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REDUCTION TO A FREE BOUNDARY MODEL

By
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Abstract. A detailed formal asymptotic analysis of the Ginzburg-Landau model of
superconductivity is performed and it is found that the leading-order solution sat-
isfies a vectorial version of the Stefan problem for the melting or solidification of a
pure material. The first-order correction to this solution is found to contain terms
analogous to those of surface tension and kinetic undercooling in the scalar Stefan
model. However, the "surface energy" of a superconducting material is found to take
both positive and negative values, defining type I and type II superconductors respec-
tively, leading to the conclusion that the free boundary model is only appropriate for
type I superconductors.

1. Introduction. We consider macroscopic models for materials that are able to
change their phase from being normally conducting (normal) to superconducting.
The transformation occurs across a curve HC(T), known as the critical magnetic field,
in the plane of the applied temperature and the magnitude of the applied magnetic
field (Fig. 1). The critical temperature Tc is the temperature at which the transition
occurs in zero magnetic field. The properties characteristic of the superconducting
state are those of perfect conductivity (implying that the electric field E = 0 in the
superconducting state), and perfect diamagnetism, that is, the expulsion of magnetic
flux from any superconducting region (so that the magnetic field H is also zero in the
superconducting state). This latter property is usually known as the Meissner effect.

Consider a superconducting material occupying a region Q, placed in an external
magnetic field, which is then increased so that at some point on the boundary of
the sample the field becomes greater than the critical field. The field will then start
to penetrate the material at this point, and the superconductor will start to become
normal again. While this conversion is occurring the superconductor might consist
of an expanding normal region separated from the remaining superconducting region
by a smooth boundary T.
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H

Normally conducting

Tc T

Fig. 1. The response of a superconductor in the presence of an applied
magnetic field

The following (dimensionless) free-boundary model describing this situation was
written down in [7]:

d U 7
-7— = -(curl) H = V"H in the normal region, (1)
at

H = 0 in the superconducting region, (2)
|H| = Hc onr„, (3)

curl H A n = -vnYl on , (4)

where n is the unit normal to the interface (taken to point towards the normal re-
gion), vn is the normal velocity of the interface (positive if the superconducting
region is expanding), and FN denotes the interface approached from the normal
region. This model is derived from Maxwell's equations, neglecting the displacement
current. Latent heat and Joule heating effects are also neglected, so that the conver-
sion is assumed to occur under isothermal conditions (in Sec. 4 we will remove this
assumption and include thermal effects in the model). Equation (2) describes the
Meissner effect, Eq. (3) follows from Fig. 1, and Eq. (4) follows from flux conserva-
tion across the interface T. Equations (l)-(4) must be supplemented by Maxwell's
equations in the region external to the superconducting material (with the displace-
ment current again neglected), initial conditions, and the usual conditions on H and
E at an interface between two media on the fixed boundary DQ.

The model (l)-(4) is similar in form to a one-phase Stefan problem, albeit in a
vectorial form, which is the simplest macroscopic model that could be written down
for an evolving phase boundary in the classical theory of melting or solidification [8].
Indeed, the two-dimensional version of the above problem written down in [18] is
exactly a one-phase Stefan problem.

The Stefan model is known to be well-posed just as long as neither superheating nor
supercooling occurs [17], which in this case corresponds to the condition H >Hc
in the normal region. If this condition is violated, for example if the sample was
originally in the normal state and we reduced the applied magnetic field through the
critical field, then the model appears to be ill-posed and thus needs to be regularised
[9], In the Stefan problem a popular way of doing this is to include surface tension
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(Gibbs-Thompson) and/or kinetic undercooling effects, so that the melting tempera-
ture depends on the curvature and/or normal velocity of the interface. An analogous
regularisation of the model (l)-(4) was proposed in [19], in which it was suggested
that the interface condition (3) should be modified to

|H| = Hc - ^ok (5)

as T is approached from the normal region, where k is the mean curvature (pos-
itive if the centre of curvature lies in the superconducting region) and o is the
(dimensionless) "surface energy" of a normal/superconducting interface. The physi-
cal justification for the addition of such a term in the superconductivity model is not
as clear as that for the solidification model.

An alternative regularisation of the Stefan model is the phase field model, in which
the free boundary is smoothed out completely by the introduction of an order parame-
ter, representing the fraction of solid material, which varies smoothly from -1 in the
solid region to +1 in the liquid region [3]. It has been shown in [2] that in a formal
asymptotic analysis of the phase field model as the thickness of this transition region
tends to zero the leading-order solution satisfies the Stefan problem. Depending on
the scaling of the parameters either surface tension and/or kinetic cooling terms can
be made to appear in the interface temperature of this leading-order problem.

The aim of this paper is to perform a similar analysis of the superconductivity
problem. In the next section we introduce the Ginzburg-Landau theory of super-
conductivity, in which the phase boundary is smoothed by the introduction of an
order parameter as in the phase field model, and we examine the "surface energy" of
a normal/superconducting transition layer. We then proceed in Sec. 3 to relate the
Ginzburg-Landau model to the free-boundary model above by performing a formal
asymptotic analysis as the interface thickness tends to zero. We will see that the
leading-order solution satisfies the vectorial Stefan model (l)-(4). Furthermore, at
first order we see the emergence of "kinetic undercooling" and "surface tension" ef-
fects in the magnitude of the magnetic field on the boundary. In the superconductivity
model there does not appear to be a scaling of the parameters which will bring these
terms into the leading-order solution, since unlike the phase field model there is no
variable well depth and so we cannot increase the size of the surface energy. Since the
stabilising terms appear only at first order we do not expect them to appreciably affect
the outer solution until the normal velocity or curvature of the boundary becomes
large. Thus we expect very intricate morphologies, even from the Ginzburg-Landau
model. Moreover, whereas the surface energy of a solid/liquid interface is always
positive we find that the surface energy of a normal/superconducting interface can
take both positive and negative values, defining type I and type II superconductors
respectively, and leading to qualitatively very different behaviour.

In Sec. 4 we relax the assumption that the conversion occurs under isothermal
conditions and include thermal effects in both the free boundary and the Gizburg-
Landau models. A formal asymptotic analysis of the Ginzburg-Landau model again
leads to the free boundary model at leading order, but with the addition of an extra
term, which arises because the number density of superconducting electrons is not
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constant in the superconducting phase, but is dependent on the temperature.
Finally, we mention that the analogy between models for solidification and models

for superconductivity is explored in more detail in [7],

2. Ginzburg-Landau models. For a more complete introduction to the Ginzburg-
Landau theory of superconductivity the reader is referred to [7, 10] and the references
therein. Here we merely state the dimensionless, time-dependent Ginzburg-Landau
equations as

-a£2^-^% + (zW-\a)\ = V(\x¥\2-1), (6)(£V¥- JA) * =

-A2(curl)2A = A2 + —{YW - TV1?*) + |¥|2A (7)

where *F is the (in this case complex) superconducting order parameter, and A and
4> are the magnetic vector potential and the electric scalar potential, respectively,
which are such that

B\H = curl A, E = -^7-V0; (8)

A is unique up to the addition of a gradient; once A is given, (f> is unique up to
the addition of a function of t. Here a, X, and g are positive material constants
(dependent on the temperature); A is known as the penetration depth, £ as the
coherence length. The ratio of these length scales is k = A/£, called the Ginzburg-
Landau parameter.

In the steady state, with 0 = 0, these equations result from minimising the
Ginzburg-Landau formulation of the Gibbs free energy [15],

/ _|*If + ]ZL + |H|2-2H-H0 + - {at
A

where H0 is the applied magnetic field. In the time-dependent case they can be
obtained as a limiting case of the microscopic BCS equations [1, 16].

The thermodynamic critical field is defined as the magnetic field at which the free
energy of the wholly superconducting state becomes less than that of the normal state.
In these units it is given by Hc = 1 /Vl. We will see in Sec. 3 that the critical field
of the introduction corresponds exactly to this thermodynamic critical field.

Eqs. (6)-(8) are gauge invariant in the sense that they are invariant under trans-
formations of the type

A^A + Vw, V -

We may write the equations in terms of real variables by introducing the new gauge
invariant potentials

Q = A-£AV*, 0 = + f, (9)
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where = fe'y . We then obtain coupled equations for just / and Q:

-^2|^+<?2V2/ = /3-/+^ffi, (10)

a/2<D + div(/2Q) = 0, (11)

-A2(curl)2Q = A2 ̂  + vo) + f2Q. (12)

2.1. Surface energy of a normal superconducting interface. When we perform a
formal asymptotic analysis of the Ginzburg-Landau equations in Sec. 3 we will as-
sume that the solution comprises normal and superconducting domains separated by
thin transition layers. We examine here the surface energy of a stationary, planar
transition layer by considering the isothermal Ginzburg-Landau equations in one di-
mension. We will find in Sec. 3 that this is a local model for transition layers in
general.

We take the field H to be directed along the z-axis and the magnetic vector poten-
tial A to be directed along the y-axis. We make the assumption that all functions
are dependent on x only. Then H3 = dA^/dx, or simply H = dA/dx. Equa-
tion (7) now implies V/ = 0. in which case ¥ may be taken to be real, so that
¥ = /, A = Q. We work on the length scale of the penetration depth by rescaling
x and Q and X to obtain

Xf" = f'-f+Q2f, (13)
K

Q" = f2Q, (14)
where k — X/£ is the Ginzburg-Landau parameter and ' = d/dx . We note that Eqs.
(13), (14) form a Hamiltonian system, with the Hamiltonian given by

X = Cr + f2 - Q2 f2(Q
K

Hence
(/)2 , /42 +(Q'Y = J-T~f2+f2Q2 + const. (15)

K 1
In order that we have a local model for the transition region between normal and

superconducting parts of a material we need to apply the boundary conditions

(2 —> 0, / —+ 1 asx-t-oo, (16)

Q'^H0, /— 0 as x -» oo, (17)
where the field on the normal side of the region is equal to H0 . The equations admit
a solution if and only if H0 = Hc. To see this we note that the boundary conditions
(16) imply that the constant in (15) is in this case equal to 1/2. Hence, as x —> oo,
Q' —► 1 /\fl, providing / decays sufficiently quickly that fQ-* 0. Since Hc — \/\[2
in these units we see that in order for a normal/superconducting transition layer to
exist the limiting value of the field in the normal region as the domain boundary is
approached must be equal to H' . A rigorous demonstration of this result is given
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in [6], where the existence and uniqueness of the solution when H0 = Hc is proved,
and it is shown that the solution necessarily satisfies

0</<l, Q> 0, /< 0, Q' > 0
r—  KX^

and that / decays exponentially and Q ~ x/v2 + c + 0(e " ) as x—>oo.
Let us now examine the surface energy associated with a plane boundary between

normal and superconducting phases, which is defined in [15] to be the excess of the
Gibbs free energy of such a transition region over the Gibbs free energy of the normal
or superconducting phases at the critical field, i.e.,

/OO
^sH ~ ^n//) dX-

-oo

Writing the free energy densities in terms of / and Q, the solution to (13)—(17),
we find

<7 = ̂ 1°° ^(1 - f2)2 + + 2f2Q2 - 2Q\Vl - Q') j dx.

By (15) we have

Now

I" {f2Q2-Q'(l/V2-Q')}dx= [A {Q"Q-Q'/V2 + (Q')2}dx
J — oo J —oo

= Q(X){Q'(X)-1/V2}
by (14). Hence the integral tends to zero as X —► oo , and so

a=4A/°° ~/2q2) dx' (i8)

It is found numerically that a > 0 for k < \/s/l and a < 0 for k > l/Vl. We
now prove

Proposition. For k < l/\/2, k = l/\/2, k > l/\/2 we have respectively a > 0,
ct = 0, a < 0.

Proof. We consider the case k < \/V2. Define functions F and G by

F(x) = f2-l+V2Q', (19)
G(x) = K~l / + fQ. (20)

We aim to show that F < 0, G < 0 . Differentiating (19), (20) we find

F' = y/2f{y/2f' + fQ), (21)
g! = xf(f2 - 1 +k~{Q') + kQG. (22)
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Hence

F' > VlfG, (23)
G' > k fF + kQG, (24)

since /> 0,/ < 0. Since, by (15),

2G(k~X f - fQ) = F(f2 - 1 - V2Q'), (25)
and / < 0, 0 < / < 1, Q' > 0, we have

F>0ttG>0,
F = 0«G = 0,
F < 0 -o G < 0.

Suppose, for a contradiction, that there is a point x0 such that G(x0) > 0. Then by
(23), (24), and (25) we have F(x0) > 0, F'(x0) > 0, G\x0) > 0. Suppose now that
there is a first point jc, greater than x() such that F,(xl) = 0. Then (23) implies
G(x,) < 0, whence (25) implies F(x^) < 0, which leads to a contradiction of the
minimality of xx . Therefore, there is no such point x{ and we have F'(x) > 0 for
all x > jc0 . Hence F(x) > F(x(j) > 0 for all x > x0. This contradicts the fact that
F(x) —► 0 as x —► oo , since / -♦ 0 and Q' —♦ \/V2. Hence there does not exist x0
such that G(x0) > 0. Therefore,

G(x) < 0 for all x,
F(x) < 0 for all x.

Since

/°°
{(?(/c f - fQ)}dx,

-OO

the result follows.
The case k > \/V2 is exactly similar. For k = l/%/2 a similar proof shows that

F = 0, G = 0, and so a = 0.
We have the following definition.
Definition. Superconductors with k < 1 /V2 are known as type I superconduc-

tors. Superconductors with k > 1 / V2 are known as type II superconductors.
Because of the above result we expect very different behaviour from type I and

type II superconductors. Whereas a type I superconductor will aim to minimise
the surface area of normal/superconducting interfaces, a type II superconductor will
aim to maximise it, leading to a quite different morphology. We will see in the next
section how the surface energy influences an asymptotic solution of the Ginzburg-
Landau equations.

3. Asymptotic solution of the Ginzburg-Landau model: Reduction to a free-boundary
model. We consider in this section the formal asymptotic limit of the Ginzburg-
Landau equations as X and i —► 0. The analysis is similar to that performed by
Caginalp on the phase field model in [2].

We assume that the material comprises normal and superconducting domains sep-
arated by thin transition layers. This assumption, as will we see, is only valid for
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type I superconductors. A local analysis of such a transition layer will reveal that, as
claimed in the previous section, / and |Q| satisfy the stationary, planar transition
layer equations (13)—(17) to leading order. The leading-order outer solution will be
found to satisfy the vectorial Stefan problem.

Consideration of the first-order terms in the outer solution will reveal the emer-
gence of "surface tension" and "kinetic undercooling" terms, as in the modified Stefan
model.

We have the following result.

Theorem. In the formal asymptotic limit of the Ginzburg-Landau model as
0, with a and k = X/£, fixed, one obtains the vectorial Stefan model (l)-(4) at
leading order.

A complete determination of the solution will involve initial and fixed boundary
conditions. However, they will be left unspecified since our primary interest is rather
the conditions on the free boundary between the two regions.

The Ginzburg-Landau equations (10)—(12), together with the relation (8), are

atdf X2 2 3 f /|Q|2

e*/2<D + div(/2Q) = 0, (27)

-A2curlH = A2^+/t2VO + /2Q, (28)

H = curl Q. (29)
We define T(/) by

r(t) = {r:f(r,t) = r,}, (30)
where t] is to be specified later, but certainly 0 < t] < 1. At leading order T will
be the "interface" of the outer solution. The choice of rj will not affect the interface
conditions at leading order, and so any value of t] will serve to prove the proposition.
However, when we go on to consider the first-order correction to the leading-order
solution the choice of rj becomes relevant, and we wish to choose rj to make the
calculations as simple as possible. We note that there is no obvious choice for t] as
in the phase field, when symmetry suggests choosing t] = 0.

Outer expansions. Away from the transition region we formally expand all func-
tions in powers of A to obtain the outer expansions, denoted by the subscript o,
as

fo{x,t,X) = C\x,t) + Xf^\x,t) + --- , (31)
Oo(r,r,A) = O«°)(r,0+A«Di1)(r,0 + -- - , (32)
Q0(r, t,k) = Qq0)(r, 0 + AQ^r, *) + ••■, (33)
H0(r, t, X) = H^0)(r, t) + AH^'(r ,<) + ••• , (34)

r(f,A) = r(0)(o + Ar(1)(o + -- -. (35)
We note that the expansions (31)—(34) may be discontinuous across r(0)(/), but will
be smooth otherwise. Substituting (31)—(34) into (26)-(29) and equating powers of
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A yields at leading order

/W|q(0)|2=0) (JgJ
+ div((/o(0))2Q<0)) = 0, (37)

(fo{0))2Qo) = 0. (38)
Hp0) = curl Q<0). (39)

We see by (36) that either ff'1 = 0, or Q)70) = 0, corresponding to normal and
superconducting regions respectively. We consider these cases separately.

Normal region. With ft'0) = 0, Q'"1 0 we equate powers of A at the next order
in (26)-(28) to give

/o(!)IQi0)|2 = 0, (40)

+ di v((/o(I))2Q«0)) = 0, (41)

dt
By (40) we have that /0(1) = 0. Taking the curl of Eq. (42) and using Eq. (39) we
have

Qlj(0)

-(curl)X0) = (43)

Noting that
div Hf = div(curl Qj") = 0,

we see that
72„(0) OH

-curl H<0) = + V<0) + (/o(,))2Ql0). (42)

dt
In fact, if we continue in this way, we find

V'H; ' = (44)

V2Ho = + 0(A") in the normal region (45)

for any n.
Superconducting region. With f^)] ^ 0, we have

Q<0)=0, H<0)=0, O^0) = 0. (46)
Equating powers of X at the next order in each equation we have

0 = (/o(0))3-/o(0) + /o(0)|Q!)1)|2, (47)

«(fo(0))2<t>{o] + div((/o(0))2Qi1)) = 0, (48)

0 = (/o(0))2q11), (49)
H<1) = curlQi1). (50)

Therefore,
Qo' = 0, H<1) = 0, 0^ = 0, /o(0) = 1. (51)
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In fact, if we continue in this way, we find

H = 0(Xn) in the superconducting region (52)

for any n.
Inner expansions. Let r(Z) be given by the surface

r = (x,y, z) = R(s, (x, y, z), s2(x ,y,z),t),

i.e., R(s,, s2, t) is such that
/(R(s,, s2, t), t) = rj.

We parameterise the surface R such that 5, and s2 are the principal directions. We
define new variables p and r by the equations

r = R(s,, s2, t) + Apn,
t = T.

We then have a new local orthogonal coordinate system (s,, s2, p, t) , with scaling
factors

Ai = (r,i.rJi)1/2 = £1/2(1+^1), (53)

h2 = (r^ "r52)1/2 = <?1/2(1 + A/?k2), (54)

^ = (vrp)1/2 = A' (55)
where kx, k2 are the principal curvatures in the 5,, s2 directions, respectively, pos-
itive if the centre of curvature lies in the superconducting region, E = (|^ • |^),
and G = (f^ • J^). We can now use the general formulae for curl, div, v • V, etc. in
curvilinear coordinates, which are listed in the appendix for ease of reference. Only
the expression for v • V is nonstandard and is calculated in [4], We set

Q, = Qi,le\ +2;>2e2 + 2,)3n> (56)
H, = H- jCj + H- 2e2 + H- 3n, (57)

where ei. = Rs /|RJ |. Noting that d/dt becomes d/dr-v-V in the new coordinates,
where v is the velocity of the interface T, Eqs. (26)-(29) become

+ _L£f£ + + 0(A;)
K2 dp K Qp K dp

, ,2  i ,,]
a' ' (£G),/2(1+A/?/c1)(1+^/c2) ^ dsl

1 (d[E{'2(\+Xpkx)ffQi 2]

(58)

+
(EG)l,2{l+lpk.)(l+Apk2) \ ds2

(59)

 1  (d[(l+lpki)(l+^pk2)f2Qj ,]\ =
+ A(1 + A.pk.)(l + lpk2) I dp I '
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xdHi 2 | X2k2Hl2 A2 dHi 3
dp 1 + Xpk2 G1/2(1 + Xpk2) ds2

~ , j2^' A "l 9g'.'
" dp dx Ex,2{\ + Ap/c,) 0s,

A2v2 ^<2,, i + ^Vig,,3 (60)
G1/2(l + A/w2) 0^2 (!+^i)

a2 ( v2 dG v i
2(EG)l/1 \G1/2(1 +Xpk2)ds2 e1,2(1 + Xpk^dsJ '-2

A2 0<&, ^2^
+ £1/2(1+A/W,) 05, '

^1^.1 , ^ dH>,l

dp 1+A/>*, £'/2(i +A/wc,) 05i

- + ;2^1 _ °Q/.2
" dp dz £1/2(1+A/w,.) 05,

0<2Jj2 ^2*2 Q>, 3
+

G1/2(l + A/?/c2) 0^2 (1 + A/>/c2)2

A2 f «2 dG 
+ 2{EG)l/2 \G1/2(1 + A/>k2)052 £1/2(1 + A/w,)05,J ,J

+
A2 0O.

G'/2(l + Xpk2) ds'2+f'Qi^

A2 /d[£1/2(l+A/»c,)//,,,]

(£G)1/2(1+A^k,)(1+A/>«2) \ 0^2I A * 1 "■>'"•2/

2 ( Frtn}!1!A2 /0[<r"(i+A/>*2)fff 2]

(61)

(£G)I/2(1 + A/?/c,)(1 + A/w2) ^ 05,

,8(3,,3 2ae,-,3 A, 9(2,-,3 A ae,.i
" a/7 <9r £1/2(1 + A/w,) 05, Gi/2(1 +A/w2) 052

_ ^l*l6/,l _ ^2*20, .2 , £<&, f2 (1
(1+A/jk,) (1+A/?/c2) dp ' '-3'

(62)
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(64)

_ 1 & Qj, 2 *2 Qi, 2 1 d(2/,3
'•1_ A a/7 1 + Xpk2 GU2{\+}.pk2) ds2 '

H 1  1 dQ/,•
'•2 A dp 1 + Xpkl E^2(l + A/?/c,)

H = 1  /«9[<jI/2(1 + kpk2)Qi 2]

''3 (£<7),/2(i +a/>k,)(i + A/>k2) y dsl

1 /9[£l/2(l + A/w|)£?i ,]^
(65)

(£G)1/2(1 + A/w.)(1 + A/wc2) 1 /
where v = i7,e, +v2e^+vnn. We formally expand all functions in the inner variables
in powers of A to obtain the inner expansions as

fi(sl ,s2,p, t, A) = ^(0)(5,, s2i Pi z) + Xfj([\sl ,s2,p, t) + •■• , (66)

0,(5,, 52, p, r, A) = oJ0)(j,, J2, />, T) + AoJ0)(5, , 52, p, t) + • • • , (67)

Q,.(J, , s2, p, z, X) - Q{°\s{ ,s2,p, t) + AQ*"^, ,s2,p, r) + • • • , (68)

H((5,,52, p, t, A) = h|0)(5, , J2, />, t) + Ah|.I)(s1 , 52, p,T) + -- - . (69)

We also expand

which gives

R(s,, s2, t, A) = r'0)(S| , s2,r) + AR(l)(s,, s2, r) +

E(sJ, J2, T, A) = /^"'(J, ,s2, t) + A£(1)(5, , 52 , t) +

etc.
At this point we make a note of the matching conditions that will be used to relate

the inner and outer solutions. These are as follows:

,s2,p,r)~ FjVy ,t) + o( 1), (70)
» c(°)

f/'V, ,s2,p,t)~ p-^-K] > 0 + > 0 + (R<1) • v^0))(R^, 0 + 0(1),an (71)

where F represents any of the functions under consideration. These conditions are
based on the matching principle [24]

(m term inner)(n term outer) = (n term outer) (m term inner),

and they are derived in [4],
Substituting the expansions (66)-(69) into Eqs. (58)—(65) and equating powers of

A we find at leading order

f!0)mf\)2 + «2!0)2)2 + (e!0)3)2) = o. (72)
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Since f-"1 cannot be identically zero if it is to match with the outer solution we have

Q|0) = 0. (73)

Equating powers of X at the next order in (58)—(65) we have

+.T«e!V + (Q{!\f + (£>!",)2). mK dp '

0 = (75)

(0)a//'1,2 / /•(0)\2^-J(l)
dp (.frrQi'i' (76)

q z/(0)

^'=(r)2c, (77)dp

o=(y-(0))2ej;)3 + ^, (78)

//'0) = (79)''' dp ' 1 j

^,2-"^-' (8°)

//,(°J = 0. (81)
The matching condition (70) together with the outer expansions implies the following
boundary conditions on the inner variables:

f-0) - 1, qS" - o, hJ0) - 0, O;0) - 0 as p -> -00, (82)
f.(O)^0 as p —y oo, (83)

fj(0\sl ,s2,0,r) = t]. (84)

We see that the choice of rj simply fixes the translate of the leading-order inner
solution by specifying fi^°\sl, s2, 0, t) . Our aim is to determine the values of
H/, Q(, and as p —► oo . Using the matching condition (70) again we have

H{0°\(R^, t) = lim Hf\.u , j if p—►oo ' ' J

Hence we see immediately by (81) that we have

By (75) and (78) we have

//0)3(< ,0 = 0. (85)

dp
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Equation (78) implies d^]/dp -> 0 as p —> oo. We have O|0) -> 0 as p —> -oo.
s(0)Since Eq. (86) implies that O; is convex we therefore have

Now by Eq. (78)

<dJ0) = o.

G/Is = 0-
We multiply (77) by -H*f\ , (76) by H-°\, (74) by d /dp, add and integrate to
give

V2 {%~) + (//'°')2 + (//,(°')2 = {{f' ^2 " ^ + (^(0))2{(G'(')')2 + {Q' 2)2}'

where we have used the fact that ft(0) —► 1, Q\x\ —+ 0, Q^\ —> 0 as p —> —OO .
Letting p tend to infinity we have

lim {(//J0',)2 + (<)2}'/2 = lim |H<0)| = \/V2,
p—>OO 4,1 1 ' ^ p—*oc 1

since 7~(0) —► 0, C/j-^)2{(Qjl)1)2+(Q,-,2)2} —+ 0 as /? —+ oo. Using matching condition
(70) again we have

{(<',)2 + (<)2)2}1/2(R!v°) > t) = |H^0)|(R^', t) = l/v^2 = //c. (87)

We note that the solution to the leading-order equations is not determined uniquely
by the boundary conditions (82)-(84) since we have for J^<0), Q\{\, three
second-order equations with only five boundary conditions. However, we see that

d_
dp

aa."ir<» aa'ILii)
dp <2 dp ^i l

d^O^ f)20^= d ^.y) 6 ^.2g(i) _0
9/>2 2,2 9/) e'.» °'

by (76) and (77). Therefore

d<2(1), m dQ[i\ m'■1 n{l) f2n(1) = const =0
dp 2 dp '

by the boundary conditions as p —► -oo. Hence

GUI =C(51,s2,t)(2;(|)2, (88)
where C is an unknown function of s,, s2, r which will be determined by the outer
solution in the normal region. Now if we let

we have
t a2 /-(0)

i__^_ = (y;(O))3_y;(O)+y-(O)(0(1))2) (g9)

ig- = tf'Vef' (90dp
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Therefore /J(0) and Q\1' satisfy Eqs. (13), (14) with boundary conditions (16), (17).
Hence there is a unique solution for f-ih and Q((1). Moreover, we have that /~!0:
decays exponentially as p —» oo. Since no term can grow exponentially if it is to
match with the outer region we conclude that any term involving f-0' as a numerator
will tend to zero as p —> oo. We also have

<2,(1) ~ ^ +c + 0{e~Kp ) as /? —> oo,

where c and AT are constant. Here we make our choice of t], which we take to be
such that c = 0. Thus we see that it is not / but |Q| that gives the natural choice
for rj. The simplicity that this choice of t] induces will become apparent when we
consider the interface conditions at first order. Since Q\x\, are multiples of
Qi 11 we therefore have

Q\\\ ~ pH^2(R{;>, 0 + 0(e-Kp2) as p - oo, (91)

Q,-!2 ~ (R!v0) > 0 + as p oo, (92)

where we have made use of the matching condition (71).
Equating powers of X at the next order in Eqs. (58), (60), (61), (63), and (64) we

find

qiff) + *i°> + *f aflm 1 a2//"+
7C dp k2 dp2

= 3c- f!V)+^'"((q!!!)2 + (QJI'a)2)+2^(0)(<2!!)1<2^)1 + g!!^^) ,
(93)

P + Ufflf, - + V/'V'gSj + , (94)

++«<0,)2g!!,2, (95)

= <96>

= («7)

Letting p -» oo in Eqs. (94) and (95) we have

lim
/?—► OO

lim
p—*oo

Q I/O)
M . i>(°) r/(°)

i, 2 ~(0)„(0)
^p '">2

(0) ,• rr(0)= -vy lim // ,
n p—>oo ' ' 1

(0) ,• ff(0)= -vn lim H 2,1 p—*OO 1 ' ^
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since the terms involving /~(0) tend to zero. Using the matching conditions (70) and
(71) we have

r) TJ^
°no,\ , a(°)it(0) ™ T-(°)g„ =-<hz <>»r; . PS)

+ *iOI<2 = on r™. (99)

At this stage we have derived all interface conditions to lowest order. If we were
interested in a complete determination of the solution we could now solve the outer
problem (44) with the boundary conditions (85), (87), (98), (99) to determine H^0)
and r'01. We show in Lemma 3 that the conditions (85), (98), and (99) are equivalent
to the condition (4) when vn ^ 0. The proposition is then proved.

We continue with the inner problem in order to find the first-order correction to
the magnitude of the magnetic field on the free boundary.

Multiplying (94) by Hf\ = OQ^Jdp, (95) by = dQ^/dp, (93) by
df^/dp, (74) by df^/dp,(76) by H™ = dQ^/dp + K^Q^ , (77) by -H\v\ =
dQf\/dp + , adding and integrating gives

1 df'0)df.il) i //«y i j/(0)j/(l) i Hi0) + *i0) + *20)
K2 dp dp '-2 '•2

/ —m \ 2

dp + ic^ J

+^(i){(q::)1)2+(g!:)2)2}+^0) [p ^r&dp
J — oo

+*r r (./raztdp-v? r
J — OO J —CK

dQ^V (dQ%
dp ) \ dp

dp.

Letting p -> oo in this equation is equivalent to a solvability condition for the first-
order terms.

Now

- k = 1,2
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on integration by parts, and using (76), (77). Hence

' Dfraf!". „<»>,,(,>. „(»»,,(.), a<o,+^r,+^01 r (s/r\2dD

dp v " 2 dp

= + +^2q^

+ frf,w{(Q?.\)2 + (&}
+ (v^+K[0) + kf)) r {f^)2{{Q[?\)2 + {Q^2)2}dp.

J —oo
(100)

It is at this point that the reason for our choice of t] becomes apparent. We have

(v(n0) + /cf)C ^ ~ (vj,0) + kf])p(H^2( <>, t)f + o(l) by (91)
f) TJ^

= -pH^2{<}, ,0 + 0(1) by (98).

Similarly,

/)A)(') f) jj(0)

yyn + K1 ', 2 ~dp PHo,ARN » (RAT»0 + O(l)-

Hence, letting /? -+ oo in (100) we have

»r, (rU1 . o Km (<i - o^oc •»

+(C. o . o
= -^°W - y) - (*!0) + *20))(* - y)'

where

Using the matching condition (71) we have

<',(<', wOl? > 0 + (r(I) • v<),)(<), 0}
+ //<0)2(<>, z){<2(r!v0), 0 + (R(1) • v<)2)(<0), 0} (ioi)

= ~v!i°\a<5 -7)- (k[0) + /cf )(<5 - y).
Note that a , the surface energy defined in Sec. 2, is given by a = 4A (S - y).
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We calculate the value of |HJ on the boundary rv . We have

|Ho(R„, t)|2 = (Ho^RN,t))2 + (Ho2(RN,t))2 + (Ho3(RN,t))2

= {H(°\(R(0) + m{{) + ■ ■ ■ , t) + + XR{1) + • ■ ■ ,t)f
+ (7/<0)2(R(0)+AR(l) + - • • , 0+AflJ1i)2(R(0)+AR(1) + - • • , t)f + 0{X2)

= (//<0),(rJ),0)2 + (<)2(<),0)2

+ 2A//<0)1(R(/V°), OtOi? , t) + (R(1) • V#f,)(R™, /)]

+ 2A<)|(Riv0), 0[^!)1(< , t) + (R(1) • V^0),)(R^, 01 +
= i - 2A{vjl°>(a<5 -y) + (k|0) + kf])(d - y)} + 0(A2)

by (87) and (101). Hence

|H0(R„ ,01 = ^ - V2X{vl?\ad - y) + (k|0) + k^])(d - y)} + 0(A2)

= H, - 2Hcl{v{n°\ad -y) + (ic\0) + kf)(S - y)} + 0(l2) (102)

= HC- 2HcXv^\a8 - y) - ^(k[0) + *f)o + 0{f),

where Hc = \/y/2, and a is the surface energy.
We see from (102) that, as in the phase field model, we have the emergence of

"surface tension" and "kinetic undercooling" terms in the magnitude of the magnetic
field at the interface. For type I superconductors, where a > 0, the "surface tension"
term will have a stabilising effect as in the phase field model, and the Ginzburg-
Landau model will be a "regularization" of the free boundary model. For type II
superconductors, where a < 0, this term will be destabilising. Hence for type II
superconductors, even in situations where the free boundary model is well-posed,
it might not accurately represent the solution of the Ginzburg-Landau model. A
common observation in type II superconductors is that the normal regions break
up into "cores" (or "vortices"), each of size comparable to the coherence length [5,
14]. In such a situation the assumption of normal and superconducting regions large
compared to the penetration depth , crucial to the analysis of Sec. 3, is obviously not
valid.

The role of the "kinetic undercooling" term depends also on the value of a . For
aS — y > 0 it will be stabilising; for aS - y < 0 it will be destabilising. Thus we
expect that a will also be an important parameter in determining the form of the
solution to the Ginzburg-Landau equations.

We should not take the analogy with the phase field model too far, since in the
phase field model a scaling of the parameters can be found in which these terms
appear at leading order, whereas the "surface tension" and "kinetic undercooling"
terms above appear only at first order, and so will not appreciably affect the solution
unless the normal velocity or mean curvature of the boundary are of order \/X.
Thus, although the Ginzburg-Landau model seems to be a regularisation of the vec-
torial Stefan model, because the surface energy is very small we expect very intricate
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morphologies even from solutions to the Ginzburg-Landau equations. Numerical
simulations [13, 20] and experimental observations [12, 22, 23] seem to agree with
this. There does not appear to be a scaling of the parameters in which the stabilising
terms appear at leading order.

We complete this section by proving that the boundary conditions (85), (98), and
(99) are indeed equivalent to the condition (4), when vn ^ 0.

Lemma. The boundary conditions

H0 3 = 0 on , (103)

dJ^± + icxH0 A = -vnH0 , on Tn , (104)

d^r + *2H0,2 = -vnH0,2 onrN (105)

can be written as the single boundary condition

(curlHJ A n = -i>„H on (106)

Proof. Near the boundary we transform coordinates to (5,, s2, n), where

r = (x,y, z) = R(s,, s2, r) = «n(5,, s2, r).

As before (s{, s2, n) form a local orthogonal curvilinear coordinate system, with
scaling factors

hx = £1/2[ 1 + nfc,],

h2 = Gw2[l+nic2],
h} - 1.

In these coordinates curl H is given by

dH3 d 1/2curl H = ?
G[/2(l +nk2)

 1
£1/2(1 + «*,)

1

oZ-^G"^ + nit^ e,
2

dH? d ,,-,1/2,, , ~ „ s

{EG)x'2(\ + nk.){\ + nk2)
JL{GXI\\+nk2)H2)'i

d (r\/2
ds—V'V+nkJHJ

2
n.

Hence

(curl H) An = - ^|/2
1

£1/z(l + «*,)

1

^3 9 / T-.1/2,. , - ,rr \
-{E (1 +nKl)Hl)ds j dn ei

G[,2{ 1 + nk2)
dH' -^Gl'\\+nk2)H2)
ds2 dn

e2.
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On the interface n = 0 we have //3 = 0; hence dHi/dsi = 0, dH^/ds-, ~ 0.
Thus

(curl H) A n = + *,#,) e, + e2 on TN.

The boundary conditions (103)—(105) can then be seen to be equivalent to (106) for
v„^0.

4. Thermal effects.
4.1. The vectorial Stefan model. We can include thermal effects in the model (1 )-

(4) by allowing Hc in (3) to depend on the temperature T, and appending equations
for T on either side of the free boundary, together with Stefan-type conditions on
the free boundary itself. This has been done in one space dimension in [11], and
in general in [7], Heat is generated via Ohmic heating in the normal region. The
dimensionless temperature T from Tc scaled with Tc satisfies

V27" = - y|curl H|2 inO„, (107)dt
,2„ ndT

~dtV~T = p— in ns, (108)

tn? = 0, (109)
dT
dn

i s
N

= -L(T)vn, (110)

where

'■®F- y=m (,11)
are dimensionless parameters measuring the ratios of thermal to electromagnetic time
scales and Ohmic heating to thermal conduction, respectively, and kTcns£L(T) is
the latent heat. Here p is the density, c the specific heat, k the thermal conduc-
tivity, n the permeability, and C the electrical conductivity of the normal region;
all are assumed constant. Finally, He is the value of the magnetic field used to
nondimensionalize H which will be given explicitly below.

4.2. Anisothermal Ginzburg-Landau equations. When the temperature is allowed
to vary we must employ a different non-dimensionalization of the Ginzburg-Landau
equations. The scalings used are given in [7] and result in the equations

ta0.

a f2(£> + div(/2Q) = 0, (113)

-A2(curl)2Q = A2 +/2Q. (114)

We have assumed that the temperature is close to the critical temperature, so that the
equations have been linearised in T. The analysis that follows is equally applicable

3 3to the more general case in which Tf + f is replaced by a(T)f + b(T)f .
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Linearising the dimensional critical magnetic field, Hc, in T for temperatures
close to T. yields H. = -hT, say. In the above nondimensionalization H has been
scaled with V2h , so that He = Vlh in (111) and the dimensionless critical field is
given by Hc = -T/V2.

We must also now have an equation to determine T in the form of a heat balance
equation as in the phase field model. Thermodynamic arguments imply that there is a
release of latent heat on the transition from normally conducting to superconducting
in the presence of a magnetic field. Following the phase field model, we take the
rate of release of latent heat to be proportional to the rate of change of the number
density of superconducting electrons. We must also include a term in the heat balance
equation to account for the Ohmic heating due to the normal current. Thus the
equation we require is

V2T = ll?I.-L?±P--y\U2 (115)dt dt
adT Td(f2)
p dt dt

dQ 237 + v4' (116)

where /? and y are given by (111).
We note that in deriving (112)—(114), [16] assumed that Joule losses were small.

It is not clear whether the equations would have the same form when we take Joule
losses into account via (116), but we assume that this is the case. In particular,
we are assuming that the relaxation of the coefficients a and b occurs on a much
shorter time scale than that of the diffusion of temperature or magnetic field, and
can therefore be taken to be instantaneous.

4.3. Asymptotic solution of the Ginzburg-Landau equations under anisothermal
conditions. We now try to relate the Ginzburg-Landau model (112)—(116) to the
free-boundary model of Sec. 4.1, allowing the temperature to vary in time and space.
As in the previous section a complete determination of the solution will involve
initial and fixed boundary conditions. However, they will be left unspecified since
our primary interest is rather the free-boundary conditions. Much of the analysis is
very similar to the isothermal case, so we merely sketch it here.

As before, we define T(f) by

T(0 = {r such that f(r,t) = t]}, (117)

where 0 < rj < 1.
Outer expansions. Away from the transition region we formally expand all func-

tions in powers of A as before. Substituting the expansions into (112)—(116) and
equating powers of k we find at leading order that

/o(0) = 0, (118)

-(curl)X0) = vX0) = , (119)dt
o t(°)

V2r<0) = - y|curl H<0)|2 (120)
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in the normal region, and

Q«0) = 0, (121)
= 0, (122)

<0) = 0, (123)

(foi0))2 = ~To], (124)

V27f = (fi + L)^- (125)
in the superconducting region.

Inner expansions. We note firstly that since Eqs. (113), (114) are identical to Eqs.
(27)-(29) the boundary condition

, „(0) , (0) (0)„(0) „(0)curl An' ' =-vn on ly (126)

will hold exactly as in the previous section.
We define the inner variables by

r = R(s,, s2) + Xpn,
t = r,

where the interface T(?) is given by the surface

r = (x, y, z) = R(j, (x,y, z), s2{x ,y,z),t),

and we write

Qi = Qi,i*i + Qi,2*2 + Qi,3n* (127)
2e2 + //,,3n (128)

as before. Equations (113), (114) transform to inner variables exactly as Eqs. (59)-
(65). Equations (112) and (116) become

K dp K dp- K2 dp

l a;7- vj»Tt v„L»<j-t2)
x2 op2 X dp X dp X dp

_ ( vndQj,\ d<2,.i vl dQj, 1 v2 dQt 1 1 flpV
y X dp dx e[I2 ds, (J1/2 ds2 ex/2 ds, J

_ ( Vnd<2i,2 dQ,, 2 9Qi,2 V2 d<2i,2 1 MiY
I X dp dx e1/2 dS\ (71/2 ds2 Qll2 ds2 J

_ ( V„dQi, 3 dQi, 3 d(2,,3 V2 dQ, 3 icxeV
y X dp dx Ex/2 dst (j1/2 ds7 Xdp)

(130)
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where v = w,e, + v,e7 + vnn. We formally expand all functions in the inner variables
in powers of k to obtain the inner expansions as before. Substituting the expansions
into the equations and equating powers of k we find again that at leading order

q[0) = 0.
Equation coefficients of k at the next order we find

1 O Jj _ r(0) r (0) , ,(0k3
K~ dp2 ' U' '

= „a(y-(°))20(°)jdp
Q 1/(0)° '.2 _ ^(0)^2^(1)

Qp
OH,(0)

/, 1 ,/-(0h2^(l)
dp = (.fr'TQ;2 '

o-(0) 5 G/! 2"<' =

„(o> aelll
H^ = ~dT'
<5 = o,

~W= o.

131)

132)

133)

134)

135)

136)

137)

138)

139)

140)

The outer expansions imply the boundary conditions

(/-(0))2 — -7i0)(Rg,), 0, QS"-0, Hf-,0, <D<0,->0 as /> —► —oo,
141)

—► 0 as/?—>oo, (142)

/;(0)(5, , s2, 0, t) = /?. (143)

Our aim is to determine the values of H;, Q., and <D( as p —> oo. Exactly as in the
isothermal case we find O|0) = 0, Q\x\ = 0.

Integrating (140) we have
jj0) = Ap + B.

Since 7^° must be bounded as p -+ ±oo if the temperature on the interface is
bounded and we are to match with the outer region we must have A = 0. Then

T(0) = B = T(0)(R(0); t) = r(°)(R(°) }ty (144)
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We multiply (135) by , (134) by //,(0> , (132) by df^/dp, add and inte-
grate to give

7 (^r)+ += U,y2+Bf+«(0,)2f(e!!i)2 + (q|'D2> ,

where we have used the fact that C/~(0>)2 —» —B , Q\l\ —► 0, Q\x \ 0 as p —> -oo.
Letting p tend to infinity we have

p-*oo p—oo sJ2

Using matching condition (70) we have

m'01™101 ,i i7"i0,(R,0>. <))i|H„|(R„,0- ^  (145)

= HC(T<°\R"",D).
Equating powers of A at the next order in Eq. (130) yields

o2r(l)3 T, = r.SQ)dUj )
dp2 " dp

Integrating over (-00,00) gives

(i)

2 =L<^tr~- (146)

dT]~W ,(0)r/ ^(0)^2,00
_oo= Lv™i(fr'Yt

Lv{y.

Matching with the outer solution implies

9T0
dn = ^0)L^0)(R<0), t). (147)

We can now solve the outer problem (119), (120), (122), (125) with the interface
conditions (126), (144), (145), (147).

We note that the dimensional latent heat / is given by [21 ]

Kt) = -hthc

where f is the absolute temperature, and Hc is the dimensional thermodynamic
critical field. Hence, on non-dimensionalizing I = kTcp£,L, as in Sec. 4.1, and
linearising in T we find

L(T) = -LT,
where L — h /(CkTc). Thus we see that (147) is in agreement with (110), for tem-
peratures close to T. The leading-order outer problem in our asymptotic expansion
is thus the free-boundary model written down in Sec. 4.1, except for the extra term
LdT/dt appearing in Eq. (125) which does not appear in Eq. (108). This term is a
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source term and is due to the fact that the number of superconducting electrons, and
hence the rate of release of latent heat, is proportional to T near Tc. Thus a change
in temperature in the superconducting region will produce a release or absorption
of latent heat. This effect was not taken into consideration in Sec. 4.1, since it was
assumed there that the density of superconducting electrons was constant in each
phase.

5. Conclusion. We have performed a detailed formal asymptotic analysis of the
Ginzburg-Landau model of superconductivity, under the assumption that the solu-
tion comprises normal and superconducting domains separated by thin transition
layers. The leading-order outer solution was found to satisfy a vectorial version of
the Stefan model for the melting or solidification of a pure material. Calculation
of the first-order correction to the magnitude of the magnetic field on the interface
of this leading-order solution revealed terms analogous to those describing Gibbs-
Thompson (surface tension) and kinetic undercooling effects in the classical scalar
Stefan model. However, it was shown in Sec. 2 that the "surface energy" associated
with a normal/superconducting interface can take both positive and negative values,
describing type I and type II superconductors, respectively. Thus the correction terms
will only be stabilizing for type I superconductors. For such materials we expect the
Ginzburg-Landau model to be a regularization of the free-boundary model in situa-
tions in which the latter is ill-posed. Even in this case, because the stabilizing terms
only appear at first order, they will not appreciably affect the solution until the in-
terface curvature or velocity becomes very large, and hence we expect very intricate
morphologies even from solutions of the Ginzburg-Landau equations. Numerical
simulations and experimental results seem to support this conjecture.

For type II superconductors the correction terms are destabilizing, and thus even
in situations in which the free boundary model is well-posed, it may not accurately
represent the solution of the Ginzburg-Landau equations. A common observation for
type II superconductors is that the normal regions form "cores" of size comparable
to the thickness of a domain boundary. In such a situation the asymptotic analysis
of Sec. 3, and therefore the free-boundary model, is not valid.

Finally, we included thermal effects in both the free-boundary model and the
Ginzburg-Landau model. A formal asymptotic analysis of the Ginzburg-Landau
model for temperatures close to the transition temperature again led to the free-
boundary model at leading order, but with the addition of a source term in the
heat balance equation in the superconducting region. Such a term arises because the
number of superconducting electrons, and hence the rate of release of latent heat, is
proportional to T - Tc for temperatures close to Tc. Thus a change in temperature
in the superconducting region will produce a release or absorption of latent heat.
This effect was not taken into consideration in the free-boundary model, where it
was assumed that the number density of superconducting electrons was constant in
each phase.
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Appendix. Operators in curvilinear coordinates. We list here for ease of reference
expressions for the Laplacian, curl, divergence, and gradient of functions in orthog-
onal curvilinear coordinates (jc, , x2, x3) with scaling factors hx,h1,h3. Let e( be
the unit vector in the xt direction and let F = jF^e, + F2e2 + F3e3. Then

\_dF_ 1 dF
h{ dxx C| + h2 dx2 *2 + h3 dx3 63'

div F = 1

curl F =

hxh2h3

hxh2h3

d(h2h3Fx) ^ d(hxh3F2) ^ d(hxh2F3)
dxx dx, dx3

A,e J h2e2 h3e3
d d d

dx, dx2 dx3

h{F\ h2F2 h3F3

v2f = 1
hxh2h3

d fh2h3dFx\ d /hxh3dF2\ d / hxh2dF3Y
dxx \ hx dx{) + dx2 \ A, dx2) + dx3 \ h3 9x3)i., \ f., w-a., / u*2 V "2 w-v2/ 3 \ "3

We also list the expression for v • V in our inner coordinates, which was calculated
in [4]:

e,

e,'[(W)F] =

13r

F2 ( i^dE ^v2dG\ +F3vlEi,2k{
V K2(EG)i/2 \ hxds2 h2 dsJ h1

dsx h2 ds2 h3 dn J '

("!LL— - V2 dG\
V/z, ds2 h2 dsx )

Fx fvxdE v2dG\ F3vxGxi1k2
2(EGy/2 \h{ds2 h2dsx) + hx

d v2 d v„.[(vV)F]= + + /r
■3 dn)dsx h2 ds2 h3 dn J 3

F —E^2k — F —Gl^2ic
1 /j *1 2L U 2'"l n2
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