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Abstract. The proof in “Energy balance for viscoelastic bodies in frictionless contact”

of an energy balance has a crucial flaw that renders the proof incorrect. At present no

correction for this flaw is known.

In [1], a proof was given claiming to show an energy balance for the dynamic frictionless

Kelvin–Voigt viscoelastic contact problem

∂2u

∂t2
= −Au− B∂u

∂t
+ f(t, x)

over a domain x ∈ Ω ⊂ R
d and t ≥ 0 with Signorini contact conditions

0 ≤ N(t, x) ⊥ n(x) · u(t, x)− ϕ(x) ≥ 0,

σ(t, x) · n(x) = N(t, x)n(x),

over the boundary ∂Ω, and initial conditions u(0, x) = u0(x) and ∂u/∂t(0, x) = v0(x)

for x ∈ Ω. Here σ(t, x) is the stress tensor, which is assumed to be a linear function of

the linearized strain tensor ε(t, x) = 1
2

(
∇u(t, x) +∇u(t, x)T

)
. The elasticity operator

A and the viscosity operator B are second-order partial differential operators that are

semi-elliptic in the sense that A + αI, B + αI : H1(Ω) → H−1(Ω) are elliptic operators

for any α > 0.

The crucial flaw in the argument for the energy balance was the assumption that

H1(Ω)′ = H−1(Ω), although implicitlyH−1(Ω) is the dual ofH1
0 (Ω). Lemmas 2.1 and 2.2

of the paper are correct. What is incorrect is their use in Section 3. The flaw is fatal

for the proof since it is shown that the acceleration ∂2u/∂t2 ∈ L2(0, T ; H−1(Ω)), and

we need the duality pairing between ∂2u/∂t2 and the velocity ∂u/∂t ∈ L2(0, T ; H1(Ω)).

The problem is that the acceleration may not be sufficiently regular on the boundary in

order to form the duality pairing of these two functions. Without it, the proof cannot

be carried through.

Received May 12, 2010.
2000 Mathematics Subject Classification. Primary 74M20; Secondary 35L85, 49J40.
Key words and phrases. Impact, viscoelasticity, energy balance, dynamic variational inequalities.
This work was supported by the NSF under grant DMS-0139709.
E-mail address: dstewart@math.uiowa.edu

c©2011 Brown University
Reverts to public domain 28 years from publication

203



204 DAVID E. STEWART

The use of the variational inequality formulation hides the normal contact force so

that we know essentially nothing about it. However, it reappears indirectly in ∂2u/∂t2,

and knowledge of its regularity appears to be crucial for futher progress on this problem.
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