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Abstract. Within the linearized theory of heat conduction with fading memory,
some restrictions on the constitutive equations are found as a direct consequence of
thermodynamic principles. Such restrictions allow us to obtain existence, uniqueness,
and stability results for the solution to the heat flux equation. Both problems, which
respectively occur when the instantaneous conductivity Kk, is positive or vanishes,
are considered.

1. Introduction. This paper deals with the asymptotic behaviour of the solution
of the heat flux equation with memory. We restrict our attention to a homogeneous
and isotropic rigid heat conductor with linear memory occupying a fixed bounded
domain Q c R® with smooth boundary Q. Moreover, if we consider only small
variations of the temperature 6(x, t) from a reference value 6, and small temper-
ature gradients VO(x, t) we may assume that the internal energy &(x, t) and heat
flux q(x, t) are described by the following linearized constitutive equations:

e(x, t) =gy +agu(x, t)+ /Oo o (s)u'(x, s)ds,
- (1.1)

q(x, 1) = — k,Vu(x, 1) —/ K'(s)Vu'(x, s)ds,
0

where u(x,t) = 6(x,t) — 6, is the temperature variation field, and u'(x,s) =
ux,t—ys).

As usual in material with memory, a fading memory principle for the relaxation
functions o' and k' is required. Following Day’s argument [8] we may state the
principle in a weak form, which is equivalent to

o, ke L'"(RY). (1.2)
Hence, the heat capacity and thermal conductivity are defined respectively by
t t
alt) = +/ od(s)ds, k(1) =k, +/ K'(s)ds, (1.3)
0 0
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and the values o =1lim,_, «(f) and k =lim,_, __k(¢) represent respectively the
equilibrium heat capacity and the equilibrium thermal conductivity.
Moreover, we impose the a priori condition

a, >0, (1.4)

which follows from the physical evidence that, if the temperature of a body is constant
up to a certain time ¢t = 0 and increases instantaneously at ¢ = 0, then the internal
energy of the body increases too.

The ensuing evolution problem with mixed boundary conditions and initial history
data is given by

éx,0)+V-q(x,t) =r(x,t) onQxRY,

q(x, 1) -n(x) = p(x, 1) on 8quR+, s
0(x, 1) =86, onBquR+, (1.3)
O(x, 1) =0, +uy(x, 1) on QxR ,

where r, ¢, and u, represent respectively the heat source, the heat flux on the
boundary 3Qq , and the temperature variation field up to the time ¢ = 0, while Q
is a bounded domain with boundary 0Q =0Q U GQq 0Q,N 8Qq =) and n(x)
is the outward normal on 0Q »

Problems such as (1.5) have been studied by several authors. For instance, Nun-
ziato [7] and Grabmueller [19] proved existence and uniqueness for generalized so-
lutions; Miller [11] has studied stability and continuous dependence on parameter.

This paper differs from the previous ones in its investigation of the connection
between the complete set of thermodynamic restrictions on the relaxation functions,
o and k, and the solvability and stability of the problem (1.1), (1.5). In essence
we prove that the fading-memory principle, stated by (1.2), condition (1.4), and the
Second Law of Thermodynamics, in the form of the Clausius property, are sufficient
conditions to obtain existence, uniqueness, and stability for the solution. Finally,
we stress that a Neumann boundary condition involving the heat flux, instead of the
temperature gradient flux, is considered. Such conditions, in fact, are not completely
equivalent in materials that satisfy (1.1),.

The complete set of restrictions imposed on the heat capacity and thermal con-
ducivity by the Second Law of Thermodynamics is derived in Sec. 2. It is interesting
to compare such results (especially Corollaries 2.1 and 2.3) with the set of assump-
tions required by Miller to prove existence, uniqueness, and stability in [11]. In
fact all these sufficient conditions turn out to be thermodynamic consequences. In
order to study the evolution problem (1.5), we discuss separately the cases k, > 0
and k; = 0. In effect, these cases are quite different because the positiveness of k,
leads to a parabolic problem, whereas when k; vanishes the problem might become
hyperbolic.

The parabolic problem, when k, > 0, is considered in Sec. 3. Existence, unique-
ness, and asymptotic behaviour of the solution are proved, and a stability result is
given. Moreover, under suitable regularity hypotheses on the data, the solution turns
out to be asymptotically stable. Similar results are obtained when k; = 0 in Sec. 4,
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whereas in Sec. 5 we discuss the meaning of some functional spaces and restrictions
on the initial-history data introduced in the previous section.

As a concluding remark we emphasize that weaker conditions than those of Miller
are needed here, and nevertheless more accurate stability results are obtained when
k, is positive or vanishes. In particular, our assumptions allow k'(t) to have an
integrable singularity at ¢ = 0 whereas Miller implicitly assumes that k'(0) is finite.
More importantly, in the case k, = 0 Miller’s assumption (S') (see [11, p. 325]) fails
to be valid, as proved by Corollary 2.3, so that no stability property follows from his
argument. Thus, in that case, our stability results are new.

Next we give some notation for Laplace and Fourier transforms and convolution.
For later convenience we denote by f the (formal) Fourier transform of any scalar-
or vector-valued function f defined on Q x R, namely

f”(x,w):/_oo f(x, s)exp(—iws)ds, (x, w) € A xR.

Similarly, letting the subscripts s (c) denote the half-range Fourier sine (cosine) trans-
form, for any function g defined on Q x R* we have (formally)

gc(x,w)=/ g(x, s)coswsds, gs(x,w)=/ g(x, s)sinwsds. (1.6)
0 0

If g(x,-) belongsto V, where V = L'(R*) or ¥ = L*(R"), then its Laplace
transform, defined by

g@dﬂ=4wﬂksﬁm0ﬂﬂﬁ, (x.p) eQxC"

(C* = {p € C;Re(p) > 0}), is analytic on C** = {p € C;Re(p) > 0}. Un-
less otherwise stated, we identify a function g with its causal extension to R, i.e.,
g(x,t) =0 when ¢t < 0. In this way the Laplace transform g(x, p), when p = iw,
can be considered as the Fourier transform, i.e., 2(x, iw) = 2(x, w). Moreover, we
have
&(x, w) =g.(x, w)—ig(x, w). (1.7)
Finally, given any pair (f, g) of scalar- or vector-valued functions defined on
Q xR, let “x” and “x.” denote respectively the Laplace and Fourier time-convolution
products, namely

.ﬁm#ﬁﬂmmmmaanww[mePwm

2. Thermodynamic restrictions. Let the thermal history A’ be defined as A’ =
(u', g"), where g' = Vu' and u'(s) = u(t—s), s € R, and let the set of all periodic
thermal histories be denoted by & . Then the Second Law of Thermodynamics for
rigid heat conductors in the Clausius form is stated as follows (see [15]).

t

SECOND Law. For each periodic thermal history A = (u', g') € # with period d

and for each ¢, € R, the following inequality holds:

W g(x, 1) q(x, 1) g(x, t)
/, [6’0+u(x,t)Jr (0, + u(x, 1)) dr<0.

0
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Under linear approximation (i.e., small variations u(x, t) with respect to a given
reference temperature 6, and small g(x, 7)), the quantity 6! (x, 1) = (0 +u(x, t))—1
can be substituted by its linear Taylor polynomial, thus yielding the approximate
inequality

s ty+d
0, [E(x, 1)(6, — u(x, 1)) +q(x, 1) - g(x, 1)]dt <0, (2.1)
L
where ¢ and q are given by the linearized constitutive equations (1.1). Moreover,
because of periodicity, (2.1) is equivalent to

d
05" [ letx, 0utx, 0 +alx, 0 -gx, 01 <0. (2.2)
0

The complete statement of the Second Law, however, specifies that the inequality
refers to an irreversible process, whereas the equality occurs in reversible processes
only (see for instance [18]). Actually, for a heat conductor satisfying (1.1) a process
is reversible if and only if it holds the temperature constant in time (6(¢) = 6,)) and
uniform in space (g(¢) = 0), so that the ensuing thermal history A’ = (', g') € #
vanishes identically. Thereby, the inequality (2.2) is verified as an equality only if
u=0and g=0.

Summarizing and putting (1.1) into (2.2), the Second Law for hereditary rigid heat
conductors under linear approximation can be reformulated as follows:

SEcoND Law. Relative to rigid heat conductors satisfying (1.1)-(1.2), for each d-
periodic thermal history A’ = (¥', g') € £ not vanishing identically, the following
strict inequality holds:

d oo, .
/0 UO a (s)u (x, s)u(x, t)ds — kyg(x, t)-g(x, 1)

- / k'(s)g'(x, s)-g(x, t)ds| dt < 0. (2.3)
0
In order to exploit the consequences of this statement we consider a thermal history
A’ generated by the function
A(x, 1) = A (x) cos wt + A,(x) sin wt (2.4)
with A, (x) = (u,(x), g,(x)) depending only on the spatial variable. Such a history is
periodic with period d = 2n/w.
THEOREM 2.1. For a rigid heat conductor satisfying (1.1)-(1.2), the Second Law of
Thermodynamics holds if and only if the relaxation functions k' and o satisfy:
ky+kl(w)>0 VYoeR, (2.5)
Wi, (w)>0 Yo #0. (2.6)

Proof. Substituting A(x, t) as expressed by (2.4) into (2.3) and taking into ac-
count that
A'(x, s) = A(x,  —5) = A(x, 1) cosws — ' A(x, {)sinws,

A(x, t) = wA,(x)cos ws — wA (x)sin ws,
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it follows that
d
[ @putx, vix, 0 - @i, o’
0 w
~ (ko + K@), O + K (@)s(x, 1) -8(x, D) d1 @7)

d !
B _/ [%dg(w)a(x, 0’ + (ko + k(w))lg(x, 0’| dr < 0.
0
Now if A, = (0, g) and A, = (u, 0) from (2.7) we have

a 2 2 = 2 2
/ [wé(w)u” cos” wt + (k, + k (w))|g|” cos” wi]dt
0

d._ . )
- i[was(w)uz + (ky + kl(@))lg]1>0 Vo eR

and by the arbitrariness of ¥ and g relations (2.5)-(2.6) follow.

Paralleling the argument explained in [15], it is easily shown that (2.5)-(2.6) are
also sufficient conditions for the validity of the Second Law for rigid heat conductors
in the form (2.3). O

As a consequence of Theorem 2.1 we have the following corollaries.

CoroLrAry 2.1. For a rigid heat conductor satisfying (1.1)-(1.2), if a, > 0 the
Second Law of Thermodynamics yields

Re{k,+k'(p)} >0 vpeC”, (2.8)

Re{ple, +a (p)]} >0 Vpe C'\{0}. (2.9)

Proof. We first observe that the left-hand sides of (2.8) and (2.9) are real parts of

analytic functions on C**. Then, by using the Hilbert integral representation for
Laplace transforms, that is,

~ _2 o w - ~ _2 © D P ++
10 =2 [ i, fo)=2 [ —Lsjwdo,  pec,

we have

Re(pi ()} = 3 [ wil(@)0] +0] + 0oy 2y 0)do0, (210)
Re(k, +K(0)) = 7 [ ko + RU@)0] 483 + 0olpy by @) do, (211

where p = p, +ip, and ¢(p,, p,, )dw =p,((p; —ps + @)’ +4pipl)~" (p, > 0).
Because of (2.5)-(2.6) both of the integrals (2.10) and (2.11) are positive. Then,
since a; >0 and Rep >0, (2.8) and (2.9) follow. O

COROLLARY 2.2. Under previous assumptions, the Second Law leads to the following
properties:
(@) oy < aft) < 2a — (2.12)
and moreover, if a'(O) exists, it must be nonnegative ;
(b) ky>0and k> 0. (2.13)
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Proof. From the inversion formula

o (1) = %/000 d;(w) sinotdw ae.onR"
and (2.6) it follows that
a(t) — ap = %/Ooo o™ (1 = cos wt)a,(w)dw > 0 (2.14)
and, moreover,
aoo—a0=%/ooow_1d;(w)dw>0. (2.15)

Combining (2.14) and (2.15) we obtain
a(t) —a = —/ —w ' cos wsd;(w)dw < %/ w_ld;(w) dw=a_ —a,
T Jo T Jo

so that (2.12) follows. Finally, if a'(0) exists by (2.14) it must be nonnegative.
Furthermore, by taking the limit as w — oo in (2.5) we obtain (2.13),, whereas
taking w = 0 there we obtain

ko +k(0)=Fk_>0. O
CoroLLARY 2.3. Under the previous assumptions, if k, = 0 and k'(0) does exist,
then, as a thermodynamic consequence, we have
k'(0)>0 and |k'(1)] <k'(0) ae.onR". (2.16)
Moreover, if k”(¢) has Laplace transform on C**, we have
ky+k"(p) #0 Vp e C"\{0}. (2.17)

Proof. When k, =0 and k'(0) exists, in the sense that lim,_. k'(1) = k'(0) € R,
then the inversion formula

K'(t) = %/Ooo fcc/(a)) coswtdw ae.onR' (2.18)
and inequality (2.5) lead to
k'(0) = %/Ooo kl(w)dw > 0. (2.19)
Inequalities (2.16) follow from (2.18) and (2.19).
On the other hand, well-known properties of the Laplace transform lead to
K'(0)+k"(p)=pk'(p), p=p,+ip,eC". (2.20)

First observing that k'(0) = [;°k'(s)ds = k_, < oo, from (2.20) it easily follows
that X

k'(0)+k"(p)=0 whenp=0. (2.21)
Moreover, if p = ip, then pk'(p) = p,(k.(p,) + ik.(p,)), so (2.5), (2.20), and k, =0

yield )
k'(0)+k"(p) #0 when p, =0 and p, # 0. (2.22)
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Applying once again the Hilbert integral representation for Laplace transforms we
obtain

Im{pk'(p)} = %/Ooo P’ K (@)p(p, . p,. ®)do.
Thus, by (2.5) with k, = 0 and (2.20), it follows that
k'(0)+k"(p) #0 when p, >0and p, #0. (2.23)
Finally, if p = p; > 0 then (2.18) and (2.5), with k;, = 0, lead to the inequality

> e ! 2 © e B
pk (p)=p1/0 exp(—p,t)k (t)dt = ;/0 pf(pf+w2) 'kc(w)dw>0

so that from (2.20) it follows that
k'(0)+k"(p) #0 when p, >0and p, = 0. (2.24)

The collection (2.21)—(2.24) proves (2.17). O

Note that the conditions required by Miller (see [11]) to ensure the existence,
uniqueness, and stability of solutions to the heat flux equation when k, # 0 are
exactly (2.8)-(2.13). Thus Theorem 2.1 and the ensuing corollaries allow us to give a
physical interpretation of these conditions; that is, the constitutive equations of the
model need to be compatible with thermodynamics. In the case k, = 0, however,
in order to obtain stability results Miller needs a stronger condition for k(¢) which
fails to be valid. In essence (see assumption (S'), p. 325 in [11]), he requires that
k(') +k"(p)#0 Vp e C". Unfortunately, it is apparent from (2.21) that this cannot
occurif p=0 and k' € LI(RJ“) ; SO no stability property follows from his argument
when k, vanishes.

3. Existence, uniqueness, and stability results when k, is positive. Substituting
the constitutive equations (1.1) into problem (1.5) one obtains the following initial-
history boundary value problem:

aO%u(x, N+ Jy° a’(s)%u’(x, s)ds — kyAu(x, 1)

— [ K (5)Au' (x, s)ds = r(x, 1) on Q xR,
[koVu(x, t) + [5~ k' (s)Vi'(x, s)ds]-n(x) = —¢(x, 1) ondQ, xR,
u(x, 1) =0 on9Q, xR,
ux, t) = uy(x, t) on QxR ,

where 9Q is smooth and constituted by the union of 9Q , and 0Q, . We exclude
the case 9Q = 0Q , » When no temperature is assigned at the boundary. Then, by
setting

4,y (x) = uy(x, 0), Qy(x, t)=/took'(s)Vu:)(x,s)ds,

Uy(x, ) =/ a’(s)g—u;(x, s)ds,
t . t

h(x, t)=r(x, )= Uyx, 1) + V- Qq(x, 1),
V/(xa t) = —¢(X, t) - QO(X, t) 'II(X),
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the previous problem is replaced by the following equivalent system:

aO%u(x, ) +a * iu(x, t)

ot
— koAu(x, ) — k' * Au(x, t) = h(x, 1) on QxR",
lkoVu(x, t) + k'« Vu(x, )] - n(x) = w(x, 1) on 9Q, x R", (3.1)
u(x, ) =0 ondQ, xR",
u(x, 0) = uy(x) in Q.

For later convenience we shall now give some notation for functional spaces,
norms, and scalar products. Set Q' = QU IQ g and define V, = Hol Q) (see [13]).
Let |lu||, denote the norm in V, |u| the norm in LZ(Q) ,and ||| # ||| the norm in
LZ(]R+ x Q). Moreover, from now on we use the following notation:

(a, b) = /Qa(x)b(x) dx, (a, b)q =/ a(x)b(x)do, ||a||§ = {a, a)q.

0Q,

In order to achieve a stability result relative to problem (3.1) we impose the fol-
lowing assumptions:

(H1) @€ V,;

(H2) re LR, L}(Q)), ¢ € LR", L}(0Q,));

(H3) uy(x,t) on QxR issuchthat Uy e L*(R", L}(Q)), Q, € L*(R", L*(Q))
and V-Q, € L*(R", H™'(Q)));

(H4) uy(x,t) on dQx R™ is such that Q,-ne L*R", H™'*(0Q))).

REMARK 3.1. (H2)-(H4) ensure that

he 'R*,H'(Q)) and yeL’R",H "*0Q)).

First consider the Laplace transformed problem of (3.1) which is defined for each
peC’ as

plag + & (D)]a(x, p) - [k, + k' (p)]Ai(x, p) = F(x, p) onQ,
lky + k' (p)IVil(x, p) - n(x) = ¥(x, p) on 9Q, (3.2)
u(x,p)=0 on 9Q ,

where
F(x, p) = h(x, p) + 4y(x)[eg + & (p)]. (3.3)

DEFINITION OF WEAK SOLUTION. A function # € ¥, is called a weak solution of
(3.2) if'

/Q{p[aoﬁ-d'(p)]ft'[)*+[k0+l~<l(p)]V12-V17*}dx=/QF1")*dx+/aQq wi"dx

holds for every 0 € V.

15* denotes the complex conjugate of o .
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LeEmMMA 3.1. If o and k verify inequalities (2.8)-(2.9) and u,, ¢, and r satisfy
(H1)-(H4), then problem (3.2) has one and only one weak solution #(-, p) € V;, for
every pe C".

Proof. First, note that h(-, p) and F(-, p) are well defined in H"(Q), and
(-, p) is well defined in H_l/z((?Qq) for every p € C*. Then, by virtue of well-
known theorems on elliptic problems, (3.2) has one and only one weak solution if
and only if the operator L(p) defined by

L(p) = —plog + & (0)] + [ky + K (p)1A
is coercive for every p € C*, i.e., if and only if the associated bilinear form
atu, v;p) = [ {plag+ & (p)luv” + U + K ()IVu- 90"}
Q
satisfies
la(u, u; p)| > C)ul} VueV,, vpeC’, with C(p)>0.  (3.4)
If p#0 then
7(p) = Re(play + & (p))) Re([k, + K (p)])[Re(plog + & (p)]) + Re(lky + ' ()]
turns out to be positive because of (2.8) and (2.9); thus,
la(u, u; p)| > |Re(a(u, u; p))| > y(p)(lull* + 1Vul*) = »(p)llull; ¥p € CT\{0}.
On the other hand, when p = 0 we recall that (see [13, Lemma 1.46])
IVull > C(Q)[lull, VYueV,, (3.5)
and from (2.13), it follows that

la(u, u; 0) = koo/QIVu|2dx > Cyllull}  with C, = k_C*(Q) >0

and the proof of (3.4) is complete. O
We can represent the solution # of (3.2) as follows:

a(x, p) = /Q T(x, X3 p)F(X, p)dx + /6 T X )i pdd’s (36)

where the Green function I" for almost all x € Q and p € C* solves the problem
plag +& (P)IT(x, X3 p) — [ky + K'(P)IAT(x, x5 p) = 6(x - x) X €Q,
VT(x,x;p) - nx)=0 X' €0Q,, (3.7)
I(x,x';p)=0 X €0Q,.
LEMMA 3.2. Under the hypotheses of Lemma 3.1, for almost all x € Q and p €
C* problem (3.7) has one and only one solution I'(x, x'; p) with the following
properties
(a) T'(x, x'; -) is continuous on C*;
(b) lim, Jopa l(x, X5 plu(xydx' = u(x) Vu e Cy°(r);
(¢) V. I'(x,x'; -) is continuous on C*;
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(d) lim, ,  fopeV,I(x, x5 pu(x)dx' = Vu(x) Yu € C5°(r)

Proof. (a) follows from the continuity of a(u, v, -) with respect to p (see [10,
Lemma 44.1]). Now, multiplying (3.7), by p(x') e Cgo (Q) and integrating over Q
we have

/Q pT(x, X5 p)[(ay + & (P)p(X) = ™' (ky + k' (0)Ap(x)]dX = p(x)

so that the limit as p — oo yields
p(x)= lim | pr(x, X D)oy + & (P)o(X) =" (ko + K (p)Ap(xX )] dx’

|p|— o0

= lim paOF(X,X';P)(/’(x/)dxl
lpl—oo Jq

for every ¢ € Cgo () and property (b) follows. Finally, by applying the operator
V, to (3.7), we can easily obtain

plag + &' (P)IV,T(x, X' p) = [ky + K (M)A'V,L(x, X5 p) = 8'(x = x), (3.7
so item (c) follows directly from (a), while the proof of (d) parallels that of (b),
replacing (3.7), by (3.7)'l and remarking that ' € [CSO(Q)]'. O

THEOREM 3.1. Under the hypotheses of Lemma 3.1 problem (3.1) has one and only
one solution u € LZ(R+ » V) -

Proof. Since Lemma 3.1 states that the transformed problem (3.2) has one and
only one solution & € ¥, for every p € C*, our aim is to prove that, by virtue of
Lemma 3.2, this implies the existence and uniqueness of the solution to (3.1). In
order to do this, we have to investigate the properties of i#(x, p) when p = iw. First
observe that

|llim F(x, p) = ayuy(x) a.e. in Q and | lim y(x,p)=0 ae. indQ.
p|— o0

p|—o0
Then, from property (b) of Lemma 3.2 it follows that
lim pi(x, p) = lim [ / pF(xX', p)T(x,x'; p)dx
|p|—o0 lpl—oo [JQ
+/ pT(x,x'; p)y(x', p)da’
oQ
= lim pl(x, x; p)aoﬁo(x')a’x/ =U,(x) a.e. inQ

lpl—oo Jq
and property (d) of Lemma 3.2 leads to

lim [/QpF(y, p)V . I'(x,y; p)dy

|p|—o0

lim pV a(x, p)
Ipl—o00

+/vaxl"(x,y;p)t/7(y,p)a’c7y
J

lim pV. . I(x,y; payiy(x)dy = Viy(x) ae. in Q.
Q

|pl—o0
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2
IOC(R ’ I/()) >

by (3.6) and previous lemmas, it follows that & € L2(]R , V) . Finally, by setting
0, 1 <0,
u(x,t), t>0,

Setting p = iw and observing that that #(x, iw) = @i(x, w) and & € L

v(x, t) = {
Parseval’s Theorem yields

2! /°° (la(x, o)) + |Vix, o)) dw = /oo (Jv(x, O +Vu(x, %) dt

—00 —00

- /oo(|u(x, O+ |[Vux, HP)dt.
0

Hence it follows that
1

s, o1 + 1vucs, o1 de = o | it @)l + 1vics, o)1) di < o
0 n 00

and the theorem is so proved. O

We now complete the treatment of the parabolic case by showing how the solution
is controlled by data. In particular, we are going to get a theorem that may be
considered both a control theorem, when sources r and ¢ vary but u, =0 V¢ <0,
and a stability theorem in the usual sense, when r and ¢ vanish.

Let (H1)-(H4) be valid, so that we choose only initial histories belonging to

Z ={uy: QxR - R; u, satisfies (H1), (H3), and (H4)}.
Consider problem (3.1) again and set
fx, ) =r(x, 1) - Uyx, 1).
Thus (3.1), can be replaced by
aO%u(x, t)+a’*6%u(x, 1) —kyAu(x, O—k'xAu(x, t) = f(x, H+V-Qy(x, ). (3.8)

REMARK 3.2. (H2)-(H3) yield f € L*(R", L*(Q)).
In order to obtain a priori estimates we take the product of (3.8) by u and integrate
over Q x [0, T, yielding2

T
/Q/O [ao%u + <a’ * %) u — (kyAu)u — (k' *Au)u] dxdt

=/Q/Or[fu+v.oou]dxdz,

1 2 — 2 T ;r ou r 2 ’
an(llu(T)H — |7, I )+/0 <a * 57 u> a’t+/0 kolIVull” + (k x Vu, Vu)]dt

T
= [ U 0= (@, Vi - (6, ) 1dr. (3.9)

’In the sequel, for ease of writing, the dependence on x and ¢ within the integral expressions is understood
but not written except for the dependence on @ in the Fourier transformed functions.
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If we extend the solution u(x, ¢) as follows,

2u(r), telo, T,
_fu(), tel0,T], Il ) o)uy, t=0,
vT(I)_{O, 1¢[0,T], g:vr\0) = —8(t-Tw(T), t=T,
0, t¢[0, TI,
(3.10)

by Parseval’s theorem the third term on the left-hand side of (3.9) becomes

+00

T
/ oIVl + (K« Vu, V)l di = / g IV0, 1P + (k' +p Vo, Vo)l dt
0 [

= ﬁ /_ _ (K + K (@)IVop(@) dw  (3.11)

Lo, )
-1 /0 (ky + k. ()| V()] deo.

Note that the relation (3.11) defines a norm for Vu(x, ¢) because of (2.5), so
T
2 2 ’
09l 7 = [ el Vul” + ('« T, T}
and with the aid of (3.5) we can define
2 2
Ly(0, T Vo) = {u: (0, T) — V., [l Vulll} 1 < oo}. (3.12)

Now, by assumption lim ko + k.(w) = k, > 0 and by (2.5) we obtain

le oo
Wthh lmplles

1 [t Y R
9l =5 [t + Ki@)Ivo @) do

y +o00 . 2 T 2
> 2 / 1V, ()]* dew = 7 / IVl dr.
T Jo 0

Since (k, + I}é(w)) is bounded and (3.5) holds we can conclude:

REMARK 3.3. If k0 > 0, the norm of Li(O, T; V) is equivalent to the usual
norm of LZ(O, T, V).

Applying (3.10) again, the second term of (3.9) becomes

T/, ou ¥/, Qu,
/0 <a *E,u>dt—/_oo <a *FW’UT>dt
r ! r !
—/ (aﬁo,u)dt+/ (a(t—T)u(T), u)dt.
0 0

But o/(t—T) =0 ae. in (0, T), so Parseval’s theorem yields

T :r Ou 1 o N o 2 T r—
/0 <a * 57 u> dt = ;/0 wa ()0, (w)|l da)—/o a(u,, uydr.  (3.13)
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Finally, substituting (3.11) and (3.13) into (3.9) we obtain
1

1 1 [~ . ° oy "
sooluIP + 2 [ wd@lig@) do+ - [t + Ki@)lIve @) do

| T "
= goollll + [ 107 +a'T). ) = Q. V) = (6, w) .
(3.14)
On the basis of (3.14) we can state the following theorem.

THEOREM 3.2. If the thermal conductivity k£ and the heat capacity o are such that
(a) k,>0 and o, >0,
(b) (1.2), (2.5), and (2.6) are satisfied;
then, under assumptions (H1)-(H4), the problem (3.1) has one and only one solution
ue LY(R*, L} (Q))nL*(R", ¥,) and, moreover, the corresponding norms of u are
bounded by the norms of the data in their respective spaces.
Proof. We have just observed that

1 [ - . 2 2 LA
2 [tk + K@nivo @i do = 11vully ;> ¢, [ ui}d
and moreover, by virtue of (2.6), we have

+00 , 2
/ wa ()]0 (w)]|"dw >0

—0Q

so (3.14) leads to
1 2 o2 12
> ollu(D) +C./O llully dt < S|l

+ /0 U+ Ty )~ (Qp, V) — (9, u),)dt.
Because of (H1)-(H4) for any positive constant & we can set
Qo Vi) < 51Vl + 2%1100”2, (5 W] < Slul’ + 2i8nfn2,
9, )] < Sl + 51912
and by Theorem 3.1 there exists a constant C, > 0 such that (see [13, Lemma 1.48])
lull} < CylIvul®. (3.15)

Thus, if we choose ¢ such that v = (C, —¢(1 + C,)/2) > 0, from (3.14) it follows
that

T T
Qa 2 2 oy, 2 1 2 2 2
2u(T)| +V/ lully dt < 2|1, +—/ UQoll™ + LA 11" + Ngll,) dt
2 0 2 2e Jo a

r I
+/ (auy, u)dt
0
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so that

_ 1T agll (T,
(TP < 1l + = [ QI + 11 + 13y de+ 22l [ ja e,
0“ J0 @ Jo

T T T
2 ag. 2 1 2 2 2 _ /
v [l de < 2wl + 55 [CUQQE + I+ 10l dr+ gl [l

Applying Gronwall’s generalized Lemma (see [17]) the following inequalities hold for
any TeR":

_ 1 1/2 _ T, 7
Hu(T)IIS<||u0||2+a—08C(Qo,f,¢)) +I|u0||/0 %di, (3.16)

T T
2 Qg _ 2 1 _ ’
v [l de < PImIE + 5,CQq. £ )+ Tl sup (ol [ 1ol dr.
0 € te[0, T} 0 (317)
where C(Qy, /. ®) = [;°(IQyl* + IIf I” + Ill;) dt < oc by assumption. Finally,
since u, € V;, and lo/(2)] € L'(R+), taking the limit in (3.16) and (3.17) as T —
the conclusion follows. O

Observe that, if the data are suitably regular, (3.1) has a solution belonging to H !
with respect to time; therefore Theorem 3.2 yields asymptotic stability.

4. Existence, uniqueness, and stability results when k, vanishes. Assuming k, =0,
problem (3.1) becomes

0 u(x, t)+a * %u(x, 0 —k'xAu(x,t)=h(x,t) onQxR",

QOE

k'« Vu(x, t)-n(x) = w(x, t) on 9Q, x RT, (4.1)
ux,t)=0 on9Q, xR",

u(x, 0) = uy(x) in Q.

REMARK 4.1. In the case k, = 0 a compatibility condition between the data
arises, i.e., lim,_ - g(x, f) - n(x) = ¢(x, 0%), and yields the following restriction on
the initial histories:

/oo k'(5)Vuy(x, =s)ds - n(x) = —¢(x, 0) on Q.
0

Nevertheless, by using the method of the previous section, with slight modifications
we can still obtain existence and uniqueness results. In order to avoid repetitions,
we give only the statement of the theorem.

THEOREM 4.1. If o and k, when k, = 0, satisfy inequalities (2.8)-(2.9), and
data u,, ¢, and r satisfy (H1)-(H4) then (4.1) has one and only one solution
ue LX(R", V).

On the other hand, investigating how the norm of the solution is controlled by
the norms of the data, in the case k, = 0 we are no longer able to obtain results
close to the previous ones. In essence, when ko > 0 Theorem 3.2 states that the
norm of u in LZ(]R+ , V) 1s controlled by some Lz-type norms of the data, whereas

if k, = 0 we can hardly control the norm of u relative to Li(R“L, V,) and, what
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is more important, by stronger conditions on the data. To clarify this assertion we
make some remarks.
Let Lf /k(R+ , Lz(Q)) denote the Banach space defined by the norm

0= 57 [ o+ K@) (@) doo.

REMARK 4.2. The spaces Lf/k(R’”, L*(Q)), L;(R", L}(Q)), and L*(R", L*(Q))
are equivalent when k; > 0. On the contrary, when k, vanishes they are not
equivalent anymore, but their norms are ordered as follows:

2 2 2
1 P || I | | e | PP

In the following section we shall scrutinize Lf Ik in detail.
Some conditions on the data involving norms of the Lf Jk-type have to be assumed
in order to achieve a stability result in the case k, = 0. In particular we impose
(HS) uy(x, 7) on QxR™ is such that Uy, Q€ L}, (R*, L*(Q)),
(H6) ¢ € Li(R*, L*(99Q))), r e L} (R*, L}(Q))
so that f=r— Uo € Lf/k(R+, LZ(Q)) . Choose u,, varying in the set

Z ={uy: QxR —R; u, satisfies (H1), (H4), and (H5)}.

THEOREM 4.2. If the thermal conductivity k£ and the heat capacity a are such that
(@) k=0, oy >0,
(b) (1.2), (2.5), and (2.6) are satisfied,
then, under the assumptions (H1)-(H6), problem (4.1) has one and only one solution
ue L®R", Lz(Q)) n L2(R+ , V) ; nevertheless only the norms of u in the spaces

L®(R", LZ(Q)) ,and L,Z((R+ , V) are bounded by suitable norms of the data in their
respective spaces.
Proof. By working out (4.1), we are led to the following equation:

1 2 - 2 T / Ou /
§a0(||u(T)|| ~ |7, |l )+/O [<a *E, u>+(k *Vu, Vu)| dt

T
= [ 10 = @y i) = (6, ) 1

and after some manipulations

1 [ R 1 [, .
saluI + = [ os@)op @) do+ - [ K@]vi @) do
0 T Jo

{ ) T ’ (4.2)
= 3ol + [ U+ Ty 1) = (@ ) (9 w1,

T
ST+ 5 9l 7 < goglugl’+ | [ +a'T). )= (Qp. Vi = (6. ) 1.
(4.3)
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Note that (HS5)-(H6), (3.15), and Poincaré’s inequality yield the following:3

T +00
[ 1@ e = oo | [ @), w0t at] < 57 1@ +5 1wl

T 1 +o0 . 1 £
| wogar =5 | [ <¢<w>,vr<w>>qdz]s 5z 191 4 +Co 3 NVull}

—o0

/ (f u) at / (f(w) ’[)T((U)) ) s l I”fl” k C3 I” ;u”lk T
0 ’ 2n fe'o) ’ 26 l/ 2 i )
( . )

Thus we obtain
0Ilu(T)Il +#|I|Vu|||k < 2°|I oll + 52 c'(Qy. f, ¢)+/ llo'uql lull dt

with 4= 1 —e(1+C,+C3)/2> 0 and C'(Qq, £, ) = (NQuIIZ + Il & 11, +
Il f |||f /k) . Applying again Gronwall’s generalized lemma, for any 7 € R it follows
that

1/2 T /
(Il < (“uo”2+ —I—C'(Qo, /5 ¢)) + [yl / 'i'dt,

p VUl 7 Plwl’ + 5,C(Q. /20 + sup (o) / o' ugll dt.

Thus taking the limit as T — oo and taking account of Poincaré’s inequality, the
theorem is proved. O

REMARK 4.3. If o'(0)>0, we can control the norm of the solution in LZ(R+, LZ(Q)).
In fact, by substituting Poincaré’s inequality into (4.2),

9(@)]| < 2C(@)[|V(w)]| with C(w) >0 Yo € R
and by setting (o) = wd,(w) + C(w)k (w) > 0 (and lim,__ B(w) = a'(0) > 0),

we see that
l 400

2n
where g = mf ueR B(w) > 0. Moreover, in this case we do not need the requirement
f=r —UOEL]/k(R , L? (Q)).

+00 T
@l do > 3 [ @) do= g [ o),

5. Restrictions on the data. In the sequel (H.5)-(H.6), imposed on the data when
ky, = 0, will be considered in detail. As an introduction we remark that, as KelL',

k. is bounded, continuous on R*, and goes to 0 as @ — oo. Then, by (2.5) k' is
a positive definite kernel, that is (see [20]),

T ot
] / K'(t = s)u(s)u(t)dsdt >0 u#0 VT eR",
0 0

- Il denotes the norm in Lf/k(R+» LZ(()Qq)),
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and, moreover, k'(0) = 1 0+°° fcc'(w) dw; so k'(0) is finite and positive if and only
if l}é € L'. Finally we recall (see [20]) that k' is a strongly positive definite kernel if
k'(s) — ne™ is a positive definite kernel for some 5 > 0. It has been shown that if
k'€ L' then k' is strongly positive definite if and only if

() > —
l+w

3 n>0, Vo€ [0, ). (5.1)

In order to examine some properties of the functional spaces Lf / k(R+ , V), where
V is L*(Q) or L}(9Q,), we distinguish three cases:
1. k' is singular at the origin (k. ¢ L') and

da<l, y>0, w suchthat I}é(w) > % Yo > 0. (5.2)

By the continuity of fcé and (2.5), there exists a positive constant &; such that
k(w) > &5 >0Vw € [0, @], and letting n = min{y, &} > 0 we get

k() 2 1 +"w°‘ VYo € [0, o). (5.3)
THEOREM 5.1. When (5.2) holds there exists a real index s € (0, 1/2] such that if
Q, € H’(R*, L*(Q)) and ¢ € H’(R*, L}(9Q,)) then (H5)-(H6) are satisfied.

Proof. Let f belongto H'(R*, V), 0<s<1/2, where V is L*(Q) or L}(9Q,)
and |I- |l denotes the norm on ¥V, and let ||| - |||§_ls denote the norm on H'(R", V).
Then, by (5.3)

M =35 [ (o)™ I @) do

2 [* 25, 1, 5 2 -1 2
S N 1 O T R [V A

For instance let us consider a singularity of “log” type, i.e., k'(s) = —Blogsy,(s)+
(1= x,(s)k'(s) where

I s<e, k'(e)

mm={0s>8,am p--5.

In this case (5.2) holds with a =1 and

fcé(a)) = /()oo[—ﬂlogsxe(s) + (1 - xe(s))k'(s)]cosws ds

- _ oo Bxs(s) _ _ " sin ws
- A P—— (1= x,(NK" ()| == ds.

N

Taking into account that IAcc'(w) ~ O(w_l) as w — oo, there exist y > 0 and @

such that
7

l+w

k(w) <

. Yo >o.
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On the other hand, there is a positive constant M such that l%é(w) < M
and in particular I%é(w) < M(l+w)/(l + w), Yo € [0,®]. So letting { =
max{y, M(1 + @)} it follows that

. ¢

kc(w) s l+w

Yw € [0, o). (5.4)

COROLLARY 5.1. If k' has a singularity of “log” type at ¢ = 0, then (H5)-(H6) hold
if and only if Q, € H’(R*, L*(Q)) and ¢ € H*(R*, L*(9Q,)), with s =1/2.
In fact, by (5.3)-(5.4) we obtain

1

1
0 - < |l - < =
7 W Mgz < I e < -

2. k'(0) < 0o. By an analogous procedure we can establish the following:

My - O

THEOREM 5.3. If k'(0) < oo then there exists a positive constant s, > 1/2 such that
(HS5)-(H6) imply Q, € H'(R", L*(Q)) and ¢ € H"(R", Lz(é)Qq)).
Proof. As l%é € L' there exist s, >21/2, y>0,and @ such that

K <yl+o™ " vo>o

and, as before, the inequality /%é(a)) <MI+@5)(1+0™)™", Yo € [0, @], holds.
Therefore, if { = max{y, M(1 + @)} then it follows that k/(w) < {(I + ™)™,
Yw € [0, co) and the conclusion follows by comparing the norms as in the previous
theorem. 0O

3. k' is strongly positive definite.

THEOREM 5.4. If k'(0) < 0o and k' is strongly positive definite, then there exists a
positive constant s, < 1 such that if Q, € H(R", L)) and ¢ € HR", Lz(aQq))
then (H5)-(H6) hold.
Proof. In view of (5.1) we can find s, < 1 and 7 > 0 so that (5.3) is satisfied for
a = 2s, . The conclusion follows by comparing the norms as in previous theorems. 0O
Finally, we suggest another condition on the initial history that permits the con-
clusion in Theorem 4.2 to be true.

THEOREM 5.5. The conclusion of Theorem 4.2 is valid if (H5) is replaced by

!

Vu, € Li(R™, L}(Q)). (HS")

Proof. Consider
uy(x, 1), t<0,

1) =
Uo(X, 1) {0, (>0,

so that Q, may be represented as a convolution product Q, = k' xe V, for every
t > 0. Let k' be the even-extension on R of the kernel, namely k'(s) = k'(-s),
and set

Q. (x, ®) = /m(k’ *p VU )(x, 1) dt = 2k () Vi, (x, ). (5.5)

—00
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Thus inequality (4.4) is valid even if ||| Q, |||f Ik is replaced by

QI =5 [ ()™ IR do

/(4
4
/4

0+oo - . 2
| E@ivag@ do

2
2|l Vg ll -

Added in proof. Although Theorem 3.1 and Theorem 4.1 state existence and
uniqueness in LZ(R+ , V5) » this kind of result is not crucial to prove stability. In-
deed, one can build Theorem 3.2 and Theorem 4.2 starting from the weaker condition
ue L2(0, T; V,) that easily follows from Lemma 3.1.
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