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Abstract. In the present paper, the dynamic behavior of functionally graded piezo-
electric materials is investigated when it is under anti-plane mechanical loading and
in-plane electrical loading. It is assumed that the shear modulus, the piezoelectric mod-
ulus, the dielectric modulus and mass density of FGPM vary continuously as functions of
X and Y. By using Fourier transforms the solution of equilibrium equations is obtained
in closed form. The expressions for displacement and electrical potential are obtained in
terms of one unknown function. Finally the results are applied to obtain a solution of the

moving contact problem on the surface of the functionally graded piezoelectric material
(FGPM).

1. Introduction. It is well known that piezoelectric materials produce an electric
field when deformed and undergo deformation when subjected to an electric field. Due
to this intrinsic coupling effect between the mechanical and electrical fields, piezoelec-
tric materials have been extensively used in electromechanical devices such as sensors,
filters, ultrasonic generators and actuators. The demand for piezoelectric materials with
high strength, high toughness, low thermal expansion coefficient and low dielectric con-
stant encourages the study of functionally graded piezoelectric materials [Il [2]. To meet
the demand of advanced piezoelectric materials and with the help of modern material
processing technology, the concept of functionally graded materials has recently been
extended in piezoelectric materials [3]-[I0]. In recent years some studies of propagating
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crack problems in homogeneous piezoelectric materials have been conducted by various
authors [11]-[I7].

There have been a number of studies devoted to the theoretical analysis and engineer-
ing applications of piezoelectric materials in references [18]-[20].

Most of the work has been done on crack problems, and it is worth mentioning that
some work on inclusion problems in piezoelectric medium may be found in references
[21])-[24]. In most of the above references, the authors considered the crack problems in
functionally graded materials in which non-homogeneity vary perpendicular to the crack
and that the non-homogeneity vary in only one direction.

The main object of this problem is to explore the FGPM, when the material properties
change in both X and Y directions. In this case the solution of equilibrium equations is
obtained analytically in closed form. As an application the closed form solution is used
to obtain a solution to the problem of a moving load on the surface of a piezoelectric
material.

2. Governing equations and solution of equilibrium equations. Let X, Y and
Z denote regular Cartesian coordinates, where the Z-axis orients in the poling direction of
a poled piezoelectric composite. In the case of the out-of-plane displacement component
and the in-plane-electric components, the governing equations simplify to:

’U,X:’U,YZO7 ’U,Z:Uz(X,Y,t), (2.1)
Ex = Ex(X,Y,t), By = Ey(X,Y,t) E; =0, (2.2)

where the electric field intensities Ex and Ey are related to the electric potential ® by

the following equations:
0P 0P

—, By =——.
ax’ v oy
Assuming that the shear modulus, the piezoelectric modulus and dielectric modulus are
functions of X and Y, the constitutive equations for FGPM are

Ex = — (2.3)

Ouz 0P
sz(X Y t) = C44(X Y) 0X + 615(X Y) 8X (24)
(X,Y8) = ean(X, N LZ 4 e (x,7) 22, (2.5)
Oyz =y 5y e 57 .
15 0P
Dx =e;5(X,Y) 81;? AMi(X,Y) o+ X’ (2.6)
0 0P
Dy =e15(X,Y) aqgf AMi(X,Y) == EYa (2.7)

where oxz and oy z are the shear stresses while Dx and Dy are electric displacements
and c44(X,Y), e15(X,Y) and A\1(X,Y) are shear modulus, piezoelectric modulus and
dielectric modulus respectively. In the following we use the notation

cas = ca(X,Y), e1s = e15(X,Y), A=A (X, Y). (2.8)
The equilibrium equations are:

) Pu 9 )
ax X2t gy =rgm axPx gy =0 (29)
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Making use of equations (24))-(Z7) we can write equations (2.9) in the form:

8644 8uz 8644 8uz 8(1’ 8615 3615 8(13

2 2 el
caVuzt S e Tay oy T8 ®Tavay T ax ax
d%u
= Pwv (2.10)
Oeqs Ou Oeqs Ou O ODP  ON OP
9 15 Ouz 15 0uz 245 0An 0 0Ap 0P
VUt ooy Ty oy MY P T Gx ax oy oy
=0, (2.11)

where p denotes the density of the material.
We assume that the shear modulus, piezoelectric modulus and dielectric modulus are
in the following form:

(044, €15, )\1170) = (09147 6?5a )\(1)1, PO)p(X)q(Y)v (2-12)

where ¢, €95, A} and py are material constants. Substituting from equations (Z.I2))
into equations (2I0) and (2I1]) we find that

1 dp duz 1 dq Oug
2 TN T~r s _
{VUZ“L p(X )dX8X+qu8Y]
9 2
€15 1 dp 90  1dgq 0P 0\ *u
+(C9L4> {V(I)_F ( )anX+quaX 024 912’ (2.13)
[w L dp duz mau_z]

X)dxX 90X | qay oy
1

+
A 2 dp 0 1 dq 09
-\ o P+ ———— ot - =0. 2.14
(695)[v +P(X)dX5X+quaX] (2.14)

Multiplying equation ([2.13) by 2 (1)1 and equation (2.14]) by % and adding both we
find that

AV el 9 1 dp Ouz 1dq Ouy po A} B%uy
=4+ =2V — 4 - — | = . 2.15
<€15 " C44> < v p(X) dX 90X " qdY oY ) efs iy 0t ( )

The above equation (218 can be written in the form

1 dpOuz 1dqouz 1 0uy
Viuzrt oS ax ox T gdy oy~ 2 o (2.16)

1 (e95)?
C=,]—, p=cy+ : 2.17
% H = 44 /\?1 ( )

We now introduce a new function ¥ by the relation

where

d=04 Aoy, (2.18)

and substitute for ® into equation (2I4) to find that

1 dpo¥ 1dq 0oV
Wy —— =~ =0 2.1
v Jrp(X) dX3X+qu8Y 0 (2.19)
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For the problem of a moving surface with constant velocity V' along the X direction, it
is convenient to introduce a Galilean transformation such as

r=X-Vt,y=Y, z=172, (2.20)

where (z,y, z) is the translating coordinate system attached to the moving surface.
In the transformed coordinate system, by making use of (Z20), the equations (2.16])
and ([ZI9) can be written in the form
Vo, ¢ L= 1 dadu VP Ou. (2.21)
p(x)dx 0z  q(y)dy Oy  C? Ox?
1 dpd¥ 1 dgdv

VU4 — L, 2.22
p(x)dx 0z q(y) dy Oy (2.22)
where we assume that
1 dp 1 dp
- _ - 2.2
p(X)dX ~ p(a) do 22)
Assuming
A LY (2.24)
p(*)q(y)

1d?¢ 1 /1dg\> 1d?p 1 [/1ldp\>
o= - (=2 —— L (2 =0. .
v l<2qdy2 4 (qdy> @t <pd:6> F=o (229)

If we assume

Fz,y) = X(2)Y(y), (2.26)
2 2
o 2
where ag and by are constants, we find from (Z25]) that
EX L1 o 220
657}; — [k* 4+ b]Y =0, (2.30)

where —k? is a separation constant. Making use of the solution to equations (Z29) and

@30) we find from equation ([Z26) and (Z24) that the solution of equation ([222) is
given by

e*(§2+ao+bo)%yd£, (2.31)

1 oo
U= ——— e“B
\@wﬁm»/m ©

where B(€) is an unknown function. Assuming the solution of (22I]) in the form

uy(z,y,t) = X1(2)Y1(y), (2.32)



DYNAMIC BEHAVIOR OF FUNCTIONALLY GRADED PIEZOELECTRIC MATERIALS 159

we find that
d2X1 Y dp Xm 2
i it S X, = 2.
dx? + p dr dz 'Yk;]_ 1 Oa ( 33)
d2Yi 1 dq le
AT LRV, =0 2.34
a? gdydy T (2:34)
where )
V=T (2.35)
(1-%)
and k? is a separation constant. The solution of equation ([Z33]) can be written in the
form W
X1 = = (2.36)
[p(x)]
Substituting equation ([2.36) into equation (233 we find that
d*w yooq? 1dp\° v d*p
S aw(2-L) (=) - L2L k2] =0 2.37
iz (2 4) (pdx 2p dx? L (237)
If we assume that )
2 1d, d?
TN () TP 2 (2.38)
2 4 pdx 2p dz?
then equation ([Z37) can be written in the form
d*W 9 9
el + [¢* = kiy]W = 0. (2.39)
If we take
W = e, (2.40)
then from equation (Z.39) we find that
2 _ g2
k2 = <C ¢ > . (2.41)
Y

Now if we assume that the solution of the differential equation (2.34)) can be written in
the form

Y, = ‘\’/Vi (2.42)
q
then we find that )
W,
—dy21 + [k = bo]Wy = 0. (2.43)
From equations (Z41]) and (Z43]) we find that
d>W
dy; —d2W, =0, (2.44)
where y
dé:b0+<€ ;C ) (2.45)
From equations (2.42]) and (2.44]) we obtain
A —doy
y, = AQe ™ (2.46)

N
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and from equations (236]) and (240) we find that

eiz§
Using equations ([2.32)), (240) and (2.47) we find that
1 o0 e
uy(z,y,t) = X1 V) = g [m A(€)et oy e (2.48)

From equations (ZI8)), 231)) and ([2:4])) we find the electric potential

1 o . 2 L
(e, yt) = —— / B(g)et (S o) uge
(z,y,1) N - ©)
0 o0
€15 iz{—doy
N i [m A(&)e de. (2.49)
In particular if we assume
(cass €15, A1, p) = (¢, €5, ATy, po)e® ™ 0V, (2.50)
then from equations ([2.20), (223), 227), 228)), [238), and 245]) we find that
p(X) = e, p(a) =V qly) =™, (2.51)
ao:%’ bO:%Qv 62:_72:‘27 ( )
2 2 2 2_ 2 3 2.52
k=1 (%%2), do = (%+’=’T”)2

In this case from equations (Z48) and (249) we find that

1 o -
_ iz€—doy
wnnt) = e [ A (2.53)

Syt = —— [ B @ by
Y o ‘/eoz;c+th+By oo
0 o
‘5 A(€)ei e oy e, (2.54)

+)\(1)1, /eary+ayVit+By [_
where dj is given by equation ([252)).

3. Application. We apply the above solution to the following moving contact prob-
lem.

We assume that a line load moves with a constant velocity V' over a piezoelectric
half-space for an infinitely long time. The boundary conditions for the moving contact
problem in moving coordinates are

uy(x,0,t) = f(x,t), ®(x,0,t) =g(z,t), —c0 <z <00, 0<t, (3.1)

where f(z,t) and g(x,t) are prescribed functions satisfying f(x,t) # 0 and g(x,t) # 0.
In the literature on piezoelectric materials the boundary conditions ([BI) are well
known for the contact problem. When we compare the boundary conditions BII) for
moving contact with moving crack, then it can resemble neither that of a permeable nor
an impermeable condition of crack surfaces. Crack contains two surfaces of piezoelectric
material in which a permeable or an impermeable condition exists, while the geometry of
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contact is different than that of the crack case. In the contact problem there is no piezo-
electric material above the contact region, while in the crack problem the piezoelectric
material exists above as well as below the crack surface. In a moving contact problem
the permeable conditions at y = 0 and y = 40 can exist.

Making use of equations (2353)), (254) and BJ) and the Fourier transforms we find
that

A(&) _ <%> /_oo f(x’t>€_m§+a—2~ﬁy-(:lc+\/t)d$7 (3.2)
B(¢) = <%> /_OO {g(x,t) - %51 (x,t)} e iwE+ 5 (z+VE) g (3.3)

From equations (253)), 254), B2) and [B.3) we can write
1 0o oo oy
Az, y,t) = ——— iz=doy / el T gy, 3.4
woant) = e [ e [ pane o (34)

0 ] [e%s)

€15 1 iz¢é—d / (—i6+%)u
o t) = _— oY t 2%
(@.0) = gyt [ e [ plue u

1 1 oo 2, a24p2,\1
— iwg— (& + )2yq
+27r v eazr+By /,oo ¢ ’ ¢
- efs (—iE+%)u
X glu,t) — 0 (u,t)| e 2" duy. (3.5)
—0o0 11

With the help of equations (84) and (B3] we find that

1 0 (e95)? 1-1)+%
. )= —— ax 3 2y+Vat
oy=(7,y,1) o <C44 + 20, e
></ <d0+§> emf—doydg/ Flu, t)e 782 gy

0
— 2B+ (47 + a? 4 §)ded (ot AoVt

oo w2152\ 1 o0 0 T
« [ eme@e i e [ {%,t)—% (wt) | T du. (3.6)

—00
For particular values of f(z,t) and g(z,t), the integrals in equations [B.4), [B.3) and
B6) can be evaluated to obtain closed form expressions for w,(z,y,t), ®(x,y,t) and
Oyz (ﬂf,y,t).
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