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Abstract. In this work we consider some expressions for the free energy, already

proposed and studied for viscoelastic solids, and adapt them to incompressible viscoelas-

tic fluids. The internal dissipation corresponding to each of these various forms of the

free energy is also evaluated. In particular, the form of the minimum free energy for

the discrete spectrum model is also considered in order to show its equivalence to some

classical free energies.

1. Introduction. Many relevant studies have been done on the free energy of ma-

terials with memory. Such studies, both in the linear case (see, for example, [5]) and

in terms of abstract formulations of thermodynamics [7], have shown that the free en-

ergy is not necessarily uniquely defined for these materials. Therefore, there may be

many free energies associated with any given state of these bodies; moreover, they form

a bounded and convex set with a minimum and a maximum element. Consequently, the

determination of explicit forms for the free energy has become an interesting problem

and several expressions have been proposed for viscoelastic solids (see, in alphabetical

order, [5], [8]–[12], [15]–[17], [19]–[24] and [27]).

The aim of this article is to examine expressions for the free energy that have al-

ready been considered for viscoelastic solids, in order to adapt them to incompressible

viscoelastic fluids.

This problem has been partially studied in [1]–[3], where expressions for the Graffi-

Volterra free energy, the most general quadratic form for the free energy [5] in the al-

ternative form derived by Golden in [21] and the new formula proposed by Fabrizio in

several of his works related to viscoelastic solids (see, for example, [10]) have been derived

for our fluids. Also the minimum free energy, the importance of which is due to the fact
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that it coincides with the maximum recoverable work obtainable from a given state of

the body, has been derived in [1] and [3] in the frequency domain, following Golden’s

method used in [21] for viscoelastic solids.

In this work we recall the results related to these free energies and show that the

classical free energies proposed by Day and Dill and the maximum free energy [17] can

also be adapted to our fluids; the corresponding internal dissipations are derived too.

Then, by using the results obtained for the minimum free energy corresponding to the

case of relaxation functions given by the sum of exponentials [3], we are able to derive

the kernel μ(s, u), introduced for the general form of free energy; this expression allows

us to show an equivalence to the Breuer-Onat formula [4]. We also give the form of

the kernel K(s, u), which yields the corresponding rate of dissipation. Finally, we show

that the Day free energy is a special case of the minimum free energy (for the analogous

results related to viscoelastic solids, see [21]).

The layout of this paper is as follows. In Section 2, the fundamental equations are given

together with the consequences of the thermodynamic constraint. In Section 3, states

and processes are defined as well as an equivalence relation between states introduced

by means of the response of the material. In Section 4, the notion of work and the

thermodynamic principles are considered, together with the defining properties of the

free energy, of the maximum free energy and of the minimum one. In Section 5, some

expressions for the work, corresponding to particular relative strain histories, are derived;

moreover, an equivalent way of defining an equivalence relation between states is given

by means of the work. In Section 6, various forms of the free energy are examined and

the corresponding internal dissipations are evaluated. In Section 7, the minimum free

energy for a discrete spectrum model is given in order to show the equivalence of this

minimum free energy to Breuer-Onat’s functional and, when the relaxation function is

expressed by only one exponential, to Day’s functional.

2. Basic relationships. We consider the linear theory of viscoelasticity for a vis-

coelastic fluid studied in [6], [26] and [31], for example. For such a fluid, assumed isotropic

and incompressible, the linearization of the constitutive equation of Boltzmann type gives

the following expression:

T(x, t) = −p(x, t)I+ 2

∫ +∞

0

μ′(x, s)Et
r(x, s)ds. (2.1)

This relation yields the symmetric stress tensor T as a function of the infinitesimal strain

E = 1
2

[
∇u+ (∇u)T

]
, u being the displacement vector, through its relative history

Et
r(x, s) = Et(x, s)−E(x, t) ∀s ∈ R

++ ≡ (0,+∞), (2.2)

where E(x, t) ∈ Sym denotes the current value of the strain, while Et(x, s) = E(x, t− s)

∀s ∈ R++ is its past history. Moreover, the position vector, the dependence of which will

be omitted later on, is x ∈ Ω, where Ω is a smooth bounded domain of R3, with a smooth

boundary ∂Ω, that is occupied by the fluid. Finally, I is the identity second-order tensor

and p is a scalar function which yields the reaction pressure due to the constraint of
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incompressibility and is constitutively indeterminate. The material function μ′ is related

to the shear relaxation function,

μ(s) = −
∫ +∞

s

μ′(ξ)dξ ∀s ∈ R
+ ≡ [0,+∞), (2.3)

which is supposed to belong to L1(R+), to have the properties required by the thermo-

dynamic laws and to be established by the following theorem [18].

Theorem 2.1. The constitutive equation (2.1) for linear viscoelastic fluids is compatible

with the Second Law of Thermodynamics if and only if for every relaxation function

μ ∈ L1(R+) such that
∫ +∞
0

μ(s)ds �= 0, the following inequality holds:∫ +∞

0

μ(s) cosωs ds > 0 ∀ω ∈ R. (2.4)

Later on we shall be concerned with the frequency domain; thus, we recall the Fourier

transform of any function f : R → Rn, defined by

fF (ω) =

∫ +∞

−∞
f(s)e−iωsds = f−(ω) + f+(ω) ∀ω ∈ R, (2.5)

where we have put

f−(ω) =

∫ 0

−∞
f(s)e−iωsds, f+(ω) =

∫ +∞

0

f(s)e−iωsds; (2.6)

also recall the half-range Fourier sine and cosine transforms

fs(ω) =

∫ +∞

0

f(s) sinωs ds, fc(ω) =

∫ +∞

0

f(s) cosωs ds. (2.7)

We note that if f is a real-valued function, then we have f∗
F (ω) = fF (−ω), where ∗

denotes the complex conjugate. Obviously, the definitions of f+, fs and fc stand even if

f is defined on R
+, as does the definition of f− when f is defined on R

− ≡ (−∞, 0].

We can extend the domain of any f defined on R
+ to R as follows. If we identify

f with a function defined on R that vanishes identically on the strictly negative reals

R−− ≡ (−∞, 0), we have

fF (ω) = f+(ω) = fc(ω)− ifs(ω); (2.8)

the extensions of f made by means of an odd function, i.e. f(s) = −f(−s) ∀s < 0, or an

even function, i.e. f(s) = f(−s) ∀s < 0, yield

fF (ω) = −2ifs(ω), fF (ω) = 2fc(ω), (2.9)

respectively.

We consider the following subsets of the complex z-plane C:

C
− =

{
z ∈ C; Im z ∈ R

−} , C
(−) =

{
z ∈ C; Im z ∈ R

−−} (2.10)

and

C
+ =

{
z ∈ C; Im z ∈ R

+
}
, C

(+) =
{
z ∈ C; Im z ∈ R

++
}
, (2.11)

so that C± include the real axis R while C
(±) exclude it.
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The functions defined in (2.6) can be extended for any z ∈ C; thus, we obtain two

functions f±(z) which are analytic in C
(∓). They become analytic in C

∓, which include

R, by assuming their analyticity on the real axis [21]. We shall indicate that the zeros

and singularities of f are only in C± by means of the notation f(±)(z).

Using the Fourier transform (2.7)2, the thermodynamic restriction (2.4) becomes

μc(ω) > 0 ∀ω ∈ R (2.12)

under the hypothesis of Theorem 2.1 given by∫ +∞

0

μ(s)ds = μc(0) �= 0. (2.13)

If we suppose that μ′ ∈ L1(R+) ∩ L2(R+), then (2.8) gives

μ′
F (ω) = μ′

c(ω)− iμ′
s(ω) ∀ω ∈ R. (2.14)

This Fourier transform belongs to L2(R) and, by virtue of the assumption of analyticity

on R for the Fourier transforms, yields a function μ′
F (z) that is analytic in C−. Moreover,

we note that μ′
c(ω) is an even function of ω, while μ′

s(ω), which is an odd function,

vanishes at the origin and, by assumption, does so linearly.

We now recall some results derived in [19] and, in particular, in [1].

If μ′ ∈ L1(R+) and μ′′ ∈ L1(R+), then we have

μ′
s(ω) = −ωμc(ω), ωμ′

s(ω) = μ′(0) + μ′′
c (ω); (2.15)

moreover, from (2.15)1, taking account of the thermodynamic restriction (2.12), it follows

that

ωμ′
s(ω) < 0 ∀ω �= 0. (2.16)

Using the inverse Fourier transform, we have

μ(s) =
2

π

∫ +∞

0

μc(ω) cosωs dω, (2.17)

whence, by virtue of (2.15)1, we obtain

μ(0) =
2

π

∫ +∞

0

μc(ω)dω = − 1

π

∫ +∞

−∞

μ′
s(ω)

ω
dω > 0. (2.18)

Therefore, it follows that

μ(s)− μ(0) =
2

π

∫ +∞

0

μc(ω) [cosωs− 1] dω < 0, μ′(0) ≤ 0. (2.19)

Furthermore, from (2.15) we get the asymptotic behaviours

lim
ω→+∞

ωμ′
s(ω) = − lim

ω→+∞
ω2μc(ω) = μ′(0) < 0 (2.20)

under the hypothesis that 0 �=| μ′(0) |< +∞. In particular, already in [1], we have

derived the asymptotic behaviours of the Fourier transform μ′
F (ω), expressed by (2.14)

in terms of μ′
c(ω) and μ′

s(ω):

μ′
s(ω) ∼

μ′(0)

ω
, μ′

c(ω) ∼ −μ′′(0)

ω2
. (2.21)
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Finally, if we consider the even extension of μ to R, then we have the odd extension for

μ′ and, using (2.9 )1 and (2.15)1, we get

[μ′
F (ω)]

∗ = 2iμ′
s(ω) = −2iωμc(ω). (2.22)

Therefore, by virtue of Plancherel’s theorem and this last result, the constitutive equation

(2.1) can be written in the frequency domain as

T̃(t) = T(t) + p(t)I =
2i

π

∫ +∞

−∞
μ′
s(ω)E

t
r+(ω)dω = −2i

π

∫ +∞

−∞
ωμc(ω)E

t
r+(ω)dω. (2.23)

Here, T̃ denotes the extra stress, which is the stress due only to the relative strain history

Et
r(s), the Fourier transform of which is denoted by Et

r+(ω).

3. States and processes. The mechanical properties of any simple material are de-

scribed by means of constitutive equations, which can be described in terms of states and

processes (see, for example, [6] and [14]). Also the fluid, characterized by the linearized

relation (2.1), can be considered as a simple material.

A mechanical process P is a piecewise continuous map P : [0, d) → Lin, the set of

second order tensors, defined by

P (τ ) = LP (τ ) ∀τ ∈ [0, d), (3.1)

where the superscript P denotes the values of the velocity gradient L = ∇v corresponding

to the time interval [0, d), where d is the duration of the process.

Given a process P ∈ Π, the set of mechanical processes, its restriction to an interval

[τ1, τ2) ⊂ [0, d) is also a process, P[τ1,τ2) ∈ Π. Moreover, it is useful to consider the

composition of the processes Pj ∈ Π with durations dj (j = 1, 2), defined by

P1 ∗ P2(τ ) =

{
P1(τ ) ∀τ ∈ [0, d1),

P2(τ − d1) ∀τ ∈ [d1, d1 + d2),
(3.2)

which also belongs to Π.

The state transition function ρ : Σ×Π → Σ maps any initial state σi ∈ Σ, the set of

all possible states, and each process P ∈ Π into the final state σf = ρ(σi, P ). Thus, if the

initial state is σi = σ(0), via a process P[0,τ) we reach the final state σ(τ ) = ρ(σ(0), P[0,τ));

if we have σ(d) = ρ(σ(0), P ) = σ(0), then the pair (σ, P ) is said to be a cycle.

For our model the state σ is given by the relative history up to time t of the infinitesimal

strain tensor E, that is,

σ(t) = Et
r(s) ∀s ∈ R

++. (3.3)

Moreover, since the constitutive equation (2.1) involves the strain, we observe that

it is convenient to consider a definition of a process which is less general than (3.1), by

considering the strain rate tensor D = (L + LT )/2, that is, the symmetric part of L.

Henceforth, since by virtue of the linear approximation we have D = Ė, we shall assume

that

P (τ ) = ĖP (τ ) ∀τ ∈ [0, d). (3.4)

We denote by t ≥ 0 the instant when any process can be applied.

If t > 0 is the initial instant when the state is σ(t) = Et
r(s), then P (τ ) = ĖP (τ ) ≡

Ė(t + τ ). The extra stress, defined in (2.23)1, can be derived from (2.1) by considering
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the integral over (0,+∞) as the sum of two integrals, the first between 0 and τ and the

second between τ and +∞; integrating by parts in the first integral, we have

T̃(t+ τ ) = T(t+ τ ) + p(t+ τ )I = 2

∫ τ

0

μ(s)Ėt+τ (s)ds− Ĭt(τ,Et
r), (3.5)

where

Ĭt(τ,Et
r) = −2

∫ +∞

0

μ′(ξ + τ )Et
r(ξ)dξ, τ ∈ R

+. (3.6)

If P is applied to the state σ(0) = E0
r(s) ∀s ∈ R++ at time t = 0, then τ ≡ t ∈ [0, d);

thus, (3.5) becomes

T̃(t) = T(t) + p(t)I = 2

∫ t

0

μ(η)Ėt(η)dη − Ĭ0(t,E0
r), (3.7)

where the expression for Ĭ0(t,E0
r) can be deduced from (3.6) by putting τ = t and t = 0,

that is,

Ĭ0(t,E0
r) = −2

∫ +∞

0

μ′(ξ + t)E0
r(ξ)dξ. (3.8)

We note that if we have a constant history Et(s) = E†(s) = E ∀s ∈ R
+ to which the

relative strain history Et
r(s) = 0†

r(s) = 0 ∀s ∈ R++ corresponds, then the extra stress,

defined by (2.23)1 with (2.1), becomes

T̃(t) = 0. (3.9)

Furthermore, we observe that a static continuation of duration τ ∈ R
++ of the relative

strain history, defined as

Et+τ
rc (s) =

{
0 ∀s ∈ (0, τ ],

Et
r(s− τ ) ∀s > τ,

(3.10)

yields the following expression for the extra stress:

T̃(t+ τ ) = T(t+ τ ) + p(t+ τ )I = 2

∫ +∞

τ

μ′(s)Et+τ
rc (s)ds

= 2

∫ +∞

0

μ′(ξ + τ )Et
r(ξ)dξ. (3.11)

The negative of such an extra stress coincides with the quantity Ĭt introduced in (3.6).

We also have the asymptotic limit

lim
τ→+∞

T̃(t+ τ ) = 0. (3.12)

Bearing in mind (3.11)3, we can introduce the space of relative strain histories as

follows:

Γr =

{
Et

r : R++ → Sym; |
∫ +∞

0

μ′(ξ + τ )Et
r(ξ)dξ |< +∞ ∀τ ∈ R

+

}
. (3.13)

Finally, we observe that T̃, given by (2.1), is a state function, that is, it depends on

the state only.
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Definition 1. Two states σj(t) = Et
rj (j = 1, 2) are said to be equivalent if the

subsequent states σj(t+ τ ) = Et+τ
rj (j = 1, 2) satisfy the identity

T̃(σ1 (t+ τ )) = T̃(σ2 (t+ τ )) ∀τ ∈ [0, d) (3.14)

for all P ∈ Π of duration d.

In [2] we proved the following theorem.

Theorem 3.1. For a viscoelastic fluid of type (2.1), two states σj(t) = Et
rj (j = 1, 2)

are equivalent if and only if∫ +∞

0

μ′(ξ + τ )
[
Et

r1(ξ)−Et
r2(ξ)

]
dξ = 0 ∀τ ∈ R

++. (3.15)

Definition 1 gives a characterization of the states which are indistinguishable because

they yield the same extra stress. Thus, we can consider an equivalence relation R in Σ

and its quotient space ΣR, the elements of which are the equivalence classes, denoted by

σR and called minimal states of the fluid. Consequently, (3.15) is an equivalent form of

(3.14) and, on the basis of (3.6), can be expressed by means of the equality

Ĭt(τ,Et
r1) = Ĭt(τ,Et

r2) ∀τ ∈ R
++. (3.16)

Hence, it follows that the quantity Ĭt can be assumed to characterize an equivalence class

σR ∈ ΣR and, therefore, is a minimal state.

4. Thermodynamics and free energies. The central role that thermodynamics

plays in the study of any physical problem is well known. For this purpose it is funda-

mental to determine the most appropriate norms, the choice of which in the linear case

is strongly related to the various free energies of the material.

We begin by defining the work done by a process P of duration d and applied at time

t > 0 to an initial state σ(t) as

W (σ, P ) =

∫ d

0

T(σ(τ ), P (τ )) · LP (τ )dτ, (4.1)

where LP determines P as in (3.1) and σ(τ ) belongs to the set of states which can be

obtained by starting from σ(t) with a suitable process, that is,

Σσ = {σ′ ∈ Σ; ∃ P ∈ Π, σ′ = ρ(σ, P )} . (4.2)

Then, since in this article we are concerned with isothermal processes, we recall the

Second Law of Thermodynamics in the traditional form of the Clausius-Duhem inequal-

ity.

Clausius-Duhem’s inequality (isothermal processes). The work done on any cycle

(σ, P ) is non-negative, i.e.

W (σ, P ) =

∮ d

0

T(σ(τ ), P (τ )) · LP (τ )dτ ≥ 0, (4.3)

with equality corresponding to reversible processes.

We now give two useful definitions.
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Definition 2. A subset S ⊂ Σ is called invariant under ρ if, for every σi ∈ Σ and

P ∈ Π, the state σ = ρ(σi, P ) ∈ S.

Definition 3. A state σ ∈ Σ is attainable from all of Σ if, for any initial state σi,

there exists a process P ∈ Π such that σ = ρ(σi, P ). If any σ is attainable from every

other state σ′ ∈ Σ, the simple material system is attainable.

We observe that, for simple material systems with fading memory, not all states are

attainable; moreover, in particular, cycles are quite rare. Therefore, following [15], we

assume a different and more restrictive formulation of the Second Law.

For this purpose we denote by

W(σ) = {W (σ, P );P ∈ Π} (4.4)

the set of values of work done upon applying to a given state σ ∈ Σ all the possible

processes P ∈ Π; the final state induced by each of these applied processes is any state

σ′ ∈ Σσ defined in (4.2).

Strong Dissipation Principle. The set W(σ) is bounded below for all σ ∈ Σ; moreover,

there exists a state σ†, called the zero state, such that

infW(σ†) = 0. (4.5)

To avoid a contradiction with the Second Law, the assumption of this Strong Dissi-

pation Principle requires a modification of the set (3.13) of states as follows:

Σ = {σ ∈ Γr; infW(σ) > −∞} . (4.6)

In fact, if condition (4.6) were not true, then the work −W (σ, P ) given by the material

would be unbounded from above; consequently, as P varies, we could extract infinite

energy, thus generating a perpetual motion.

We now introduce the notion of free energy.

Definition 4. A function ψ : Sψ → R+ is a free energy if

(a) the domain Sψ ⊂ Σ is invariant under ρ,

(b) for any pair σ1, σ2 ∈ Sψ and for every P ∈ Π such that σ2 = ρ(σ1, P ), we have

ψ(σ2)− ψ(σ1) ≤ W (σ1, P ). (4.7)

The free energy, the existence of which was proved as a consequence of the Second Law

of Thermodynamics expressed by (4.3), does not have a unique expression for materials

with memory ([7], [16] and [24]). In fact, there are many free energies, making up a convex

set with a minimum and a maximum element, denoted by ψm and ψM , respectively.

Definition 5. A functional ψm is called the minimum free energy if

i) ψm is a free energy with domain Sψ = Σ,

ii) the zero state σ† ∈ Σ is such that ψm(σ†) = 0,

iii) for any free energy ψ : Sψ → R+ such that σ† ∈ Sψ and ψ(σ†) = 0, we have

ψ(σ) ≥ ψm(σ) ∀σ ∈ Sψ. (4.8)

Remark 1. The minimum free energy, if it exists, is unique.

Proof. If two such energies ψm1
and ψm2

were to exist, then, for any σ ∈ Sψ, from

(4.8) we would have ψm1
(σ) ≥ ψm2

(σ) by considering ψm2
(σ) as the minimum and,

analogously, also ψm2
(σ) ≥ ψm1

(σ). Hence, ψm1
(σ) = ψm2

(σ) for any σ ∈ Sψ. �
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The characterization of the minimum free energy is given by the following theorem

[15].

Theorem 1. The functional

ψm(σ) := − infW(σ) := N(σ) (4.9)

is the minimum free energy.

Let σ0, σ ∈ Σ be any pair of states such that σ ∈ Σσ0
, as defined in (4.2); we consider

the set

N(σ0, σ) = {W (σ0, P ); ∀P ∈ Π, ρ(σ0, P ) = σ} . (4.10)

The Strong Dissipation Principle yields that this set is bounded below.

We recall the result expressed by the following theorem proved in [17].

Theorem 2. For any fixed σi, the functional ψσi

M : Σσi → R+ defined by

ψσi

M (σ) = inf N(σi;σ) + ψm(σi) (4.11)

is a free energy, called a maximum free energy. For any free energy ψ : Sψ → R
+ such

that Sψ ⊃ Σσi and ψ(σi) = ψm(σi), we have

ψ(σ) ≤ ψσi

M (σ), ∀ σ ∈ Σσi . (4.12)

From the expression (4.1) for the work and the inequality (4.7) which characterizes a

free energy, an important inequality follows at once.

Under the hypothesis that the process be continuous at any time t, we obtain

ψ̇(σ(t)) ≤ T̂(σ(t), P (t)) · L(t). (4.13)

This inequality, upon taking into account the constitutive equation (2.1) for the fluid

under consideration and (3.4) in the case where P is applied at time t = 0 so that τ ≡ t,

becomes

ψ̇(t) ≤ T(Et
r) · Ė(t). (4.14)

Consequently, we can also consider the equality

ψ̇(t) +D(t) = T(t) · Ė(t), (4.15)

where we have introduced D(t), called the internal dissipation function, which must be

non-negative because of the Second Law.

5. Work and w-equivalence between states. It is interesting to give expressions

for the work corresponding to some important cases for linear viscoelastic fluids [2].

A first expression is related to the work done on the fluid by the relative strain history

up to time t when the final state is σ(t) = Et
r.

Using (4.1), the constitutive equation (2.1) for the stress tensor and the condition

I · Ė = ∇ · v = 0, (5.1)

which follows from the constraint of incompressibility, the work in this case is given by

W̃ (Et
r) =

∫ t

−∞
T(τ ) · Ė(τ )dτ = 2

∫ t

−∞

∫ +∞

0

μ′(s)Eτ
r (s)ds · Ė(τ )dτ < +∞, (5.2)
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since we consider only relative strain histories which give finite work.

Under the hypothesis of an even extension of μ(s), by using suitable integrations by

parts and (2.2), we can give (5.2)2 the following forms:

W̃ (Et
r) =

∫ t

−∞

∫ t

−∞
μ(| ρ− u |)Ė(u) · Ė(ρ)dudρ

=

∫ +∞

0

∫ +∞

0

μ(| η − ξ |)Ėt(ξ) · Ėt(η)dξdη

=

∫ +∞

0

∫ +∞

0

μ12(| η − ξ |)Et
r(ξ) ·Et

r(η)dξdη, (5.3)

where

μ12(| η − ξ |) = ∂2

∂η∂ξ
μ(| η − ξ |) = −μ′′(| η − ξ |)− 2δ(η − ξ)μ′(| η − ξ |). (5.4)

Moreover, by virtue of Plancherel’s theorem and (2.15)2, in the frequency domain we

also have

W̃ (Et
r) = − 1

π

∫ +∞

−∞
ωμ′

s(ω)E
t
r+(ω) ·

[
Et

r+(ω)
]∗

dω. (5.5)

Using this expression and the restriction (2.16), we have the following result [2].

Lemma 3. The work done on the material by the relative strain history Et
r(s) ∀s ∈ R

++

is a non-negative quantity.

We now consider the work done in the general case where the process P (τ ) = ĖP (τ )

∀τ ∈ [0, d) is applied to the state σ(t) = Et
r(s) ∀s ∈ R++ at time t > 0. Using (4.1),

(3.5) and (3.6), we have

W (σ, P ) =

∫ d

0

[
2

∫ τ

0

μ(τ − ξ)ĖP (ξ)dξ − Ĭt(τ,Et
r)

]
· ĖP (τ )dτ. (5.6)

We observe that in such an expression the duration of the process generally has a

finite value, d < +∞. However, it is useful to consider the process P as being defined on

R+ by taking its trivial extension, P (τ ) = 0 ∀τ ∈ [d,+∞).

Thus, the expression (5.6), where (σ, P ) = (Et
r, ĖP ) can be replaced by (̆It, ĖP ) upon

extending P to R+ by means of its trivial extension, can be written as

W (̆It, ĖP ) =

∫ +∞

0

[∫ +∞

0

μ(| τ − ξ |)ĖP (ξ)dξ − Ĭt(τ,Et
r)

]
· ĖP (τ )dτ

=
1

π

∫ +∞

−∞
μc(ω)ĖP+(ω) · (ĖP+(ω))

∗dω − 1

2π

∫ +∞

−∞
Ĭt+(ω) ·

[
ĖP+(ω)

]∗
dω, (5.7)

where we have applied Plancherel’s theorem and denoted by Ĭt+(ω) the Fourier transform

of Ĭt(τ,Et
r).

We now consider the particular case where P is applied at time t = 0, when the initial

state is σ(0) = E0
r(s), and again extended to R+ as before.

Taking into account the expression (3.7) for T, (5.6) becomes

W̃ (E0
r, ĖP ) =

∫ +∞

0

[∫ +∞

0

μ(| t− τ |)ĖP (τ )dτ − Ĭ0(t,E0
r)

]
· ĖP (t)dt. (5.8)
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Moreover, if the initial relative history is the zero relative history, E0
r(s) = 0†

r(s) = 0

∀s ∈ R
++, then by using (3.8) we can evaluate the work due only to the process, obtaining

W̃ (0†
r, ĖP ) =

∫ +∞

0

∫ +∞

0

μ(| t− τ |)ĖP (τ ) · ĖP (t)dτdt. (5.9)

Following Gentili [20], we introduce the following definition.

Definition 6. A process P , of any duration, is said to be a finite work process if

W̃ (0†
r, ĖP ) < +∞. (5.10)

In [2] we showed that

W̃ (0†
r, ĖP ) =

1

π

∫ +∞

−∞
μc(ω)ĖP+(ω) ·

[
ĖP+(ω)

]∗
dω > 0, (5.11)

where we have used Plancherel’s theorem, (2.9)2, by virtue of (2.12).

The space of the processes can be defined as follows [20]:

H̃μ(R
+) =

{
ĖP : R+ → Sym;

∫ +∞

−∞
μc(ω)ĖP+(ω) ·

[
ĖP+(ω)

]∗
dω < +∞

}
. (5.12)

This space, by means of a completion with the norm corresponding to the inner product

(w1,w2)μ =
∫ +∞
−∞ μc(ω)w1+(ω) · [w2+(ω)]

∗
dω, yields the Hilbert space Hμ(R

+) [2].

The dual of the space Hμ(R
+) is

H ′
μ(R

+) =

{
Ĭt : R+ → Sym;

∫ +∞

−∞
Ĭt+(ω) ·

[
ĖP+(ω)

]∗
dω < +∞ ∀ĖP ∈ Hμ(R

+)

}
(5.13)

and characterizes the possible states of our fluid.

Another definition of equivalence between two states of the fluid can be given in terms

of the work, as has been done for viscoelastic solids [20].

Definition 7. Two states σj(t) = Et
rj (j = 1, 2) are said to be w-equivalent if for

every P : [0, τ ) → Sym and for every τ > 0 they satisfy

W̃ (Et
r1 , ĖP ) = W̃ (Et

r2 , ĖP ). (5.14)

In [2] we showed that Definitions 1 and 7 coincide by virtue of the following lemma.

Lemma 4. For every fluid characterized by the constitutive equation (2.1), two states

are w-equivalent if and only if they are equivalent in the sense of Definition 1.

The equivalence of Definitions 1 and 7 allows us to consider a unique equivalence

relation R in Σ and, consequently, only one quotient space ΣR. The equivalence classes

σR of R characterize the states which are indistinguishable both because they give the

same extra stress and since we obtain the same work by starting from each of them and

applying any process with an arbitrary duration.

Therefore, we can express the minimum and the maximum free energy in terms of

σR ∈ ΣR, by virtue of the w-equivalence, as the following two remarks state.
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Remark 2. It is always possible to represent the minimum free energy as a function

of the minimal state σR. From the definition of W(σ) given by (4.4) and from the fact

that W (σ, P ) = W (σR, P ) for all P ∈ Π, it is clear that

infW(σ) = inf W̃(σR). (5.15)

Hence, if σ ∈ σR we have

ψm(σ) = ψm(σR); (5.16)

therefore, the minimum free energy is independent of the representation of state which

is used.

Remark 3. From any σi ∈ Σ we may obtain a different free energy. Moreover, for

a fixed σi ∈ Σ the definition of maximum free energy may depend on the definition of

state. We can, however, construct a maximum free energy that is defined on the space

of minimal states. In other words, if we consider the definition of minimal state, then

(4.10) is replaced by

N(σ0R, σR) = {W (σ0R, P ); ∀ P ∈ Π, ρ(σ0R, P ) = σR} . (5.17)

Since this set is generally larger than N(σ0, σ), if σ0 ∈ σ0R and σ ∈ σR, the maximum

free energy, defined on ΣR as

ψ
σi
R

M (σR) = inf N(σi
R, σR) + ψm(σi

R), (5.18)

satisfies the inequality

ψ
σi
R

M (σR) ≤ ψσi

M (σ), σi ∈ σi
R, σ ∈ σR. (5.19)

Relation (4.12) will apply to any free energy ψ(σR) defined on ΣR provided that

ψ(σi
R) = ψm(σi

R).

6. Free energies. The free energies, which have been introduced for linear viscoelas-

tic solids, can be defined also for linear viscoelastic fluids with a few changes. Since some

of these energies have already been derived in [3], we shall refer to this article and only

recall the relevant results.

6.1. Graffi-Volterra’s free energy. We firstly consider the free energy expressed by the

Graffi-Volterra functional1 (see [22], [23] and [32]). This expression is very important

because it is frequently used in applications.

For the fluids we are considering, the corresponding functional, derived in [3], is

ψG(t) = −
∫ +∞

0

μ′(s)Et
r(s) ·Et

r(s)ds; (6.1)

1 The expression for this free energy corresponding to viscoelastic solids is

ψG(Et) =
1

2
E(t) ·G∞E(t)− 1

2

∫ +∞

0
Et

r(ξ) ·G′(ξ)Et
r(ξ)dξ,

where the relaxation function G is a fourth-order tensor which is assumed to be symmetric, while the
symmetry ofG∞ = lim

s→+∞
G(s) is required by the thermodynamic laws; moreover,G′ is negative definite,

G′(s) < 0, while G∞ and G′′ are such that G∞ > 0 and G′′(s) ≥ 0 ∀s ∈ R+. This is a generalization

of a free energy functional determined by Graffi and is called the Graffi-Volterra free energy.
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this gives a free energy upon assuming that μ′(s) ≤ 0 and μ′′(s) ≥ 0 ∀s ∈ R+. We note

that these restrictions coincide with those considered by Slemrod in [29] while studying

stability problems for these fluids (see [30], [25] and [26]), by virtue of the assumptions

on μ defined in (2.3), viz.

lim
s→+∞

μ(s) = 0, μ(s) > 0. (6.2)

In order to derive the internal dissipation, it is enough to evaluate the time derivative

of (6.1), by taking into account the definition of Et
r, the constitutive equation (2.1) and

the constraint of incompressibility (5.1). Thus, in [3] it was proved that (4.15) is satisfied

by (6.1) with the following internal dissipation:

DG(t) =

∫ +∞

0

μ′′(s)Et
r(s) ·Et

r(s)ds ≥ 0, (6.3)

which is a non-negative quantity for all histories because of the hypothesis on the second

derivative of μ(s).

6.2. Day’s free energy. Another free energy already introduced for viscoelastic solids

is given by Day’s functional2 [8]. For our viscoelastic fluids such a functional becomes

ψDay(t) =
1

μ0

[∫ +∞

0

μ′(s)Et
r(s)ds

]2
, (6.4)

where μ0 = μ(0) > 0, by virtue of (2.19)1.

Taking the time derivative of this function and performing an integration by parts,

using the definition (2.2) of Et
r together with the constitutive equation (2.1) and the

constraint of incompressibility (5.1), yields

ψ̇Day(t) =
2

μ0

∫ +∞

0

μ′(s)Et
r(s)ds ·

∫ +∞

0

μ′(s)
[
Ėt(s)− Ė(t)

]
ds

=
2

μ0

∫ +∞

0

μ′(s)Et
r(s)ds ·

[
−
∫ +∞

0

μ′(s)
d

ds
Et(s)ds+ μ0Ė(t)

]

= T(t) · Ė(t) +
2

μ0

∫ +∞

0

μ′(s)Et
r(s)ds ·

∫ +∞

0

μ′′(s)Et
r(s)ds. (6.5)

The negative of the last term of this relation must give the corresponding non-negative

dissipation DDay(t).

We now assume the exponential form required for Day’s free energy, by putting

μ′(s) = μ′(0)e−γs, γ > 0, (6.6)

such that μ′(0) < 0, that is, satisfying (2.20)3. Thus, we have

μ′′(s) = −γμ′(s), (6.7)

2The functional

ψDay(E
t) =

1

2
E(t) ·G∞E(t) +

1

2

[
(G0 −G∞)−1/2

∫ +∞

0
G′(s)Et

r(s)ds

]2
represents the general expression for the Day free energy (see [19] ch. 3), which has been proposed
for viscoelastic solids. In this form, in particular, the fourth-order tensors G0 and G∞ are such that

G0 −G∞ > 0, while the fourth-order tensor G′(s) is isotropic and has an exponential form.
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which allows us to write (6.5) as

ψ̇Day(t) = T(t) · Ė(t)−DDay(t), (6.8)

where the internal dissipation DDay(t) is given by

DDay(t) =
2γ

μ0

[∫ +∞

0

μ′(s)Et
r(s)ds

]2
≥ 0. (6.9)

6.3. Dill’s free energy. Also the Dill functional3, proposed for viscoelastic solids in

[12], can be considered for our fluids in the following form:

ψDill(t) =

∫ +∞

0

∫ +∞

0

μ′′(ξ1 + ξ2)E
t
r(ξ1) ·Et

r(ξ2)dξ1dξ2. (6.10)

The requirement that ψ(t) be non-negative for all t implies that the kernel μ′′(ξ1 + ξ2)

must be such that the integral is non-negative for all relative histories.

Taking into account the definition (2.2) of Et
r the constitutive equation (2.1) and the

constraint of incompressibility (5.1), the time derivative of (6.10), after some integrations,

becomes

ψ̇Dill(t) =

∫ +∞

0

∫ +∞

0

μ′′(ξ1 + ξ2)
{[

Ėt(ξ1)− Ė(t)
]
·
[
Et(ξ2)−E(t)

]
+
[
Et(ξ1)−E(t)

]
·
[
Ėt(ξ2)− Ė(t)

]}
dξ1dξ2

=

[
2μ0E(t) + 2

∫ +∞

0

μ′(s)Et(s)ds

]
· Ė(t)

+2

∫ +∞

0

∫ +∞

0

μ′(ξ1 + ξ2)Ė
t(ξ1) · Ėt(ξ2)dξ1dξ2

= T(t) · Ė(t) + 2

∫ +∞

0

∫ +∞

0

μ′(ξ1 + ξ2)Ė
t(ξ1) · Ėt(ξ2)dξ1dξ2. (6.11)

Hence, it follows that now (4.15) is still satisfied if the kernel μ′ is such that we have a

non-negative dissipation, given by

DDill(t) = −2

∫ +∞

0

∫ +∞

0

μ′(ξ1 + ξ2)Ė
t(ξ1) · Ėt(ξ2)dξ1dξ2 ≥ 0. (6.12)

6.4. Fabrizio’s free energy. A new free energy introduced for viscoelastic solids is the

Fabrizio functional,4 considered, in particular, in [13] and [10], where it is denoted by

3 Another example of free energy is the Dill free energy, which, for viscoelastic solids, has the following
expression:

ψDill(E
t) =

1

2
E(t) ·G∞E(t) +

1

2

∫ +∞

0

∫ +∞

0
Et

r(ξ1) ·G′′(ξ1 + ξ2)E
t
r(ξ2)dξ1dξ2,

where the fourth-order tensors G∞ and G′′ satisfy the usual conditions, G∞ > 0 and G′′(s) ≥ 0
∀s ∈ R+.

4 A new functional which has been recently proposed as a free energy for viscoelastic solids is the
Fabrizio free energy, which has the form

ψF (̆It) =
1

2
E(t) ·G∞E(t)− 1

2

∫ +∞

0
Ġ−1(τ )̆It(1)(τ) · Ĭ

t
(1)(τ)dτ.

In this expression Ġ−1(τ) is the inverse tensor of the fourth-order tensor Ġ(τ) ≡ G′(τ) and Ĭt(1)(τ)

denotes the derivative with respect to τ of Ĭt(τ,Et
r) = −

∫+∞
0 Ġ(s+ τ)Et

r(s)ds, which characterizes the
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ψF . The form assumed by such a functional for our fluids, already derived in [3], is given

by

ψF (t) = −1

4

∫ +∞

0

1

μ′(τ )
Ĭt(1)(τ ) · Ĭt(1)(τ )dτ, (6.13)

where we have denoted by Ĭt(1)(τ ) the derivative with respect to τ of Ĭt(τ,Et
r) introduced

in (3.6), that is,

Ĭt(1)(τ ) =
d

dτ
Ĭt(τ,Et

r) = −2

∫ +∞

0

μ′′(ξ + τ )Et
r(ξ)dξ. (6.14)

Since the functional (6.13) is to give a non-negative quantity, now we must still assume

that μ′′(τ ) is a non-negative function of τ ∈ R+ and consequently that μ′(τ ) is a non-

positive function of τ ∈ R+.

As was already observed in [3], we note that no problem arises from the presence of

1/μ′(τ ), which diverges as τ tends to infinity, because this factor is multiplied by other

factors (see (6.37) below) which assure the existence of the integral under consideration.

Moreover, the domain of definition of the functional ψF is characterized by the following

space of functions:

H ′
F (R

+) =

{
Ĭt; |

∫ +∞

0

1

μ′(τ )
Ĭt(1)(τ ) · Ĭt(1)(τ )dτ |< +∞

}
, (6.15)

which yields a much larger space than that corresponding to the Graffi-Volterra free

energy ψG.

In order to prove that ψF is a free energy, in [3] the derivative of ψF (t),

ψ̇F (t) = −1

2

∫ +∞

0

1

μ′(τ )

.

Ĭ
t

(1)(τ ) · Ĭt(1)(τ )dτ, (6.16)

was evaluated by means of (6.14) and the relations

.

Ĭ
t

(1)(τ ) =
d

dt
Ĭt(1)(τ ) = Ĭt(2)(τ )− 2μ′(τ )Ė(t), (6.17)

where

Ĭt(2)(τ ) =
d2

dτ2
Ĭt(τ ) =

d

dτ
Ĭt(1)(τ ) (6.18)

and ∫ +∞

0

Ĭt(1)(τ )dτ = 2

∫ +∞

0

μ′(ξ)Et
r(ξ)dξ = T(t) + p(t)I. (6.19)

Thus, in [3] the expression

ψ̇F (t) = T(t) · Ė(t)−DF (t) (6.20)

was derived, with

DF (t) = −1

4

1

μ′(0)
Ĭt(1)(0) · Ĭt(1)(0)−

1

4

∫ +∞

0

d

dτ

[
1

μ′(τ )

]
Ĭt(1)(τ ) · Ĭt(1)(τ )dτ ≥ 0. (6.21)

minimal state for the material. The assumption that G̈(τ) ≡ G′′(τ) be a positive semidefinite tensor for

all τ ∈ R+ yields a non-negative term for the integral present in this expression, since Ġ(τ) is negative

semidefinite for all τ ∈ R+.
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This last expression is a non-negative quantity because of the properties of μ,

d

dτ

[
1

μ′(τ )

]
= − μ′′(τ )

[μ′(τ )]2
(6.22)

and, in particular, (2.20)3.

Two interesting estimates have already been derived in [3]. The first of these, which

easily follows from (6.21), is

DF (t) ≥ −1

4

∫ +∞

0

d

dτ

[
1

μ′(τ )

]
Ĭt(1)(τ ) · Ĭt(1)(τ )dτ ≥ 0. (6.23)

The other one is related to the particular case where there exists α ∈ R
++ such that

μ′′(τ ) + αμ′(τ ) ≥ 0 ∀τ ∈ R
+, (6.24)

so that we have

−μ′′(τ ) ≤ αμ′(τ ), − d

dτ

[
1

μ′(τ )

]
≥ − α

μ′(τ )
. (6.25)

From the inequality (6.23) derived for DF , by using the expression (6.13) for ψF , we also

have

DF (t) ≥ αψF (t), (6.26)

which gives an estimate of the internal dissipation in terms of just Fabrizio’s free energy.

6.5. A general form for the free energy. We now consider the general representation

of a free energy, the Breuer-Onat functional5 , which has already been studied for vis-

coelastic solids (see [4] and [5]) and, in particular, in the scalar case by Golden in [21].

Also this expression can be considered for fluids, and its form, already given in [3], is

expressed as

ψ(t) =

∫ +∞

0

∫ +∞

0

μ12(s, u)E
t
r(s) ·Et

r(u)dsdu, (6.27)

where

μ12(s, u) =
∂2

∂s∂u
μ(s, u) (6.28)

must give non-negative values of the integral for all relative histories and be such that

μ12(+∞, u) = μ12(s,+∞) = 0, because the integral in (6.27) must exist for finite relative

histories.

The time derivative of (6.27) has already been evaluated in [3]:

ψ̇(t) = T(t) · Ė(t) +

∫ +∞

0

∫ +∞

0

[μ1(s, u) + μ2(s, u)]Ė
t(u) · Ėt(s)dsdu, (6.29)

5 The most general quadratic form for the free energy is the Breuer-Onat functional, which corre-
sponds to a linear non-aging material and a differentiable history. An alternative form, which does not
require differentiability of the history of the strain, has been derived by Golden in the scalar case [21].
It can be written as

ψ(t) =
1

2
E(t) ·G∞E(t) +

1

2

∫ +∞

0

∫ +∞

0
Et

r(s) ·G12(s, u)E
t
r(u)dsdu,

where the numerical subscripts on the fourth-order tensor G denote differentiation with respect to its

arguments, that is, G12(s, u) = ∂2

∂s∂u
G(s, u), provided that G∞= G(s,+∞) = G(+∞, u) = G(+∞),

G1(s,+∞) = G2(+∞, u) = 0 and G1(s, 0) = G2(0, u) = G′(s), where G′(s) is the derivative of the

relaxation function G(s).
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on assuming that

μ1(s,+∞) = μ2(+∞, u) = 0, μ1(s, 0) = μ2(0, s) = μ′(s). (6.30)

The expression (6.29) satisfies (4.15) with an internal dissipation expressed by

D(t) = −
∫ +∞

0

∫ +∞

0

K(s, u)Ėt(s) · Ėt(u)dsdu

= −
∫ +∞

0

∫ +∞

0

K12(s, u)E
t
r(s) ·Et

r(u)dsdu ≥ 0, (6.31)

where we have integrated by parts and introduced the new kernel

K(s, u) = μ1(s, u) + μ2(s, u), K12(s, u) =
∂2

∂s∂u
K(s, u), (6.32)

which must yield non-negative values of D for all relative histories. We observe that the

relation

μ(s, u) =

∫ +∞

s

∫ +∞

u

μ12(s
′, u′)ds′du′, (6.33)

satisfies (6.28) and is such that

μ(0, s) = μ(s, 0) = μ(s), μ(s,+∞) = μ(+∞, u) = 0. (6.34)

Thus, after some integrations by parts, we can rewrite the expression (6.27) for ψ(t) as

ψ(t) =

∫ +∞

0

∫ +∞

0

μ(s, u)Ėt(s) · Ėt(u)dsdu. (6.35)

Remark 4. Keeping in mind the general form for the free energy expressed by (6.27),

in [3] it has been possible to give the Fabrizio free energy ψF another expression in terms

of the relative strain history Et
r, to which Ĭt(1)(τ ) is related by virtue of (6.14), thus

obtaining the following results. This new form is given by

ψF (t) = −
∫ +∞

0

∫ +∞

0

∫ +∞

0

1

μ′(τ )
μ′′(s1 + τ )μ′′(s2 + τ )Et

r(s1) ·Et
r(s2)ds1ds2dτ

=

∫ +∞

0

∫ +∞

0

μ12(s1, s2)E
t
r(s1) ·Et

r(s2)ds1ds2, (6.36)

where we have introduced the function

μ(s1, s2) = −
∫ +∞

0

1

μ′(τ )
μ′(s1 + τ )μ′(s2 + τ )dτ = μ(s2, s1), (6.37)

which satisfies (6.34) and yields, for the quantity K in (6.32)1, the following expression:

K(s1, s2) = −
∫ +∞

0

1

μ′(τ )
[μ′′(s1 + τ )μ′(s2 + τ ) + μ′(s1 + τ )μ′′(s2 + τ )]dτ

=
1

μ′(0)
μ′(s1)μ

′(s2) +

∫ +∞

0

d

dτ

[
1

μ′(τ )

]
μ′(s1 + τ )μ′(s2 + τ )]dτ, (6.38)

where we have carried out a partial integration with respect to τ and used (6.22). We see

that (6.36)1 yields a non-negative quantity for all relative histories by virtue of the hy-

potheses assumed on the derivatives of the kernel μ. Moreover, the form (6.36)2 is similar

to the one in (6.27), to which corresponds the dissipation D already derived in (6.31).
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Finally, by virtue of the assumptions on μ′ and μ′′, it follows that K, given by (6.38)2,

is non-positive; this result allows us to show again that the dissipation corresponding to

Fabrizio’s free energy is non-negative.

6.6. A special form for the general representation: the maximum free energy. A partic-

ular case of the general representation (6.27) is related to the assumption that μ12(s, u) =

μ12(| s− u |); therefore, we consider the functional6

ψM (t) =

∫ +∞

0

∫ +∞

0

μ12(| s− u |)Et
r(s) ·Et

r(u)dsdu. (6.39)

Such a functional is particularly important because it yields the maximum free energy

also for our fluids, just as it does for solids with the analogous functional.

To prove this property, we rewrite this expression by using the definition (2.2) of the

relative strain history, as follows:

ψM (t) =

∫ +∞

0

∫ +∞

0

μ12(| s− u |)Et(s) ·Et(u)dsdu−E(t)

·
∫ +∞

0

∫ +∞

0

μ12(| s− u |)
[
Et(s) +Et(u)

]
dsdu+ μ0E(t) ·E(t)

= E(t) ·
[
μ0E(t) + 2

∫ +∞

0

μ′(u)Et(u)du

]

+

∫ +∞

0

∫ +∞

0

μ12(| s− u |)Et(s) ·Et(u)dsdu, (6.40)

because ∫ +∞

0

∫ +∞

0

μ12(| s− u |)dsdu = μ0. (6.41)

We observe that, in particular, from (6.40) we can deduce the property of a free energy

expressed by ∂ψM/∂E = T̃. Then, the derivative with respect to t yields

ψ̇M (t) =

[
μ0E(t) + 2

∫ +∞

0

μ′(u)Et(u)du

]
· Ė(t) + 2E(t) ·

∫ +∞

0

μ′(u)Ėt(u)du

+2

∫ +∞

0

∫ +∞

0

μ12(| s− u |)Ėt(s) ·Et(u)dsdu. (6.42)

Now, we note that the last integral of (6.42), after an integration by parts, gives

2

∫ +∞

0

∫ +∞

0

μ12(| s− u |)Ėt(s) ·Et(u)dsdu

= 2

∫ +∞

0

∫ +∞

0

μ1(| s− u |)Ėt(s) · Ėt(u)dsdu− 2

∫ +∞

0

μ1(s)Ė
t(s)ds ·E(t),

6 A particular case of the expression for the general form of the free energy, expressed in terms of
the functional of the relative history Et

r with the kernel G12(s, u) considered in the previous note, is
obtained by supposing that G12(s1, s2) = G12(| s1 − s2 |). The corresponding functional, considered in
[16], has the form

ψM (Et) =
1

2
E(t) ·G∞E(t) +

1

2

∫ +∞

0

∫ +∞

0
Et

r(s1) ·G12(| s1 − s2 |)Et
r(s2)ds1ds2,

where G12 = ∂2G(|s1−s2|)
∂s1∂s2

. It is very interesting since it expresses the maximum free energy for vis-

coelastic solids.
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the first term of which is equal to zero because of the oddness of

∂μ

∂s
(| s− u |) = sign(s− u)μ′(| s− u |), (6.43)

and the second term of which cancels the third term in (6.42). Consequently, using the

constitutive equation (2.1) and the definition (2.2) of Et
r, (6.42) reduces to

ψ̇M (t) = T(t) · Ė(t), (6.44)

by virtue of the constraint of incompressibility (5.1). Hence, it follows that (4.15) is

satisfied without dissipation, that is,

DM (t) = 0. (6.45)

We can show the following lemma easily.

Lemma 5. The functional ψM is the maximum free energy.

Proof. Let P be an arbitrary process, applied at time t = 0 to the zero state σ† =

E0
r(s) = 0†

r(s) = 0 ∀s ∈ R++. We denote by σ(t) = Et
r = ρ(0†

r, P[0,t)) the final state at

time t > 0; this state belongs to

DψM
=

{
Et

r; ψM (Et
r) < +∞

}
, (6.46)

the set of all relative histories which yield a finite value for ψM (σ(t)) = ψM (Et
r).

By integrating (6.44) over the time interval (0, t), we obtain

ψM (σ(t)) =

∫ t

0

T(s) · Ė(s)ds, (6.47)

since ψM (σ†) = 0. Moreover, let ψ(σ(t)), where σ(t) = ρ̂(0†
r, P[0,t)), be any other free

energy. Then, we have the inequality

ψ(σ(t)) ≤
∫ t

0

T(s) · Ė(s)ds, (6.48)

because of (4.7) and the fact that ψ(σ†) = 0. From (6.47) and (6.48) we get the inequality

ψM (σ) ≥ ψ(σ), (6.49)

where σ(t) = Et
r ∈ DψM

is an arbitrary final state, since it is obtained by means of any

process P . This inequality holds whatever the functional ψ assumed as free energy may

be; consequently, ψM is the maximum free energy for viscoelastic fluids. �
6.7. Golden’s free energy: the minimum free energy. It is well known that the mini-

mum free energy coincides with the maximum recoverable work that we can obtain from

a given state σ of the material. This quantity is given by (4.9) or equivalently by

ψm(σ) = WR(σ) = sup {−W (σ, P ) : P ∈ Π} , (6.50)

where Π is the set of finite work processes.
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The expression for the minimum free energy, related to linear viscoelastic solids, was

derived in the scalar case by Golden7 in [21].

As has been done for viscoelastic solids (see [21] and [20]), two equivalent expressions

for the minimum free energy have been derived also for viscoelastic fluids (see [1], [2] and

[3]).

The first of these formulations was deduced by considering a function K, with no zeros

at any ω ∈ R or at infinity, such that

K(ω) = (1 + ω2)μc(ω), K(ω) = K(+)(ω)K(−)(ω), (6.51)

from which a factorization of μc(ω) can be derived in the form

μc(ω) = μ(+)(ω)μ(−)(ω), μ(±)(ω) =
K(±)(ω)

1± iω
, (6.52)

where the subscript (±) is used to indicate that the corresponding function of ω, consid-

ered as a function of z ∈ C, has zeros and singularities only for z ∈ C±.

Then, using the Plemelj formulae [28], which give

1

4μ(−)(ω)
Ĭt+(ω) = pt

(−)(ω)− pt
(+)(ω) (6.53)

with

pt(z) =
1

2πi

∫ +∞

−∞

Ĭt+(ω)/4μ(−)(ω)

ω − z
dω, pt

(±)(ω) = lim
β→0∓

pt(ω + iβ), (6.54)

where pt
(±) is analytic in C(∓) and also in R by the hypothesis on the Fourier transforms,

we obtain the expression for the Golden free energy for fluids, that is,

ψGolden(t) ≡ ψm(t) =
1

π

∫ +∞

−∞
| pt

(+)(ω) |2 dω. (6.55)

7 Another important functional which gives a free energy for viscoelastic solids is the Golden free
energy [21]. Its importance is due to the fact that it gives the minimum free energy for these materials.
For such a functional two equivalent representations have been derived in the frequency domain (see [10]
and [11]), one of which is expressed in terms of the Fourier transform of the relative history Et

r+, and

the other by means of the Fourier transform of the past history Et
+. We recall only the first of these

expressions, which can be written as

ψGolden(t) ≡ ψm(t) =
1

2
E(t) ·G∞E(t) +

1

2π

∫ +∞

−∞
| pt

−(ω) |2 dω.

The particular notation used in this expression is related to the quantity

pt
−(ω) = lim

z→ω+
pt(z) ≡ lim

z→ω+

1

2πi

∫ +∞

−∞

H−(ω′)Et
r+(ω′)

ω′ − z
dω′, ω+ = lim

α→0+
(ω + iα),

which admits an analytic extension pt(z) = pt
−(z) for any z ∈ C(+), and also on R by virtue of the

assumption on the analyticity of any Fourier transform. Moreover, the sign used, in particular, in H−(ω),
obtained by means of the factorization of the fourth-order tensor H(ω) ≡ −ωG′

s(ω) = H+(ω)H−(ω),
indicates the half plane where any singularities of the tensor and any zeros in the determinant of the
corresponding matrix occur. Finally, G′

s(ω) is the half-range Fourier sine transform of the relaxation

function G.
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The second expression for ψm was derived by evaluating a new expression for pt
(+)(ω)

as a function of Et
r+(ω), that is,

pt
(+)(ω) = − lim

z→ω−

1

2πi

∫ +∞

−∞

iω′μ(+)(ω
′)
[
Et

r+(ω
′)
]∗

ω′ − z
dω′, (6.56)

where

ω± = lim
α→0+

(ω ± iα). (6.57)

Thus, putting[
pt
(+)(ω)

]∗
= − lim

ξ→ω+

1

2πi

∫ +∞

−∞

iω′μ(−)(ω
′)Et

r+(ω
′)

ω′ − ξ
dω′ = iq̃t

(−)(ω), (6.58)

that is,

q̃t
(±)(ω) = lim

ξ→ω∓

1

2πi

∫ +∞

−∞

−ω′μ(−)(ω
′)Et

r+(ω
′)

ω′ − ξ
dω′, (6.59)

we consider the relation

q̃t
(−)(ω)− q̃t

(+)(ω) = −ωμ(−)(ω)E
t
r+(ω), (6.60)

thus obtaining the other equivalent expression for the Golden free energy:

ψGolden(t) ≡ ψm(t) =
1

π

∫ +∞

−∞
| q̃t

(−)(ω) |2 dω, (6.61)

which expresses the other form of the minimum free energy for our fluids.

We note that in the first representation (6.55) the quantity Ĭt, which is the minimal

state also for our fluids, is involved, while in the second expression (6.61) ψm is given by

means of the relative history of the strain Et
r.

7. The minimum free energy for a discrete spectrum model and its proper-

ties. An interesting model, already considered for linear viscoelastic solids in the scalar

case by Golden in [21], is characterized by a relaxation function given by a sum of ex-

ponentials, namely the discrete spectrum model. Already in [21], Golden derived the

corresponding minimum free energy with related internal dissipation, by using the fre-

quency domain; moreover, a comparison of these results with some free energies has been

undertaken.

Also for our fluids, this method has been applied in [2]; the results obtained there are

now reviewed in order to compare them with known free energies.

Let the relaxation function μ have the form

μ(t) =

⎧⎨
⎩

n∑
i=1

μie
−αit ∀t ≥ 0,

0 ∀t < 0,
(7.1)

where n is a positive integer and αi and μi (i = 1, 2, ..., n) are positive coefficients. We

observe that (2.18) is satisfied since μ(0) =
n∑

i=1

μi > 0; moreover, αi (i = 1, 2, ..., n) can
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be ordered so that α1 < α2 < ... < αn. The Fourier transform of μ, upon using (6.51),

yields

μc(ω) =
n∑

i=1

αiμi

α2
i + ω2

, K(ω) =
n∑

i=1

αiμi
1 + ω2

α2
i + ω2

. (7.2)

The function K(ω) can be rewritten as

K(ω) = K∞

n∏
i=1

{
γ2
i + ω2

α2
i + ω2

}
, K∞ = lim

ω→∞
K(ω) =

n∑
i=1

αiμi > 0, (7.3)

where γ2
1 = 1 and γ2

j (j = 2, 3, ..., n) denote the zeros of f(z) = K(ω) with z = −ω2;

these are simple, or at most only one of the values γ2
j can coincide with γ2

1 = 1, which

then becomes a zero of multiplicity 2. The factorization of (7.3), by virtue of (6.52)2,

yields

ωμ(−)(ω) = ik∞

n∏
i=1

{
ω + iδi
ω + iαi

}
= ik∞

(
1 + i

n∑
r=1

Ar

ω + iαr

)
, k∞ = (K∞)1/2, (7.4)

with

Ar = (δr − αr)

n∏
i=1,i �=r

{
δi − αr

αi − αr

}
(r = 1, 2, ..., n) , (7.5)

where δ1 = γ0 = 0 and δj = γj (j = 2, 3, ..., n).

Thus, by using (7.4), the quantity q̃t
(−)(ω), defined in (6.59), may be obtained by

closing the contour on C(−), giving

q̃t
(−)(ω) = k∞

n∑
i=1

Ai
Et

r+(−iαi)

ω + iαi
, (7.6)

where, by virtue of (2.6)2,

Et
r+(−iαi) =

∫ +∞

0

Et
r(s)e

−αisds =
[
Et

r+(−iαi)
]∗

. (7.7)

The complex conjugate of (7.6) allows us to derive the term | q̃t
(−)(ω) |2 present in (6.61),

which, by closing the contour now in C(+), yields

ψm(t) = 2K∞

n∑
i,j=1

AiAj

αi + αj

∫ +∞

0

∫ +∞

0

e−(αis1+αjs2)Et
r(s1) ·Et

r(s2)ds1ds2. (7.8)

Also for our fluids it is possible to compare (7.8) with other free energies.

In fact, we can rewrite (7.8) in the form

ψm(t) =

∫ +∞

0

∫ +∞

0

Γ(s1, s2)E
t
r(s1) ·Et

r(s2)ds1ds2, (7.9)

by introducing the kernel Γ(s1, s2) deduced from (7.8) and given by

Γ(s1, s2) ≡ μ12(s1, s2) = 2K∞

n∑
i,j=1

AiAj

αi + αj
e−(αis1+αjs2); (7.10)

therefore, the expression for the minimum free energy (7.8) is cast in the general form

for the free energy introduced in (6.27).
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We can now solve the differential equation (7.10)2 in order to obtain the solution

μ(s1, s2). Taking account of (6.33), we have

μ(s1, s2) = 2K∞

n∑
i,j=1

1

αi + αj

Ai

αi

Aj

αj
e−(αis1+αjs2). (7.11)

This solution must satisfy the assumptions (6.30) and (6.34). To verify this, we need

some useful identities, which are similar to those already derived by Golden in [21]. For

our fluids they become

n∑
i=1

Ai

αi
= −1,

n∑
j=1

Aj

(αi + αj)αj
=

μiαi

2K∞Ai
, (7.12)

n∑
j=1

Aj

αi + αj
= −1− μiα

2
i

2K∞Ai
, AiBi = −μiα

3
i

K∞
(7.13)

where

Bi = (δi + αi)

n∏
j=1,j �=i

{
δj + αi

αj + αi

}
> 0 (i = 1, 2, ..., n) . (7.14)

These easily follow, respectively, from (7.4)1,2 for ω = 0, from (7.11) and (7.1) upon

comparing the product of ωμ(−)(ω), given by (7.4)2, and its conjugate with ω2μc(ω),

given by (7.2)1, near the poles of ωμ(+)(ω), and from comparing the two expressions for

ω2μc(ω) derived via multiplying (7.2)1 by ω2 and (6.51)1 by ω2

1+ω2 , using the expression

(7.3)1 in terms of δi (i = 1, 2, ..., n).

Thus, the function (7.11) satisfies (6.34) as well as (6.30) by virtue of the identity

(7.12)2.

We can rewrite (7.11) by substituting the expression for Ai given by (7.13)2, as follows:

μ(s1, s2) =
2

K∞

n∑
i,j=1

α2
iα

2
jμiμj

(αi + αj)BiBj
e−(αis1+αjs2) > 0, (7.15)

which yields the equivalence to the Breuer-Onat formula and, therefore, to the alternative

form proposed by Golden, that is, (6.27), which, on account of (7.9), (7.10) and (7.13)2,

becomes

ψm(t) =
2

K∞

∫ +∞

0

∫ +∞

0

n∑
i,j=1

α3
iα

3
jμiμj

(αi + αj)BiBj
e−(αis1+αjs2)Et

r(s1)·Et
r(s2)ds1ds2. (7.16)

From (6.32) we can also derive the form of K(s1, s2) which appears in the expression

for the rate of dissipation (6.31)1, as well as the one for K12(s1, s2) present in (6.31)2.

In fact, using (6.32)1 and (7.11), we have

K(s1, s2) = −2K∞

n∑
i,j=1

Ai

αi

Aj

αj
e−(αis1+αjs2) (7.17)
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and hence

K12(s1, s2) = −2K∞

n∑
i,j=1

AiAje
−(αis1+αjs2)

= − 2

K∞

n∑
i,j=1

α3
iα

3
jμiμj

BiBj
e−(αis1+αjs2) < 0. (7.18)

Therefore, we obtain the corresponding internal dissipation (6.31)2, i.e.

Dm(t) =
2

K∞

∫ +∞

0

∫ +∞

0

n∑
i,j=1

α3
iα

3
jμiμj

BiBj
e−(αis1+αjs2)Et

r(s1) ·Et
r(s2)ds1ds2, (7.19)

where all the coefficients are positive, by virtue of (7.3)2 and (7.14) in particular. This

quantity can be expressed in a form which is clearly non-negative, because it can be

written as

Dm(t) =
2

K∞

(
n∑

i=1

α3
iμi

Bi

∫ +∞

0

e−αis1Et
r(s1)ds1

)

·

⎛
⎝ n∑

j=1

α3
jμj

Bj

∫ +∞

0

e−αjs2Et
r(s2)ds2

⎞
⎠

=
2

K∞

(
n∑

i=1

α3
iμi

Bi

∫ +∞

0

e−αisEt
r(s)ds

)2

≥ 0. (7.20)

In the particular case where n = 1, (7.4) becomes

ωμ(−)(ω) = ik∞
ω

ω + iα1
= ik∞

(
1 + i

A1

ω + iα1

)
, A1 = −α1, K∞ = α1μ1. (7.21)

Hence, (6.59) reduces to

q̃t
(−)(ω) = k∞A1

Et
r+(−iα1)

ω + iα1
, (7.22)

which gives the | q̃t
(−)(ω) |2 present in (6.61). Thus, by closing the contour again on

C(+), we obtain

ψm(t) = μ1α
2
1

[∫ +∞

0

e−α1sEt
r(s)ds

]2
, (7.23)

which agrees with the Day functional (6.4), as can be shown by putting in (6.4)

μ(s) = μ1e
−α1s, γ = α1. (7.24)

Moreover, (6.9) and (7.24) yield the expression for the corresponding internal dissipation:

Dm(t) =
2α1

μ1

[
−
∫ +∞

0

α1μ1e
−α1sEt

r(s)ds

]2
= 2α3

1μ1

[∫ +∞

0

e−α1sEt
r(s)ds

]2
. (7.25)
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