ginzburg-Landau equations, both real and complex, arise in many
problems of physical interest. First derived as long wave amplitude equations by
Newell and Whitehead [12] and Segel [20], real Ginzburg-Landau equations describe,
for example, convection in binary mixtures near the onset of instability, or flames sta-
bilized on a burner [16], Complex Ginzburg-Landau (CGL) equations were derived
by Stewartson and Stuart [23] who studied plane Poiseuille flows, by Ermentrout [2]
who extended the results of Howard and Kopell [3] on X - a> systems to general
reaction diffusion systems, and by others (see also [6, 11] and the references therein).

Actually, CGL equations describe the evolution of the amplitudes of unstable
modes for any process exhibiting Hopf bifurcation, for which the continuous band of
unstable wave numbers is taken into account. Therefore, the equations have become
a self-significant object of study.

Coupled CGL equations govern the amplitudes, on slow spatial and temporal
scales, of traveling waves propagating in opposite directions on the faster temporal
and spatial scales associated with the original problem from which the Ginzburg-
Landau equations were derived. The case when one of the amplitudes equals zero
corresponds to a traveling wave solution of the original problem, while the case when
the moduli of the two amplitudes are equal corresponds to a standing wave.

The simplest solutions of CGL equations are plane wave solutions and the present
paper is devoted to an analysis of their stability. Stability of traveling wave solutions
of a single CGL equation, which arises when the most unstable wave number is
k = 0, was studied by Eckhaus [1], Lange and Newell [8], Stuart and DiPrima [24],
and Ermentrout [2] (see also [6] and the references therein) and others. Here we
give more complete results for this case (Sec. 2). In addition we consider the case
k / 0, for which, due to reflection symmetry, there are two amplitudes of waves
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propagating in opposite directions, whose evolution as functions of slow temporal
and spatial variables is described by coupled CGL equations. The stability of both
traveling wave and standing wave solutions of coupled CGL equations is studied in
Sec. 3.

We consider the case that the real parts of the coefficients of the diffusive terms
are positive, and the real parts of certain nonlinear terms are negative; otherwise,
plane wave solutions are necessarily unstable. The equations are scaled so that these
terms are +1 and -1 respectively. Interesting results for the case that plane wave
solutions are unstable, were obtained by Schopf and Kramer [19], Sirovich et al [13,
14, 18, 21, 22], Keefe [5], Kuramoto and Koga [7], Moon et al [10], Nozaki and
Bekki [15], and others.

2. Stability of traveling wave solutions of a single CGL equation. We consider the
scaled complex Ginzburg-Landau equation

2

^ = R + (1 + ia)^4 + (-1 + ib)R\R\2, (2-1)
ot dx

where a and b are real constants.
We seek solutions in the form of traveling waves

R = pei{(0t+kx), (2.2)

where p > 0, and a> and k are real constants. In addition to the trivial solution
p = 0 , we obtain the one-parameter family of solutions

p2 = I - k2, co = b - (a + b)k2. (2.3)

To study the stability of the traveling wave solutions we represent R as

R = (p + r)ei{wt+kx). (2.4)

Substituting (2.4) into (2.1) and linearizing we obtain

dr ,, . . /«., dr d2r\ 2,— = (1 + ia) (2z/t—+ —^ 1 +(-1 +ib)p (r + r). (2.5)

We set r = u + iv and seek normal mode solutions of the form
Slt+iKX ~ Clt+iKx ~u = e u, v = e v, (2.6)

where u and v are constants. Substituting (2.6) into (2.5) we find that nontrivial
solutions exist for two values of Q determined by the dispersion relation

Q.2-2p£l + q = 0, (2.7)

where

pr = -K2 - p2, pi = -2xka, (2.8)

qr = k4(1 + a2) - AK2k2{\ + a1) - 2p2K2{~\ + ab), (2.9)

q. - 4Kkp2(a + b). (2.10)
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Here the subscripts r and i denote the real and imaginary parts of the indicated
quantity. In order for the plane w;
(7 = 1,2), which is equivalent to
quantity. In order for the plane wave solution to be stable we must have •) < 0

<\p)qr + 4prp,q, > q] ■ (2.11)

Substituting (2.8)—(2.10) into (2.11) we obtain

where

8 6 4 2 n / ̂  i ^ \a.K + a2K + a3K + a4K >0, (2.12)

2
ax = \ + a ,

a2 = 2p2{\ + a2) - 4k2(\ + a2) - 2p2(-l + ab),

ha3 = pA( 1 + a2 - 4(-l + ab)) + 8/?"/c2(— 1 + ab),

a4 = -2p4(p2(-l + ab) + 2k2(\ + b2)).

The traveling wave solution (2.2)-(2.3) will be stable if and only if the inequality
(2.12) is satisfied for all values of k . We will derive necessary and sufficient condi-
tions on the coefficients a and b as well as the wave number k for the inequality

2 2to be satisfied. To do so we introduce the parameter a > 0 defined by k = ap .
Then taking (2.3) into account, we have

Introducing

,2a 2lk = 7—> P ~ T~T • 2-13)
1 -I- a 1 + a

_ — 1 + ab 1 + b k2 .
Z= , 2 » 1=- 2' y = ' (2-14)

1+a 1 +a 1 + a
we divide (2.12) by k2 and rewrite inequality (2.12) as

f(y) = y3 + 2y2( 1 - 2a - () + y( 1 - 4^ + 8q^) - 2£ - 4arj > 0, (2.15)
which must be satisfied for all positive y in order that the traveling wave solution
(2.2)-(2.3) be stable.

An obvious necessary condition is

£ + 2at] < 0,

which can be written in terms of the original parameters a and b as

2a(l +b2) + ab < 1. (2.16)

If a = 0, which corresponds to k = 0, (2.16) reduces to

ab < 1,
which describes the stability region for the Stokes solution, which is a spatially uni-
form, time periodic solution of (2.1), as discussed, e.g., in [21].

In regions of the {b, a) plane determined by (2.16), traveling wave solutions are
stable to long-wave (LW) (k < 1) perturbations. The regions are shown in Fig. 1
for different values of a (see pp. 268 and 269).
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alpha=0.0

Fig. 1(a). Region of LW stability in the (b, a) plane for a single
complex Ginzburg-Landau equation; a = 0 .

alpha =0.4

Fig. 1(b). Region of LW stability in the (b, a) plane for a single
complex Ginzburg-Landau equation; a = 0.4 .
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alpha=0.6

Fig. 1(c). Region of LW stability in the (b, a) plane for a single
complex Ginzburg-Landau equation; a = 0.6 .

It is clear that condition (2.16) is not sufficient for (2.15) to be satisfied. We now
give a brief derivation of sufficient conditions. We consider the critical case which
corresponds to the stability boundary in the space of parameters, when for some
value of y , say yt, f(y) has a minimum that is tangent to the axis / = 0, i.e.,

/00 = 0, /'oo = o,
assuming that (2.16) is satisfied. Solving these two equations simultaneously yields
both the value of ym as a function of a, b, and a and the relation between a and
b at the stability boundary. Actually it is more convenient to determine a and b
(equivalently, £ and tj) as functions of yt to obtain (we omit the subscript)

Hy) = 3y2 + 4v(l -2q)+ 1
Q[y> 4(y + 1 — 2a) ' [ '

l(y) = 4~(y3 + 2/(1 - 2a - £00) +y( I- 4{(y)(l - 2a)) - 2 {(y)). (2.18)

Taking into account (2.14) we obtain

b(y) = ± (gy) + ri(y))2

ri{y)-Z2{y) (2.19)

1a{y) = W){W){l + biy)) + l)- (2-20)

Formulas (2.17)-(2.20) provide a parametric representation of the stability bound-
aries with respect to perturbations with finite wave (FW) numbers in the (b, a)
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plane. The range of variation of the parameter y in these formulas is determined
by the conditions

€(y) + 2arj(y) < 0, (2.21)

i(y)>Z2(y). (2.22)

The former condition corresponds to /(0) > 0, and the latter condition to the
requirement that b is real. It can be shown that the conditions (2.21), (2.22) cannot
be satisfied when a < | or a > 1 . However, for all points (b, a) lying inside
the stability regions S (see Fig. 1), if a < \ (a > 1), the traveling wave solution
(2.2) is stable (unstable) with respect to FW perturbations. For | < a < 1 , there
exists a range of y satisfying (2.21)-(2.22). Therefore, there exist FW stability
boundaries inside the LW stability region, that is, S is subdivided into two subregions
inside which the traveling wave solutions are respectively stable and unstable to FW
perturbations. These are exhibited in Fig. 3 at the end of this paper. This range of
variation of y lies in the interval (0,1) and is given by (see Fig. 2)

0<y</(a)

3
44a - 3 < y < y'(a) ( \ < a < 1

Q.
CO

Fig. 2. Ranges of variation of y in the parametric dependence
(2.17)—(2.20). For a fixed a(| < a < |), y varies between zero and
y* (see (2.23)), and between 4« - 3 and y* for | < a < 1 .
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where y*(a) is the inverse function of

1 4v3 + y2 + 2y + 1
<*(y) = ? + y +y + y+ ==, (2.23)lly2 + 2y + 3 + yJ(l-y)\ly + 9)

Stability regions in the (6, a) plane are shown in Fig. 3 for different values of a.
Points (b, a) lying in the regions S, U, and U1 correspond to traveling wave
solutions that are stable, and unstable to LW and FW perturbations, respectively.

Let us consider the trajectory in the (b, a) plane, of the point of intersection of
the LW and FW stability boundaries as a varies from \ to 1. Substituting y = 0
for | < a < | and y = 4a - 3 for | < a < 1 into (2.19)-(2.22), we obtain

-2bib2 -1) + ^4b2(b2-l)2 + (3b2-l)(5b2+l) (b2 > i
2>b2 - 1 V 3

1 (u* 1a = —b (^ 3

The curves are shown with dashed lines in Fig. 4 at the end of this paper. The solid
line in this figure is the curve

1

These curves divide the (b, a) plane into 5 regions. The stability results for traveling
wave solutions of a single Ginzburg-Landau equation are as follows. For each pair
of coefficients b , a lying in the regions U, traveling waves with any wave number
k are unstable. If the coefficients b, a lie in the region SI , there is a critical wave
number kcr

,2 _ 1 - ab
cr ~ 3 + 2b2 - ab '

such that traveling waves with k < (>)kCT are stable (unstable). The loss of stability
when k = kCT is due to LW perturbations. If the coefficients b , a lie in one of the
regions S2, then there exists a second critical value of k , say, kt — kt(a, b) such
that the traveling wave solutions are stable when k < kt and unstable otherwise. The
quantity k2 varies from | to j for b, a lying in S2. The loss of stability when
k = kt is due to FW perturbations. The value kt(a, b) can be found explicitly,
though we do not present it because the expression is awkward. To find kt{a, b)
we simply solve (2.17) for a, substitute the result into (2.18), solve the resulting
equation for y, and thus find a as a function of a and b.

We observe, in particular, that traveling wave solutions cannot be stable for k2>
i1 •

3. Stability of plane wave solutions of coupled complex Ginzburg-Landau equations.
Let us now consider the system of coupled complex Ginzburg-Landau equations of
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the form

^ = R + (l +uz)^-4 + (-l + /6)fl|JR|2 + cJR|S|2, (3.1)
vt dx

= S + (\ + ia)?-^ + (-1 + ib)S\S\2 + cS\R\2. (3.2)
at dx

Thus, we consider the case when the group velocity is so small that it is neglected
at this order and only enters at higher order in the perturbation analysis which, at this
order, yields (3.1)—(3.2). We note that if the group velocity is not small, the amplitude
equations are nonlocal Ginzburg-Landau equations involving averaged terms [4, 9,
17], We seek solutions of the form

R = plei^t+k'x), S = p2ei{w>'+k>x),

where p-, k., and wj (j — 1, 2) are constants. In addition to the trivial solution
p{ = Pt = 0, we obtain the following nontrivial solutions:

p\ = 1 - k\ , />2 = 0, w, = b - (a + b)k2, (3.3)

/?j = 0, p\=\-k2, m2 ~ b - {a + b)k2, (3.4)

2 1 - k2 + c (1 - k2) 2 1 - kl + c (1 - k2)= ^—• "2 = ——• ,3.5,

2 2 2 2 2 2
a», = -akx + bpl + ctp2, a>2 = -ak2 + bp2 + cipl .

The single mode solutions (3.3) and (3.4) correspond to traveling wave solutions of
the original problem, while the mixed mode solution (3.5) corresponds to a quasiperi-
odic wave in the original problem. If k, = k2, the solution (3.5) corresponds to a
standing wave.

We consider infinitesimal perturbations r, and r2 given by

R = (Pi+riy'K'+V) , 5 = (p2 + .

Substituting into (3.1)—(3.2) and linearizing we obtain

d V 2 f ^ f ^ y
-Qj = aur\ +(-! +'b)P"\T\ + P\p2C(r2 + ?2) + (l +'a) ( 2/7ci + J^2 J ' (3-6)

= a2lr2 + (-1 + ib)p\r2 + plp2c{rl +r,) + (1 + la) ^2ik2^ + j , (3.7)

where the coefficients au and a2] are
2 2 2

an = 1 + ia>l - (1 + ia)k{ + 2(-l + ib)p\ + cp2,
2 2 2

a2l = 1 + ico2 - (1 + ia)k2 + cp\ + 2(-l + ib)p2.

We first consider the stability of the traveling wave solutions. We treat the case
(3.3) only, since the case (3.4) can be considered in a similar manner. We set r =
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uj + 'vj (j = *' ^ anc* ^or normal mode solutions of the form

>.,) = a,)_ (38)

where Uj and Vj are constants. Substituting (3.8) into (3.6)-(3.7), we find that
nontrivial solutions exist for four values of Q. Since for the single mode solutions
the two equations (3.6)—(3.7) decouple, two of the values of Q satisfy exactly the
same equation (2.7) as for a single Ginzburg-Landau equation, while the other two
satisfy

Q.2-2pQ. + q = 0, (3.9)
where

p = 1 +crp] ~ k2 , q = p2 + {aK2 - cip])2.

Therefore, in order for the traveling wave solution to be stable, we must have
exactly the same conditions on the coefficients a and b and on the wave number
kx {kx — a/(l + a)) as for the single Ginzburg-Landau equation and, in addition,

2 1c< 0, k. < 1 -l— .
cr

These restrictions follow from the condition that the solutions of (3.9) must have
negative real parts. We observe, in particular, that for the traveling wave solutions
to be stable, it is necessary that

cr<-1. (3.10)
We now proceed to study the stability of the standing wave solutions (/c, = k2 = k

in (3.5)). We observe from (3.5) that in this case px — p^ = p with

2 1 - k2
P 1 - c

We find that nontrivial solutions of (3.6)-(3.7) of the form (3.8) exist for four values
of Q determined by

Qi-2/7±Q++^± = 0,
where

pf = -k2 + (-1 ± cr)p , pf = -2Kka,
qr = /c4(l + a2) - 4k2/c2(1 + a2) - 2/?2/c2((-l ± cr) + a{b ± c()),

q. = 4Kkp2{-a{-l±cr) + {b± c()).

In order for the standing wave to be stable, we must have, for all k , that

pf <0, (3.11)
4{pffqf + 4pfpf qf > (q? f ■ (3.12)

The conditions (3.11) imply that

— 1 < cr < 1 , (3.13)
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while the conditions (3.12) can be reduced to

yl + 2y2±(l - 2a — £±) +y±(l - 4£± + 8a£±) - 2£± - > 0, (3.14)
where

^=-l+.((t±c,)/(lTC,))t (3|5)

■ + (»± ,.)'/(!
1 + a

y±= 2TT~~ r (3-17)P (1 =FCr)
k2

a= y. (3.18)
1 - A:2

We observe that the left-hand side of (3.14) has exactly the same cubic form as in
(2.14), where the coefficient b in (2.16) is replaced by (b ± c,)/(l ^ cr). Therefore,
all the stability results for a traveling wave solution of a single Ginzburg-Landau
equation, that we found in terms of the parameters a and b, are valid for the
stability of the standing wave solution of the coupled complex Ginzburg-Landau
equations with the replacement of b by (b ± c )/( 1 ̂  cr), and with the additional
restriction (3.13).

Comparing the necessary conditions (3.10) and (3.13) for traveling wave and stand-
ing wave solutions, respectively, to be stable, we observe that they cannot be stable
simultaneously.

4. Summary. We considered a single Ginzburg-Landau equation
2

^ + (1 + /a)f-4 + (-1 + ib)R\R\2at dx
and studied the stability of traveling wave solutions

„ i(d>t+kx)R - pe

p2 = 1 - k1, en = b - (a + b)k2.

The results are shown in Fig. 4. The dashed lines are given by

-2b(b2 - 1) + yj4b2{b2- l)2 + (3b2 - \){5b2 + 1)
2 \b >13b - 1 V 3

1 (j 1
a = ~b [b<3

and the solid line is the curve
1

a~b'
These curves divide the (b, a) plane into 5 regions. For each point b, a lying in
a region U, traveling waves with any wave number k are unstable. In this region,
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chaotic behavior was observed numerically (see e.g. [6]). If the coefficients b , a lie
in the region S1 , there is a critical wave number kcr

k'<k's >~ab
cr 3 + 2b2 - ab

such that traveling waves with k < (>)kcr are stable (unstable). The loss of stability
when k = kCT is due to LW perturbations (k < 1). If the coefficients b, a lie in one
of the regions S2, then there exists a critical value of k , say, kt = kt(a, b) such that
the traveling wave solutions are stable when k < kt, and unstable otherwise. The
quantity k2 varies from | to 5 for b, a lying in S2. The loss of stability when
k — kt is due to FW perturbations. The value kt(a, b) can be found explicitly,
though we do not present the formula because it is awkward.

We observe, in particular, that traveling wave solutions cannot be stable for
k2>{.

We also considered the stability of both traveling wave solutions

R = pe'(wt+kx), 5 = 0,

p2 = 1 - k2, co — b - (a + b)k2,

and standing wave solutions

R = pei{wt+kx), S = pe,(M+kx),

p1 = ^—— , co = -ak2 + bp1 + ctp2,
1 ~ Cr

of coupled complex Ginzburg-Landau equations
2

~ = R + (l + ia)~ + (-l + ib)R\R\2 + cR\S\2,
ot dx

^ = S + (1 + ia) ̂ 4 + (-1 + WISI2 + cS\R\2.dt ox2
The results on the stability of traveling wave solutions are the same as for the single
Ginzburg-Landau equation, with the additional restriction

c < — 1, k2 < 1 H .
Cr

Stability results for the traveling wave solutions of the single Ginzburg-Landau
equation, that we found in terms of the parameters a and b, are also valid for
the stability of the standing wave solution of the coupled complex Ginzburg-Landau
equations, with the replacement of b by (b±ci)/(lTCr) and the additional restriction

-1 < cr < 1.

It is clear from the above conditions that traveling wave and standing wave solutions
cannot be stable simultaneously.

Though we did not explicitly study the stability of quasiperiodic waves, it is qualita-
tively clear that the results should be similar to those for the standing wave solutions.
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That is, the parameter space can be divided into subregions in which the solutions
are stable and those in which they are unstable. The existence of regions of stability,
at least for quasiperiodic waves corresponding to kx close to k2, follows from that
for standing wave solutions (for which kx = k2).

The only existing stability results for plane wave solutions of complex Ginzburg-
Landau equations appear to be those for the single equation. Our results for scalar
equations extend those in [1, 8, 24], In [6] the stability of traveling wave solutions
with respect to long-wavelength perturbations, that is small k , is discussed. In fact,
however, caution must be exercised in extrapolating the result for stability to LW
perturbations to larger values of k . While the stability boundaries in the two cases
agree in parts of the (b, a) plane, they can be shown to diverge from one another
elsewhere. This is the case, e.g., when the leading term in (2.12) alone does not
suffice to determine the stability boundary. In other words, when k —► 0 the stability
boundaries for FW perturbations converge to those for LW perturbations, but the
limit is nonuniform with respect to a and b . The result obtained in [6] for long-
wave stability corresponds to our condition (2.16). As we saw above, this condition
is only necessary, but not sufficient to insure stability. Thus, for arbitrary k , an
additional stability boundary, not previously obtained, is determined by equations
(2.17)—(2.20).

We are pleased to thank Professor A. G. Merzhanov and Dr. W. L. Grosshandler
for helping to arrange the collaboration between the authors, under the auspices of the
U.S.-USSR Program of Cooperation in Basic Scientific Research, jointly sponsored
by the NSF and the USSR Academy of Sciences.

alpha=0.7

re 0

Fig. 3(a). Region of FW stability in the (b, a) plane for a single
complex Ginzburg-Landau equation; a = 0.7 .
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alpha=0.75

Fig. 3(b). Region of FW stability in the (b, a) plane for a single
complex Ginzburg-Landau equation; a = 0.75 .

alpha=0.8

Fig. 3(c). Region of FW stability in the (b, a) plane for a single
complex Ginzburg-Landau equation; a = 0.8 .
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alpha=0.85

Fig. 3(d). Region of FW stability in the (b, a) plane for a single
complex Ginzburg-Landau equation; a = 0.85 .

alpha=0.9

U

-2

-4

-S

-8
-6 -4 -2 0 2 4

b

Fig. 3(e). Region of FW stability in the (b, a) plane for a single
complex Ginzburg-Landau equation; a = 0.9 .
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alpha=0.95

Fig. 3(f)- Region of FW stability in the (b, a) plane for a single
complex Ginzburg-Landau equation; a = 0.95 .

alpha=0.97

4

2

0 1-   U

-2

-4

-6

-8
-6 -4 -2 0 2 4

b
Fig. 3(g). Region of FW stability in the (b, a) plane for a single
complex Ginzburg-Landau equation; a = 0.97 .
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alpha=0.98

6

4 --

2

re 0 r  I U

-2

-4

-6

-8
-6 -4 -2 0 2 4

b
Fig. 3(h). Region of FW stability in the (b, a) plane for a single
complex Ginzburg-Landau equation; a = 0.98 .

STABILITY REGIONS

Fig. 4. Regions of stability in the (b, a) plane for a single complex
Ginzburg-Landau equation.
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