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0. Introduction. In elastic-plastic models for granular material, it is common that
the governing partial differential equations become ill-posed as plastic deformations
are accumulated. In dynamical formulations, ill-posedness occurs if the governing
equations lose their hyperbolicity. Equivalently, ill-posedness occurs if wave speeds
become complex. Ill-posedness due to wave speed becoming zero and then pure
imaginary has been studied extensively [M, S]. It was believed that this type of ill-
posedness is related to the formation of shear bands. In our paper, we shall investigate
the case that wave speeds become equal (the equations are not strictly hyperbolic)
and then complex with nonzero real part. Following Rice [R], we call it flutter ill-
posedness.

For two-dimensional models, An and Schaeffer [A, A-S] investigated the same
problem. It was found that, even in the simplest of elastic-plastic models, the condi-
tion for the onset of flutter ill-posedness—wave speeds being equal—may be reached.
By a topological argument, it was shown that a generic perturbation leads to equa-
tions with flutter ill-posedness in a neighborhood of a certain hardening modulus. In
these papers, a readily applicable criterion for the occurrence of flutter ill-posedness
is derived. It is demonstrated that flutter ill-posedness occurs in widely accepted
models.

Recently, Loret [L] extended the results to three-dimensional models. It was shown
that, whatever the hardening modulus, the dynamical equations of motion are never
strictly hyperbolic; that is, in some direction, two wave speeds are always equal.
Moreover, for some discrete values of the hardening modulus, the three wave speeds
become equal. By algebraic calculation, he showed that, when the flow rule de-
viates from deviatoric associativity, the governing equations could exhibit flutter
ill-posedness in a neighborhood of the discrete values of the hardening modulus.

In our paper, we continue to discuss flutter ill-posedness in three-dimensional mod-
els. For the case of three wave speeds being equal, we employ a topological argument,
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which is different from Loret’s approach. By studying the change of topological de-
gree of a certain mapping, we conclude that, generically, deviation from deviatoric
associativity in the flow rule leads to equations with flutter ill-posedness in a neigh-
borhood of the discrete values of the hardening modulus. A sufficient condition is
given for the occurrence of flutter ill-posedness.

For the case of two wave speeds being equal, we investigate more general per-
turbations (in fact, deviation from deviatoric associativity alone cannot cause flutter
ill-posedness in this case). We show that a small perturbation could lead to equations
with flutter ill-posedness over a large range of the hardening modulus. It is demon-
strated that nondeviatoric associativity in the flow rule and the rotational terms in
the Jaumann rate will cause flutter ill-posedness. In particular, for the yield vertex
model, flutter ill-posedness occurs near the direction of coincident transverse wave
speeds when the Jaumann rate is used.

Note that, in the latter case, the occurrence of flutter ill-posedness almost does not
depend on the value of the hardening modulus. Therefore, flutter ill-posedness is
more likely to occur in three-dimensional models than in two-dimensional models.

This paper is divided into four sections. In Sec. 1, the governing equations will be
given and the eigenvalue problem formulated. In Sec. 2, the acoustic tensor, derived
from the eigenvalue problem, is reduced in a moving coordinate; a preliminary lemma
from algebra is given and coincident wave speeds are analyzed. In Sec. 3, we study the
case of three coincident wave speeds under deviation from deviatoric associativity in
the flow rule. In Sec. 4, we study the case of two coincident transverse wave speeds
under general perturbations.

1. Formulation of the eigenvalue problem.

1.1. The governing equations. The unknowns consist of the bulk density p,
Cauchy stress tensor 7, and velocity vector v, subject to conservation of mass
and momentum

dp+p8.v.=0 (1.1)
pd,v, +0,T;,;=0, (1.2)

where d, = 9, + v jaj is the material derivative and the summation convention is
employed. In our formulation, compressive stresses are assumed to be positive.
To formulate the constitutive relation, we decompose the strain rate tensor

1
5(61.11]- + 6jvi)

into elastic and plastic parts

v=ve,p® (1.3)
For the elastic part, we assume the linear strain-stress relation,
=CiiVi T (1.4)

where C is a fourth-order tensor whose inverse E can be expressed through the
shearing modulus G and Poisson’s ratio v by

2 50+ G(0,8,+8,0,). (1.5)

i =122y
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To get an objective measure of the rate of change of stress, we use the Jaumann
co-rotational rate

VT =d,T;— Ty — Ty oy
where

1
Wy = 5(613’1 = 9vy)
is the spin tensor. Later on we take the rotational terms in the Jaumann derivative

as perturbation terms, since the magnitude of stress T is quite small compared with
the shearing modulus G, typically

IT|/G ~ 0.01.

For the plastic part, we assume that
1

(p)
Vij = h‘PU.tDk,VtTk,. (1.6)
The derivation of (1.6) is sketched as follows. Firstly, the flow rule gives
v =y, (1.7)

where A is a scalar variable and ¥ is a symmetric tensor indicating the direction of
plastic deformation. Secondly, differentiating the yield function ¢(T, y) =0 gives

o¢ o¢
— —dy= : 1.
8Tk,V’T"’ + ayd,y 0, (1.8)
where y is the total shearing strain defined by
D
dy= (V(‘”)) | : (1.9)
and for 3 x 3 matrices {Ai j} , the deviator and the norm of 4 are defined as
D 1 2 1 2
A" =A- gtr(A)I, |A|” = EZ"J'AU'
It follows from (1.7)-(1.9) that
I(VUOD
1
/1 = W = —E(DklvlTkl’ (1.10)
where h = —|‘PD |%‘$ is the plastic hardening modulus which changes from +oco to

0 as plastic deformations are accumulated, and ® = ?7? is the normal direction to
the yield surface. Finally, substituting (1.10) in (1.7) yields (1.6). For convenience,
we normalize ¥ and & in the sense that

¥°| = 0" = 1.
Then, we can write ¥ and ® as

D
¥, =¥ - po

ij? ij ij ij*
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In practice, ¥ and ® might depend on history as well as stress. The parameter u
specifies the angle of internal friction of the material, and g specifies the amount of
dilation. Typically, we assume that

Il>u>p>0.

The flow rule satisfies deviatoric associativity if and only if ¥2 — ®” . The reader
can consult [A] for deriving (1.6) in general cases and a physical description of its
terms in greater detail.

Combining (1.3), (1.4), and (1.6), we have

1
Vi= (Cijkl + Z‘Pijd)ld) ViTy-

Since the fourth-order tensor C is invertible, the above relation can be rewritten (cf.
Lemma 1.3 in [A]) as

1
v,T, (E,.jk, 77 EimnYn®rsE, )Vk,, (1.11)

t7ij ijmn rs~rskl

where E is given in (1.5) and H is defined as

H=h+ <I>UEU,(,‘P,(,,

where H > 0, an assumption that holds for a large class of materials.

1.2. The eigenvalue problem. In this subsection, we linearize the equations (1.1),
(1.2), and (1.11) first. Then by looking for exponential solutions, we obtain an
eigenvalue problem. The square of the wave speed is the eigenvalue of the derived
acoustic tensor.

Suppose that p(o), v, and T are the homogeneous solutions (see [S] for its
existence). We assume that the material undergoes continual loading beyond this
uniform deformation. In fact, only accumulated plastic deformations can cause the
governing equations to become ill-posed. Now we substitute

p=p(°)+p, v=v(0)+'¢‘), T=T"+T
into the equations (1.1), (1.2), and (1.11) and retain only terms of first order in the
incremental variables p, U, and T . Thus we have
dp+p? divo + (dive?)p + 0 - grad p“” =0,
(O)dﬁ+divT+p gradv +pdv =0,

d,T,; + B;j,0,0, + B, T, + vkak =0,

where B, is not given explicitly because of its irrelevance and

1
Bijir = Eyjrg + Jijia — HE Yon®rsE

ijmn rs™rskl >

ijk

in which J, ijkl comes from the Jaumann derivative

1
Tkt = =5 0p Ty = 0y Ty + 93 Ty = 0, Ty)-
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Now we extract the principal part of the linearized equations and substitute the
following form of solution in it:

p= ei(x.:)mﬁ ’ b = jo! O , T ei(x~f)+}.tT’ (1.12)
where p, 0, and T are constants, & = (¢;,¢,,¢&;) is a vector in Fourier space,
(x - &) is the inner product of x and &, and A € C is to be determined. We obtain
the following eigenvalue problem:

0 %" o
(0 0 —ﬁL(é)) U=@+iv)¢)0,
0 M) 0

A A A

. . AT
T22’T33’T12’T13’T23)) and
&0 05 ¢ 0)

—
—
-

L(é) = 0 62 0 é] 0 é3

0.0 ¢ 0¢ &

(3111151 B1S B

22211? 22221? gzzslgl

M) = 3315 P33usr P3335

Bou€i B B

Bi3yS Byl BisuS

ByySi BasuSr Bass

Excepting for one zero eigenvalue, the rest of the eigenvalues will be determined from

0 —%L(é))
= P .
¢ (M(é) 0

It is easy to see that Q has three zero eigenvalues, whose eigenvectors are
(0,0,0, f,.)T (i=1,2,3) where FI.T € RS (i=1,2,3) form the kernel of L(&).
The remaining six eigenvalues of Q can be found by studying the following matrix

1 1
—o LM () = —5¢:B, i1l (1.13)
p(O) ) p(O) jki®1

Suppose that (1.13) has eigenvalues u; (i = 1,2, 3) with eigenvectors e, (i =
1,2,3). Then Q has eigenvalues +,/u; (i = 1, 2, 3) whose corresponding eigen-

vectors are
T

—1 T .
(ef  2u7 T (M@e)T) . i=1,2,3
(summation convention is not used here).

The eigenvalue problem can also be derived in the following way. Substituting
(1.12) in the linearized equations, we obtain

PO+ )0, +&T, =0, (1.14)

i

A+ 08T, = B, &0, (1.15)
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Substituting (1.15) in (1.14) gives
0 . (0
PO+ ive) 0, +¢ Buk,é,vk =0. (1.16)

. . . . - . . _ . (0) 2 .
To obtain nontrivial solutions o, it is necessary that ,u ;= (A i, ) (U=1,2,3)
are eigenvalues of —ﬁéiBi NI

In the engineering literature (p—(%éiBi ik ,é,) in (1.13) is called the acoustic tensor.

The wave speeds are actually equal to ui% /I¢]. Since u; (i =1, 2, 3) are homoge-
neous of degree two in &, the wave speeds depend on the direction of ¢ but not on
the magnitude of &. Let

3
={éeR e = 1}.
Then the acoustic tensor is a function of & and &, defined on St xRY.

2. Analysis of the acoustic tensor.

2.1. Reduction of the acoustic tensor. To study the eigenvalues of the acoustic
tensor, it is convenient to formulate the tensor under a moving coordinate and then
to subtract the obtained tensor by a multiple of the identity.

Choose two unit vectors n, { that are perpendicular to ¢ and also are perpen-
dicular to each other. Let

&om 4
R=1|& n & . (2.1)
&Gy &
Multiplying the acoustic tensor left by R and right by R, we have
1 1 L
W {El’ﬂ + Jll.ll( ) ﬁElimn\Pmnq)rsErsjl} ’ (2.2)

where T = RTTR, ¥ = R™WR, and ® = RT®R. During the calculation, we use
the fact that E satisfies the isotropy condition

Emnrs EukIR R R R
Subtracting
1 1. 1
W (G" §T11 - ngk) 5:’1
from (2.2), we obtain (p(o))_l times
~D ~ ~
+3T), — #bie T%— whic ~13__b G
A&, h) = -Lbye, %7:22 - Lbye, %T Ebycy | (2.3)
—#bsyey 3055 — by, £T33 #bses
where y = = 2u and T is the (i, j)-component of the deviatoric part of 7. Let

Kk = 2L . We have

b, =E,,, Ymn=-2Gxps, —¥),

limn

¢;=®,E,; = -2G(xusd, - b)), (2.4)

rs rs;l

D D
H=h+2G(3kup +¥,®,).
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REMARK 2.1. Under this moving coordinate, when A is diagonal, we actually have
longitudinal and transverse waves. In fact, it follows from (1.16) that

_ﬁ {R" (&:Bi)) R} R0 = u* (R"0).

When A is diagonal, R = Ae; , where A is a constant and e; is the i™ column of
the identity matrix. It follows immediately that

D = ARe..

1

~

So the eigenvector ¥ is either parallel to ¢ or perpendicular to ¢. But this is not
true in general if A is not diagonal.

2.2. Preliminary lemma from algebra. Since the eigenvalues of a matrix A are
roots of the characteristic polynomial of A4, we shall review some knowledge about
the discriminant of a third-order polynomial and the relation between the discrimi-
nant and the invariants of 4.

Fora 3 x 3 matrix 4 = {ai j} , there are three basic invariants:

J] =a,,+a,,+a;;= tr(A4),
Jy =010y + 1833 + 05,35 — a0, — ay30y, — A0,
J, = det(4).

The characteristic polynomial det(a;; — cd;;) of A can be written as
det(aij - ch) =+ chz = Jc+ J;

whose roots correspond to the eigenvalues of 4. The discriminant of the character-
istic polynomial is equal to

2

disc(4) = J.J ;

—4J;) —4J] T, + 180, 7,0, - 275, (2.5)

LemMA 2.2. Two of the eigenvalues of A are complex conjugate if and only if
disc(4) < 0.

Proof. Let f(c) = det(a, i cd; ;) Differentiating f(c) with respect to ¢, we have

fl(e)= -3 +2Jc— 1,

1 2
G a=73 <Jl +1/72 - 3J2> .

(1) In the case of le < 3J,, roots ¢, and c, are complex conjugate. The derivative
f'(c) does not change sign, and f(c) = 0 has a pair of complex conjugate roots.
Since f(¢) = f(c) where a means the conjugate of a, we have

fle) - fle)) = 1f ()l > 0.

whose roots are
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(2) In the case of le =3J,, we have ¢, = ¢, and
1 S G
f(C)=—<C—§Jl> _ﬁ‘]l +J3.

When J13 = 27J,, all three roots are the same and f(c;) = 0. When J13 #217J,,
there are a pair of complex conjugate roots and

fle) - fley) = £3(c,) > 0.

(3) In the case of J12 > 3J,, the function f(c) achieves a local maximum at ¢, and
a local minimum at ¢, . The function f(c) has a pair of complex conjugate roots if
and only if f(c,) and f(c,) have the same sign, that is,

f(cl)'f(cz) > 0.

Combining these three cases, we have the fact that f(c) = 0 has a pair of complex
conjugate roots if and only if f(c,)- f(c,) > 0. It is easy to check that

disc(4) = 55 /(c,) - £(c3),
and the conclusion follows.

2.3. Coincident wave speeds. In this subsection we discuss the simplest case in
which the flow rule satisfies deviatoric associativity and the rotation terms in the
Jaumann derivative are not included. In this case, flutter ill-posedness does not
occur. But the onset of flutter ill-posedness is reached and wave speeds become
equal in certain circumstances.

THEOREM 2.3. (1) The two eigenvalues corresponding to transverse waves are equal
if and only if & is one of eigenvectors of V.

(2) The three eigenvalues of the acoustic tensor are equal if and only if ¢ is one of
the eigenvectors of ¥ and the hardening modulus 4 is equal to one of the following
values:

h,=2G[2(1 - 2w) (ks —p) (kB —p) —3kuf-2], i=1,2,3,

where p; (i =1, 2, 3) are eigenvalues of v

In the proof, we shall see that when & is one of eigenvectors of W, the matrix A4
is diagonal. From Remark 2.1 it follows that we have a natural decomposition into
longitudinal and transverse waves. In this event, one eigenvalue corresponds to the
longitudinal wave and the remaining two eigenvalues correspond to transverse waves.

Proof of Theorem 2.3. To find out when coincident eigenvalues could occur it
is sufficient to see when the discriminant is equal to zero. Without the rotation
terms in the Jaumann derivative (terms containing stress 7 are absent in (2.3)), the
determinant of A(¢, &) is zero (J; =0) and

1
J=y- ﬁ(blcl + byc, + bycy),

J, = —%(bzc2 + bycy).
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It gives

disc(4) = J}(J] - 4J,)

2 2
1 4
= #(bzc2 + b3c3)2 { (y - ﬁ(blcl + b,c, + b3c3)) + ﬁy(bzc2 + b3c3)}(,2 6

When the flow rule satisfies deviatoric associativity (‘I’D =9° ), it follows from (2.4)
that

b,=c¢c,, by =c;.

Therefore, we have disc(4) > 0 and it will be zero if and only if b, = b; = 0 or,
equivalently,

¥Y,=¥,=0.

LEMMA 2.4. Suppose that 4 is a 3 x 3 symmetric matrix and &, 5, and { are
three mutually orthogonal unit vectors. Then éTAn =0, {TAC = 0 if and only if
& is an eigenvector of 4. Moreover, éTAé is the eigenvalue of A corresponding to

¢

Proof. Suppose that R is the matrix whose columns consist of &, 5, and (. If
nTAE =0 and ¢{TA4¢ =0, then

AE=RR' AL =R(EAE, n' AL, {7 A8) = (& AE)C.
If A& = A&, then
Eal=4, nAE=in'¢=0, (Ta=2"¢=0.

The proof is complete. )

According to Lemma 2.4, the facts of ¥, = &"¥’y = 0, ¥, = ¢"¥P¢ =
0 imply that £ is one of the eigenvectors of WP as well as of ¥. In this case,
the matrix A4 in (2.3) is diagonal and two transverse wave speeds are equal (two
eigenvalues with eigenvectors 7 and { are equal). Note that the transverse wave

speed is nonzero since we subtract a multiple of the identity. When, in addition to
¢ being an eigenvector of WV,

1
y - ﬁblcl =0, 2.7

the longitudinal wave speed is also equal to the transverse wave speed. In this case,
the second factor in (2.6) is equal to zero. The equality (2.7) holds when, from (2.4),

4G?

4G? 5D ) .
(kB —‘i’“)(x,u _\P“) = T(’CB —Pi)(Kll —Pi), i=1,2,3, (2.8)

H =—
Y

or in terms of 4,

h,=2G[2(1 - 2w)(kpu —p,) (kB —p) —3kpuB—2], i=1,2,3, (2.9
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where p, = éT‘I’Dé (i=1,2,3, & is one of eigenvectors of ‘I‘D) are eigenvalues of
o satisfying
2 2 2
p1+p2+p3=2, p1+p2+p3=0-

The proof of Theorem 2.3 is complete.

REMARK 2.5. From the proof we also see that the equality J, = 0 corresponds to
two coincident transverse wave speeds and that both J, =0 and J, =0 correspond
to three coincident wave speeds.

3. Deviation from deviatoric associativity in the flow rule.

3.1. Statement of results. In this section, we only allow deviation from deviatoric
associativity (‘I’D # <I>D) and the rotational terms in the Jaumann derivative are
excluded. In this case,

disc(A) = J(J] - 4T,).

The value of disc(A4) could become negative only if le — 4J, becomes negative.
So flutter ill-posedness could occur near 4, (i =1, 2, 3) given by (2.9) where three
wave speeds are equal. This is the case analyzed by Loret [L]. In this section, we
shall use a different approach to prove the following conclusion.

THEOREM 3.1. Generically, the nondeviatoric associativity in the flow rule will make
the discriminant become negative in a neighborhood of the discrete values h; (i =
1, 2, 3) given by (2.9). In other words, generically, the nondeviatoric associativity
in the flow rule will lead to equations with flutter ill-posedness near 4, .

The proof will be given in the next subsection 3.2.

In general, under perturbation, le —4J, could become strictly positive. But our
topological arguments show that nondeviatoric associativity in the flow rule cannot
perturb le — 4J, away from zero in the positive direction and, in fact, that such
perturbations are likely to even make J]2 —4J, become negative somewhere. In terms
of terminology from the dynamical bifurcation theory, this grazing of the stability
boundary is “structurally stable”.

For those who may not completely trust generic arguments, we shall give a suffi-
cient condition for the occurrence of flutter ill-posedness in subsection 3.3. We also
compare our results with Loret’s there.

3.2. Topological proof of Theorem 3.1. We derive from (2.3) and (2.4) that

2 l6yG 1—21/
=4 =—f— {l4\/Gl—2u) V

x ((K,u -2 (kB - d
(

v (¥,+0,) +

-&l
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Now we study the mapping F, : s? R given by

1| 2
v = 4 G(1—2V -y (Geu=¥0) 0B - D7) + ¥,y + ¥,5,,)

Y275 ( 12 +q>12) V3= (‘P +¢13>
1 /s . N .
y4=-2-(‘l’12—<l>12), Vs = ( 13_(1)13)’

(3.1)
where ‘i’ﬁ. and <i>3. are functions on S° = {é ER’: ¢ = l} . Note that J —4J, <
0 if and only if yTN y < 0, where

I, O
(13
N—(O ‘Iz> (3.2)
and I,, I, are block identity matrices (subscript indicates its order). Let
I'= {yeRS: yTNy<0}.
Flutter ill-posedness does not occur if and only if

Fy(S’) e R°\T forall H >0,

&

2
1
2

where F H(Sz) is the image of the mapping F), .
It is easy to check that
R \T =R\ {0} = §°,
where = denotes the homotopy relation and T is the closure of I'. Studying topo-
logical properties of the image F H(Sz) in R’ \T" is equivalent to studying topological
properties of FH(S2 ) in S? where F,: S? — S? is the induced mapping defined
by

z=— i =123

1
VYL +vi 43

For the mapping F, : s? - 82 , we define a topological degree [Mi],
deg(Fy,, z,) = Z sign(dFH)yo
o€y (z9)

where sign(dFH)y0 is the sign of the Jacobi matrix dF;, of the mapping Fj, at y,.
This degree is well defined since it does not depend on the choxce of the regular value
z, and is homotoplcally invariant. Specifically, if (z + z2 + 23)(6 H) > 0 for
H € [H,, H,], then F, is homotopic to F , L.e., FH ~ by and

deg(F, x zy) = deg( Hy> Z4)-

Intuitively, the degree is like the times of F H(S ) encircling I". If the degree
changes as H passes H,, then FH, (H, < H,) is not homotopic to FH2 (H, >

H;) and FHO(SZ) must intersect I'. In the “best case”, the image F (S2 x RY)
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might intersect I' only at its vertex y = (0,0, 0, 0, 0) at the origin, in which
case the governing equations would exhibit coincident wave speeds at isolated points
in parameter space. In fact, this is the case for the flow rule satisfying deviatoric
associativity.

For a small deviation from deviatoric associativity, when H is away from the
discrete values H, given in (2.8), the degree does not change at all. So we only
carry out calculation of the degree for the case of the flow rule satisfying deviatoric
associativity.

PROPOSITION 3.2. Assume that W has three distinct eigenvalues Py > Dy, > Dy
Then when H passes H, given in (2.8), the degree of the mapping F,, will change.
Proof. The mapping F, : S 8% s given by

s = Vi i ¥ 7. = Y
1 2 w2 L a? 2 2 @ a2l 3T Iy 62 L a2
Vo + ¥+ VAZIRR ST S Vi + ¥+
where
_[G(1 =2v) H D K 2t 2 g2 a2
"WEVTTHE {40(1—21/)‘[\1'11‘5(‘”’”] R

Suppose that, in the reference coordinate, ¥l s diagonal,

p, 0 0
¥ =10 p, 0].
0 0 p,

Parametrize F,(S°) by z = (sin6 cos¢’, sinf’sing’, cosg’) where 0 < 6’ < =
and 0 < ¢' < 27, and parametrize S° by & = (%(cose — sin 6 cos ¢), %(cos@ +
sinf cos¢), sinf sin¢) where 0 < 8 < 7 and 0 < ¢ < 2xn. In the latter, the singular
point of parametrization is moved away from the principal directions of ¥. Under
this parametrization n = (=4 7 L(sin 6 +cos 6 cos ), (sm 6 —cos 6 cos @), cos O sin ¢)

and ¢ = ( sing, sm¢ cos @) . Consequently,

‘i’ﬁ pz' (cos 8 — sin 6§ cos qS) + 72(005 6 + sin 0 cos ¢)2 + D4 sin” 0 sin’ o,

. 1 . 1 . .
¥, = —E(p1 —pz)(cos2 9 — sin’ 0)cos¢p — i(p' + P, — 2ps) sin 0 cos 6 sin’ ¢,

¥,= ;sm¢[( —p,)cos B — (p, — p;)sinf cos ] . (3.3)

Choose z, = z(0' = % ¢

o= (or)s (G0). (). (r) (59 (3:20)

(3.4)

0)=(1,0,0). The F};'(zo) consists of at most

Whether (6, ¢,) belongs to F,, l(zo) depends on whether
b :yl(e(), (»boa H) > 0.



FLUTTER ILL-POSEDNESS 355

Without loss of generality, we assume that

K

X 2 K 2 2
(s =5w+8) > (p=Fw+B)) > (o, - Sk+B) .
For H < H,, the set Fy 1(zo) is empty and
deg(Fy; z,) = 0.
(

For H, < H < H,, the set F;;'(z)) = {(%, %), (%, }n)} and

- (86, ¢) . [8(6,¢)
deg(Fy, , z,) = sign (————) + sign (—)
%0.9 (5.9 0.9 ) (5.0
= ZSign [(pl _p3)(p2 _p3)/(y1|y1|)] =2.

Similarly, for H, < H < H,, we have deg(F},, z,) = 0, and for H > H,, we have
deg(Fy,, z,) = 2. Thus, when H passes H, (i =1, 2, 3), the degree of the mapping
will change. The proof is complete.

Generically, nondeviatoric associativity in the flow rule makes the image
F (S2 x R") intersect the interior of I'. The discriminant will be negative in a
neighborhood of the discrete values of the hardening modulus. The degree of the
mapping F,, will change as H crosses over the neighborhoods. Therefore, flutter
ill-posedness is unavoidable in this case.

3.3. A sufficient condition. Return to the original mapping Fj, : §? SR given
by (3.1). We shall give a sufficient condition in terms of the mapping Fj, , which
guarantees the occurrence of flutter ill-posedness.

ProPosSITION 3.3. Assume that s is the perturbation parameter and 6, ¢ are para-
metrization parameters of SEIf yTNy|s=0 >0, yTNy|(0 bk 0) = 0 where N is
given in (3.2) and if the rank of the Jacobian of the mapﬁiné F given by (3.1) (F
also depends on s here) is four, i.e.,

Oy Vos Var Vas Ve)
rank( 12’ -3 413 )
3(0,¢,h,s) (G b hy . 0)

then flutter ill-posedness occurs near (6, ¢,, A, , 0).
Proof. Suppose

Dz(a(yl,yz,yg,y4,y5)) =<Dll Dn)
a(0,¢,h,s) (6> b0 ko »0) D, Dy,

where D, is a 3 x 3 matrix. Locally, we have the mapping S’xR" xR - R’

defined by
F
y - D(s) >

where 7= (0-6,, ¢ —¢,, h— ho)T . The value of le —4J, is equal to %szTNy s
where

_ _ T _
YNy = (D,,F + D,,5)" (D, F + D ;) — (D,,F + D,,5) (D, + D,5). (3.5)

=4,
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From the facts that rank (g;') =3 and
1
T _ T _
(D“r) (D“r) - (Dzlr) (D2|r) > 0,
it follows that D, is nonsingular (det(D,,) # 0). When s # 0, we can choose
F= Dl—lans. Substituting this in (3.5), we have
T -1 T -1 2
Y Ny =—(Dy D\ D\, + Dy,) (Dy D, Dy, + Dpy)s™ <0.
In fact, if D2|D1_11D12+D22 = 0, then rank(D) = 3. This contradicts the assumption.
The proof is complete.
Now we apply Proposition 3.3 to verify Loret’s results [L]. He discussed two cases,

the noncoaxial and coaxial case. We claim that the conditions of Proposition 3.3 are
satisfied in the noncoaxial case but not in the coaxial case. Suppose that

o’ =¥’ - 254,
where A is a symmetric matrix satisfying tr(A) = 0. Then the mapping F : S? x
R* x R — R’ can be rewritten as
G(1 -2v) { H

5 \2
Y= 7 \3Ga-m)

k- kp -2 - (¥, - (¥,,)

~ ~D ~ ~ ~
—2s [An("/‘ =) -Yh, - \P13A13] } ’

v, =¥, =54, y3=¥;-54;,
J/'4=5A12’ y5=SAl3’

where ‘i’ﬂ , ‘i’lz , ‘i’ls are given in (3.3) and A“ = éTAé, A12 = {TAn, 513 = éTAC.

We knew from the proof of Theorem 2.3 that yTN Yl;_o = 0. Also we knew that

T
y Nyl(00,¢0,h0,0) =0,

where (0,, ¢,) is any one of the pairs in (3.4) and A, is any one of the values in

(2.9). Let (6,, ¢,) = (§, m); then it is easy to check D, =0 and

8(y,,y2,y3)> G(1 -2v)V2
S =\ T 0y — P By —py) # 0

< 8(07 ¢,h) (00,¢0,ho,0) H 4 ! 2 ! 3

(ID;,| # 0 is also true for other choices of (6, ¢,) ), where H, = h;+2G(3kup+2).
Hence the rank of Jacobi of the mapping F is four if and only if

‘ly_i)er (%)2} = (B + A" #0
[( as ds 6.0, 100 12 137 1(8,. 60 1y, 0)
According to Lemma 2.4, both 512 and Al ; are zero if and only if ¢(6,, ¢,) is an
eigenvector of A. In the noncoaxial case, ¢(6,, ¢,) is not an eigenvector of A. In
the coaxial case, £(6,, ¢,) is an eigenvector of A. So rank(D) = 4 in the noncoaxial
case but not in the coaxial case. The claim is proved.

In fact, the coaxial case is not generic. The dimension of perturbation is restricted
to be less than five. As a result, the transition from the state of non-strict hyperbolicity
to loss of hyperbolicity is not smooth. Only large deviation could cause flutter ill-
posedness in the coaxial case.

|D11|=
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4. The case of two coincident transversal wave speeds.

4.1. Statement of main results. In the three-dimensional case, we knew from The-
orem 2.3 that, whatever the hardening modulus is, two transversal wave speeds are
equal when ¢ is near principal directions of ¥. But deviation from deviatoric as-
sociativity in the flow rule alone cannot cause flutter ill-posedness in this case, since
Jy = det(4) = 0. More general perturbations need to be considered. Another reason
for considering more general perturbations is that the plastic part (1.6) of constitu-
tive law should not be restricted to be of rank one under perturbations. In fact, the
plastic part V) of constitutive law in the yield vertex model [C-H] is not of rank
one. In this section, we shall show that flutter ill-posedness could occur under general
perturbations in the case of two coincident transverse wave speeds.

Recall that, without perturbations, J, = 0 when two transverse wave speeds are
equal. We can assume that

L=J=0, J=JY
at 0 =6,, ¢ =¢,, s=0 where s is a perturbation parameter. If
o(Jy, Iy, J3)
a0, ¢, s) (8 99.0)
then, according to the Inverse Function Theorem,
f:0,8,8)— (), J,, J5)

maps a neighborhood N of (6y, ¢y 0) onto a neighborhood of (Jl(o) ,0,0). In
particular, on a subset N’ of N,

J,=0 and 4JJ,>0.

#0, (4.1)

It implies that
disc(4) <0 on N

The condition (4.1) might not guarantee that flutter ill-posedness occurs for all 2 > 0
because the parameter s may be restricted to be positive. If J; can only be positive
on

N = {(6,0,5)€(0,—6,0,+8)x(¢g—0,d,+3)x(0,8): J,(0,¢,s)=0},
then flutter ill-posedness occurs on N’ x M where

M= {hzO: J,(0,6,5,h)>0, (o,qs,s)eN’}.
Similarly, if J; can only be negative on N’, then flutter ill-posedness occurs on
N’ x M’ where

M = {h >0: J,(0,6,5,h)<0, (6, ¢,s)eN’}.

Note that, when s = 0 and two transversal wave speeds are equal,

G

S = (1-20)H

[h+2GBkup +2) —4G(1 — 2v)(k B — py)(Kp — py)]
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where p is one of the eigenvalues of ¥” | There always exists a value 4 = h;, such
that J,(6,, ¢,,0,h,) >0 for h > h, and J,(6,, ¢,,0,h,) <0 for h < h;. So
flutter ill-posedness could occur in a large range of the hardening modulus.

If the condition (4.1) does not hold, then more delicate theory about singularities
should be used. We do not go further in this paper.

In the next two subsections 4.2 and 4.3, we shall demonstrate that flutter ill-
posedness occurs near the direction of two coincident transverse wave speeds under
specific perturbations.

4.2. Models including the Jaumann rate and a nondeviatorically associative flow
rule. We assume that J; is away from zero. So the longitudinal wave speed cannot
be equal to two transversal wave speeds. As was said in the end of subsection 1.1,
we take |7|/G as a perturbation parameter. Then we calculate J; to see whether
J; could be nonzero on the set of (6, ¢) for which J,(6, ¢) =0.

In terms of (2.3) and (2.4), we have

G 5D Dy a g
= TR {H=4G(1 - 20) [(ep = ¥ )0ep - D)) + ¥,y + W30, ]}
4G° . -
(e {#,0,,+¥,,0,,+ 019} ,
26 o & Th o s T o s Ty o s T 2
Jy= THO -2 {an)ns% * \PI2®12% - LI112<I)13“é_3 - ‘P13(D12% +0 (S ) ,

where s = %1 and O(s) represents terms with the order s as s — 0. Note that

Jy= %0(%[> f \PIZ(i)IZ +‘iJlga(i)lz. =0, then

10 2
. 3 G |7
disc(A4) = —4J1 J3 + 'I?{O (<?> ) .

To find flutter ill-posedness, we only need to prove that

= ~ ~ ~D ~ ~ ~ ~ ~ ~ ~ ~ ~

J3 = l}113(1)137122 + l{’12(I>12T33 - lPlz(I)lsTm - l}’13(1)127"23 (4.2)
is not zero on the set of (6, ¢) for which (\illZ(i)lZ + lPlSd)IS) (6,4)=0.

Suppose that ¥ s diagonal in our reference coordinates with eigenvalues p,, p,,

p5. We parametrize s?2 by & = (cos@, sinfcos¢, sinfsin¢). Under this parame-
trization, # = (—sinf, cosfcos @, cosfsin¢) and { = (0, —sin¢, cos¢p). Conse-
quently,

¥, =- [(1’1 —D,) + (P, — Ps) sin’ qS] sin@cos
‘?13 = —(p, — p,)sin @ sin ¢ cos §.

Let & = AT‘I’A, where

1 0 0
A=|0 cosa sina|.
0 —sina cosa
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In this case,

®,=- [(P, —D,) + (D, — Ps) sin’(¢ + a)] sinfcos @,

D, = —(p, — p;) sin Osin(¢ + @) cos(¢ + ).
If ¢,=—%, then

~ ~ ~ ~ . . 2
¥,b,+¥,,b,=sin’6 [((pl —p,) + (p, — py) sin” %) cos’

- (,-p )zsin2gcos22 .
2 3 2 2

This will be zero when
(P, — p;)sin § cos §
p, — Dy + (P, — py)sin® &

cos 00 =

Now we calculate the value of J; at 6 =6, ¢ = ¢,. We assume
b g 0 0 1 0 0
™" =AT| 0 o, 0 ]A, A=[0 cosg sing |.
0 0 oy 0 —sing cos$

Thus, we have

2 % cos® % ((al -0,) sin’ 6,+0a, — 03) <0.

Therefore, when (0, ¢) is near (6, ¢,),

- .2 2 .
Jy = —sin” 6,(p, — p;)” sin

(disc(4)) (0, ¢, h) <0

for h > 4G(1 - 2v) (kB = W7, (6, b)) (s — DY, (85, b)) — 2G(3kup +2).

Here, we just choose a special perturbation. Nevertheless, we believe that the
rotational terms in the Jaumann rate and nondeviatoric associativity in the flow rule
will lead to equations with flutter ill-posedness near the direction of two coincident
transverse speeds in general.

4.3. The yield vertex model. In this model, the plastic part of constitutive law is
not of rank one. As shown in [A], the flow rule essentially satisfies nondeviatoric
associativity. In this subsection, we shall show that, when rotational terms in the
Jaumann derivative are included, flutter ill-posedness occurs near the direction of
two coincident transverse wave speeds.

The plastic part of the constitutive law [S-S] is written as

v =¥, - BI¥I5,,
where

(T, A) =

2 D
{PA+a|(I—P)A| T |}+1(1-P)A,

z
G, 14 |TP



360 LIANJUN AN

in which 4 =V, (TTD) , 0= %tr(T), Gp and G, are plastic moduli (subscripts p
and r are mnemonic for “proportional” and “rotating” respectively), and P is the
projection operator along the direction of TP,

D D
pac (4 T\ T2
771 ) 1T7]
Assume that, compared with the proportional loading, the rotational loading is small,
e., |[PA| ~|A| and s = ‘ﬂ;rﬁlw is small. Then we obtain

G 2
¥ ~ ll + (a+ ; (G") )s|(1—P)A|] .
p r

More explicitly, (4.3) is written as
(p)
Vij = MijletTkl )

where
1

1
Miju = 55 (T = BO)(Ty = 0yy) = 57,7k
D r
1 /1 1 1 ~
el ('2'(5ik‘5j1 +0,05) = §5ij 6k1> VTR (Za‘rij - Béij) Sbyy
r p

. A G,\?2 T? D
in which ﬂ=<2a+(af) )ﬁ, 1ij=|_T'lJ)_|’ /l=§JTTl,and

D

D T,

=
D2 D D
\/|V,T | —(#,VtT )

It is easy to check that 7, b,.j =0.
Reversing the relation

bkl =

V= (Cijkl + Mukl) VT,

we obtain
VT = BV

thij

where

B, _/16 6k1+G(5 0t 0y0,) +UT, Ty,

4G* -
= — (KB — 7)) (Kb — T) + §(udy; — w,)by,
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in which H = ZGp +4G + 6Grup and

i 2G 3vG, +2G(1 +v) . GG,
T1-2v 3(G,+2G) "~ G, +2G’
i GG, ,_ 26
"~ G,(G,+20)H’ T G,+2G’

2 2

aG G G 2a0G G
= |—2 _P P = p_ P .
u—[G+(l+ZG)(G,)]KB’ w e 3K(G>,u/3.

As in subsection 2.1, we reduce the acoustic tensor
1
—'p_((ﬁéi(Bijkl + Jijkl)él >

where J, Kl is given in subsection 1.2. Finally, we wind up studying the following
matrix:

5 s ... 4G’ . i
Aij(é, G,,G,)=(4+G)d0, + vyt - —H—-(Kﬂéli - t“)(rcuélj -1 (4.4
- N s . '
+ 5(ud,; — wtli)bjl ) (0T — 0,1, — 1)

where ¥ =R tR, b=R"bR,and R is given in (2.1).

Note that the last term in (4.4) comes from the Jaumann derivative. Without this
term, J; = det(4) = 0. In this case, flutter ill-posedness could occur only when three
wave speeds are equal.

From (4.4), we can obtain

2 .2 oA F s D
Jy=m(T, + ;) — nd(b,,, + b;3T,5) + O(IT |) ,
1 Db . 2 . .2 L.
Jy = §|T [[m(Tp115 + T35, — 2037, 8)5)
§(h. (7. -7 oz oz % . 2
—ns (b12(112733 = Ty3Ty3) + 0y3(T 7 3 — 112723)) ]+ 0(|TD| ) )

2 2
+G+0t, - f%(xﬂ —#11)(ep — £11) + 5(u —wfll)i)“] (17 - %)

.. 4G? X .. 4G* X .
— [l/‘t“ +7(Kﬂ—1“)l [vr” +7(x,u—t“)—swb“] ,

In general, when s # 0, the vector ¢ can be chosen such that (1) £ is not an
eigenvector of 7 and (2) the leading order in J, is zero. To complete the proof, it
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remains to show that, for the same ¢, the determinant J; # 0. In fact, the leading
order terms of J, and J; are simultaneously equal to zero if and only if

A= ) ﬁzj‘ s o ~b12~f12+l~712733 ) —0.
Tyt + 33T — 20537 ,T 15 by 1,055 — T13T55) + by3(T5T 5 — TpTy5)
Suppose that
o 0 0
=0 o, O
0 0 a4

in the reference coordinate. Parametrize S° by & = (cos@, sinfcos¢, sinfsin ).
Then we have

A = (bt — by37,,)(0, — 0,)(0, — 0,)(d, — 6,) sin” O sin ¢ cos ¢ cos 6.

When (512%13 - 513‘?12)(0l -0,)(0,—0,)(g;—0a,) # 0, the value of A is not zero for
¢ being away from the eigendirection of 7. So, in general, J; # 0.

Acknowledgments. This work was done while the author worked at McMaster Uni-
versity as a postdoctoral fellow supported by the National Sciences and Engineering
Research Council of Canada. The author is grateful to Professor Schaeffer, who posed
this problem and gave the author a lot of help with it. The author is also grateful
to Professors Chadam and Peirce for sponsoring this research program at McMaster
and for their discussions and encouragement.

REFERENCES

[A] Lianjun An, Loss of hyperbolicity in elastic-plastic material at finite strains, SIAM. J. Appl. Math.
53, 621-654 (1993)
[A-S] Lianjun An and D. Schaeffer, The flutter instability in granular flow, J. Mech. Phys. Solids 40,
683-698 (1992)
[C-H] J. Christoffersen and J. Hutchinson, A class of phenomenological corner theories of plasticity, J.
Mech. Phys. Solids 27, 465-487 (1979)
[L] B. Loret, Does deviation from deviatoric associativity lead to the onset of flutter instability?,
preprint, 1991
[M] J. Mandel, Condition de stabilité et postulat de Drucker, Rheology and soil mechanics (J. Kravt-
chenko and P. Sirieys, eds.), IUTAM Symposium at Grenoble, Springer, 1966, pp. 58-68
[Mi] J. Milnor, Topology from the differentiable viewpoint, The University Press of Virginia, 1965
[R] J. Rice, The localization of plastic deformation, Proc. 14th IUTAM Congress (W. Koiter, ed.),
Delft, 1976, pp. 207-220
[S] D. Schaeffer, Instability and ill-posedness in the deformation of granular materials, Internat. J.
Numer. Anal. Mech. Geomech. 14, 253-278 (1990)
[S-S] D. Schaeffer and M. Shearer, Loss of hyperbolicity in yield vertex plasticity models under nonpro-
portional loading, Nonlinear evolution equations that change type (B. Keyfitz and M. Shearer,
eds.), IMA Vol. Math. Appl., vol. 27, Springer-Verlag, New York, 1990, pp. 192-217



