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Abstract.We investigate the existence and uniqueness of bounded solutions to a non-
linear integral equation which models the ocean flow in arctic gyres.

1. Introduction. The modelling of ocean flows is constrained by the specific lo-
cation where it occurs, with fundamental differences between equatorial ocean flows,
mid-latitude ocean flows and flows in polar regions (see the discussion in []], [9], [I1],
[12], [13], [16]). Moreover, the major topographical differences between the two poles
makes the behaviour of the ocean flows in polar regions very different (see the discussion
in [5], [10]). The ocean flow in arctic regions plays an important role for the global
climate and studies of its aspects are found throughout the recent scientific literature.
In this paper we will investigate a recent model for arctic gyres — very large ocean flows
with a predominantly horizontal motion, which rotate slowly due mainly to the Cori-
olis effect, which occurs because of the Earth’s rotation around its polar axis (see the
discussion in [], [II]). For a given continuous vorticity, we establish the existence of
solutions using a fixed point approach. The obtained result does not require a Lipschitz-
type condition (being thus of a wider applicability than the recent result obtained in
[5]). On the other hand, by means of an example we show that mere continuity does not
ensure the uniqueness of solutions. However, we prove that an Osgood-type condition
on the vorticity function guarantees uniqueness. In particular, we are therefore able to
ensure the existence and uniqueness of physically realistic solutions outside the class of
Lipschitz-continuous vorticity functions.

2. Preliminaries. Let us briefly present the model for arctic gyres, discussed in more
detail in the papers [, [5], [11]. Using the stereographical projection from the South
Pole to the plane of the Equator, the flow of an arctic gyre near the North Pole, which
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presents negliglible azimuthal variations (so that the flow is only dependent on the polar
angle) is modelled by the second-order ordinary differential equation

nipy . Fut))  2wsinh(t)
v = cosh?(t)  cosh®(t)

. t>t, (2.1)

and physically relevant solutions should satisfy the asymptotic conditions
. _ . / _
tlg(r)lo{u(t)} =1 and tli>rrolo{u (t) cosh(t)} =0, (2.2)

for some constant 1y, which is the value of the stream function u at the North Pole.
The second asymptotic condition in ([22]) expresses the fact that the flow is stagnant
at the North Pole, which is the gyre’s center. In (2I)) the function F is given and
specifies the total vorticity of the flow (spin vorticity, due to the Earth’s rotation, plus
oceanic vorticity), w > 0 is the nondimensional form of the Coriolis parameter, while
t = —Incot(6/2) is the relation between the independent variable and the polar angle
0 € [0,7/2) for the Earth’s spherical coordinate system (with § = 0 corresponding to the
North Pole). The gyre flow modelled by [2I)-(22]) has a vanishing azmiuthal velocity
component, with the polar azimuthal velocity given by cosh(t) u/(t), with the arctic ocean
region corresponding to values tg > 2.

One can easily show (see [5]) that the problem (2.1])-(22)) is equivalent to the integral
equation

u(t) = [o — w] + wtanh(t) + / (s — t)Lgs)) ds, t > 1. (2.3)
t cosh”(s)
Note that if u(t) is a solution to 2.1]) satisfying (2.2)), then
< F
() = ——— W) g s

~ cosh? (t) Ji cosh®(s)

The integral equation (23) is a convenient way to simplify (Z1]) and (22). In this context,
let us recall the following useful facts, which have been used in [4] and [B], but which we
state and prove here for completion.

LEMMA 2.1. The following equality and inequality hold:

o 1
/(s—t) —ds=1In(1+e %), teR,
t

cosh” s
o 1 1
—t ds < t>0. 2.4
/t (s )cosh2s °=Cosht’ U< (24)

Proof. First, by direct computations, we have

/ 872 ds = / / — 5, drds
¢+ cosh”(s) + Js cosh®(1)

/t [ — tanh(s)] ds

o] 26—28

- / ——ds=1In(1+e%).
¢

T4e2s
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On the other hand, using the fact sinh s > s for all s > 0, we obtain

/ (s—1) 5 dsg/ 82 dsg/ Sl 28 ds = .
¢ cosh” s ¢+ cosh”s + cosh”s cosht

3. Main results. We now prove an existence result for the solution to the integral
equation ([23) with a nonlinear vorticity function F.

THEOREM 3.1. Assume that F': R — R is continuous, and there exists a nondecreasing
continuous function g : [0, 00) — [0, 00) such that

|F(u)] < g(lu]), u € R. (3.1)

Then for every ¥y € R, there exists some Ty > ¢y such that the equation ([Z3) has at
least one bounded continuous solution u : [Ty, 00) — R satisfying tlim u(t) = o.
— 00

Proof. Let us choose Ty > tg large enough such that

gllol +w+1) _ |
cosh Ty -

Define the set
X = {u € C([Ty, ), R) : lim u(t) = %},

Then X is a Banach space endowed with the supremum norm ||u|| = sup{|u(t)|}. Set
t>To

Q:{ueX:wo—w—lgu(t)g|1p0\—|—w+1}.

Define the operator F : Q) — X as

Flu(s) |

s, t>Tp. 3.2
cosh?(s) =0 (3:2)

(FI(0) = (v~ w] + wtanh() + [ (51
t
Note that the inequality

LA WA TP

cosh?(s) cosh?(s)
confirms that F : 2 — X. Moreover, for any u € 2, we have tlim [F(w)](t) = g since
—00

b [ S @)

5 ds = 0.
t—oo fi cosh?(s)

We shall apply the Schauder fixed point theorem (see [I7] and some applications for
differential equations in [2], [3], [6]) to prove that there exists a fixed point for the
operator F in the nonempty closed bounded convex set . It is divided into three steps.
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Step 1. We show that F(£2) C €.

It follows from the condition (B.]), the monotonicity property of ¢ and the inequality

[24) that, for each u € Q and ¢t > T,

[F(w)](t) — (o —w) — wtanht‘ = ‘ / cosh 2)) ds
I,

| F'(u(s
= /t (s - )coshQ(s)
< [Ca-ptlh,

cosh?(
s
< +w+1 ————ds
< 9(lvol )/t coshQ(s)

IN

g(lo] +w+1)-
< 1

osh Tj

in which Lemma [2.1]is used. Therefore, for ¢t > Ty,

[Fu)](t) < (Yo —w) + wtanht + 1 < |¢ho| + w + 1,
and

[F(w)](t) > (o —w) + wtanht — 1 > ¢pg — w — 1.

Thus F : Q — Q is well-defined.
Step 2. We show that F(€2) is relatively compact in X.
Differentiating two sides of (B:2) with respect to ¢ we obtain

w _/“M

cosh?(t) cosh?(s)

ds, t>to.

(F(w)'(t) =

Now by the condition () and equation [B3), for all ¢ > Ty, we obtain

‘[ (u)]()‘ - ’coshzt’ ¢ cosh2(s) §
< |F
g [T,
cosh” Tj + cosh?(s)
¢ b [Telad,
cosh” Tj + cosh®(s)
< 5+ (|¢|+w+1)/w;ds
~  cosh®T, gil¥o ¢ coshz(s)
w
< —+ +w+1)[1 —tanht
S ol T 9([%o] +w + D[ — tanh ]
< ——— +coshTy,

cosh? 0

(3.3)
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which implies that for all u € €,
IF@rm|<m iz,
with

M = LQ + cosh Tj.
cosh” Ty

Let {u,} be an arbitrary sequence in Q. Then
[F) | <M, t>T, n>1.
By using the mean value theorem, we obtain
|[Fn)](t) = [Fun)l(t)| € Mt —tal, t1,t22To, n>1,

which shows that {[F(u,)]|} is equicontinuous in X.
On the other hand, it is easy to verify that {[F(u,)]} is uniformly bounded in X. In
fact, for t > Ty,

|[Fule)] < wa+M1—wmw>+[m@—”E¥%%§“
< Iwol+w+g(lwol+w+1)/tw%ds

< ol +wo L

Moreover, since

lim {1/10 — w + wtanh(t) +/too(s —t)Mds} = 1y,

e cosh?(s)
we obtain
PO =] < Jolt—tann]+ ] (s —0 e g
= ‘w[l - tanht]‘ + 9([%o| +w + 1)/t mi(s) ds,

which implies that for every € > 0, there exists t. > to such that
(Pl = do| <&, 20, n>1

This shows that {[F(uy)]} is equi-convergent in X.

Now by applying the Arzela-Ascoli theorem [17], we obtain that {[F(uy)]} is relatively
compact in X.

Step 3. We show that F : Q — Q is continuous.

Given a fixed € > 0, there exists some T, > Ty such that

€

cosh T, <3
Since F': [tpg —w — 1, |thg| + w + 1] — R is uniformly continuous, there exists a constant
d > 0 such that if u,v € [¢pg —w — 1, |tbo| + w + 1] with |u — v| < J, then

9(|tbol +w +1)

cosh Tj
—c.

IF(w) = F(o)] < <25
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Therefore, for all uq, us € Q with ||ug —usz|| < 4, by direct computations we can obtain

F(ui(s)) — F(uz(s))
) cosh? s ds’

Ful) - )] = | [ -t

‘F(ul(s)) - F(uz(s))‘
< / (s —t) . ds
t cosh” s
T. . F(uyi(s)) — F(uz(s)) .
< _
- /To (s =) cosh? s 5
> F(uy(s)) — F(uz(s))
+ / (S_T*) D) dS:I1 _'_1'2.
- cosh” s
Note that
COShTOE/T* s=To coshTos 1«
- 3 T, cosh’s  — 3 coshTp 3’
< s
I < F w(s + F (s ds
t /T* coshQS{‘ (u1 ()] + [F (uz( ))|}
< s
< -
< [ S {otm@) + ot Jas
< s
< 2g(|wo|+w+1)/ LA
T, cosh®s
< 2ol +w+ 1) L2
= TRl cosh T, 3"
Therefore,

|7 - F)l] <.

Hence F : 2 — Q is a continuous operator.

We therefore showed that all assumptions of the Schauder fixed point theorem are
satisfied. Therefore, there exists u € Q such that [F(u)] = u, which corresponds to a
bounded solution of ([Z3]) on [Tp, 0o). O

THEOREM 3.2. Assume that assumptions in Theorem [3.] are satisfied. Suppose further
that F satisfies the Osgood condition:

[F(u) = F(v)] < G(lu = vl),

where G is continuous and nondecreasing, G(0) = 0, G(r) > 0 for r > 0 and

T
lim [ ——dr = 0.
10 /E G(r)
Then for every 1y € R, the equation (23] has a unique bounded continuous solution
u: [Tp,00) — R satisfying tlim u(t) = 1o, where Tj is the same as in Theorem .11
— 00
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Proof. It follows from Theorem B that equation (2.3) has at least one bounded
continuous solution w : [Ty, 00) — R satisfying tlim u(t) = 1. Now suppose that ui(t)
—00
and us(t) are two bounded solutions of (Z3]) with
lim uq(t) = tlim uz(t) = vyo. (3.4)
—00

t—o0

We shall prove that ui(t) = ua(t) for ¢ > Tp. It follows from (23) and condition (B
that

ur(t) — w2 ()] =

cosh? s

[ (o-p P —Fate),,

< [ -0 \F(m(sz())s;i(uz(s))\ds
< /tw(s—t)@a(ul(s)—u2(3)|)ds
< / TG (unls) — uals)] ),

Let ¢(t) = |u1(t) — uz(t)]. Then ¢(¢) > 0 for all t > Ty and

o < [ TG (o)) as.

We only need to show that ¢(t) = 0 for all ¢ > T. On the contrary, suppose that

O(t) = max @(s) > 0.
Then ¢(t) < @(¢t) and it follows from (B4]) that
tlggo () = tlggo ¢(t) =0,
which implies that for each t > Tp, there exists a t* > ¢ such that ®(¢) = ¢(¢*). Therefore,

B(t) = 4(t") < /t°° G (6(s))ds < /t°° G (o(s))ds.

2 2
« cosh” s cosh” s

Set
< s
U(t) = —FFG ds.
0= [ —=G(ot)ds
Then ¢(t) < ¥U(t) and tli}m ¥(t) = 0. Moreover,

t t

v = _cosh2 tG((b(t)) = _COSth

G(T(t)).

Therefore,
U/ (t) - _ t
G(U(t)) = cosh®t
Integrating the above from ¢* to co, we obtain

t

P>
o G(Y()) . cosh’t — cosht*
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which is equivalent to

/ Tl ] (3.5)
o G(r) ~ cosht*’ '
where
r* = W(t") :/ 82 G(gb(s))ds € (0, 00).
t+ cosh” s
Now ([BXE) contradicts the Osgood condition. This contradiction shows that ®(t) = 0,
and hence ¢(t) = 0 for all ¢ > . O

REMARK 3.3. As a special case of Theorem B.2] the equation (23] has a unique
bounded continuous solution if F' satisfies a local Lipschtiz condition. We thus recover
the existence results proved in [4] for linear vorticity functions F' and in [5] under the
more restrictive hypothesis of a global Lipschitz condition on the nonlinear function F'.
For examples of non-Lipschitz functions F' which satisfy an Osgood-type condition we
refer to the discussion in [I] and [7].

Finally in this section, we construct an example having at least two nontrivial bounded
solutions, in which the nonlinearity F' is continuous but does not satisfy the Osgood
condition.

ExAaMPLE 3.4. Consider again the differential equation (2IJ) with the asymptotic
conditions ([Z2)). It is easy to see that the function

1
() = ——— 1 t>1, 3.6
+( ) COSh3(t) ( )
satisfies (2.2]) since
3sinh(t
d () = <250 sy
cosh™(t)
Note that
o (1) = -3 12sinh?(t)
cosh®(t) cosh®(t)
Since
1
tanh?(t) =1 — oh?(D) 1— [ug (£)]?/3
we obtain that
" 2w sinh () -3 12sinh®(t) = 2wsinh(t)
Uy 3 = s T 5 3
cosh”(t) cosh”(t) cosh”(t) cosh”(t)
B 1 { -3 n 12sinh?(t) = 2w sinh(t)}
~ cosh?(t) Lcosh(t) cosh®(t) cosh(t)
1

N cosh?(t) { =3 [us (O] +12 (1 - [U+(t)]2/3) [u (1)]/3

2wy /1 — [u+(t)]2/3} .
Consequently, uy (t) is a solution to [21)-22) if F satisfies

Fu) =9u? —12u + 2wV/1 — u?/3 0<u<l.
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Note that if F' is given as above, then
F(0) = 2w, F(1) =-3.

Similarly we can verify that the function

1
== gmg (2 (3.7)

is a solution of (ZI)-([22) if F satisfies
Flu)=9u3 —12u+2wV1 —u2/3, —1<u<0,

and in this case
F(0) = 2w, F(-1)=3.
The above analysis shows that if the function F' : R — R is given by

-3, u>1,
F(u) =< 9u'? —12u + 2wV1 — u2/3, —-1<u<l, (3.8)
3, u<—1,

then u4 (¢) and u_(t) given by (B:6) and [B.1), respectively, are two distinct solutions to
2I)-22). Obviously, F given by ([B.8) is continuous, but does not satisfy the Osgood
condition. (]

REMARK 3.5. We can ensure that Ty = tg in Theorem [B.1] and in Theorem by
a simple continuation argument for the differential equation (21I), provided that its
solutions do not blow up in finite time. This is the case, for example, if the function
F(u) has a linear growth at infinity. Indeed, in this case the fact that blow-up does not
occur for linear equations ensures Ty = tg, by means of the comparison method (see the
discussion in [14] or, alternatively, the considerations in [I5]).
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