
QUARTERLY OF APPLIED MATHEMATICS
VOLUME LI, NUMBER 4
DECEMBER 1993, PAGES 791-795
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Abstract. This paper is concerned with the existence problem of an equilibrium
state for permanent multivalued systems. It is proved that the permanence of mul-
tivalued systems implies the existence of an equilibrium state by using the approxi-
mating technique of set-valued maps and asymptotic fixed point theory.

1. Introduction. Recently, there have been many works on permanence for some
biological systems based on the following model system :

x[ = xifi{x), i = 1,2, , n, (1)

on the positive cone Rn+ = {x = (.x,, x2, ... , xn) : xt > 0, for i — 1,2, ... , n}
(see [1, 2, 5, 7-13]). Here system (1) is said to be permanent if there exist m,
M e (0, oo) such that, given x € inti?" , there is a t such that

m < xt(t) < M, i — 1, 2, ... , n, t > tx.

From a biological point of view, it is reasonable to expect that, if permanence holds,
there will be a stationary coexistence state in int Rn+ . For this problem, an affirmative
answer was given by Hofbauer and Sigmund [8], Hutson [10], and Hutson and Moran
[11], Particularly in [10], Hutson provided a very simple proof with the use of some
asymptotic fixed point theorems of Schauder and Horn. There he also raised the
following open problem:

For a system of differential inclusion

x-eFi(x), i - 1,2, ... , n, (2)

where the F('s are set-valued maps, does the permanence of the system imply the
existence of an equilibrium state?

In the present paper, we shall give a positive answer for the above problem. Be-
cause in general we do not know whether the Poincare map of solutions to system
(2) is convex set valued, a direct application of Hutson's method seems to be very
difficult. To overcome this difficulty, we treat Eq. (2) as an approximate ordinary
differential equation, utilizing the technique of Zaremba [16].
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2. Preliminaries. Let us recall some basic notation, definitions, and facts.
In the sequel, K(Rn) denotes the set of all nonempty compact subsets of R" with

the Hausdorff metric p defined by

p(A , B) = max{/?(/l ,B),p(B,A)}, A, B G K(Rn)

where
p(A, B) = sup{dist(x, B) : x € A}.

Hence, with metric p , K(Rn) is a complete metric space. Let

Kv(Rn) = {A G K(Rn) : A is convex}.

Afunction g: Rm —► K(Rn) is said to be upper semicontinuous (u.s.c.) at p G Rm ,
if for each e > 0 there exists a 8 > 0 such that fi(g{q), g(p)) < £ whenever
q G Rm , \q — p\ < 5 . g is u.s.c. on Rm if it is u.s.c. at each point of R'" . We say
g is continuous, if it is continuous as a map into K(R").

A function x: [a, b] —> Rn is said to be a solution of system (2), if it is absolutely
continuous and satisfies (2) almost everywhere on [a,b]. If x(t) is a solution of
system (2) defined on R and for some constant co > 0, x{t + co) = x(t), for t e R,
then x{t) is said to be an w-periodic solution of system (2).

The following lemmas are vital to our discussions.

Lemma 1 (Zaremba, [16]). Let D g Kv(RxR") and F: D —> Kv(Rn) be u.s.c. Then
there exists a sequence {Fk) of continuous functions from D to Kv(Rn) possessing
the following properties:

(i) for each k and all (t, x) G D , Fk+i(t, x) c Fk(t, x);
(ii) for each k and all (t, x) G D, F(t, x) C int Fk(t, x);
(iii) for each (t, x) € D and e > 0, there exist 5, N > 0 such that Fk(s, y) C

Se(F(t, x)) = {{u, v) g D : dist((w, v), F(t, x)) < e} for (s, y) G Ss(t, x) and
k > N.

Lemma 2 (Kelley, [15]). Let D G Kv(R x Rn) and F: D ^ Kv(Rn) and Fk: D -+
Kv(Rn) (k = 1,2,...) satisfy (i)-(iii) of Lemma 1. Suppose moreover that there
are an interval [a , b] and a sequence {^(Z)} such that, for each k, xk{t) is a solu-
tion of x1 e Fk(t, x) on [a,b] and (/, xk(t)) G D . Then there exists a subsequence
of xk(t) converging uniformly to a solution x(t) of x'e Fk(t, x) on [a,b].

Lemma 3 (Filippov, [3]). Let F: Rm —> Kv(R") be continuous and P G Rn. Then
the function f:Rm-+R" defined by

f(x)eF(x), \f{x) - P\ = disl{F{x), P} for jc g Rm

is continuous.

Lemma 4 (Filippov, [4, Theorem 1, p. 87]). Let F: G c Rx R" —» Kv(Rn) be u.s.c.,
where G is an open region; let tQ G [a, b], (t0, xQ) G G, and a, b G R. Suppose
each solution x(t) of the Cauchy problem

x'eF{t,x), x{t0) = x0 (3)
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is extensible to [a, b] and (t, x(t)) e G . Then for each e > 0, there exists a d > 0
such that each solution of the Cauchy problem

x € F*(t,x), x(tq) = Xg

is extensible to [a, b] and differs from some solution of Eq. (3) by not more than e,
for € [a , b], Xq e Rn and each upper semicontinuous function F*: G —> Kv(Rn)
with

I 'o ^01 — ̂ ' l-^o _ -*-o! — ̂ '
F*(t,x)cSs [co(lJ{F(5,y):|5-/| <S, \y - x\ <<*})] .

Lemma 5 (Jones, [14]). Let S, S0, 5, be convex subsets of a Frechet space X
such that S0 c St c S, where S is closed, S{ open with respect to S, and S0
compact; and let T be a continuous map of S into X. Suppose that T(SX) is
locally compact and there exists a positive integer m such that T' is well defined
on 5, for i — 1, 2, ... , m and Tm(Sl) c S0 , Tm+l(S{) c SQ . Then T has a fixed
point in S0.

3. Main result. We shall prove the following.

Theorem. Let F: R" —> Kv(Rn) be u.s.c. If system (2) is permanent, then an
equilibrium state of (2) exists on int/?" , i.e., there exists an x* e int/?" such that
0 eF{x*).

Proof. Since system (2) is permanent, there exist constants m0 , M > 0 such that
for each x0 e int/?" there exists a tx e R+ such that each solution x(t) of the
Cauchy problem

x'eF(x), x(0) = x0 (4)
satisfies

"IqKx^kM, i = 1, 2, , n, t>tXQ. (5)

By the finite covering theorem, (5), and Lemma 4, there exist constants L, T > 0
such that for x0 € Rn with mQ < x0 < M each solution x(t) of (4) satisfies

K(0l <L, i= 1,2, ... , n, te[0,T],
m0 < xt(t) < M, i-\,2,... ,n, te[T,T + 2],

For each r, 5 > 1, set Dr - {x e R": \xt\ < L + r}, Ss r - {x e R"+ : m0( 1 - l/sr) <
Xj < M + l/sr}. Applying Lemma 1, we get a sequence {Fk{x)} of continuous
functions from D2 to Rn with properties (i)-(iii) in Lemma 1, where D = R+ x D2
and F(t, x) = F(x). By virtue of Lemma 3, there exists a sequence {fk{x)} of
continuous functions such that

fk{x) e Fk(x) for x 6 D2, k = 1, 2,  (7)

Hence by (6) and Lemma 4, for large k , each solution x(t) of the Cauchy problem

x'eFk(x), x(0)=x0, x0eSs2,
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satisfies

x{t)eD{, /e[0,r] and X(t)eSs4, te[T,T + 2], (8)

Particularly by (7), each solution x{t) of the Cauchy problem

x' = fk(x), x(0) = x0, x0eSs4,

satisfies (8).
For each k , choose a sequence of C1 class functions {fk m} on Dsuch that

limLW = /tW (9)
m—*oo *' ' *

uniformly on D2 . By (8) and the usual Kamke-like theorem (see Hartman [6, Chap-
ter 2, Theorem 3.2]), for large k and m , the solution xk m(t, jcq) of the Cauchy
problem

X' = fk,m(X)> x{0)=X0, XoeSs 2,
satisfies

Xk,m^^^2' an<i Xk ,m(t) £ Ss ,3 ' t E [T, T + 2], (10)

Take an h0 £ (0, 1) such that 3h0 < 1 . For large k, m , and each h £ (0, h0),
define a map Pkmh-Ss2^Rn by

Pk,m,h(X0^ = Xk,m(h^X0)-

Since fkm is of class C1 , Pk m h is well defined. From (10) and the choice of
h0 we see that for large k , m, and each h e (0, h0], there exists an integer N =
N(k, m, h) > 0 such that jh e[T, T + 2] and

xk,mUh, x0) e Ss3 for x0£ Ss2, j = N, N + \ . (11)

Since equation x = fk m(x) is autonomous, we have

pJk,m,h(xo) = xk,mUh,x0)

for each integer j > 0. From (11) it follows that

K,m,h(Ss,2) CR" for j = N, N+ 1.

By this and Lemma 5, Pk m h has at least one fixed point x*k m £ Ss 3 i.e.,
xk x*k m) — xl m- From the uniqueness of solutions to the Cauchy problem
and the autonomous property of fk m it follows that

xk,Jh + <> xk,J = xk,Je'xk,J for k £ R.

This shows that for any /i e (0, h0] the equation x = fk m(x) has at least one
/z-periodic solution xk m(t, x*k m) £ D2 for t £ R. By virtue of Lemma 2 in [10],
there exists a yk m £ Ss 3 such that

o = fk,Jyk,J- d2)
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Hence by (9) and (12) there exists a yk e Ss 3 such that

o = fk(yk). (13)
Note that fk{x) e Fk(x) for xeD,. Therefore, (13) implies

o €Fk(yk)-, (14)
i.e., yk is an equilibrium solution of x e Fk(x). Then by Lemma 2, there exists an
x* e S 3 such that 0 e F(x*). The same argument as above implies that there is
an x* e Rn with mQ < x* < M, i = \, 2, , n, such that 0 e F(x*); i.e., x*
an equilibrium state of (2). The proof is complete.
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