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CIRCULARLY SYMMETRIC DEFORMATION
OF SHALLOW ELASTIC MEMBRANE CAPS

By

KURT N. JOHNSON
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Abstract. We consider shallow elastic membrane caps that are rotationally symmet-
ric in their undeformed state, and investigate their deformation under small uniform
vertical pressure and a given boundary stress or boundary displacement. To do this we
use the small-strain theory developed by Bromberg and Stoker, Reissner, and Dickey
We deal with the two-parameter family of membranes whose undeformed configuration
is given in cylindrical coordinates as

z{x) = C(l -x7), (1)

which includes the spherical cap as a special case (7 = 2 and C small). We show that if
7 > 4/3 then a circularly symmetric deformation is possible for any positive boundary
stress (or any boundary displacement) and any positive pressure, but if 1 < 7 < 4/3 then
no circularly symmetric deformation is possible if the stress and pressure are positive and
small (or for non-positive boundary displacement and small positive pressure).

1. Introduction. This study addresses how an elastic membrane cap deforms under
the influence of particular stress and body force. We show, among other things, that
under certain conditions a cap that is initially rotationally symmetric will fail to have a
symmetric configuration after deformation.

To be specific, we consider an elastic membrane cap that is shallow (that is, nearly
flat) and rotationally symmetric in its undeformed state (or reference configuration),
and then investigate the shape that the cap takes on when radial stress is applied on the
boundary and a small uniform vertical pressure P is applied to the membrane. We use
the small-strain, small-pressure theory developed by Bromberg and Stoker [2], Reissner
[15], and Dickey [5, 6] (a generalization to curved membranes of the Foppl theory for
plane membranes), which allows for large displacements of the membrane. Dickey [5,
6, 7] showed that under the assumptions of small strain and small pressure, the radial
stress <7r on a membrane whose undeformed profile is given in cylindrical coordinates by
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z = z{r) is determined by the following equation:

2 d2 n d E ( d \2 d,„.G E'A (G\2 X* +vE2^(rG)-~^- - ' (2)dr2<Jr ' dr"r 2 \dr") ' drv ^' ar 2 crr

where
r is the radial variable;
E is Young's modulus;
i/ is the Poisson ratio, 0 < < 1/2;

and G is given by

G[r) = EhrLtP{t)dt' (3)

with h the thickness of the membrane and P(r) the applied pressure.
For simplicity we will assume that P(r) = P a constant and that the undeformed

surface has the form
2«=c[1-Q] <4>

where a is the radius of the cap, C > 0 is the height at the center of the cap, and 7 > 1.
We work with this family of caps because it is of a sufficiently simple and specific form
to allow us to analyze the deformation, but it is general enough that we will be able to
use it to demonstrate that even convex caps that can be described in a fairly simple way
may, under the influence of rotationally symmetric pressure and boundary stress, fail to
deform symmetrically. In addition, if 7 = 2 and C is small, (4) approximates the shape
of a section of a sphere, as Dickey [7] showed. This spherical-cap case with v = 0 is a
well-known problem, which has been studied by Reissner [15], Baxley [1], and Goldberg

[10].
It is convenient to introduce the notation

x = r/a; (5)

r. / EP2a2 \ 1/3

K=\n^) ; (6)

Sr(x) = (8)

In this new notation and with the added assumption that v -C 1/2, (2) becomes (see [7])

x25" + 3xS'r - ^-x27-2 + ^=0 (9)

(where ' means ^). We will write (9) as

F(Sr) = 0. (10)
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Regularity of this equation at the origin requires

lim x'3S'r(x) = 0, (11)
x—>0

and we also assume that Sr(0) is finite. Given a solution Sr to (10), one can then
calculate the actual shape of the membrane using

USr{x) = x(xS'r + Sr), (12)

/J X
WSr(x)= I ±-dt, (13)

Of-

where U is the radial displacement of the membrane and W is the vertical displacement

[7]-
We can now specify two problems of interest. In the first the stress at the boundary

is specified:
Sr(l) = S; (14)

and in the other the radial displacement at the boundary is specified:

Us A I) = r. (15)
We will call the former the stress problem and the latter the displacement problem. We will
deal with the stress problem first, and then use that solution to address the displacement
problem.

Several special cases have already been investigated. Callegari and Reiss [3]; Callegari,
Keller, and Reiss [4]; Dickey [8]; Weinitschke [16]; and Hencky [11] considered the plane
membrane (C — 0); in [3] Callegari and Reiss showed that for the plane membrane, the
stress problem always has a solution for S > 0, as does the displacement problem for
r = 0 (the fixed-boundary case). Baxley [1] proved that for the spherical cap also, the
displacement problem with T — 0 has a solution.

Dickey [7] showed that for general 7 > 1 and C > 0, the stress problem has a solution
if S is large, and the displacement problem with T = 0 has a solution if the pressure P
is large. He also investigated in detail the case 7 = 4/3, and showed that if P is large
then the stress problem has a solution for all 5" > 0 and the displacement problem has
a solution for all T; but that if P is small, the stress problem has a solution only for S
large and the displacement problem has a solution only for T large.

In this study we find that 7 = 4/3 is in fact a boundary case. Specifically, if 7 > 4/3,
then the stress problem and displacement problem have solutions regardless of the value
of P (Theorems 2.5 and 3.2); but if 1 < 7 < 4/3, then the stress [or displacement]
problem has no solution if P is small and S is small (Theorem 2.4) [or F is nonpositive
(Theorem 3.3)]. The nonexistence result is perhaps most important, since it says that
there is an entire family of membranes that will fail to deform symmetrically if they
are subjected to small pressure and small stretching at the boundary. A nonsymmetric
deformation presumably means that the membrane develops wrinkles; if this is so, we
can interpret the nonexistence of a solution qualitatively to mean that the membrane
will wrinkle if it is not stretched out enough by pressure or boundary stress to pull out
the wrinkles.

Section 2 of this paper presents results for the stress problem, and Section 3 applies
these to derive corresponding results for the displacement problem.
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2. The stress problem. In this section we show existence of solutions to the stress
problem for all values of S > 0 if 7 > 4/3, and we show that for 1 < 7 < 4/3 no solution
exists if A is sufficiently large (the pressure P is sufficiently small) and S is sufficiently
small. To accomplish this we will use the method of shooting (cf. [13]). Thus we consider
the initial-value problem

F(w) = 0, (16a)

lim x3w'(x) = 0, (16b)
x—>0

w(0) = A, (16c)

where A > 0. (The case A — 0 presents additional difficulties, which this paper does
not address. It is also disputable whether A = 0 is physically reasonable.) We will often
make the initial value explicit by writing w — w(x;A). We will say that a solution w of
(16) exists at x > 0 if it is positive on [0, x). Thus the stress problem has a solution for
a given S > 0 if there exists an A such that the solution w(x; A) to (16) exists at x = 1
and satisfies w( 1; ̂ 4) = S.

We can write (16a) as

r 1 c
Jo t3 J0

\2 „3 \A 27—I s \w(x) = A+ -r —dsdt, (17)
8w2 J

and use this to obtain the simple bounds

87(7 - 1)
and

w{x) < A + —— :r27 2 (18)

47
Differentiating (17), we find that

A2

w'{x) < j-x27 3. (19)

w'(x) = <

which gives

, _ "3+ o(a;27-3) if 7 <2;
47

Y~^)l+o{x) if7 = 2; (20)

^J2X + °(a;) if 7 > 2,

limu/(x)={ — if 7 = 3/2; (21)

Similarly we can obtain

w(x) =

A+^~r~—T\x27 2 +o(x2^ 2) if 7 < 2;87(7 - 1)

^+(y-i)y+o(a:2) if7 = 2; (22)

A~ 6^x2 + °^ if 7 >2.
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We can prove in a manner similar to that of Callegari and Reiss [3] (see Johnson [12])
that despite the singularity at 0, solutions to (16) exist near 0 and are unique, and that
w(x; A) and w' (x; A) are continuous functions of A. We can also show that solutions of
(16) are monotonically increasing in A, as follows. Suppose w and w are solutions of the
initial-value problem (16) with u;(0) = A and ui(0) = A, A > A. Then

»<*>--»<*>"A-A+{ hi {h'^)dsdt <23)
By continuity of the solutions, w(x) > w(x) for x sufficiently small. Suppose there exists
x* such that w(x*) — w(x*) and w(x) > w(x) for x < x*. Then

'/S3 \

U™2 8 w2) 1 (24)0 = w(x*) — w(x*) — A — A + f — f
J 0 ^ Jo

>0,
which is a contradiction. So w(x) > w(x) for all x.

We can also show that if 7 > 2 and w(x; A) is a solution of (16) with A < then w
is a decreasing function of x on any subset of (0,1] on which it exists. From (17),

w'{x) = i I (ts!7_1 - ds■ (25)

Since 27 — 1 > 3, for x positive but small the second term in the integrand is dominant
and so w'(x) < 0. Suppose there exists 0 < x* < 1 such that w'(x*) = 0 and w'(x) < 0
for every 0 < x < x*. Then for every such x, w(x) < ^; so

yz2^-1 - ~ < yOr27"1 - x3) < 0. (26)

Hence w'(x*) < 0, which is a contradiction.

Lemma 2.1. w(x\A) > A/2 for 0 < x < (2A)3/2.
The proof is in Appendix A.
At this point we have shown continuity of solutions of (16) in A and have also es-

tablished the existence of arbitrarily large solutions. Together these imply that given
a solution w(-;A) that exists at x*, for every y > w(x*) there exists A > A such that
w(x*;A) — y. Put simply, we can always find solutions above any given solution. We
will call this the "rising property" of problem (16). It means that, as long as there is
some A such that w(x; A) exists at x — 1, the stress problem will have a solution for all
S > u>(l; A).

Lemma 2.2. Suppose that for some A > 0 there exists a value y such that w(x; A) —» 0
as x T y. Then for every y > y there exists A such that w(x; A) —> 0 as x f y.

Again, the proof is in Appendix A.
With the addition of this lemma we can say that if there exists a solution with a zero

at x < 1, then we can choose A so as to hit any desired nonnegative value at x = 1. In
other words, in this case the stress problem has a solution for all S > 0. On the other
hand, if solutions of (16) have a positive lower bound at x — 1, independent of A, then
the stress problem has no solution for S small.

We will need the following theorem, found in [14].
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Theorem 2.3 (Max-min Principle). Suppose that w(x) satisfies

w" + H(x,w,w') — 0 (27)

and the initial conditions w(b) — 71, w'(b) = 72; that H(x, y, z), dH/dy, dH/dz are
continuous; and that dH/dy < 0. If z 1(2) satisfies

z" + H(x,zi,z[) > 0,
zi(b) > 7ii ^i(&)>72,

and if z2(x) satisfies
z% + H(x,z2,z'2) < 0,

(28)

(29)z2{b) < 71, 22(6) < 72,

then we have the upper and lower bounds

22(2) +7i - 22(6) < w(x) < 21(1) +71 - 21(6), (30)

22(2) < w'(x) < z[(x). (31)

If we define
H{x,y,z) =-z - ^x2^'4 + (32)

x 2 8 y-

then (16) is equivalent to (27) and satisfies the hypotheses of the Max-min Principle.

Theorem 2.4. Let 1 < 7 < 4/3. There exist A(7) > 0 and k(7) > 0 such that if A > A
and S < k then the stress problem has no solution.

Proof. Let a be such that 27-2<a<2 — 7. Let

A = V2[(2-7)(4-7)]1/3, (33)

A > A, and

k 4(2 — 7)(4 — 7)' ^

Define z(x) = kxa. Then for 0 < x < 1,

2" + H(x, 2, z') = \f(z) (35)

— xa~2 - —x27"4 + 2(2 7)'(4 7)" 27-4
4 2 + A4 (36)

+ (37)

< 0. (38)

Choose A > 0. Since z(x) — kxa and z'(x) = akxa~l and since a > 27 — 2, we
see from (22) and (20) that the boundary conditions in (29) are satisfied for b positive
and sufficiently small. So now we can apply the Max-min Principle to conclude that
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w(x) > z(x) for all x G [b, 1], In particular, w(l) > z( 1) = k. So there is no A > 0 such
that the solution to (16) satisfies w(l; A) < k. □

Notice that this does not rule out the possibility of solutions to the stress problem if
zero stress at the center of the membrane (A = 0) is allowed.

Dickey [7] showed using a phase-plane analysis that for 7 = 4/3, no solution to the
stress problem exists if A2 > (^)^3 ~ 2.773 and S < (g^)1''3 ~ 0.520. On the other
hand, taking the limit as 7 f 4/3 in (33) gives

A2
/ 2048 \ 1/3

so if we let A = A, then using (34),

A2 ( 9 ^ 1/3

2.935; (39)

k -> —— ==. — « 0.413. (40)
64/9 V128/

In other words, assuming some continuity in 7, the proof of Theorem 2.4 indicates that
no solution to the stress problem should exist for the case 7 = 4/3 if A2 > 2.935 and
S < 0.413, values that are close to and consistent with the exact bounds that Dickey
found.

Theorem 2.5. Let 7 > 4/3. Then the stress problem has a solution for any A > 0 and
S > 0.

Proof. First consider the case 7 > 2. We showed earlier that solutions to (16) with
A < 1/(2A) are decreasing on (0,1]. Either (a) w(x\A) exists on all of [0,1] for all
0 < A < 1/(2A) or else (b) there exists 0 < A* < 1/(2A) such that w(x;A*) has a zero
on (0,1]. Suppose (a) held true. Let {An} be a positive sequence with An —► 0. Then
w(x; An) —> 0 uniformly on (0,1]. But

W'{X) - A" + S^Tf27"2 " 6lAr (41>
which for fixed x is negative for n sufficiently large, yielding a contradiction to (a). So
(b) must hold. By Lemma 2.2, for every x > 1 there exists A(x) such that

lim w(x;A(x)) = 0. (42)
X^X

Let x I 1. Then there exists Aq such that A{x) J. Ao and w(l;^4(5)) J, 0. Thus we can
apply the rising property to deduce that for every S > 0 there exists A > Aq such that
tu(l; A) = S. Hence the stress problem has a solution for any S > 0.

Now consider the case 4/3 < 7 < 2. Choose e such that 2 — ̂  < e < 2^ — 2, which
implies that e > 0. Let a = 27 — 2 — e, and choose a positive sequence {An} with An —> 0.
Define zn(x) — An(xa + 1) and let wn(x) — w(x;An).

Using (18) and (19) and the fact that a > 27 — 2 we can say that for every n there
exists xn > 0 such that if 0 < x < xn then zn{x) > wn(x) and z'n(x) > w'n(x). In
particular, since z'n(x) = aAraxQ-1, we see that z'n(x) > w'n(x) if

A2
aAnxa~1 > —i27"3, (43)

47
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which holds if x is positive and

,'4Ana^\1/e* ̂  ( -^2- J ' (44)

Similarly, zn > wn if x is positive and

that is, if

So we can define

An(xa + 1) > An + —-f--—— x27 2; (45)87(7 - 1)

(46)

mm

V A2

4j4ncrA l,£ (87(7 - 1 )A, x 1/£
A2 y ' V A2 (47)

Let us also obtain a lower bound on z" + H(x, zn, z'n). We compute

z'n +H(x,zn,z'n) =-^F(zn) (48)

\2 1
>__a;27-4_| if a; < 1- 2* +32Al ltX-1

>0 if x > (AAnX)^. (49)

Let us define
in = (4.4nA)1/(2~7). (50)

Now we would like to apply the Max-min Principle. In order that a b exist such that
(28) is satisfied, we need the interval (0, xn] on which the boundary condition holds to

overlap with the interval [xn, 1] on which the differential inequality holds. That is, we
need xn >xn. So we set

f47aAr^1/e
(4AnA)2—< < min

which gives

V A2

^ ( 1 V"7^ " < ( - ) min

^87(7 - I) An \

^47ay/£ ^87(7- l)y/£

(51)

(52)

which is satisfied for n sufficiently large if 1/(2 — 7) > 1/e. In other words, if 2 — 7 < e
then for each n sufficiently large there is a bn for which the hypotheses of the Max-min
Principle are satisfied.

Note that we also need a > 0 in our calculations above, which imposes the restriction
e < 27 - 2.

So we conclude that for n sufficiently large, there exists a bn such that wn(x) < zn{x)
on [bn, 1] by the Max-min Principle. In particular, we can say that for n large, w„(l) <
2An. But An —* 0, and so this combined with the rising property of (16) implies that
the stress problem has a solution for any given boundary stress S > 0. □
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3. The displacement problem. We now address the displacement problem, making
use of the existence for the stress problem established by Theorems 2.4 and 2.5. Since
the expression (13) for the displacement of the membrane involves S'r, we first need the
following lemma to establish the behavior of S'r.

Lemma 3.1. Let {Sn} be a positive sequence with Sn —* 0 as n —* oo, and suppose for
each n there exists a solution wn to the problem

F(wn) = 0, (53a)

lim x3w'n(x) — 0, (53b)
x—>0

Wn(l) = sn. (53c)

Then w'n(l) —► —oo asn-> oo.
The proof of this lemma is rather technical and is in the Appendix.

Theorem 3.2. If 7 > 4/3, for any boundary displacement value F* the displacement
problem has a solution.

Proof. We again want to use shooting; specifically, we wish to find A such that
Uw(.-a)( 1) = T* (where U is as given in (12)). If we consider a sequence {Sn} with
Sn 6 R+ for all n and Sn —> 0, then Theorem 2.5 implies that there exists a solution
5™(x) to the boundary-value problem

F(S?) = 0, (54a)
lim x3Sr'(x) = 0, (54b)

X —►()

£"(1) - Sn. (54c)

If we let An = S™(0), then 5'" als° satisfies the initial-value problem

F(S?) = 0, (55a)
lim x3S?'(x) = 0, (55b)
£—►0c3S?'(

S'r (0) - An. (55c)

By Lemma 3.1,
Us? (1)->-00. (56)

Now let {An} be a sequence with An —> 00, and let uin be the sequence of solutions
to the problem

F{wn) = 0, (57a)

lim^ui^z) = 0, (57b)

wn(0) = An. (57c)

By Lemma 2.1, wn( 1) —> 00. Moreover, by the same lemma there exists an N such that
if n > N then

™n{x)>k\l (58)
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on [0,1]. For such an n,

<59)

Therefore
UcJ 1)—>00. (60)

So there exists an M such that Usm( 1) < T* (by (56)) and UwM{\) > F* (by (60)). We
know io(l; A) and w'{\\A) are continuous functions of A\ so Uw{ 1) is as well. Hence there
exists an A* such that the solution w(-;A*) to problem (16) has Uw(..t/i«)(l) = T*. □

Theorem 3.3. Let 1 < 7 < 4/3. Then there exists A(7) such that if A > A and T < 0,
then the displacement problem has no solution.

Proof. Let k, a, A, A, and z be as in the proof of Theorem 2.4. Then we can apply the
Max-min Principle to show that for any A > 0,

w(x] A) > z(x) for x £ [0,1] (61)

(as in the proof of Theorem 2.4), and also

w'(x; A) > z'(x) — kaxa~i for x £ [0,1]. (62)

Therefore
UW{1) > ka + k > 0, (63)

which means that if T < 0 then the displacement problem has no solution. □
Thus for 1 < 7 < 4/3, if A is large (pressure P is small), the boundary of the membrane

must be stretched out from its original position in order for a rotationally symmetric
solution to exist.

A. Appendix. Here we present proofs of some of the more technical lemmas.
Proof of Lemma 2.1. Let w(x) = w(x~, A), and suppose the lemma is false. Then there

exists 2 with 0 < z < (2v4.)3/2 such that w(z) = A/2 and w(x) > A/2 for x G I — [0, z).
On /,

t3

8{A/2yw'{x)-hL (y'27-1 -1
—X

- 8A2-
(64)

Let b(x) = A — Then on I, w'(x) > b'(x). So

w(z) — A + / w'(x)dx
Jo

>A+ b'(x) dx
Jo

= b{z)

> b{{2Af'2)
= A/ 2,
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which is a contradiction. □
In the following it will be helpful if we define for x > 0

6(x) = X^~. (65)

Then we can write the integral equation (17) as

r4 c.3fx 1 r s3 f 1 1 \*"W = A+X ¥lj(¥M-^r))dsdL (66)

In order to prove Lemma 2.2 we first need the following result.

Lemma A.l. There is a continuous positive function / defined on R+ such that if w is
a solution to (16) and w(x*) < f(x*) then w'(x*) < 0.

Proof of Lemma A.l. Let us consider the cases 7 = 2,7 > 2, and 7 < 2 separately.
For 7 = 2, S(x) = ~ and (17) becomes

w'{XiA)=hL H4A2~(67)
If A < 7^, then (67) implies that w'(x;A) is negative for x positive but small. Suppose
there were an x\ such that w'(x\\A) = 0 and w'(x;A) < 0 for every 0 < x < x\. Then
(67) says w'(x\\A) < 0; so no such x\ exists, and w'(x]A) < 0 for all x > 0 such that
the solution exists. Similarly, if A > ^ then w'(x; A) > 0 for all x > 0; and if A = ^
then w{x\ ^) = ^ is a solution. So w'(x*;A) < 0 if and only if w(x*;A) < and we
can define f(x) = = S(x).

For 7 > 2,
lim S(x) — 00; (68)
x—>0

so for x sufficiently small, w(x) < 6(x). If w(x*) < 8{x*) and w{x) < 6(x) for all x < x*
then

w'ix") = ̂ l i («4)" ^5)is < (69)
If w{x*) < S(x*) and there exists 0 < x < x* such that w(x) > 6(x), then let

X\ = sup {x : w(x) = S(x)}. (70)
X<X*

By continuity of w and 6, x\ < x*. Notice also that since w(x) < 6(x) for x > x\,
w'(x 1) < 8'{x\) < 0. So

ll,V) = (^)3»>,) + ^£ \ - ~) dt < 0. (71)

So again we can define f(x) = 6(x).
Now consider the case 7 < 2. Here

lim 6(x) = 0; (72)
x—^0
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so for A > 0 and x small, w(x\A) > 6(x). Let us pick x and y such that y < S(x).
Suppose for some A, w — w(•; A) is a solution to (16) passing through (x, y), and suppose
w'{x) > 0.

Now we claim that if for some x, w(x; A) < 6{x) and w'(x; A) < 0, then w'(x; A) < 0
for every x > x where the solution exists. To show this, suppose X\ > x,w'(x\, A) — 0,
and w'(x;A) < 0 for every x € [x, Xi). Then we can bound w'(x\;A) as we bounded
w'(x*) in (71) to show that w'(x\ ;A) < 0, which is a contradiction.

By the claim above, if here we define x\ such that 6{x\) = y, then w'(x) > 0 for every
x\ < x < x. Now

// x 1w (x) < —
Jo (s) Jxx sr

= —X^~z - — +
47 32 y2 32

(73)

and we notice that for fixed x this is negative if y is sufficiently small, which gives
the desired contradiction. So we define / : R+ —> ]R+ such that y = f(x) makes (73)
negative. □

Proof of Lemma 2.2. Suppose the claim is false; so there exists a point (ri, e) such that
r\ > y and there is no A such that w{r]; A) = e. By the rising property of the initial-
value problem, for any p < £ no solution passes through (r\,p). Letting vj(■) = w(-,A),
if w{x) < f(x) (where / is as in Lemma A.l) for all x > 0 then let s = 0; otherwise, let
s = max{x : f(x) = w(a;)}. Let

C= inf f(x). (74)
x£(s,ri)

By the definition of s, if s = 0 then lim^o fix) > 0. Therefore, since / is a positive
continuous function on M+, ( is positive. Let

r — sup{a: < r\ : some solution passes through (£,£)}. (75)

Then r >y, again by the rising property. Hence r > s. Let us define c(x) by w(x; c(a;)) =
£ for x on the interval / = (s, r). Note that w'(x\c(x)) < 0 for every x € I.

Choose xq £ I. Let
Q = min w(t;c(xo)). (76)

i€[0,xo]

Then if x G [xq, r),

by monotonicity and

so

min w(t\c(x))>Q (77)
te[o,x0]

min w(t\c(x)) = £ > Q; (78)
te[x o,x]

Q < min w(t;c(x)). (79)
£€[0,x]
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Thus

(80)

Take a sequence {xn} C [a^oiO with xn —> r. Let wn(-) = w(-~ c(xn)).
(a) Suppose there does not exist an n such that wn exists at r. Then for every n,

wn(x) —> 0 as x —> zn < r. Define {yn} by wn(yn) = (,/2. Then yn —> r as n —> oo. By
the Mean Value Theorem, for every n there exists vn £ (xn,yn) such that

«»•>> = 7=rr- (81>£/n xn

(b) Note that w'n(vn) —> —oo as n —> oo. However, wn is bounded below on [0,2/n] by
B = min(Q,C/2). So for x € [x„,y„],

1 /"x t3<{x)>'^L wdt
x0 (82)

32B2'

which is a contradiction to (b). So (a) must be false; in other words, there exists n such
that wn(r) exists. Hence we can continue the solution to see that wn(x) exists for some
x > r. □

Proof of Lemma 3.1. Let {Sn} and {wn} be as in the statement of the lemma. Suppose
that w'n{1) —oo, and let us label this assumption (Al). Then there exists a number
B > 0 and there exists a subsequence {wnj} such that for all j, w' (1) > —B. For
simplicity, let us denote the subsequence by {wn}.

For each n, either (a) there exists an such that w'n(x) > — B on [an, 1] and w'n(x) < — B
on some interval (bn, an), or else (b) w'n(x) > —B on [0,1]. In this latter case let us define
a„ = 1/2.

Now suppose
limsupcin = 1 (83)

n—xx)

so that there is a subsequence {an^} with anj —> 1. Of course, if this is true, then for j
large case (a) above must apply. So writing

<W = V«l) + T^4-i^w' <84)

we see that for j large, < 0 on [anj,1], Therefore w'n.(anj) > w'n (1), which
contradicts the definition of an under (a).

Thus
limsupan < 1. (85)

n—*oo

That is, there exists a uniform interval [a, 1] with a < 1 on which w'n(x) > —B. Since
w„(l) = Sn, on [a, 1] wn must satisfy wn(x) < Sn + (1 — x)B.

Let
r\ = min f(x) (86)

sell,1]
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where / is as in Lemma A.l. Choose N such that Sn < n, and let

bi = max Q,1 - bSn^J . (87)

Let n > N. Then on [61,1],u>n(x) < f(x) (and hence w'n(x) < 0, by Lemma A.l). Let
b = max(6i, a). On [6,1],

—B < w'n(x) < 0

and
wn{x) < Sn + (1 - x)B. (89)

But

<(i) = 6V(6) +1 (!■(*-' - dt (90)

8[S„ + (i-Wdt <91>

This expression goes to —00 as Sn —* 0 (that is, as n —» 00). This is a contradiction to
the original assumption (Al). □
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