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Abstract. In this article we consider poro-elastic and poro-visco-elastic models in-
spired by problems in medicine and biology, and we perform sensitivity analysis on the
solutions of these fluid-solid mixture problems with respect to the imposed boundary
data, which are the main drivers of the system. Moreover, we compare the results ob-
tained in the elastic case vs. visco-elastic case, as it is known that structural viscosity
of biological tissues decreases with age and disease. Sensitivity analysis is the first step
towards optimization and control problems associated with these models, which is our
ultimate goal.

1. Introduction. Poro-elasticity refers to fluid flow within a deformable porous
medium. Poro-elastic models were inspired by problems in geophysics and petroleum
engineering, including reservoir engineering, environmental engineering, and earthquake
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engineering [10, 11, 14, 22, 23, 25, 28, 30, 33, 35, 47, 49, 50, 60, 61]. Due to all these appli-
cations, porous media flows have attracted a lot of mathematical attention. The devel-
opment of the mathematical theory for these models begins with the one-dimensional
analysis of Terzaghi [57] in 1925. However, it is the work by Biot [11] in 1941 that
set the mathematical foundation for the study of fluid-solid mixture problems. Nowa-
days there are many mathematical results in the literature regarding their well-posedness
[15, 42, 51, 54, 62] and associated numerical simulations [19, 43–45].

In all the problems mentioned above, the poro-elastic structures are represented by soil
and rocks. However, other examples of poro-elastic strucures include biological tissues,
such as cartilage, bone, and vascularized tissues. Therefore poro-elastic models are now
more and more frequently applied to fluid flows through biological or bioengineered
tissues, with applications in bioengineering and medicine [17, 18, 20, 29, 32, 41, 48, 52, 56].
In many of these biological applications, boundary data play a crucial role [40, 55, 58,
59]. For example, in bioengineering, changes in the stress conditions can lead to tissues
with very different biophysical properties. In ophthalmology, changes in the intraocular
pressure (IOP) can alter the stress conditions within the ocular tissues, such as the lamina
cribrosa in the optic nerve head, and increase their susceptibility to damage [17,26]. This
is very important, as it is believed that the biomechanics of the lamina cribrosa plays an
important role in the development and progression of glaucoma, a group of eye diseases
that leads to damage to the optic nerve head, and ultimately, irreversible vision loss.

In comparison to rocks and soil, biological tissues exhibit both elastic and visco-elastic
behaviors, as they are composed of both elastin and collagen. With this motivation in
mind, the authors of [12] provided a theoretical and numerical analysis of poro-elastic
and poro-visco-elastic models, focusing on the role of visco-elasticity in the fluid-solid
mixtures considered. The work in [12] extends the available results on existence of so-
lutions for these PDE systems by considering the general, nonlinear coupling case (with
permeability depending nonlinearly on dilation), with Dirichlet and Neumann boundary
conditions for both solid and fluid components. Moreover, the regularity properties of the
data and their effect on the solutions are tracked and compared between the elastic and
visco-elastic cases, as it is known that visco-elastic properties of biological tissues often
vary with age, health, and disease. Interestingly, the study in [12] identified the time
regularity of the imposed boundary traction as a crucial factor that guarantees bound-
edness of the solutions, and showed that the system dynamics fundamentally change as
visco-elastic effects vanish. These findings are particularly relevant in the case of the
lamina cribrosa in the eye, as they suggest that the lack of visco-elasticity may increase
the susceptibility of the tissue to localized damage (due to irregularity in the discharge
velocity and peaks in the fluid energy) as boundary sources of traction (represented by
the intraocular pressure, in this case) experience sudden changes in time. However, sud-
den changes in intraocular pressure are physiological (they occur even when we rub our
eyes). Therefore, the hypothesis in [12] is that the physiological changes in intraocular
pressure can induce pathological changes in the hemodynamics of the lamina cribrosa
tissue if the visco-elasticity provided by the collagen fibers is not intact.

The present work was inspired by and will further extend the analysis presented in
[12]. The goal of our effort here is to perform sensitivity analysis on the solutions of the
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poro-elastic and poro-visco-elastic models introduced in [12] with respect to the imposed
boundary data, and to compare the results obtained in the purely elastic case vs. visco-
elastic case. We will work in the framework of the numerical test cases considered in [12]
for validation purposes. These cases include two stationary examples, where the data
and the permeability of the tissue are constant, and two dynamical examples, where the
permeability depends nonlinearly on the dilation, and the data are functions of space
and time. The latter cases are obviously more challenging. From the theoretical point of
view, we assume differentiability (in Banach spaces) of states with respect to data. From
the numerical point of view, we will work with directional derivatives and take advantage
of spline approximations.

Ultimately, sensitivity analysis provides valuable insights about how robust the fluid-
mechanical responses are with respect to the changes of parameters and data and also
reveals which ones are most influential in the system and can effectively be used as
controls. Therefore, our work is intended as a precursor to efforts on optimization and
optimal control problems. Our ultimate goal is to develop and address relevant con-
trol and optimization problems for the poro-visco-elastic models in order to develop
novel strategies to improve experimental and clinical approaches in bioengineering and
medicine.

We conclude the introduction with the description of the PDE model associated with
the fluid-solid mixture problem that we are considering.

1.1. PDE model. Let Ω ⊂ R
3 be an open domain occupied by the fluid-solid mixture.

Let x be the position vector of each point in the body with respect to a Cartesian reference
frame, and Vf (x, t) the volume occupied by the fluid component in every representative
elementary volume V (x, t) in Ω at time t. Then the porosity φ and the fluid content ζ

are defined as

φ(x, t) = Vf (x, t)
V (x, t)

and ζ(x, t) = φ(x, t) − φ0(x),

where φ0 is the baseline value for porosity.
Under the assumptions of negligible inertia, small deformations and incompressible

mixture components [3, 24, 31, 34, 46], the motion of the poro-visco-elastic material is
governed by the following equations for the balance of mass (of the fluid component) and
linear momentum (for the fluid-solid mixture):

ζt + ∇ · v = S(x, t) and ∇ · T + F = 0 in Ω × (0, T ) (1)

where T is the total stress tensor of the mixture, v is the discharge velocity, F is a body
force per unit of volume and S is a net volumetric fluid production rate.

The balance equations are completed with the following constitutive equations:
1. Total stress incorporates elastic and visco-elastic stress contributions, and is defined

as

T = Te + δTv − pI = [2μeε(u) + λe(∇ · u) I] + δ[2μvε(ut) + λv(∇ · ut) I] − pI, (2)

where ε(u) = (∇u + ∇uT )/2 is the symmetric part of the gradient of the vector field u,
p is the Darcy fluid pressure, u is the solid displacement, I is the identity tensor, λe and
μe are the Lamé elastic parameters, and λv and μv are the visco-elastic parameters.
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The parameter δ ≥ 0 indicates the extent to which the model includes visco-elastic
effects for the solid component, with δ = 0 corresponding to the purely elastic case.

2. Discharge velocity:

v = −K∇p, with K = kI and k = kreffk(φ), (3)

where K is the permeability tensor, and kref is a reference value for the permeability
of the mixture. It is assumed that K depends on the porosity and that is a multiple of
the identity tensor. The particular form of the relationship between the permeability k

and the porosity φ is represented by the function fk(φ) and it depends on the geomet-
rical architecture of the pores inside the matrix and the physical properties of the fluid.
Many studies have considered k to be constant, leading to a linear coupling between the
equations for linear momentum and mass balance. However, in many applications k is
not constant. If fluid flows through spherical particles, then the Carman-Kozeny formula
[27] is used, namely fk(φ) = φ3

(1−φ)2 . On the other hand, if fluid flows inside cylindrical
pores, then the quadratic formula [17] is more appropriate, namely fk(φ) = φ2.

The theoretical analysis in [12] was performed for a general nonlinear permeability
k, without specifying a particular expression for it. The current investigation considers
both constant and nonlinear (Carman-Kozeny) cases for the permeability.

3. Fluid content:

ζ = ∇ · u, implying that φ = φ0 + ∇ · u. (4)

Equation (4) is a particular instance of the more general expression ζ = c0p+α∇·u [11],
where c0 is the constrained specific storage coefficient and α is the Biot-Willis coefficient.
Under the assumption of incompressibility for the fluid and solid components of the
mixture, which is often the case in biological applications, c0 = 0 and α = 1 [21]. As
a consequence, the permeability k reduces to be a function of ∇ · u only (rather than
a function of both p and ∇ · u). Thus, k = k(φ) = k(φ(∇ · u)) will be abbreviated as
k = k(∇ · u).

Using the constitutive equations, the balance equations (1) can be rewritten as:

∇ ·
(
Te + δTv − pI

)
= −F and ∇ · ut −∇ · (k(∇ · u)∇p) = S in Ω × (0, T ). (5)

Boundary conditions: Let ∂Ω = ΓD∪ΓN be the boundary of Ω, with ΓD = ΓD,p∪ΓD,v

and ΓD∩ΓN possibly nonempty. The subscripts N and D indicate conditions imposed on
stress and displacement, respectively, whereas the subscript p and v indicate conditions
imposed on Darcy pressure and discharge velocity, respectively. The following boundary
conditions are considered:

Tn = g, v · n = 0 on ΓN , (6)

u = 0, p = 0 on ΓD,p , (7)
u = 0, v · n = ψ on ΓD,v . (8)

Here, n is the outward unit normal vector, and g and ψ are given functions of space
and time.

Initial conditions: In order to specify the initial conditions, it is useful to distinguish
between the visco-elastic case, i.e., δ > 0, and the purely elastic case, i.e., δ = 0.
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If δ > 0, then we assume u(x, 0) = u0 in Ω. If δ = 0, we assume ∇ ·u(x, 0) = d0 in Ω,
with d0 for which there exist a u0 such that ∇ · u0 = d0.

The remainder of this paper is organized as follows. In Section 2, we describe the
goals of this article, and briefly summarize the numerical method that we are using. In
Section 3, we describe the recent results obtained in [12] on well-posedness and regularity
of solutions for the fluid-solid mixture considered, which will be used subsequently. In
Section 4, we introduce the simplification of the coupled system to the one-dimensional
case, which is used for the numerical simulations. In Section 5, we present all our numer-
ical results, including constant and nonlinear permeability and constant and dynamical
data. Lastly, Section 6 is devoted to conclusions and future work.

2. Sensitivity analysis. The main goal of this paper is to compute the sensitivity

matrix ∂(u, p,v)
∂g

, as efficiently and accurately as possible. In general, there are various

ways of approximating sensitivity derivatives. The most common ones (see [7–9] and
the references therein) are analytic methods, finite difference approximation, automatic
differentiation and the use of sensitivity equations. Analytic methods require the deriva-
tion and development of a program that is specific to each problem, hence inefficient.
The finite difference method, while relatively easy and efficient to implement, suffers
from cancellation error. Sensitivity equations are accurate and computationally inex-
pensive in the case of reasonably small systems. However, in our case, we are dealing
with a nonlinear fluid-solid mixture, and the sensitivity system will result in a coupled
system of linear equations for the sensitivities, coupled to the original nonlinear system.
The numerical investigation of this new coupled system will be challenging and not very
efficient.

More recently, the complex-step method has been used to calculate sensitivities [38,39].
For a summary of the method, please see [4] and [5]. In short, approximating an an-
alytic function f by its Taylor series expansion with a complex step ih provides the

following complex-step derivative approximation ∂f

∂x
≈ Im[f(x + ih)]

h
, for small step size

parameter h (up to machine precision). The idea of using complex variables to esti-
mate derivatives originated in [36, 37], and has become quite popular in aerodynamic
optimization [1, 2, 38, 39, 53]. The complex-step estimate is suitable for use in numeri-
cal computing and is very accurate and extremely robust, while retaining a reasonable
computational cost. We recently demonstrated the efficacy of use of the complex-step
method for computing sensitivities for biological models in [4,5]. The method is applied
to examples of various complexity - ranging from time delayed differential equations
(DDEs) (whose sensitivities are known to lack smoothness or even have discontinuities
with respect to parameters such as the delays) to Lamé systems (where the boundary
data-to-state map may not possess smoothness) - and the results are compared with
solutions of traditional sensitivity equations. We observed that (i) the method is easy
to implement, as no derivation of sensitivity equations is required, (ii) the complexity
of the algorithm is the same as the complexity of the algorithm evaluating the solution
function (i.e., the algorithm solving the system of equations), (iii) less computation time
is needed if the number of parameters is not large compared to the dimension of the
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problem, and (iv) the method gives consistently second order accurate approximation of
the derivative starting from h as large as 10−2 down to hcrit = 10−300 (approximately
the machine zero at h = 10−324) with a true second order accuracy. Moreover, we showed
that, even though the complex-step formula is derived assuming analyticity of the so-
lution function, the approximation provides accurate one-sided derivatives for functions
with far less smoothness, implying that analyticity of the solution functions is sufficient
but not necessary for the complex-step method to be effective.

2.1. Goals and approaches. Using insight from our recent results in [4,5], we compute
the desired sensitivities using the complex-step derivative approach mentioned above, in
combination with the dual mixed hybridized (DMH) finite element discretization de-
veloped for the nonlinear coupling in [12]. First, we apply the method to four one-
dimensional test cases discussed in [12], for which analytical solutions are available. We
use the first test case (where the data and the permeability are constants) to validate
our technique. In the other three cases, while the analytic solutions are provided in [12]
(either for δ = 0 or δ = 1), there is no explicit dependence on the boundary data in the
formulas. So there is no analytic information about how sensitive the solution is to the
given data. This is exactly the first scope of this current paper. Lastly, we perform sen-
sitivity analysis on a one-dimensional, dynamical case with irregular (in time) boundary
data. In this case, the numerical results in [12] predicted a finite time blow up for the
fluid energy when the visco-elasticity is not present in the system. Our goal in this case
is to compute and compare the sensitivities of the states with respect to the boundary
data for δ = 0 and δ = 1, as well as treat δ as a control parameter, and see how the
sensitivities change while δ takes a variety of values in two important ranges: δ < 1 and
δ ≥ 1.

3. Existence of solutions and regularity of data. We include a summary of
notation and existence of solution results from [12], which are used in the present work.
As the presence of visco-elasticity heavily influences the behavior of the solutions, the
notions of solution and data are different depending on whether the parameter δ is strictly
positive or is equal to zero. Using the following notation for the solution spaces and inner
products:

V ≡ H1
ΓD,p

, V ≡ (H1
ΓD

(Ω))3, V ≡ V ×V, (·, ·) = (·, ·)L2(Ω), 〈·, ·〉Γ = 〈·, ·〉L2(Γ)

and for the elastic bilinear form a(u,w) = (∇·u,∇·w)+ (∇u,∇w)+ (∇u, (∇w)T ), the
weak solutions for δ > 0 and δ = 0 are defined as follows:

[Visco-elastic solution] u ∈ H1(0, T ;V) and p ∈ L2(0, T ;V ) such that for any (q,w) ∈
V and f ∈ C∞(0, T ):

δ

∫ T

0
a(ut,w)f dt +

∫ T

0
a(u,w)f dt−

∫ T

0
(p,∇ · w)f dt

=
∫ T

0
〈g,w〉ΓN

f dt−
∫ T

0
(F,w)f dt,
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∫ T

0
(k(∇ · u)∇p,∇q)f dt +

∫ T

0
(∇ · ut, q)f dt

= −
∫ T

0
〈ψ, q〉ΓD,ν

f dt +
∫ T

0
(S, p)f dt

with initial conditions u(x, 0) = u0 ∈ V and ∇ · u(x, 0) = d0 ∈ L2(Ω) are given, and
it is required that ∇ · u0 = d0 (in the L2(Ω) sense).

[Elastic solution] u ∈ L2(0, T ;V) and p ∈ L2(0, T ;V ) such that for any (q,w) ∈ V

and f ∈ C∞
0 (0, T ):∫ T

0
a(u,w)f dt−

∫ T

0
(p,∇ · w)f dt =

∫ T

0
〈g,w〉ΓN

f dt−
∫ T

0
(F,w)f dt,

∫ T

0
(k(∇ · u)∇p,∇q)f dt−

∫ T

0
(∇ · u, q)f ′ dt = −

∫ T

0
〈ψ, q〉ΓD,ν

f dt +
∫ T

0
(S, p)f dt

where for every q ∈ V , (∇ · u(t), q) uniquely defines an absolutely continuous function
on [0, T ] and the initial condition (∇ · u(0), q) = (d0, q) is satisfied.

When δ > 0, the notion of time differentiability for the solution is stronger than in the
case δ = 0. As a consequence, time regularity requirements of the data are significantly
weaker in the case δ > 0 than in the case δ = 0:

DATA0

∣∣∣T
0
≡
∫ T

0

[
||g(t)||2L2(ΓN ) + ||ψ(t)||2L2(ΓD,v) + ||S(t)||2L2(Ω) + ||F(t)||2L2(Ω)

+ ||gt(t)||2L2(ΓN ) + ||Ft(t)||2L2(Ω)

]
dt + sup

[0,T ]

[
||F(t)||2 + ||g(t)||2L2(ΓN )

]
,

DATAδ

∣∣∣T
0
≡
∫ T

0

[
||g(t)||2L2(ΓN ) + ||ψ(t)||2L2(ΓD,v) + ||S(t)||2L2(Ω) + ||F(t)||2L2(Ω)

]
dt.

The following result on existence of solutions for the system (1)-(8) was obtained in [12]:
(a) If the data have the following regularity:

F ∈ L2
(
0, T ;

(
L2(Ω)

)3)
, S ∈ L2(0, T ;L2(Ω)),

g ∈ L2
(
0, T ; (H1/2(ΓN ))3

)
, and ψ ∈ L2 (0, T ;L2(ΓD,ν)

)
,

then there exists a visco-elastic solution satisfying

sup
t∈[0,T ]

E(u(t)) +
∫ T

0

[
E(p(t)) + E(u(t)) + E(ut)

]
dt

≤ C1

[
E(u(0)) +

(
1

1 + δ

)
DATAδ

∣∣T
0

]
e

C2T
1+δ .

(b) If data are of the form F ∈ H1
(
0, T ;

(
L2(Ω)

)3), S ∈ L2(0, T ;L2(Ω)),
g ∈ H1 (0, T ; (H1/2(ΓN ))3

)
, and ψ ∈ L2 (0, T ;L2(ΓD,ν)

)
, then there exists an elastic

solution satisfying

sup
t∈[0,T ]

E(u(t)) +
∫ T

0

[
E(p(t)) + E(u(t))

]
dt ≤ C1

[
E(u(0)) + DATA0

∣∣T
0

]
eC2T
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where the energies associated to u and p are defined as:

E(u(t)) ≡ 1
2
[
||∇ · u(t)||2 + ||∇u||2 + (∇u,∇uT )

]
, and E(p(t)) = (k(∇ · u)∇p,∇p).

Note that purely elastic solutions require more time regularity for the volumetric
source of linear momentum F and the boundary traction source g. The energy estimates
predicted by the analysis were confirmed by numerical experiments for the 1D case when
the data were sufficiently regular [12]. In the purely elastic case, when the boundary
traction datum did not enjoy sufficient time regularity for the estimates to hold (i.e., g is
only L2 in time), the numerical experiments actually provided clues of energy blow-up,
since (i) peaks appeared in the energy Ep in correspondence to the time discontinuity
of the data (see Figure 1), (ii) the peaks got higher as the time discretization parameter
tended to zero, and (iii) the behaviors of fluid pressure and discharge velocity were much
less smooth in the purely elastic case than in the visco-elastic case.

t
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E
p

(v
(t

))

×10-5

0

0.2

0.4
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1
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1.4
δ = 1

t
0 0.5 1 1.5 2

E
p(v

(t
))

×10-4
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0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8
δ = 0

Fig. 1. Computed energy Ep when the system is driven by the sole
time irregular boundary source of traction.

4. The 1D Poro-visco-elastic model. For the numerical simulations, we follow
[12] and focus on the 1D-counterpart model, with permeability either constant or non-
linearly dependent on dilation, following the Carman-Kozeny formula. We consider the
computational domain Ω = (x0, xf ) of length L = xf −x0 with boundary ∂Ω = {x0, xf}
and outward unit normal vector n such that n(x0) = −1 and n(xf ) = +1. We also define
the computational time domain t ∈ (t0, tf ) of length T = tf − t0. The balance laws
become

∂σ

∂x
= −F and ∂ξ

∂t
+ ∂v

∂x
= S. (9)

The associated constitutive equations are given by

σ = 2μe
∂u

∂x
− ℘ + δ

∂

∂t

[
2μv

∂u

∂x
− λv

λe
℘

]
− p, (10)

℘

λe
+ ∂u

∂x
= 0, (11)
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ξ = −℘

λe
, (12)

v = −k

(
− ℘

λe

)
∂p

∂x
, (13)

and we have the following initial and boundary conditions:

u(x, t0) = u0(x) ∀x ∈ Ω, (14)
σ(x, t)n(x, t) = g(x, t), v(x, t)n(x, t) = 0 ∀x ∈ ΓN , ∀t ∈ (t0, tf ), (15)

u(x, t) = 0, p(x, t) = 0 ∀x ∈ ΓD,p, ∀t ∈ (t0, tf ), (16)
u(x, t) = 0, v(x, t)n(x) = ψ(x) ∀x ∈ ΓD,v, ∀t ∈ (t0, tf ). (17)

In terms of notation, we use σ as the one-dimensional analogue of the stress tensor T
defined in (2). Note that ΓN ∪ ΓD,p ∪ ΓD,v = ∂Ω = {x0, xf}, and that ΓN ,ΓD,p and
ΓD,v can be empty (but not all of them simultaneously). We would like to point out
that the introduction of the elastic pressure parameter ℘ in this one-dimensional version
avoids displacement differentiation in the evaluation of the permeability and prevents
from degradation of computational accuracy (see [12] for more details on this issue). We
do not need to impose any boundary conditions for ℘, since the total stress is already
prescribed on ΓN in (15).

The 1D counterparts of the 3D-expressions for the energies are given by

Ee(u(t)) = 1
2
(λe + 4μe)

∥∥∥∥∂u(x, t)
∂x

∥∥∥∥
2

L2(Ω)
∀t ∈ (t0, tf ),

Ev(u(t)) = 1
2
(λv + 4μv)

∥∥∥∥∂u(x, t)
∂x

∥∥∥∥
2

L2(Ω)
∀t ∈ (t0, tf ),

Ep(p(t)) =

∥∥∥∥∥
√
k

(
− ℘

λe

)
∂p(x, t)

∂x

∥∥∥∥∥
2

L2(Ω)

=

∥∥∥∥∥∥∥∥
1√

k
(

−℘
λe

)v(x, t)
∥∥∥∥∥∥∥∥

2

L2(Ω)

∀t ∈ (t0, tf ).

In the numerical results, we consider the sensitivity of solution (u, p) with respect
to g in both elastic and visco-elastic cases. We will also compute the sensitivity of
the discharge velocity v with respect to g, as the numerical simulations in [12] hint at
blow up in the fluid energy Ep in the case of nonsmooth boundary traction g and no
visco-elasticity (δ = 0) present in the system.

5. Main results. In this section we present our numerical examples. We perform
sensitivity analysis on the one-dimensional poro-visco-elastic model described in Section
2.2 with respect to the boundary source of traction g, following the same test cases
considered in [12]. For the discretization in space, we use the numerical approach based
on DMH finite elements [12]. Moreover, we use the Backward Euler (BE) method to
advance in time (both procedures are documented in detail in [12]). For computing
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sensitivity functions, the complex-step method is built into the DMH algorithm and
implemented as follows:

Step 1: Define all functions and operators that are not defined for complex argu-
ments such as for example max, min and abs in the program used. For
this work, we use MATLAB programming language, hence we redefine the
Matlab functions appropriately.

Step 2: Add a small complex step ih to the desired sensitivity parameter ‘x’, and
run the DHM/BE solver to obtain U(·, x + ih).

Step 3: Compute ∂U/∂x using the formula ∂U

∂x
≈ Im[U(·, x + ih)]

h
. For all of our

computations we take h = 10−40.
First we validate our procedure, by considering a simple case where the data and the
permeability are constants, and therefore the problem reduces to a stationary case, for
which we have an analytic solution.

5.1. Constant data, constant permeability - Case 1 (Validation). Let the domain be
given by Ω = (0, 1) of length L = 1. Consider the purely elastic (δ = 0) system (9)-(17)
in Ω, with constant volumetric sources F1 and S1, constant boundary data g1 and ψ1,
and boundary conditions given by{

u = p = 0, x0 = 0,
σn = g1 and vn = ψ1, xf = 1.

(18)

This problem admits the following analytic solution, provided in [12]:

u(x) = x

HA

[
F1

(
L− x

2

)
+ g1

]
− x2

2HAkref

[
ψ1 − S1

(
L− x

3

)]
,

p(x) = x

HA

[
S1

(
L− x

2

)
− ψ1

]
,

℘(x) = − λe

HA
(σ(x) + p(x)),

σ(x) = g1 + F1(L− x),
v(x) = ψ1 + S1(x− L),

with HA = λe + 2μe = 3. If we treat the boundary data as parameters and thus assume
that g1, ψ1 ∈ R, and we consider the following specific values for the reference value of
the permeability and the Lamé constants:

k = kref = 1 cm3sg−1, λe = μe = 1 dyne cm−2, φ = 0.5,

we can simplify the formulas for the the solutions to

u(x, g1, ψ1) = −S1

18
x3 − 1

6
(F1 + ψ1 − S1)x2 + 1

3
(F1 + g1)x,

p(x, g1, ψ1) = −S1

2
x2 + (S1 − ψ1)x,

σ(x, g1, ψ1) = g1 + F1(1 − x),
v(x, g1, ψ1) = ψ1 + S1(x− 1),
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and find the partial derivatives with respect to g1 and ψ1:

∂u

∂g1
= x

3 ,
∂p

∂g1
= 0, and ∂v

∂g1
= 0. (19)

For the numerical computations, we assume that the volumetric and boundary source
terms are given by the following specific values:

F1 = 0.3 dyne cm−3, S1 = 0.3 s−1, g1 = −0.3 dyne cm−2, ψ1 = −3 cm s−1.

The computed sensitivities ∂(U,v)
∂g1

at g1 = 0.3 [with U = (u, p)] are shown in Figure 2.
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Sensitivity of v with respect to g

Fig. 2. Sensitivity functions u, p and v with respect to g1 at g1 = .3.

Observations. From Figure 2, we can see that the sensitivity derivatives obtained
via the complex-step method agree with the ones computed analytically (19). We would
also like to point out that the sensitivity of the elastic displacement to the boundary
source g1 at g1 = .3 increases in magnitude as we approach the right end point xf = 1
at which the boundary conditions are applied, which is to be expected.

5.2. Constant boundary data, variable permeability - Case 2. Let Ω = (−1, 1) of
length L = 2. Consider the fluid-solid mixture (9)-(17) with δ = 0, and homogeneous
Dirichlet boundary conditions at x0 = −1 and nonhomogenous Neumann boundary
conditions at xf = 1: {

u = p = 0, x0 = −1,
σn = g2, vn = ψ2, xf = 1.

(20)

Volumetric and boundary source terms are given by:

F2(x) = −[UrefHAχ
′′(x) − Prefχ

′(x)],
S2(x) = −krefPrefχ

′′(x)Θ(x) − krefPrefUrefχ
′(x)χ′′(x)Ξ(x),

ψ2 = −krefPrefχ
′(xf )Θ(xf ),

where{
χ(x) = sin(ωxx), Φ(x) = φ0 + Urefχ

′(x), Θ(x) = Φ3(x)
[1−Φ(x)]2 , Ξ(x) = Φ2(x)[3−Φ(x)]

[1−Φ(x)]3 ,

ωx = 2π/L, Uref = 0.1 cm, Pref = 1 dynecm−2, HA = 3 dynecm−2, φ0 = 0.5.
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In comparison to the previous case, the porosity φ is now allowed to vary with the
derivative of the displacement within the range [Φmin,Φmax], where 0 < Φmin < Φmax <

1, in such a way that the permeability k, expressed by the nonlinear relation of Carman-
Kozeny, satisfies the following lower and upper bounds [16]:

0 < kref
Φ3

min
(1 − Φ2

min)2
≤ k(φ) ≤ kref

Φ3
max

(1 − Φmax)2
.

Here we set Φmin = 0.125,Φmax = 0.875 and kref = 1 cm3 s g−1.
Due to the particular choice of data and implicitly, the structure of the solutions, we

can see that the discharge velocity does not depend on g2, therefore v2 is not sensitive
to g2. However, elastic displacement u and fluid pressure p depend nonlinearly and
implicitly on g2.

Similarly to Case 1, we consider g2 as a constant parameter and compute the sensi-
tivities of the states with respect to g2 at g2 = −0.9425. The numerical results agree
with the analytical ones in the case of the discharge velocity. For u and p, we don’t have
explicit dependence on the boundary data.

Observations. We can see in Figure 3 that in comparison to Case 1, the peaks in
sensitivity for both u and p are in the interior of the domain, which could be explained
by the nonlinearity of the permeability, but also by the fact that the volumetric source
of momentum is also nonzero and thus the solution is not driven solely by the boundary
traction.
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Fig. 3. Sensitivity functions of u, p and v with respect to g2.
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5.3. Dynamical poro-visco-elastic model, constant permeability - Case 3. In this ex-
ample, we consider the problem (9)-(17) on (0, L)×(t0, tf ) = (0, 1)×(0, .1), with boundary
conditions given by u = p = 0 at x0 = 0, and σn = g3(t) and vn = ψ3(t) at xf = 1. We
prescribe the following volumetric and boundary source terms:

F3(x, t) = −Urefχ
′′(x)[HAτ (t) + δHV τ

′(t)] − Prefτ (t)χ′(x),
S3(x, t) = Urefτ

′(t)χ′(x) − krefPrefχ
′′(x)τ (t),

ψ3(t) = −krefPrefτ (t)χ′(xf ),

where the spatial and temporal shape functions are given by

{
χ(x) = sin(ωxx), with ωx = 8/L,
τ (t) = sin2(ωtt), with ωt = 8/tf ,

respectively, and the parameters have the following values:

Uref = 0.1 cm, Pref = 0.3 dyne cm−2,

HA = λe + 2μe = 3 dyne cm−2, and HV = λv + 2μv = 0.5774dyne s cm−2.

As in Case 1, we assume that the porosity and permeability are constant and given
by φ = φ0 = 0.5 and k = kref = 1 cm3sg−1, respectively.

The boundary source g3 is now a function of time. Therefore, assuming that the data-
to-state map is Gâteux differentiable, we compute the directional derivatives of the state
(u, p) and v with respect to the function g3 in an arbitrary direction ḡ,. We approximate
both the data and the directions using linear splines. We partition the time interval
[0, .1] into ten subintervals of equal length Δt = .01. We define φi : [−.01, 0.11] → R for
i = 1, · · · , 11 as follows:

φi(t) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

t−ti−1
Δt , for t ∈ [ti−1, ti],

ti+1−t
Δt , for t ∈ [ti, ti+1],

0, otherwise,

with the understanding that t1 = 0 and t11 = .1. We use these eleven splines to approx-

imate g3, with αi = g3(ti) (see Figure 4): g3(t) ≈ g3h =
11∑
i=1

αiφi(t).
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Linear spline approximation of g3  using 11 splines

g3  interpolation

Fig. 4. Linear spline approximation of g3.

Moreover, we consider ḡ ∈ span{φi}11
1 , and write it as ḡ(t) =

11∑
i=1

ᾱiφi(t).

By the chain rule, we have that Dαu = (Dg3hu)(Dαg). Note that

(Dαg3h)[ᾱ1 ᾱ2 . . . ᾱ11]T = ḡ.

Therefore
(Dg3hu)ḡ = (Dαu)[ᾱ1 ᾱ2 . . . ᾱ11]T ,

which means that the action of the directional derivative of u with respect to g3h is
completely defined through the vector Dαu, and the structure of the direction [13]. Thus
it is sufficient to numerically compute the derivatives of the states with respect to the
parameters αi, which represent the values of g3 at specific times ti.

In the figures below, we display the graphs of the directional derivatives first in the
case of directions taken as particular splines, like φ1 and φ2, and then for specific linear

combinations of the splines, like ḡ =
11∑
i=1

φi. For all the sensitivities, we include both

visco-elastic and purely elastic cases, and compare the results.
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Sensitivity graphs with respect to boundary source g3

1. (Dg3hu)φ5 = ∂u

∂α5
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Fig. 5. Sensitivity functions of solid displacement u with respect to
boundary stress g3h in the direction of φ5, when δ = 1 (top) and
δ = 0 (bottom).



712 H. T. BANKS ET AL.

2. (Dg3hp)φ5 = ∂p

∂α5

δ = 1 δ = 1 (different angle of view)

δ = 0 δ = 0 (different angle of view)

Fig. 6. Sensitivity functions of fluid pressure p with respect to
boundary stress g3h in the direction of φ5 when δ = 1 (top) and
δ = 0 (bottom).
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3. (Dg3hv)φi = ∂v

∂αi
, i = 1, 4

Fig. 7. Sensitivity functions of discharge velocity (v) with respect
to boundary stress g3h in the direction of φi, i = 1, 4 for model test
case 2 when δ = 1 (left) and δ = 0 (right).
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4. (Dg3hu)ḡ, ḡ =
11∑
i=1

φi

5. (Dg2hp)ḡ, ḡ =
11∑
i=1

φi

Fig. 8. Sensitivity functions of solid displacement u and fluid pres-
sure p with respect to boundary stress g3h in the direction of

ḡ =
11∑
i=1

φi when δ = 1 (left) and δ = 0 (right).
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6. (Dg3hv)ḡ, ḡ =
11∑
i=1

φi

Fig. 9. Sensitivity functions of discharge velocity v with respect to

boundary stress g3h in the direction of ḡ =
11∑
i=1

φi when δ = 1 (left)

and δ = 0 (right).

Observations. From Figures 5-9 we can see that in the purely elastic case (δ = 0),
the sensitivities of all three states (u, p, v) are higher (by one order of magnitude) than
in the visco-elastic case (δ = 1).

Moreover, for δ = 1, the sensitivity of u and p decreases as we go farther from the part
of the boundary where the data g3h is applied. In comparison, for δ = 0, the solution
is affected by the boundary datum g3h throughout the entire domain. For δ = 1, we
see that the sensitivities ∂u

∂αi
stay similar for t ≥ ti, whereas for δ = 0, the sensitivities

drop shortly after t = ti. This could indicate the effect of the term ∂u
∂t in equation (9) is

dominant in the case δ = 1.
Comparing all the figures above, we can see that the discharge velocity v and the

pressure p are the most sensitive to the boundary data g3h. In the case of visco-elasticity,
the magnitude of ∂v

∂g3h
is the highest among all sensitivities. Moreover, the sensitivity is

one order of magnitude higher in the case of δ = 0, and two sharp peaks appear around
the time at which the direction is given.

We also notice that in both elastic and visco-elastic cases, the sensitivity of the dis-
charge velocity with respect to g, which is applied at x = 1, increases towards the left
end point, x = 0, of the domain. This is due to the fact that at x = 1, v · n = ψ3 and
ψ3 is not dependent on g3. This results in ∂v

∂g3
· n = 0 at x = 1. The magnitude of

∂v
∂g3

increases as we go farther away from x = 1, and ultimately reaches its maximum at
x = 0, as there is no condition imposed on v at this boundary point.

5.4. Dynamical model with variable permeability - Case 4. Consider problem (9)-(17)
in the space-time domain (−1, 1) × (0, T ), so that L = 2cm and T = 2s. The boundary
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conditions are given by {
u = p = 0, x0 = −1,
σn = g4(t), vn = ψ4(t), xf = 1.

Porosity and permeability are nonlinear functions of the solution, just as in Case 2. The
volumetric and boundary source terms are time dependent and are given by:

F4(x, t) = −[Urefχ
′′(x)(HAτ (t) + δHV τ

′(t)) − Prefτ (t)χ′(x)],
S4(x, t) = Urefχ

′(x)τ ′(t) − Prefkrefχ
′′(x)τ (t)Θ(x, t)

− krefPrefUrefχ
′(x)χ′′(x)τ2(t)Ξ(x, t),

ψ4(t) = −krefPrefΘ(xend)χ′(xend)τ (t),

where:

χ(x) = sin(ωxx), τ (t) = sin(ωtt), Φ(x, t) = φ0 + Urefχ
′(x)τ (t),

Θ(x, t) = Φ3(x, t)
[1 − Φ(x, t)]2

, Ξ(x, t) = Φ2(x, t)[3 − Φ(x, t)]
[1 − Φ(x, t)]3

,

with ωt = 2π/T and all the other parameter values given as in Case 3.
Again, since the boundary source g4 is time dependent, we approximate this function

using linear splines (described in Case 3):

g4(t) ≈ g4h =
Ng∑
i=1

αiφi(t), with Ng = 11,

where αi = g4(ti) (see Figure 10).
We computed the sensitivities with respect to all the parameters αi, for i = 1, · · · , 11.

These represent the directional derivatives of the solution with respect to boundary source
in the directions of the splines φi. We display here two representative cases, i.e., for α1

and α4. Then we consider the linear combination of splines ḡ =
11∑
i=1

φi as a specific

direction and compute the associated sensitivities. All the results are displayed for both
δ = 0 and δ = 1.
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Fig. 10. Linear spline approximation of g4.
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Sensitivity graphs with respect to g4

1. (Dg4hu)φi = ∂u

∂αi
, i = 1, 4

Fig. 11. Sensitivity functions of solid displacement u with respect
to boundary stress g4h in the direction of φi, i = 1, 4 when δ = 1
(left) and δ = 0 (right).
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2. (Dg4hp)φi = ∂p

∂αi
, i = 1, 4

Fig. 12. Sensitivity functions of pressure (p) with respect to bound-
ary stress g4h in the direction of φi, i = 1, 4 when δ = 1 (left) and
δ = 0 (right).
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3. (Dg4hv)φi = ∂v

∂αi
, i = 1, 4

Fig. 13. Sensitivity functions of discharge velocity v with respect to
boundary stress g4h in the direction of φi, i = 1, 4 when δ = 1 (left)
and δ = 0 (right).
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4. (Dg4hu)ḡ, ḡ =
11∑
i=1

φi

5. (Dg4hp)ḡ, ḡ =
11∑
i=1

φi

Fig. 14. Sensitivity functions of solid displacement u and fluid
pressure p with respect to boundary stress g4h in the direction of

ḡ =
11∑
i=1

φi when δ = 1 (left) and δ = 0 (right).
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6. (Dg4hv)ḡ, ḡ =
11∑
i=1

φi

Fig. 15. Sensitivity functions of discharge velocity v with respect to

boundary stress g4h in the direction of ḡ =
11∑
i=1

φi when δ = 1 (left)

and δ = 0 (right).

Observations. Regarding the elastic displacement u and pressure p, we can see from
Figures 11, 12, 13 and 14, that the magnitude of the sensitivities is higher (up to 3 times
in order of magnitude in the case of α1) in the elastic case than in the visco-elastic case.
The difference decreases for subsequent αi’s.

Moreover, in the visco-elastic case, the sensitivity of u and p with respect to the
boundary datum in the specific directions of the splines decreases as we get farther away
from the boundary x = 1, where the datum acts. In comparison, the elastic displacement
and pressure seem to be equally sensitive to the boundary source throughout the space
domain in the purely elastic case. This is similar to Case 3, where the same behavior
was observed between the elastic and visco-elastic cases. However, this is not the case for
the sensitivity in the direction ḡ, where the influence of the boundary is seen throughout
the space-time domain. It can be observed though that in the visco-elastic case, the
sensitivity surface is much smoother than in the elastic counterpart.

It is interesting to see the difference in behaviors of the sensitivities of the elastic
displacement and pressure in comparison to Case 3, where the permeability is assumed
to be constant. The surfaces associated with the sensitivities in this case are much more
complex, with sharp peaks (present in the δ = 0 scenario), and a nonzero presence almost
throughout the space-time domain.

Some of the observations described above remain similar in the case of the discharge
velocity v. In Figure 13, we can see that the magnitude of the sensitivity with respect
to the particular spline directions φi’s are significantly bigger (ranging between 1 and 3
times in order of magnitude) in the case δ = 0 vs. δ = 1. Moreover, we can easily see
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that the discharge velocity, among the three state variables, is the most sensitive to the
boundary datum. This could explain the fact that the fluid energy (which is dependent
on the discharge velocity and the permeability) seemed to become unbounded when the
data loses smoothness in time [12].

We can also see that the surfaces associated with the velocity sensitivities in this case
are less smooth and much sharper in this case than in Case 3 (where permeability is
constant).

In comparison to the elasticity and pressure sensitivities, the sensitivity of the velocity
with respect to the boundary data seems to increase towards the left end point x = −1
of the domain, in both the elastic and visco-elastic cases. This was explained when first
observed in Case 3.

5.5. Irregular boundary data - Case 5. In [12], the following example is used to study
how time regularity in the boundary source term influences the elastic stress and fluid
pressure in the presence and absence of viscosity. Let us consider the problem (9)-(13)
in the space-time domain (−1, 1) × (0, 2), so that L = 2 cm and T = 2 s. To help us
see the effect better, we study the problem in the absence of volumetric sources of linear
momentum and mass:

F5(x, t) = S5(x, t) = 0,

with the following initial and boundary conditions:⎧⎪⎪⎨
⎪⎪⎩
u(x, t0) = 0, ∀x ∈ Ω,

u(x0, t) = p(x0, t) = vn(xf , t) = 0, ∀t ∈ (t0, tf ),
σn(xf , t) = g5 = ḡGq(t, ; ta, tb) ∀t ∈ (t0, tf ),

where ⎧⎪⎪⎨
⎪⎪⎩
Gq(t; ta, tb) = 1

2 [tanh(q(t− ta)) − tanh(q(t− tb))],
ta = 1 − T/8, tb = 1 + T/8, q = 100,

ḡ = 0.01 dynecm−2.

We approximate g5 using the linear splines described in Case 3, namely, g5(t) ≈ g5h =∑
αiφi, i = 1, · · · , 21. As usual, the sensitivity functions are computed using the

complex-step method. The results are shown in Figures 17 through 19.

Fig. 16. Linear spline approximation of g5.
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Sensitivity graphs with respect to g5

1. (Dg5hu)φi = ∂u

∂αi
, i = 1, 6

Fig. 17. Sensitivity functions of solid displacement (u) with respect
to boundary stress g5h in the direction of φi, i = 1, 6 when δ = 1
(left) and δ = 0 (right).
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2. (Dg5hp)φi = ∂p

∂αi
, i = 1, 6

δ = 1 δ = 0

δ = 1 δ = 0

Fig. 18. Sensitivity functions of pressure (p) with respect to bound-
ary stress g5h in the direction of φi, i = 1, 6 for model test case 5
when δ = 1 (left) and δ = 0 (right).
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3. (Dg5hv)φi = ∂v

∂αi
, i = 1, 6

Fig. 19. Sensitivity functions of discharge velocity (v) with respect
to boundary stress g5h in the direction of φi, i = 1, 6 when δ = 1
(left) and δ = 0 (right).
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4. (Dg5hu)ḡ, ḡ =
21∑
i=1

φi

δ = 1 δ = 0

5. (Dg5hp)ḡ, ḡ =
21∑
i=1

φi

(a) δ = 1 (b) δ = 0

Fig. 20. Sensitivity functions of solid displacement u and fluid pres-
sure p with respect to boundary stress g5 = Gq, q = ∞ in the direc-

tion of ḡ =
21∑
i=1

φi when δ = 1 (left) and δ = 0 (right).
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6. (Dg5hv)ḡ, ḡ =
21∑
i=1

φi

δ = 1 δ = 0

Fig. 21. Sensitivity functions of discharge velocity (v) with respect

to boundary stress g5 = Gq , q = ∞ in the direction of ψ̄ =
21∑
i=1

φi

when δ = 1 (left) and δ = 0 (right).

Observations. From Figures 17-19 we can see again that the magnitude of the sen-
sitivities is bigger when δ = 0 than when δ = 1. This suggests that the purely elastic
model is more sensitive to the boundary data than the visco-elastic model. We also note
that in the elastic case δ = 0, the effect of the boundary data on the solutions (u, p) is
quite significant throughout the domain. In comparison, the boundary effects on (u, p)
diminish as we go farther from the boundary for the case when δ = 1.

We also observe that the sensitivity graphs appear to be similar to those obtained
in Case 3, where the permeability was constant. Here, even though the permeability is
nonlinear, the system is driven only by the boundary stress datum g5. In comparison,
the sensitivities obtained in the previous case (Case 4) are quite different, and this could
be explained by the system’s complexity due to the interaction between the nonlinear
permeability k, and nonzero body force F and net volumetric fluid production rate S.
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5.6. Boundary sensitivity as a function of viscosity parameter δ. In all of the previous
examples, we can see that states (u, p, v) are more sensitive to the boundary data in the
purely elastic case δ = 0 in comparison to the visco-elastic scenario δ = 1. In this section,
we further investigate the importance of the viscosity parameter by considering a variety
of values for δ, and studying the effect of the boundary stress g on the solid displacement,
fluid pressure, and discharge velocity in all these cases. Based on the analysis provided in
[12], we focus on two main ranges for δ: 0 ≤ δ ≤ 1 vs. 1 ≤ δ ≤ 2. In these computations,
we use the same set up as in Case 4, with constant boundary function g4 = 1.
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Fig. 22. Sensitivity of u and p to boundary stress for various values of 0 ≤ δ ≤ 1.
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Fig. 23. Sensitivity of u and p to boundary stress for various values of 1 ≤ δ ≤ 2.
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Fig. 24. Sensitivity of v to boundary stress for various values of 0 ≤ δ ≤ 1.
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Fig. 25. Sensitivity of v to boundary stress for various values of 1 ≤ δ ≤ 2.

First we discuss the behaviors of the sensitivities of the elastic displacement with
respect to the boundary datum g, shown in Figures 22 and 23.

For 0 ≤ δ ≤ 1, we can see that the sensitivities of the elastic displacement w.r.t. g

do not follow a “prescribed” pattern, as we have 2 different scenarios at the three times
chosen. At times t = 0.025 and t = 2, we note that the solution is much more sensitive
for δ = 0 and there is a clear pattern: the more visco-elasticity, i.e., the bigger the δ,
the elastic displacement is less sensitive to g. At time t = .975, the elastic sensitivity is
two to three times smaller for values of δ close to 1 compared to values of δ close to 0.
However, it can also be observed that the sensitivity for δ = .25 is slightly bigger than
the one computed for δ = 0 through the space domain. This could suggest that there
is a range of small values of δ around 0 for which the sensitivity of the elastic solution
stays within the same range as the one in the case of δ = 0.

In comparison, for 1 ≤ δ ≤ 2, the graphs for the elastic sensitivities show a solid trend
for all the times considered: the larger the value of δ, the smaller the sensitivity. This
suggests that, for the particular case at hand, the value δ = 1 is a “safe value” in terms
of assuring that the elastic sensitivity will continue to decrease as δ increases above 1.

Comparing Figures 22 and 23, we note that the magnitudes of the sensitivities are
smaller for 1 ≤ δ ≤ 2 compared to 0 ≤ δ ≤ 1, which agrees with what we observed in the
previous investigations (Case 1 - Case 5).

Regarding the sensitivities of the pressure with respect to the boundary datum g,
when 0 ≤ δ ≤ 1, the behavior of the sensitivities is “complex”. The various curves
are intersecting with each other, hinting that different parts of the domain would have
a different sensitivity to the data depending on the level of viscoelasticity. Thus, the
choice of δ would affect differently various regions within the domain. Even in the case
of 1 ≤ δ ≤ 2, the graphs do not show any pattern: at t = 0.025, the sensitivity decreases
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as δ gets larger, at t = 0.975, the behavior is quite the opposite, with the sensitivity
increasing as δ gets larger, and at t = 2 the graphs of the sensitivities intersect and
reverse their order in magnitude at around x = −.65.

The sensitivities of the discharge velocity with respect to the boundary datum g show
a clear “order” in magnitudes in most of the cases considered (see Figures 24 and 25. For
both 0 ≤ δ ≤ 1 and 1 ≤ δ ≤ 2, the sensitivity increases as δ gets smaller. There is one
exception at time t = .975, in the case of 1 ≤ δ ≤ 2: the boundary source g is applied
at x = 1, and around in the interval x ∈ [−1,−.4], the sensitivities lose the expected
“ordering”, as their magnitudes fluctuate close to 0.

It is also interesting to see the big difference in the magnitudes of the sensitivities
between δ = 0 and values of δ close to 2. This again suggests that the discharge velocity
becomes heavily sensitive to the boundary data of traction when visco-elasticity is not
present in the system.

6. Conclusions and relevance. All our numerical results show that the solution
(u, p, v) is more sensitive to boundary traction in the elastic case than in the visco-elastic
scenario. This could explain why in the theoretical results provided in [12], the boundary
source was required to have higher time regularity in order to obtain solution (u, p) in L2

in space and time, and with appropriate energy estimate in terms of data, in the purely
elastic case.

The effects of the boundary source are most significant for the discharge velocity v,
especially in the δ = 0 case. This is very important, as the numerical investigation in
[12] hinted that the fluid energy (which is dependent on the discharge velocity) becomes
unbounded as the boundary source of traction loses H1-smoothness in time, and visco-
elasticity is no longer present.

The results of this sensitivity study also offers valuable insights on the potential mech-
anisms that could be leveraged to control fluid flow in deformable porous media in specific
applications. In [6] we also looked at the sensitivity of the solution with respect to the
boundary source ψ. Interestingly, the fluid-dynamical variables v and p appear to be
more sensitive to changes in g than to changes in ψ. This suggests that, in order to con-
trol fluid velocity and pressure, it would be much more effective to act on the boundary
conditions for the solid structure, namely the traction g, rather than on the boundary
conditions for the velocity itself, namely ψ. The solid displacement u appears to be the
least sensitive to changes in g and ψ; this motivates one to look for other ways to control
the solid displacement, such as by acting on the material elastic and visco-elastic proper-
ties. In addition, this finding also shows that small changes in the solid displacement may
actually correspond to big changes in fluid velocity and pressure, thereby suggesting that
monitoring the sole solid displacement might not be indicative of the fluid-dynamical
state inside the medium.

Another important observation is that the areas within the domain exhibiting highest
sensitivity to data differ from case to case, depending on whether volumetric sources
of mass and momentum are present and on whether the permeability depends on dila-
tion. This finding suggests that each case should be studied in detail, should the control
problem be of interest in a specific application under particular conditions. A similar
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remark should be made for the influence of the visco-elastic parameter δ. Even though,
in general, lower sensitivities are associated with higher values of δ, the results reported
in Section 5.6 exhibit a complex behavior in space and time depending on the range of
δ. This might be due to the fact that visco-elasticity introduces a time delay between
stress and strain within the material, thereby strongly affecting the dynamic behavior of
the system in time and space. Depending on the length of the observational time and
the elastic and visco-elastic properties of the material, the specific ranges for δ ensuring
a monotonic trend in the sensitivity parameters may vary. To further understand this
issue, we believe that it would be useful to perform the sensitivity analysis on a dimen-
sionless version of the problem, where relevant physical and geometrical parameters of
the problem are combined in dimensionless numbers that can be used to establish some
equivalences between behaviors of apparently different systems. This is currently a work
in progress.
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