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ABSTRACT. The discrete spectrum in the spectral gaps is studied in the case of a two-
dimensional periodic elliptic second order operator perturbed by a decaying potential.
The main goal is to find asymptotics (for the large coupling constant) of the number
of eigenvalues that have been “born” (or have “died”) at the edges of the gap. The
high-energy (Weyl) asymptotics and the threshold asymptotics are distinguished. At
the right edge of the gap, a competition between the Weyl contribution and the
threshold contribution may occur. The case of a semiinfinite gap was studied in part
I of the paper.

INTRODUCTION

1. Let A be an elliptic periodic second order operator in Ly(R%), d > 2, given by the
expression A = —divg(x)V + p(x), and let V' be the operator of multiplication by a
function V' (x) > 0 that tends to zero at infinity. Suppose an interval (A_, ;) is a gap
in the spectrum of A. We put

Ar(a) =AFaV(x), a>0.

Let 9y (e, Ay) denote the number of eigenvalues of the operator A4 (t) that have been
“born” at the point Ay as the coupling constant ¢ has been growing from 0 to a. The
function M_(a, A_) is defined similarly for the operator A_. We are interested in the
asymptotics of these functions as @ — oo (in the large coupling constant limit). The
corresponding asymptotics (which may be fairly diverse, depending both on A and V)
were studied in a number of papers. We mention [B3], B3], |BL] and especially the survey
IB4] and the references therein. Another approach to the problems under discussion was
proposed in [Iv].

Usually, for the study of the functions D4 (a, A+) in an internal gap of A, certain
conditions on the structure of the edges of the gap are imposed (see Conditions 1.3(+)
below). The asymptotic behavior of the functions M4 (e, A+) depends on the dimension
d, the character of decay of V', and also the signs “+”. The case where d > 3 is rather
well studied ([B3]-[B5]). If d > 3 and V € Lg/2(R?), then the function My (o, A4) has
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the Weyl asymptotics
(0.1) Ny (a, Ay) ~ (QW)*dwdad/Q/Vd/Q(det 9)"V?%dx, a — oo;

here wy is the volume of the unit ball in R?. If V ¢ Ld/g(Rd), then the estimate
N, (o, Ay ) = O(a¥/?) fails, and M, (o, A, ) may have an arbitrary order of growth greater
than d/2. Essentially, the asymptotics (0.I) has a “high-energy” origin, while the be-
havior of M4 (o, A) with V & L;/2(R?) is determined by the “threshold effect” near the
edge of the gap of the unperturbed operator (see the discussion in [B4, §2]).

2. If d = 2, the situation is much more complicated. Already for A = —A in the case of
the semiinfinite gap (—o0,0), the condition V' € L1(R?) does not ensure an asymptotics
of the form (Tl). Due to the threshold effects, 91, (a, 0) may have an arbitrary order
of growth greater than d/2. Moreover, it may happen that 94 (a,0) = O(«), but the
asymptotics is not of Weyl type. In the latter case the asymptotic coefficient is the sum
of the Weyl term and the “threshold” term. Thus, for d = 2 a “competition” between
the Weyl contribution and the threshold contribution is possible; this competition cannot
occur for d > 3. A “special channel” is responsible for the threshold effect, by which
we mean the problem on the semiaxis that is obtained by restricting —A — oV to the
subspace of functions depending only on |x|. At the same time, the potential V is
averaged over the polar angle. These effects were investigated in [BL] in detail. At the
level of estimates, the special channel was discovered in [S].

In [BLSu] (i.e., in part I of the present paper), the same phenomena were analyzed
in the case where A is a periodic elliptic operator of the form A = —div g(x)V + p(x).
Adding an appropriate constant to p allows us to assume that the lower edge of the
spectrum is the point A = 0. In [BLSul, the negative discrete spectrum of the operator A—
oV, i.e., the case of the semiinfinite gap (—o0,0) in the spectrum of A, was studied. The
description of the special channel was given in terms of the Floquet—Bloch decomposition
for the unperturbed operator A. The answer involves the so-called temsor of effective
masses at the edge of the spectrum and a positive periodic solution ¢ of the equation
Ap = 0. The function ¢ can be eliminated from the answer under a certain additional
“regularity” condition imposed on V.

The present paper is a continuation of [BLSul, but now we study the case of an internal
gap in the spectrum of A. For this, we need to change the technique of investigation
considerably. The presentation is independent of [BLSu|. At the same time, we use some
technical results from [BLSul.

3. As has already been mentioned, for the study of the asymptotics of My (a, Ay) as
a — oo in an internal gap of A, we are forced to impose certain restrictions on the
structure of the edges of the gap (see Conditions 1.3(f) below). (For the lower edge of
the spectrum A = 0, these conditions are fulfilled automatically.) The answers are given
in terms of the model operators, which are simpler than A4 (a). The model operators
involve the tensors of effective masses at the edges of the gap, and the corresponding
eigenfunctions. As in the case of the semiinfinite gap, it is possible to eliminate the
eigenfunctions from the answer under an additional “regularity” condition imposed on
V. The main results are formulated in Theorems 2.2(+) and 2.5(£). On the right (but
not on the left) edge of the gap the Weyl contribution and the threshold contribution to
the asymptotics may compete.

The asymptotics of 9y (a, A1) at the right edge Ay of the gap can be obtained by
the same method as in [BLSu]. However, this method fails in the case of M_(a, A_),
i.e., for the left edge of the gap A_. Therefore, we modify the approach so as to make it
applicable for both edges of the gap.
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5. Notation. In what follows, Q2 is an open unit square in R2. The symbol (-, ),
stands for the standard inner product in C™; sometimes we omit the index m. Further,
1,, = 1 is the unit (m x m)-matrix. The symbol < means a two-sided estimate. Any
integral without indication of the integration domain is over R?. Further, V = grad,
V* = —div. We denote by H®, s > 0, the Sobolev classes. The operator of multiplication
by a function f is denoted either by the same symbol f, or by the symbol [f], depending
on the context. Various constants in estimates are denoted by C or ¢, possibly, with
indices. For a sequence of operators in a Hilbert space, (s)-lim, (u)-lim, and (&)-lim
denote (respectively) the strong limit, the limit in the operator norm, and the limit
relative to a norm in some symmetrically (quasi)normed ideal & (see [GoKx]) of compact
operators.

Many statements and formulas contain the double indices +. Unless otherwise is
stated explicitly, the upper and the lower index versions should be read independently.

§1. SETTING OF THE PROBLEM. PRELIMINARIES

1. Differential operators. By an unperturbed operator we mean a periodic elliptic
second order operator in R?. There is no loss of generality in assuming that the lattice
of periods is Z2. Let g be a (2 x 2)-matrix-valued function, and let p be a real-valued
function; we assume that

) G=9>0, p=p, g+9g '€ Lc(R?), p€ L(R?),
g(x+n)=g(x), p(x+n)=px), xeR’ neZ’
Formally, an unperturbed operator A is given by the differential expression
(1.2) Au = V*gVu + pu.

The precise definition of A as a selfadjoint operator in the Hilbert space Lo(R?) is given
in terms of the closed semibounded quadratic form

(1.3) alut] = [((gVu, V) + pluf) dx.ue H(E)
Adding an appropriate constant to p allows us to assume that

(1.4) inf spec A = 0.

Under condition (TF), in H*(R?) the form alu,u] + v [|u[?*dx, v > 0, determines a
metric equivalent to the standard one.

A perturbation is introduced as the operator of multiplication by a function V' such
that

(1.5) V(x) >0, xecR2%
We impose the following condition on V' (cf., e.g., [BL]).
Condition 1.1. For some o > 1,

1/o 1/o
(1.6) (/ |V|“dx) + Z (/ [V]7]x|?e=1) dx) <oo, o>1.
IxI<1 k=1 <Jx| e

k>1



252 T. A. SUSLINA

It should be mentioned at once that (L6l implies that

(1.7) V), =3 (/@2+n Ve dx)l/a <o, o1,

nez?
and, moreover,

V € Li(R?).
Consider the quadratic form

v[u,u] = /V|u|2 dx.
Under condition (7)) (and, moreover, under condition (CH)), this form is compact in
H'(R?). Consequently, the form
ax(a)[u,u] == alu,u] F avu,u], uwec H (R?), a>0,

is lower semibounded and closed in La(R?). The form a4 (a) gives rise to a selfadjoint
operator A4 (a) in Lo(R?). Thus, in the sense of form-sums,

(1.8) Ar(a)=AFaV, a>0.
Formally, the operator A4 («) corresponds to the differential expression
Ay (a)u = V*gVu+ puF aVu.
The spectrum of Ay () in the spectral gaps of A is discrete.
First, we recall a result for a semiinfinite gap. Let
Ny (a, ;A V), a>0, A<0,
denote the number of eigenvalues of the operator Ay (a) that lie to the left of the point
A. For the Weyl asymptotic coefficient we introduce the notation

(1.9) J(V,g) := (4m)~* /V(det g)"1/2 dx.
Proposition 1.2. Under condition (L), we have
(1.10) Ni(a,\;A, V) < Ca(V),, C=C(g,p,0,N), 0>1, A<0,

(1.11) lim o' (o, \; A, V) = J(V, g), A <0.

Comments on Proposition 1.2 and the necessary references can be found in [BLSu].

For A = 0, the Weyl asymptotics (I.I1]) may fail even under condition (I.6) because
of spectral “threshold” effects. These phenomena were studied in [BL] for the operator
—A — aV and in [BLSu] in the general case of a periodic operator (L.2). In the sequel
we shall impose yet another condition on V' (see Condition 2.1(g)), which ensures that
Ny (a,0;A4,V) = O(a?), « — oo, ¢ > 1. In the present paper we treat the discrete
spectrum of the operators Ay («) in the internal gaps of A.

2. The Floquet decomposition. As usual, for the spectral analysis of periodic op-
erators we employ partial diagonalization (the Floquet-Bloch theory). Here we recall
the necessary facts. Let ﬁl(QQ) be the subspace formed by the functions in H'(Q?)
such that their Z2-periodic extensions belong to the class H.. .(R?). Next, we denote by
H 51(@2) the subspace of functions of the form

(1.12) u(x) = ®9u(x), e H(Q?), £ eR2

In L»(Q?), we consider the family of quadratic forms

(1L13)  agfuu] = /Q (g9, V) +pluP)dx, we AUQ?), £ B2
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The selfadjoint operator in L2(Q?) generated by the form (LI3) is denoted by A(£).
The operator A(€) corresponds to the expression ([2) with (£)-quasiperiodic boundary
conditions. Translating & by a vector of the lattice (27Z)? turns the operator A(¢)
into a unitarily equivalent one. Therefore, usually it suffices to consider & € T? =
R?/(27Z)%. The parameter £ is called the quasimomentum. All operators A(€) have
discrete spectrum. Let Fi(€), k& € N, be the consecutive eigenvalues (counted with
multiplicities) of the operator A(&), and let ¥ (x, &) be the corresponding eigenfunctions
normalized in Ly(Q?). Then

0< E1(§) < Ex(é) <--- < Ep(§) < -

The functions Ej, are continuous and (277Z)2-periodic. The spectrum of A coincides with
the union of the intervals (bands) that are the ranges of the functions Ej. By (T.12), the
eigenfunctions 1, admit representation in the form

W(Xf) = ei<x£><pk(x7€)a @k('aé) € ﬁl(QQ)

The functions vy, @i are Hélder continuous with respect to x.
Now we consider the integral operators

(1.14) (W) (€) = (27)" / I Bulx)dx, keN.
The mappings
Uy, = Lo(R?) — Ly(T?)

are partially isometric and surjective. The operators Wi Wy, k € N, are orthoprojections
in Ly(R?). They are pairwise orthogonal and

PR TEDE
keN

The operators provide a partial diagonalization of the operator A. Namely, denot-
ing by [Ex] the operator of multiplication by the function Ej(€) in La(T?), we obtain

A= Ui [E] Ty

keN

3. A gap. The spectrum of A may have gaps other than the semiinfinite gap (—o0,0).
Let A = (A_, \}) be a gap; we assume that Ay € spec A. Clearly,

(1.154) At = min E;(§),
gET?
(1.15-) A= Igrg%EH(ﬁ)

for some number [ € N. As usual (cf., e.g., [B3]-[B5]), we impose some “regularity”
conditions on the edges Ay, A_ of the gap. The conditions for A} look like this.

Condition 1.3(+). a) minger2 E1(€) > Ay b) the minimum in (LISH) is only at-
tained at finitely many points €§»+) € T? j =1,...,my, each being a nondegenerate

minimum point for Ey(-).

Remark 1.4. For the semiinfinite gap (—o0,0), Condition 1.3(+) at Ay = 0 is fulfilled
automatically with [ =1, my = 1, and €§+) = 0. This fact was used in [BLSul.

By Condition 1.3(+), At is a simple eigenvalue of the operator A(€) with & = £§»+),
j=1,...,my4. It follows that, for some (sufficiently small) 6 > 0, the eigenvalue E;(§),
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|€ —€;+)| < 4, is simple. This implies the real analyticity of E;(€) in these neighborhoods
£(+), j=1,...,m4. Then Condition 1.3(4), b) means that

J
E(€) = Ay = 6576 — €57 +0(le - €57,
- e <o j=1,...my,

of the points

(1.16+)

where b§+) is a positive definite quadratic form.

The conditions on A_ are similar.
Condition 1.3(—). a) maxger2 Ej—2(§) < A_; b) the mazimum in (I5) is only
attained at finitely many points 55-7) €T? j=1,...,m_, each being a nondegenerate

mazimum point for Ej_1(-).

We note that condition a) makes sense only for [ > 2. Like (T-I6F), Condition 1.3(—),
b) means that

A —Ei(€) =0 - € roge - €P),

(1.16-) o ‘
|£_£] |§57 j:].,...,m,,

)
J
We agree that the points £§-i) € T? are represented as points of the half-open cube

where b} ’ is a positive definite quadratic form.

(1.17+) ¢ e-mm? j=1,...,my.

Accordingly, the points & € T? close to £i are realized as points of R2-neighborhoods of

the points ([CI7H).

In terms of the inner product (-, -), the form b;i)(é — £§i)) can be written as

b€ — €)= (e — ), e — €)= 187 (€ - ),

(1.184) !
B = o2, =1, my,

where b§»i) is a constant positive definite (2 x 2)-matrix. (The matrix (()ft))_1 determines

the so-called tensor of effective masses for the point €§i).)

We pUt E+ = El7 E_ = El—la w(ﬂ = ¢l7 SO(J’_) = Y, w(_) = ¢l—1, SO(_) = Pi-1-
The functions ¥(*), () can be chosen as real-analytic H'(Q?)-valued functions of & for
|€ — égi)| <4,j=1,...,ms. The functions (), (&) are Holder continuous in x. We
shall use the notation

(1.194) P (x) =@ (xe), 9P (%) = 0B (x, 6, j=1,. ma

Remark 1.5. In the recent paper [He], the following was shown for the operator —h?A +
V(x) with d = 2 and orthogonal lattice of periods (under certain restrictions on V).
For any j € N and any sufficiently small h € (0, ho(j)], there are at least j gaps in the
spectrum; moreover, the edges of these gaps are regular and m4 = 1.

4. Suppose that an “observation point” A lies in the gap A: A_ < A < A;. We denote
by

(1.20) Ne(a, ;A V), a>0, A€A,

the number of eigenvalues of Ay (t) that have crossed the point A as t has been growing
from 0 to «. Note that, as t grows, the eigenvalues of Ay (¢) move from the right to the
left, while the eigenvalues of A_ (t) move from the left to the right. Therefore, the function
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A= Ny (a, A; A, V) is monotone nondecreasing, and the function A — 9M_ (o, \; 4, V) is
monotone nonincreasing (for o > 0 fixed).
The following statement was proved in [B2] (see also Theorem 3.2 in the survey [B4]).

Proposition 1.6. Under condition [L1), we have

(1.21) lim o "N (a, \; A, V) =J(V,g), XEA,
lim o 'N_(a,\; A, V) =0, X€A.

Thus, if the observation point A lies inside the gap, then 91, has the Weyl asymptotics
(C21)). For A = A+ the asymptotics (I:2I)) may fail even under condition (.6). Later we
impose an additional condition (Condition 2.1(g)) on V that ensures that the following
limits are finite:

(1.22+) Ne(a, ;A V) = R 1i)\m O‘ﬂi(a,)\;A, V),
— Ay —
(1.22—) Ny(a, A3 A V) = AHIl)\I{u()‘JQ(&, NA V).

We are interested in the behavior of the functions (1.224) as o — oc.

5. On compact operators. Here we collect the necessary facts about compact oper-
ators. Let $), & be separable Hilbert spaces. The space of continuous linear operators
is denoted by fR, and that of compact operators by &.. If necessary, we write in more
detail: R(9), G (9, B), etc. Let T € G, and let s;(T") be the singular numbers of T,
i.e., the consecutive eigenvalues (counted with multiplicities) of the operator (T*T)/2.
We denote
n(s,T) := card{k : sx(T) > s}, s> 0.
IfT=T" weput 2Ty = |T| £ T and
ny(s,T) :=n(s,Ty), s>0.

Clearly, n4(-,T) is the counting function for the sequence {)\,(j)(T)} of positive eigen-
values of T. For the sequence {)\,(;)(T)} a similar role is played by n_(:,T), where
AL_)(T) = )\gj)(—T). We have n(s,T) = ny(s,T) +n_(s,T),s>0. U T} =T} € S,
Ty =T5 € G, then

ne A+ p, Ty +T5) <ng(ATh) +na(p,T2), A >0, p>0.

We denote by ¥4, 0 < ¢ < 00, the space (ideal) of compact operators distinguished by
the condition

|71,

:=supsin(s,T) < oo, ¢q>0.
a s>0

The space X, is complete in the quasinorml . |q; for ¢ > 1 it is normable. The space ¥,
is nonseparable. We introduce the separable subspace (ideal)
S0 ={T € Zg:n(s,T) =o0(s71), s — 0}.

On the space ¥, we consider the functionals

(1.23) Ay(T) := limsup sin(s,T),
s—0
(1.24) 04(T) := lim i(I)lf stn(s,T).

For T'=T" € ¥, we put
(1.25) AG(T) = Ay(T), 8 (T) = 6,(T).
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Let D, be any of the functionals (L23)—-(I.25). The following inequality can be found in
[BS1I:

(1.26) [(Dg(T2))7 = (Dg(T1))7| < (Ag(T2 = T1))", 7= (g+1)7"

In particular, (L26) implies the following statement.

Proposition 1.7. All siz functionals (L23)-([L28) are continuous on ¥,. They do not
change under adding a summand of class 22 to T. In other words, these functionals

are well defined on the factor-space Eq/Eg. They are continuous with respect to the
factor-quasinorm (Aq(-))Y 1 on $q/50.

We shall also use the following simple statement.

Proposition 1.8. Let Tj,fj €¥o,j=1,....,N,and letT := Z;V=1 ijj. ThenT € ¥,
and

(A,(T))* < C(q, N ZA2q DAy (T}).

As usual,
G, = {TEGOO:ZSZ(T)<OO}, 0 < g < 0.
k

Note that &, C 22. The class G5 is formed by the Hilbert—Schmidt operators, and the
class &1 by the nuclear operators.
T =T € 65(9) and tju,u] = (Tu,u)q, then the numbers )\,(j)(T) (the numbers

(—)\,(;) (T"))) coincide with the consecutive positive maxima (respectively, the consecutive
negative minima) of the ratio of quadratic forms

(1.27) tu,u] /|ullf, ue€hH.
Passage from T to the ratio (L27) facilitates application of variational arguments. There-
fore, we shall use the simpler notation ny (s, (LZ7)) in place of ny (s, T), | (CZ7) Iq in place
oflTIq, D,([IZ1) in place of D,(T), etc.

We shall also need the following easy technical fact about convergence in symmetrically

normed ideals.

Lemma 1.9. Suppose that a sequence of operators X,, converges strongly:
(s)-lim X,, = Xy € R.
n—oo

Let T € &, where G is some separable symmetrically normed ideal. Then

(6)-lim X,,T = XoT, (6)-lmTX,; =TX].
6. An auxiliary problem on the semiaxis. The following auxiliary problem on the
semiaxis will be used below. Let f = f € L1 10c(R4). For some R > 1, we consider the
ratio of quadratic forms

(1.28) /f )|z (r |27“dr// |*rdr, z(R)=0, R>1.

The ratio (L28) is considered for all functions z that are absolutely continuous on R
and such that the integral in the denominator is finite. On f we impose the following
“implicit” condition: for some ¢ > 1/2

(1.29,) |C28)], < o0, ¢>1/2.



DISCRETE SPECTRUM. II. INTERNAL GAPS 257

This condition is fulfilled (or not fulfilled) simultaneously for all R > 1. Moreover, under
condition (T.29]) all six functionals D,(L28) are independent of R > 1.

We can give (see [BL], and also [BS2], [BLSul) an elementary sufficient condition for
T.29,). This condition becomes necessary for the nonnegative f. Namely, we put

1
Golf) = / F(e)le dt,

C(f) = {anf)}v n e Ly,

and introduce the notation
IC(ANG 00 = 21;188" card{n : Cn(f) > s}, 2¢>1,
Ag(C(S)) = fian sup stcard{n: Cn(f) > s}, 2¢>1,
0q(C(f)) = liminf s% card{n : (. (f) > s}, 2¢>1.

Cn(f) = / t|f(et)|e2t dt, n €N,

Proposition 1.10. a) Assume that
(1.304) 1€ Mlgo0 <00, 2¢>1.

Then is true and
ALC2R) < C(q)Aq(C(f)), 2¢>1.

b) Assume that f(r) > 0, r > Ro, for some Ry > 1. Then (1.29y) implies (T.30,)) and
also the inequalities

0q([L28) > c(q)94(C(f)), =46, 29> L.

Remark 1.11. An elementary criterion for the spectrum of the ratio (I.28) to be discrete
can be found, e.g., in [BS3]. We shall not use it.

§2. FORMULATION OF THE MAIN RESULTS

1. Our goal is to study the asymptotics of My (a, A4; A, V) and Nu(a, A_; A, V) (see
(1.224)) as @ — co. We introduce the following quantities:

(2.14) A((Ii)()ur; A V) :=limsupa Ny (o, A4; A, V), g>1,
(2.2+) SHF (N3 A V) = liminf ™" (0, Ay A,V), g =1,
(2.1-) Agi)(/\_;A, V) :=limsupa My (a, A\_; A, V), ¢>1,
(2.2-) SE A A V) = liminf a~Ne (o, A3 A, V), g > 1.

Relation (I.21]) shows that there is no point in considering ¢ < 1 (at least, for 9M,).

For a function F(x), x € R?, we put F(x) = F(8x), where 3 is a positive constant
matrix. Let (r,0) be the polar coordinates of a point x € R?; we write F(x) = F(r,0).
By (F') we denote the “mean value of F' over the angle”:

us

(F)(r) = (27r)_1/ F(r,0) df.

—T

Also, we shall use the composition (Fp) of the above transformations.
Along with Conditions 1.1 and (IH]), we impose the following condition on V:
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Condition 2.1(q). For some q > 1,

(2:3,) |C2®)], <00 for f=(V), ¢>1L
By Proposition 1.10 and condition (L), relation (2:3g) is equivalent to the condition

IEV D) llg,00 < 00

Examples (for any ¢ > 1) demonstrating that Conditions 1.1 and 2.1(¢q) are compatible
can be found in [BL] and [BLSul §8].

Let 3 be a constant positive matrix, and let ¢(x), x € R?, be a bounded function.
We introduce the notation

Fo.0 = ((0l*V)g)-
Let

(2.4) AV, B,0), 85DV, 8,0), q=>1,

denote the functionals AS{H (C28) and 5((1+)() for f = fs,,. We mention that condition
[Z3g) with f = (V) is equivalent to the same condition with f = fg ,. Moreover, we
have

(2.5) ANV, B,p) <CAD(V,1,1), ¢>1.

This can be checked in an elementary way with the help of Proposition 1.10. In what
follows, we shall use the quantities 24) with 5 = ﬁ](»i) (see (1.18%) and ¢ = gog-i)
(1.19+) or p = 1.

We also note that the functionals (Z4) coincide for potentials V' that are asymptoti-
cally close as |[x| — oo (see Proposition 2.2 in [BLSul).

(see

2. In [BLSu] it was shown that if V satisfies Conditions 1.1 and 2.1(g), then
(2.6) Ny (a,0;A4,V) =0(a?), a— oo,

and the corresponding asymptotic formulas were established. Earlier the same results
were obtained in [BIL] in the case where A = —A.

Below we formulate two theorems (Theorems 2.2(+) and 2.5(+)) on the asymptotics
of My (e, Ay; A, V) and two theorems (Theorems 2.2(—) and 2.5(—)) on the asymptotics
of My (o, A_; A, V). In Theorems 2.2(%) the answers are formulated in terms of the model
Schrddinger operators with, generally speaking, matriz-valued potentials. In Theorems
2.5(%) the answers are formulated in terms of the auxiliary problem on the semiaxis, but
V' is subject to an additional restriction.

The description of the model operators (cf. [B5]) involves the quadratic forms bgi) (see

(1.16+) and the corresponding eigenfunctions 1/}§i> (see (1.19)%). In the Hilbert space
H+ = Lo(R?;C™+), we consider the following diagonal second order elliptic operator
with constant coefficients:

(2.74) B+(D) = diag(b{™(D),...,6(¥) (D)), D=—iV.

<9 Vg

The expression (2.74) gives rise to a positive selfadjoint operator By in $1. Now, we
introduce the following row matrix and column matrix:

I (x) o= {0 ()74, T (%) = col{w{™ (%)} 4.

The square Hermitian matrix

P (x) = ML (ML (%) = {057 ()02 (01,
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is of rank 1. The trace of it coincides with its only nonzero eigenvalue:

(2.84) tr Py (x Z [\ (x)

We denote
W(x) = (V(x))"?
and define the nonnegative matrix potential
Uz (x) := V(x)P+(x) = (W)Lt (%)) W (%)L (x).

The function (2.8+) is bounded; therefore, the potential Uy (x) admits a pointwise esti-
mate in terms of V(x).
In the space £+, we consider the quadratic form

m4
Z /<b§i)ij, V’Uj>2 dx — « /<ui (x)v, V>m:¢: dx,
j=1

v =(v1,...,0m,) € H'(R?*C™).

Under condition (7)) (and, moreover, under condition (@) on V, this form is lower
semibounded and closed in $+. The corresponding selfadjoint operator in $+ (the model
operator) is denoted by By («). In the sense of form-sums,

(2.9i) Bi(oz) =By —aldy, a>0.

By M4 (a, A\; B,Ux), a > 0, A <0, we denote the number of eigenvalues of the operator
By (a) that lie to the left of the point A. Clearly, estimate (28) for A = —A can be
carried over to the operator (2.9+):

er(avO;B:l:au:t) = O(aq)’ a — 0.
We consider the ratio of (finite-dimensional) forms

({Us(x)c, €.
(B£(n)c,C)m. ’

Let n™®)(u;x,m) denote the number of eigenvalues of the ratio (2.104) that are greater
than p, where g > 0. We introduce the following notation for the Weyl coefficient
corresponding to the operator (2.94):

(Bi,ui (2m)~ // ) (1;x,n) dx dn.

For A < 0, the function 914 (o, A\; B+,U+ ) has Weyl asymptotics:

(2.10+) ceC™; xeR? neR

(2.114) lim o ' (a, \; B, Us) = J(B,Us), A <O0.
Moreover,

(2.124) Ny(a,\; B, Uy) < Ca((V)y, o>1, A<O0.
We put

(2.13+) Ag(By,Uy) :=limsup o™ N4 (o, 0; By, Ux), ¢ >1,
(2.14+) d¢(Bx,Ux) :=liminf a0y (o, 0; Bx, Ux), ¢ > 1,
(2.154) Ay (Bi,Us) := Ay(Be,Us) — J(Bx,Us),
(2.164) 61(By,Uy) = 01(Bs,Us) — J(Bs,Uy).
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Theorem 2.2(+). Let the operator A be generated by the form (L3) under conditions
(CI). Let (A—, ;) be a gap in the spectrum of the operator A, and let Condition 1.3(4)
be satisfied. Suppose that the potential V' for the operators ([L8|) satisfies condition ([[LH)
and also Conditions 1.1, and 2.1(q). Then the following is true for the quantities (Z:1H)

and 2.24).

(a) If g =1, then
(2.17) AN AV)=J(V,g) + (B, Uy), 0=A0,
(2.18) AP0 4,v) =o0.

Here J(V,g) is as in (LY9), and 51(B+,U+) is as in (2.154), (2.164).
(b) If ¢ > 1, then

(219) 8<g+)(/\+7 Aa V) = 8(1(B+au+)a 0= A7 5;

and (ZIR) is valid. Here 04(By,Uy) is the quantity defined in (2.134), (2.14+).
(c) For the validity of the Weyl asymptotics

(2.20) AT AY) =617 (3 A V) = T (Vi)

it suffices that the following condition be fulfilled in addition to with ¢ = 1:
AP w,1,1) =0

Here A(1+)(V, 1,1) is the quantity defined in (2Z4)).

Theorem 2.2(—). Let the operator A be generated by the form ([L3) under conditions
[@dD). Let (A=, A1) be a gap in the spectrum of A, and let Condition 1.3(—) be satisfied.
Suppose that the potential V for the operators (I.8) satisfies condition (1) and also
Conditions 1.1, and 2.1(q). Then the following is true for the quantities (Z-1=)) and

225).

(a) If g =1, then
(2.21) AP O A V) =6P (05 4,V) = J(V,g),
(2.22) NN A V) =01(B_,U_), d=A,S.

Here J(V,g) is as in (L), and 0y(B_,U_) is as in (2.15—), (2.16—).
(b) If ¢ > 1, then

(2.23) AN A V) =604 v) =0(Vg),
(2.24) OV A V) =0,(B_,U-), d=A,.
Here 04(B-,U-) is as in (2.13—), (2.14—).

3. The model operator (2.94) involves the forms bg-i) or, equivalently, the matrices
Bj(-i) (and, therefore, the tensors of effective masses at the points £(i)), and also the

eigenfunctions w( ) Tt is impossible to avoid the dependence on B( ) in the asymptotic

formulas (217, ([QZIIZI) (222) and [224). As to the more unpleasant dependence on the

functions w§i), the situation is different. These functions can be eliminated from the

asymptotic formulas under some supplementary conditions of “regular” behavior of the
perturbation V. The problem is solved by Theorems 2.5(+) below; to state them, we
need some preparations.

In addition to condition (&) and Conditions 1.1, 2.1(¢q), we impose the following
condition on V' (cf. Condition 2.4 in [BLSul).
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Condition 2.3(+). There exzists a function S = S satisfying conditions (L3), (L6)
(with V' replaced by S) and such that

(2.25) V(x)=Sx)(1+o0(1)) as |x| — oco.
Suppose that every point of the countable set

{€=2m, neZ?\{0}}U{e =6 — &7 +2m, kj=1,... my j#£k neZ?}
possesses a neighborhood O such that the Fourier image ®S of S has the following prop-
erty: for some »x > 1,

S € H*(0), x> 1.

Condition 2.3(%) is implied by the following one, which is easier to verify.

Condition 2.4. There exists a function S = S satisfying ([5), (L), and Z25) and
such that the Fourier image ®S of S has the following property: for some » > 1 and
0<e<l,

®S € H*(R*\ B.), »>1,
where B, = {¢ € R? : |¢] < ¢e}.

Theorem 2.5(+4). Under the assumptions of Theorem 2.2(+), suppose also that Con-
dition 2.3(4) (or the more restrictive Condition 2.4) is satisfied. Then the following is

true for the quantities (Z.1F) and (2:2F).
(a) If ¢ = 1, then ([ZI]) is fulfilled, and

my
(2.26) AV A V) =J(Vig)+ Y a7 (g 1), a=A
j=1

Here J(V,g) is as in (I9), and the quantities 8£+)(V, Bj(-ﬂ, 1) are defined in accordance
with (2Z4).
(b) If ¢ > 1, then ZIR) is fulfilled, and

my
(2.27) o (A A V) =3 oV, 85 1), 9=4.8.
j=1
Theorem 2.5(—). Under the conditions of Theorem 2.2(—), suppose also that Condition

2.3(—) (or the more restrictive Condition 2.4) is satisfied. Then the following is true for
the quantities (2.1=)) and (2.2-]).

(a) If ¢ =1, then [221)) is true, and

(2.28) 270 AV) =Y oPwa ), o=

j=1
(b) If ¢ > 1, then @23) is true, and

(2.29) (A A V) Za<+> 871, a=A

Remark 2.6. From (Z26) and (ZZ1) it is clear that the contributions of different points
£§-+) are independent of one another and enter the asymptotic formula additively. This

is not so in the “parallel” formulas (B17) and @2I9). The same refers to the expressions

[228) and 2.29).
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§3. MODEL INTEGRAL OPERATORS

The model integral operators responsible for the non-Weyl contribution to the asymp-
totic formulas 217), (Z19), (222) and (224) were studied in detail in [BLSu]. Here we

state the corresponding results.
Let W be a complex-valued function on R? such that the function V := |[W|? satisfies

conditions (L€) and (23] (with V replaced by V). Next, let xo(n) = xo(|n|) denote
the characteristic function of the disk || < § with some 6 > 0, and let G(v;V) = G(v)
be the following integral operator in Lo(R?):

31 (GO)o)ly) = (27T)’1W(y)/ei(y””Xo(n)(lnl2 +9%) " 2u(m)dn, 4 > 0.

The operator (3.]) has the same form as the operator (3.2) in [BLSu]; the only difference
is that in [BLSu| it was assumed that W(y) > 0, while in the present setting the function
W(y) may be complex-valued. Obviously, the results of [BLSu] can be carried over to
this case. The following statement is a consequence of [BLSul Proposition 3.6].

Proposition 3.1. Under the above conditions on V, we have

-~

Gv)=6()+2Z(v), rankZ(y)=1,

and the following limit exists:

(3-2) (U);lém G(7) =: G(0) € Tay.

We have R R
G(v) =Gl

Remark 3.2. The operator G (0) depends on the coefficient W linearly (this follows from
the construction described in [BLSul §3]).

Consider the operator
H = G(0)*G(0).
As was shown in [BLSul Proposition 3.7], the asymptotic functionals 85“(71), 0=A,0,
coincide with the functionals &ng) for the ratio

(3.3) / (V)(r)|z(r)|2rdr// () Prdr, 2(1) =0,
1 1
The ratio (83) coincides with ([[28) for f = (V) and R = 1. Thus, the following

statement is true.

Proposition 3.3. Under the above conditions on V, we have
O\ (H) =0 (3.3), 9=A,6

Remark 3.4. 1f V) (y) =V, (y) for |y| > N, then the difference between the corresponding
operators G(0; V1) and G(0; V2) is of class qu. This follows from [BLSul, Proposition 2.2
and §3].

§4. REDUCTION TO COMPACT OPERATORS
1. We denote
(4.1) G\ =WIA = XI|7Y2 XeA,
(4.2) X(\) := G\ (sgn(A = AX)G\)* =W (A - X)W, XeA.
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Recall that W = V1/2. The following observation (see [BI], [BS2]), which relates the
functions (L20) and the counting functions for the spectrum of the operator X (M), is
well known:

(4.3) Ne(a, A V) =ny (6, X (), ta=1, N€A.

In ([@3) we cannot pass to the limit as A — Ay, because the operators (Z1]) and (@2) do
not have limits. Therefore, we need an appropriate regularization.

Proposition 4.1(x£). Suppose that, for \ close to Ay, the operator X (X) is represented
in the form

(4.4%) X(A) =Tx(A) + Y (),
where (TL(A\)* =T+ (N), the limit

(W)-imTy(A) =Ty
A— AL

exists, and (uniformly in \)
(4.5+) rank Yy (A) <7y < 0.
Suppose also that I'y € ¥, for some ¢ > 1. Then

O (A3 A, V) = (H (T),
(4.6x) O\ (A3 A, V) =0S)(Ty),

d=A0, q>1.

Proof. We prove the statement for A\;. Relations [@3), (4.4+) and (4.5+) imply that
(4.7+) Mo s A, V) = e (BT ()| < 7vy ta =1,

for A close to M. In (7)), we can pass to the limit as A — Ay, at least at the points
of continuity of the functions ny (-, I';). We obtain

(48+) |m:|:(a7 >‘+; Av V) - n:t(tvr+)| <ry, ta=1.
Multiplying (48+H) by o~ ? = t? and passing to the limit as a — oo, we arrive at
(4.64). n

Note that relations (4.6+) are preserved under adding an operator of class 22 to I'x.

2. Let (n(x) denote the characteristic function of the disk |x| < N, N > 0, and let
(n(x):=1—(n(x). We put

W () = v W (), Wiv(x) = Cn ()W (x),
Vn(x) = vV (x),  Vi(x)=Cv(x)V(x).
The operator X (A) can be represented as

(4.9) X(A) = Ly(\) + Kn(A) +2Re My (A),
where

(4.10) Ly(\) := Wi (A= X)Wy,
(4.11) Kn(\) == Wi (A= X)Wy,
(4.12) My (N) := Wi (A= X))~ ' Wy.

We are going to regularize the operators (II0)—(EIZ) separately and to examine the
contribution of each of them to the limit quantities (2.14) and (2.24).
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3. Now, we fulfill this program for the model operator (2.94). We introduce the operators
G1(y) = Wit (Bs +7°D)7"%, 5 >0,
acting from 1 = Ly(R?;C™*) to L2(R?), and the operators

(4.134) Xi(7) = B2 ()(G+(y))" = W (B +°1) 7 'TILW, >0,
acting in Lo(R?). The role of ) is played by —v2. We have

(4.14+) No(a, =% By, Uy ) = ne(t, Xy (7)), ta=1, v>0,

(4.14-) Ni(a, % B U ) =ns(t,X_ (7)), ta=1, v>0.

Suppose that, for sufficiently small v, the operator X (7) is represented as
(4.154) Xe(7) =T2(7) + YV (7),
where (T4 (7))* = T (7), the limit
(w)-lim T (y) =: T

y—0

exists, and (uniformly in ) rank Y1 () < 74+ < 0o. Suppose also that fi € 3, for some
q > 1. Then

(4.16+) 9y(Bs,Us) =8\ (Ty), 9=A,68 q>1.
The operator X4 (7) can be written as

(4.17+) Xe(7) = LT )+ LT () +2Re MG (9),

where

(4.184) £ (7) = WyTlL(Bs ++21) "I Wy,

(4.19+) KN (7) = Wyl (Bs +921) "I Wy,

(4.20+) MSE () := WyTILL(Bs + 1) I Wy

In §5 we consider the operators (£10) and (4.18+), in §6 the operators (Z11]) and
(4.194), and in §7 the operators ({12) and (4.20+).

§5. THE OPERATORS Ly (\) AND £(i)( )

1. We put Ly(—1) := Wy (A + I)"'Wy. Obviously, Ly(—1) > 0. By @3) and (1)
(with W replaced by Wy), condition (L7) implies the Weyl asymptotics

(5.1) A (Ln(=1)) = 61(Ln(-1)) = J(VN,9).
Consider the difference
(5.2) LN —Lyn(=1) = A+ D)W (A= X)"H A+ 1) "Wy

Let § > 0 be small enough that E(€) is a simple eigenvalue of the operator A(£) for
all £ lying in the ellipses

V=g 18- <o), =1, me,

and S(i) N E(i) @ for j # k. Let X( ) denote the characteristic function of the ellipse
Ej . We put

X®(€) Zx(i) ), XBP(E)=1-xH ()
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and introduce the projections
(5.34) E®E) = v [P, EE =723,

which commute with A. Here ¥ := ¥, U_ := ¥;_;. We write the operator (52)) as

(5.4+) Ly = Ln(=1) = A+ D(ZF7 0N + 207 (),
where

(5.5%) ZE(N) = Wy (A= ADTEE (A4 1) ' Wy,
(5.6%) ZE(N) = Wy (A= ADTEE (A4 1) ' Wy.

Proposition 5.1(£). The following limit exists:

(5.7+) (£1)-lim Z$P (A) = Z(F (Ax) € 20
A— AL

Proof. We write the operator (5.6+) as
Z ) = Wn(A+ D HFS M)W (A+ D)7,
where FE)(X) := (A+ I)(A — AI)"L1E®). It is ecasy to sce that the limit

(0)-lim FE () = (A+ 1) (A - ) 'E® = FH (L) e R
A— AL

exists. As was shown in [BLSu| §4], we have
Wn(A+I)"exd.
Hence, the limit

(S1)-lim Z$P (M) = (Wa(A+ 1) HFE L)Wy (A+ 1)) e x9
A— A4+

also exists. 0
2. We introduce the operators
(5.8+) G (N 1= WA = M|7V22E) = Wy vt [y&) | EL — A2y
and write the operator (5.5+) as

+ + — + *
(5.94) ZF W) =G NA+ DTG V)"
Proposition 5.2(+). For any N > 0, we have

Gy =GN + G0, rank G () = me,

and the limit

(&)lim G (N) = G (A1) € S8,
A— AL

exists.
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Proof. Since the operator GEVi)(/\) has the form (5.8+), temporarily we can ignore the
operator W on the right. Thus, we study the integral operator with the kernel

ZWN v (x, )X (€)| B (€) — A7V
— ZWN () (x,€) — ) (x, €))7 (€)| B (€) — A7

+ZWN Y@ (x, €\ (€)| B (8) — NV,

The second sum on the right corresponds to an operator of rank m4. Each term of the
first sum on the right can be written as

(W) (69 (x,€) = ) (x, £5) )3 () B (6) = A< 7/?)

(5.10+) ) o i
x (XS (O1BL(E) = AalV2|BL(6) — N712).

The second bracketed expression in (5.10+) represents an operator family strongly con-
verging to the operator [X§»i)] as A — Ax. The first bracketed expression corresponds

to a Hilbert—Schmidt kernel. This follows from the relations Wy € L2(R?) and (1.16+),
combined with the estimate

(5.11) 66 (x,€) — ) (x, 68))] < C(V) [ - €],
x| <N, 8- &) <o

In order to prove (5.11+), we use the representation

P, 8) — e, 657 = (€ &7 er)d

1(x,§) + <€—§§-i),62>192(xvf)7
185 (€ - €5 <6

(5.12+)

where {e1, ey} is the standard basis in C2, and the functions 91, 92 are uniformly bounded
(see [BA] for the details). Then

+
) (x,€) — v (x,€))]
2{x {x (-i)
< @ (x,€) — 0B (x, €5 + | (x, £9)) || e1x:8) — i€,

Combining this with (5.124), we obtain estimate (5.11+). It remains to use Lemma
1.9. 0

Relation (5.9+) and Proposition 5.2(+) directly imply the following statement.
Proposition 5.3(%). For any N > 0, we have
ZEN =Z2F N+ 20, rankZE () < 2me,
and the following limit exists:

(6}\1);11111 ZE ) =Z2F 0w e s
— AL
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3. The following statement is a consequence of relations (51I) and (5.44) and Proposi-
tions 5.1(+) and 5.3(+).

Proposition 5.4(+). For any N > 0, the following representation is valid:
Ly =L 0N + LN, rank L (V) < 2ma,
where the limit

(5.134) (£)-1m L) = L (Ap) e oy
A— AL

exists. We have

(5.14+) AMCTE ) =TT L) = IV, 9).
(5.15+) ATIE () =0,

and

(5.16+) L 0w) = P s )ew.

For the proof it suffices to put
LY ) = In(=1) + A+ DY) + 25 (),
LY =0+12300).
4. The operator ESVi)('y) (see (4.184)) is analyzed by analogy with Ly (X). By (4.14+)
and (2.11+) with v = 1, we have the Weyl asymptotics
(5.17+) AL (1) = 6L (1) = T(Ba, ULY),
where L{ﬂ(EN) (x) := Vn(x)Px(x). Consider the difference
(5.18%) L)~ £ (1) = (1 — )WL (Bs ++21) (B + 1)~ I W

Since By is a differential operator with constant coefficients, it follows that, in the Fourier
representation, By turns into multiplication by the matrix-valued symbol By (n):

By = &*[B.]®.
For (B+ +~2I)~1, we have
(B++771)7" = 2" [Re(7)]®,
where
R (yim) = diag{(05" (m) +4*) )75
Let p§-i)(77) denote the characteristic function of the ellipse {n : |ﬁj(-i)77| < d0}. We put

p ) (n) = diag{pT (), ... oL}, 7)== 1pns — pF(n)

and introduce the projections E(()i) = *[pH)), é(()i) =1- Eéi) in the space H+ =
Lo(R%;C™*). The operator (5.184) is represented as

+ + + (£
(5.194) £ - £501) =1 -EF () + 28 (0),
where
(5.20+) ZF (y) = WaTLe(Bx +42) B (Be + 1) 1T Wy,
(5.21%) ZF (y) := WaTLe(By + 421 'E( (By + 1) I W

The operators (5.20+) and (5.21+) are studied by the same method as the operators
(5.5+) and (5.6%). In order to avoid repetition of similar arguments, we omit the proofs
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of the following statements, which are analogs of Propositions 5.1(+) and 5.3(+). Note
that the proofs become simpler somewhat, because, instead of the operators ¥, we now
deal with the simpler Fourier operator ®. At the same time, the matrix character of the
operators (5.20+) and (5.21+) does not add serious difficulties.

Proposition 5.5(%). The following limit exists:
(21)-lim 257 (7) = 257(0) € 9.

y—0
Proposition 5.6(+). For any N > 0, we have
+ (& 5 (£ < (+
200 =27 )+ 2570), rank 250 (0) < 2me,

and the limit
(&1)1lim 257 (1) = 257(0) € &,

’y—)O

exists.

5. The following statement is a consequence of relations (5.17+) and (5.19+) and Propo-
sitions 5.5(+) and 5.6(%£).

Proposition 5.7(+). For any N > 0, the following representation is valid:

LEN=F+LE ), rankl$H(y) <2my.

The limit

(5.224) (Ei);%)im LE () =L 0) ey

erists, and

(5.23+) ATER (0) = 677 (L5 (0)) = T(Ba, ulY),
AL (0) =0

We have

(5.24:t) L 0) = (L (0)Cw

For the proof, it suffices to put
LY () = L5 (1) + (1 =) EF () + 257 (),
E= 5 (%
£P ) =1 -2 ().

§6. THE OPERATORS K n(\) AND IC%) ()
1. The operator can be written as

(6.1+) Env(N) =QF ) + K\,
where

(6.2+) QY () == W (A — A T'EH Wy,
(6.34) KF ) = Wy(A - A)T'ESWy.

The projections Z*) and E*) were introduced in (5.3+).
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Proposition 6.1(+). The limit

(6.44) (2}]\1);\11111 EKH0) =KF0) ey
exists, and

(6.5%) AFUER (0w)) = 07K (0w) = T (Vs 9),
(6.6) AR (Ow) = 0.

We have

(6.74) K () = K ().

Proof. By Hilbert’s identity,
KF N =KF (1) + A+ D)Wh(A =AD" HA+ ) 'ES Wy,
Arguing as in the case of (5.7+), we easily check that the limit

(6.8+) (£1)-lim(KF (A — K (-1)) e 29
A— A+

exists. We show that

(6.94) K (1) - Wh(A+ D) "Wy e 20,

Indeed,

K (-1) = Wy(A+ D) ™'Wy = Wy (A + 1) T'2E& Wy
—~(Wn(A+ D)) (A+DE®)Wn(A+1)71)"

The relations (A + I)Z®) € % and Wy (A + 1)~ € %Y (see [BLS, §4]) imply (6.94+).
By (@3) with A = —1 and the asymptotic formula (IIT), we have

(610)  AP(Wxn(A+ D Wx) =87 (W (A+ 1) W) = J (V. g).

Obviously, A\ (Wy (A + I)~'Wx) = 0. Now, (6.84), (6.94) and @I0) imply (6.44)
(6.6%). Relation (6.74) follows directly from (6 3+) and (6.4+). O
2. We write the operator (6.24) as

(6.11:) QYN =G NGV

where

(6.124) GE(\) := WA — AI|7/2E@),

Consider the operator

(6.13+) GE(\) = Wi [\ B |EL — A~V Z TE (AW,

where

(6.144) TN = W Wi B — A7Y2, =1, ma.

We start with the study of the operators (6.14+). The kernel of the integral operator
Tj(ﬁ)()\) has the form

(6.15+) (2m) T W (xS ()| B (€) — A|7H/2e 0 o) (x, ).
Along with Tj(;)()\) we consider the operator f](;)()\) with a simpler kernel, namely,

(6.164) (2m) " Wi (x ) ‘ib (5 é(i))_,_)\ )\|—1/Qei(x,§><p§:|:)(x).
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Recall that b§»i) is the quadratic form introduced in (1.16+), and gog-i) is the periodic
function defined in (1.194). The following statement shows that, under regularization,

the operator Tj(ﬁ)()\) can be replaced by ZA’](;)()\)
Proposition 6.2(£). The following limit exists:

(6.17+) (o) im(TR (N = T (V) j=1,...,ma.
A— A+
Proof. We proceed in two steps. First, we replace the functions () (x, &) by go;i)(x) =

Q(i)(x,égi)) in (6.15+). Here we use the representation (5.12+). The difference of the
corresponding kernels can be written as

(2m) W o™ (€)™ (¢ (x,€) — o) ()| B (€) = As| /%)
+ —
x (HENELE) — Al V2 B (§) = A72).
Here the first expression in parentheses corresponds to a kernel of the Hilbert—Schmidt

class. Indeed, Wy € Ly(R?), and, by (5.12+), the function (¢™*)(x, &) — ga;i)( )) elimi-

nates the singularity |Ey (&) — Ax|~Y/2 =< |€ — £(i)| L. The second expression in paren-

theses represents the kernel of an operator famlly strongly converging to the operator

[Xgi)] as A — Ay. By Lemma 1.9, this yields (&2)-convergence. It remains to replace

Ey by (Ax £ b;i)). Now, the difference of the corresponding kernels can be represented
as

((2m) T 2 @2 (e
(O A~ 2 e ) 520 ).

Here, obviously, the first expression in parentheses represents an operator of class &g,
and the second generates a strongly convergent operator family (by (1.164)). Referring
to Lemma 1.9 once again, we obtain (6.17+). O

3. It is elementary to reduce the operator YA’](JJ\[,)()\) to the operator G() treated in §3,
with 72 = £(\+ — A). Indeed, the change of variables n = 6 (£) (é é(i)), y = (ﬁ](»i))_lx

in the kernel (6.16+) results in the kernel of the operator (B:ﬂ) with

6.18%)  Wiy) =W ) = Wn (B y)e (05 y) exoli(5 )y, 7)),
+ + + £) 1217

(6.19+) V() =V (89l (791 = (165 P Vi) g0 (9):

We recall that conditions (LG) and (.34) for v zmply similar conditions for V. Obvi-
ously, the corresponding operator G(vy) = g ( ), 7% = £(Ax —A), is unitarily equivalent

to the operator f](]ﬂ\:,)(/\) Propositions 3.1 and 6.2(+ ) imply the following statement.
Proposition 6.3(+). 1°. The following representations are valid:
A(E +(£ + .
TN =TF N +Y5 0N, =1...ms,

=+ + + .
TN =T + Y0, = 1...me,
ranky’fi)(A):la j:17"'7m:t7
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where the limits

(A)ilmT(i)() =T (L) €Dy, j=1,...,my,
— AL

(A)?mﬂi’() =T (L) €Dy, j=1,...,my,
— AL

erist, and
+) + .
TV 0e) =T 0x) (mod 33,), j=1,...,mx.
2°. The operator j\;( (A1) is unitarily equivalent to the operator G(0) = gAj(ﬁ)(o) defined

as in (B2) with G(v) = gj‘.ﬁ’ (), i.e., in the case where (6.18x) is fulfilled.
3°. We have
(6.20+) TV 00 = TR 0s),  TH0w) =T O,
+ + ) A ~(+ +
T3 00 = TF 000G TR 0w = T 0w ™)

4. We turn to the operator (6.11+), which we write in the following form, in accordance
with (6.13%):

Z TN (V)E)".

J,k=1

Simultaneously, we consider the operator
7,k=1
Proposition 6.3(%) implies the following statement.
Proposition 6.4(+). We have
QEN =P + v 0, rank VP (\) < 2my,
@g\?:)(/\) = ﬁ%)(/\) + ?Js,i)()\), rank }/}]S,i)()\) < 2mx,
where the limits

W)-1limQF () = 2F ) e x,

A— A4
m4
(;1)-1;@5&@ =970 =+ Y T 00 (TS M)ve)” € 5,
Ak J.k=1
erist, and
(6.21+) QP04 =2 0x)  (mod 2).
We have
(6.22+) QP 0 =P 00, AP 0w) = aAE () ly.

Observe that the operator Q%}H()ur) is nonnegative, and the operator QSV_)()\,) is
nonpositive, because

V() = (ZTM (As) \pi> <Z7}€N Ai)\I/i> .
k=1

7j=1
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Therefore,
(6.23) n_(t, Q7 (A ) =0, t>0,
(6.24) ny (6,25 (A) =0, t>o0.

5. Instead of ﬁgvi)()\i), it is more convenient to study the operator j:\I/’:"tP](Vi)()\i)\I/i
with the same nonzero spectrum. Here

m4
(6.25+) PO = 3 (TS 00 TR On).
j,k=1

Since the operators W are partially isometric and surjective, the nonzero spectra of the
operators Q%)(Ai) and :I:P](vi)()\i) coincide. Hence,

(6.26+) o @ () =PI (), 0=4,
(6.26-) o7 @% () =P (), 9=A4.0.

By Proposition 6.3(+), 2°, the operator 'f;(]f,[)()\i) is unitarily equivalent to the oper-
ator QA](]%,) (0). Therefore, Remark 3.4 implies that

TQ) 1) =TH)(Ax) (mod £3,), Ny, Ny > 0.

Consequently, the quantities 8§+)(P](Vi)()\i)), 0= A,0d, do not depend on N. Combining
this with (6.21+) and (6.26+), we obtain the following statement.

Proposition 6.5(%). The quantities
(6.27) oD@ () = 0D (), 9@y (A-)
are independent of N.

I
Q
=
L
~
*
N

We introduce the notation
+ ~(+ «(E
(6.28+) HY = (T3 00) LY ).

By (6.191), Propositions 6.3(%) (item 2°) and 3.3, and the definition of the quantities

[4)), we obtain

(6.29+)

We represent P](Vi)()\i) as

(6.30) PP (M) = P (0n) + PV (),
m4

(6.31) PP =S HY,
j=1

(6.32) PP 0w) = Y (TN 0D T ).
J#k

By (6.21%), (6.26+) and (6.27)) we have
(6.33) O (x) = 9P (Ap)), ) (%) = 0L (P (ML),
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We calculate 9 H( (/\i)). By (6.20+) and (6.28+), the summands in (6.31+) are
pairwise orthogonal. Therefore by (6.29+),

my
(6.34%)  OD(PSY (As Za“ (HY) =30 W, s 00, a=A,s.
j=1 j=1
6. We summarize the results for the operator Ky (\). We put
(£ ~(+ +
K0 = K70+ 2y 0.

The following statement is a consequence of (6.16+) and Propositions 6.1(+), 6.4(+),
and 6.5(=L).

Proposition 6.6(+). We have
Kv\) =KFE N +vF 0, rank Y () < 2ma,

where the limit

(6.35%) W-lmEF ) = KPP 0s) =K 0w) + 25 0w e 3,
A— A4+

exists. If ¢ > 1, then

(6.36+) O (KN () = 9l (@ () = 05 (+),

(6.36-) (K (A)) =@l () = 07 (+),

and the quantities (6.36+) do not depend on N. If ¢ =1, then

(6.37+) Jim 9 (KR (A) = 0 (+),

(6.37-) N@;ﬂ (B O0) =07 ().

Forq>1,

(6.38+) ATEF () =0,

(6.38—) Jim ATET ) =o.

We have

(6.39+) E{ () = KV (M)

Proof. It remains to prove (6.38%) and (6.39+). Relation (6:38H) follows from (6.35+),
(6.6+) and (@23). Next, relations (6.35—), (6.5—) and ([@24) imply the inequality

APES () < ATES (00) = IV, g).

It remains to observe that the right-hand side tends to zero as N — oo. This proves

(6.385).
From (6.7+), (6.224) and (6.35+) we deduce (6.39+). O
7. We pass to the operator (4.194), which is represented in the form
(6.40+) K () = O () + KRV (7).
where
(6.41£) O (7) := WLy (By + 721 "= I Wy,
(6.42+) K (7) := WaILL (B +~21) 2SI W

(+)

The projections Ey " and = (i)

were introduced in Subsection 5.4.
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Proposition 6.7(%). The limit

(21)_})1111 KE ) =KF0) e,
’y—)

exists. The following asymptotics is valid:
AT (KRR (0) = 077 (K3 (0) = T(B, i),
where aiN) (x) = VN (X)Px(x). We have IE%)(O) = ZNIE%) (0)Cw-

Proof. Since the proof is similar to that of Proposition 6.1(+), we omit it in order to
avoid repetition. O

Obviously, the operator (6.42+) is nonnegative, so that
=(+
(6.434) n_(t,KF(0)) =o.

8. Now, we find a relationship between the operators QSVi)()\) and QSVi)('y). Denote

m4+

S+ S+
(6.444) TV =Y T ),
j=1
where fj(ﬁ)()\) is the integral operator with the kernel (6.16+). Then

(T (N )(x)
6454) =MD Wn()
j=1

X / X (©) (617 (¢ — €59) 4 42) 205 () £(¢) a,

where 72 = +(A+—\). We transform (6.45+), making the change of variables = £—£§-i)
in the jth summand and introducing the notation f(n + £§i)) =: h§-i)(77). Then

(T (N)(x)

=(2m)71 Y Ww(x)

+ + “1/2 i(x,m) i(x,e$5) (£ +
X/p§ () (65 () +72) 2t tom 87 o) () ) () .
Let h(¥) = (:ol{hgi)}mi =: Y& . Clearly,

i=1=

(6.46%) TP NF = WaTLd* [pB) (Re(1)VnH) = 85 (1)@ [p )1,

where

(6.47+) &) (7) 1= Wyl (Bs +421) /25,
It is easy to check that

(6.48%) o* [pE]TE (TE) D] = =57

Then (6.41+) and (6.46+)—(6.48+) imply that
£ (£ = (E * A(E A(E *
A7) =8 EF () =TI ) 2 = £ =),
Proposition 6.3(+) and relation (6.44+) yield the following statement.
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Proposition 6.8(%). The following representation is true:

0P () =P () + ¥ (), rank Y (7) < 2ma,
where the limit R N
()-lim O (7) = QF7(0) € B,

=0
erists, and
(6.49+) o (0) = T3 (T (),
where
my
TV 0w) =3 TH 0s)
j=1

We have Q(i)( 0) = ENQ%)(O)ZN,
From (6.49+) and (6.25+) we deduce that
A+ (4 =+ « +
7HQN(0) = 0 (Ty ) (T 0w))) = 0 (P (),
Taking (6.21+) and (6.26=+) into account, we arrive at the relations

(6.50+) oA () = @Y (A)) = 9P (9 (0)),
(6.50-) oA (A-)) = 9 (@AK (A=) = 9P (95 (0)).
Obviously, the operator (6.49+) is nonnegative, whence

(6.51+) n_(t,0%(0)) = 0.

9. We summarize the results for the operator IC%) (7). We put

K$ () = K5 () + 25 ().

Relation (6.40+), Propositions 6.5(+), 6.7(+) and 6.8(%), and also relations (6.43+),
(6.50+) and (6.51+) yield the following statement.

Proposition 6.9(%). The following representation is valid:
KV () =K )+ 387 (), rank V{7 (7) < 2ma,

where the limit

()-lim K57 () = £§7(0) € 3,

7—0
exists. If ¢ > 1, then
(6.52+) oS (K (0)) = i) (+),
(6.52—) oS (K (0)) = 057 (+).
If ¢ =1, then
(6.53+) Jim 0P (R (0) = o (),
(6.53-) Jim 9P (R (0)) = 07 (+).
We have

n_(t,K5(0) =0,
(6.54%) K 0) = (vKE (0)Cw.
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§7. THE OPERATORS My () AND Mgf)(y)

1. We represent the operator ([£:12) as follows:

(7.14) My () = MG () + Mg~ (),

where

(7.24) M) = Wa (A= ) T'EG Wy,
ME(\) = Wy (A=) ESOWy.

Then

(7.3+) M) =0T W e% W),

where

(7.44) O (N) 1= Wy|A — AI|7V/2E®),

O (\) := Wn|A — AI|V2(A = AI)TIED),
Proposition 7.1(£). The limits

(7.5%) (22)lim O (\) = 0 (\2) € 5y,
A— A+

(7.6%) (Z2)lim O (\) = 0 (A1) € 5,
A— A+

erist, and

(7.74) Jim A0 (A1) =0,

A2 (05 (A1) < C(V)o-

Proof. The operator (7.4+) can be written as

O () = (Wn(A+ 1) V) ((A+ DV?|A - A|7V2E®),

The second expression in parentheses converges in the operator norm to the bounded

operator
(A+DY2|A - 21722

as A — A+. By @3) and (LI0) (with A = —1), we have Wy (A + I)~1/2 € ¥,. This

implies (7.5+) and the estimate

As(OF(As)) < C1A (W (A+1)72) < Co(Va)o
Obviously, (Va)e — 0as N — co. This proves (7.7+). Relation (7.64) and the estimate

A2(07 (A1) < C(Viv))e < C(V)s

are proved in a similar way.

The following statement is a consequence of (7.3+) and Proposition 7.1(%).

Proposition 7.2(+). The limit
(S1)-lim MG () = MP(As) € 34
A— A4+

erists, and
lim Ay (M (A1) =0.

N—o0
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2. In accordance with (5.8+) and (6.12+), we write the operator (7.24) in the form
+ ~(E + *
(7.84) M) = 2GR A(G )"

Using (7.84), Propositions 5.2(£) and 6.3(+), and relation (6.13+), we obtain the fol-
lowing statement.

Proposition 7.3(£). We have
MPE ) =ME ) + M), rank MEP (N < 2me,
and the following limit exists:

(w-lim B 0) =: M (0 € 55
— AL

We put
+ TR+ A+
My (V) = Mg~ () + My~ (V).
By (7.1£) and Propositions 7.2(+) and 7.3(%), we obtain the following statement.

Proposition 7.4(+). We have
My(\) =mE ) + ), rank (P (N) < 2me,

and the limit
(W-lim9mE () = mF (A\y) e 5,

A—Ag
exists. If ¢ > 1, then
(7.9%) M A)exd, ¢>1.
If =1, then
(7.10+) Jim A (E () =o0.

3. The operator (4.20+) can be studied by analogy with the operator ([£I12). In order to
avoid repetition, we omit the details and formulate the result. The following statement
is an analog of Proposition 7.4(=%).

Proposition 7.5(+). We have
MR () = () + M (), rank M (7) < 2

and the limit
(u)-lim MG (7) = M (0) € B,

y—0
exists. If ¢ > 1, then
(7.11) My 0 exd, ¢>1.
If q =1, then
(7.124) lim A (M (0)) =o0.

N —o0
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§8. PROOF OF THEOREMS 2.2(+)
1. Now everything is prepared for applying the general method of §4. In accordance
with ({L9), regularization of the operator X () (see (£2)) reduces to Propositions 5.4(+),
6.6(+) and 7.4(%). The operator X (A) is representable as in (4.4+), with the operators
rF0) =LF 0N +KEP 0 +2RemP(N), N>o0,
DO = L) + Y () +2Re T (N), N >0,
in the role of '+ (\) and Y4 ().
We have
rankﬁ‘jg\?:)(/\) < 6m4,
and the limit
(W-lim T (N =T (Ap) € 5,

A— AL
exists, where
(8.1%) TR (s) = LT Ow) + K7 () + 2Re MG (A ).

The parameter N will play an important role in what follows. We write relations
(E6E) for the operator I‘%)(Ai):

(8.24) O N3 A, V) =D (Ar), =45,
(8.3%) 0 A V) =0T (L)), 9=A,6.

Since the left-hand side is independent of N, so is the right-hand side. Moreover, the
right-hand side does not change under adding an operator of class Eg to Fg\,i)()\i).

2. For the model operator, by (4.17+), regularization of Xi(v) in (4.13+) reduces to
Propositions 5.7(£), 6.9(+) and 7.5(%). The operator Xy (7) is representable as in
(4.154), with

I () = L5 () + K () + 2Re M (1), N >0,
DY () = L5 () + V() +2Re MG (). N >0,
in the role of 'y (7) and Y (vy). We have
rank@%)(’y) < 6ma,

and the limit

(w-lim P () = TR7(0) € %,
’Y—?

exists, where
(8.4) 160) = £ (0) + £ (0) + 2Re M (0).
We write relations (4.16+) for f%)(O):

(8.5%) 0q(Bx,Us) = 05TV (0), 0=A,0.
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3. It is convenient to start the proof of Theorems 2.2(+) with checking statement (b)
(the case of ¢ > 1). In this case, from (8.1%), (5.13+) and (7.9+) it follows that

F%)(Ai) — IA(,(Vi)()\i) €Xy, ¢>1
Hence, by (8.2+) and (8.3—),

(8:6+) AP AV) =D (KY (), 9=A.5,
(8.6-) A AV) =K (M), a=A,

For the model operator, relations (8.4+), (5.224) and (7.11£) imply that

~

Y0 -0 ex?, ¢>1
Then, by (8.5%),

(8.7+) 0(By,Uy) = 0{(KN(0), 0=A,0,
(8.7-) 0(B—,U-) = 3K (0), =40
By (8.7£) and (6.52+), we have

(8.84) 0y(Ba, Us) = 055 (%).

Comparing (8.6%), (8.74) and (8.84) with (6.36%), we obtain (ZI9) and ([Z24]).
Relations (ZI8) and (Z23) will be proved below in Subsection 8.5.

4 Proof of statement (a) (the case of ¢ = 1). For ¢ = 1, in (8.18+) the terms
()\i) (/\i) i)ﬁgvi)(/\i) are of class 1. Thus,

(8.9+) a‘i’@‘“( D) =0T O+ B0 +2Re M (M), 9=A,0,

B89-) oFT ) =F TN+ K0 +2RemV(A)), a=A,6

In (8.9+) we pass to the limit as N — oco. As has already been mentioned, the terms
on the left-hand side of (8.9%+) do not depend on N. Relation (7.10+) allows us to
apply Proposition 1.7. Next, we take into account that, by (5.64) and (6.39+), the
contributions of E%)()\i) and I?J(Vi)()\i) to 8#) can be added. Then, using (8.2+) and
(8.3%), we obtain

(34 V) = lim o (L () + lim o (KD (),

o7 (A AV) = Tim oFF (LY (M) + lim 97 (K (M),

Now (5.14%), (5.15+), (6.37+) and (6.38) imply that
(8.10) V(A A V) = J( ) +0 ), a=A,6
AT (A5 A V) =
(8.11) A ;A,V)—6(+ A A V) =J(V,g), 0=A,0,
(8.12) A V) =0 (%), 9=A6

For the model operator, if ¢ = 1, then the terms in (8.4+) are of class 3. Then, by
(8.4%), (8.5%), (7.124), (5.24+) and (6.54+), we have

On(Be,Us) = lim oY (L5 (0) + lim 0" (KR (0)).
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Combining this with (5.234+) and (6.53+), we arrive at the relations
(8.13+) O1(By,Uy) = J(By Us) + 07 (%), 9=A,6,
(8.13—) (B U_)=J(B_,U_)+ 0 (x), 9=A,0.

Comparing (8.10) and (8.134]), and also (8.12)) and (8.13—), and recalling (2.15+) and
(2.161), we obtain ([2.I7) and (2.22). Relation (811) implies (2:21). Relation (2.18)) will

be proved in Subsection 8.5.

5. Now we prove (ZI3) and (ZZ3)). Since M_(«, \; A, V) is a monotone nonincreasing
function of A € A (with « fixed), from ([Z22F) it follows that

N_(a, A A, V) <N_(a, A, V), XeA.

Combining this with Proposition 1.6, we obtain (I8) (with ¢ > 1).
Similarly, 914 («, A; A, V) is a monotone nonincreasing function of A € A (with « fixed).
Then ([C225) yields the inequality

Ny(a, A A V) <N_(a, ;A V), A €A
Combining this with (IZII), we obtain the estimate
AT AY) < J(Veg).

Next, observe that the potential Vi satisfies the conditions of Theorem 2.2(—) with
g = 1. Therefore, by (Z21)) with V = Vy,

AT O A V) = 677 (A5 A, Vi) = T (Vv g).
Since Vy(x) < V(x), we have
My (, Aoz A, Vi) < My (a, A_; A, V).
Thus,
TV, ) = 017 0 A V) < 877 A V) < AT (A V) < U (Vo).
Letting N — oo, we arrive at (2.23).

6. Proof of statement (c) of Theorem 2.2(+). Let ¢ = 1. Relation (217) shows
that the Weyl asymptotics (2:20) occurs if and only if
Ay (By,Uy) = 61(By,Uy) =0.

By (2.154) and (2.16+4), this is equivalent to the Weyl asymptotics for the model oper-
ator:

(8.14) Ar(By,Uy) = 01(By,Uy) = J (B4, Uy).
By (BI3F), relation (8I4) is equivalent to

(8.15) AP () =o.

Next, (633) shows that (BIH) is equivalent to the relation
(8.16) PGP (A e 5,

where P (\) is the operator defined by (6.25+). For the proof of (B16), it suffices to
check that

%%)(A+)€ng J=1...,mq,
or, equivalently,

(8.17) HP ext j=1,...m4.
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The operators Hj(;\r,) are defined by (6.284). By (6.29+), condition (8.I7) means that
(8'18) A:(l—‘r)(v’ /8§+)’SD§+)) 07 j = 1""7m+'

Finally, from (23) it is clear that the condition A(1+)(V, 1,1) = 0 ensures (RIR), and,
consequently, also (Z20). The proof of Theorems 2.2(%) is complete.
§9. PROOF OF THEOREMS 2.5(+)

1. By (8.84) and (8.13+), Theorems 2.5(+) will follow directly from Theorems 2.2(+)
if we prove the relations

(9.1+) A% ( Za“ V.8571), a=2A,8, ¢>1,
j=1

(9.1-) a8 (x Zaﬂ V,8570,1), a=A,6, ¢>1.
7j=1

We recall that the quantities &gi)(*) were introduced in (@27). By E33), (6.30+),
(6.31%) and (6.34=%), for the proof of (9.14) it suffices to establish the following two
propositions.

Proposition 9.1(+). Let
+ =+ « (£
P Oa) = (T ) T O
Under the conditions of Theorem 2.5(+), we have
£ .
(9.24) Ay(PER(AL)) =0, j#E.
Proposition 9.2(%). Under the conditions of Theorem 2.5(+), we have
+ () By _ g+ (#) — :
8(5 )(Vaﬁ] 7@] )_83 )(Vaﬁ] 51)7 8_A755 .7_1)"'7mi'

Proposition 9.2(+) follows from [BLS1, Lemma 7.1].
2. All of what follows is devoted to the proof of Proposition 9.1(%). We recall that
the operator Tj(]ﬂ\:,)(/\) was introduced in Subsection 6.2 as the integral operator with the

kernel (6.164), and the operator 'f;(]?)(/\i) was introduced in Proposition 6.3(4) as the

result of the regularization of fj(ﬁ)()\)

We introduce some new notation in order to reflect the dependence of operators on the
coefficients explicitly. Let 20(x) be a function on R? such that |20|? satisfies conditions
(CH) and (with V replaced by |20|?), and let p(x) be a continuous periodic function

on R2. By Tji)('y; 20, ¢) we denote the integral operator with the kernel (cf. (6.16+))
(2m) 1) (o) (€) (07 (€ — &57)) %) 126,

(9.31+)
j=1....,mgy, v>0.

From Proposition 3.1 it follows (cf. Proposition 6.3(4)) that
)

+ + .
(9.4%) T (1;20,0) = T (1320, 0) + S (120,9), j=1,...,mx,
(9.54) rank T (v; 20, ) = 1,

and the limit

(9.6) (W)-lim T (120, ¢) = T (0;20, ) € Ba

’y—)O
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exists. Remark 3.2 shows that the operator ‘§§»i)(0;ﬂﬂ, @) depends linearly both on 20
and on .
Let 1 be a function satisfying the same conditions as ¢. We put

(9.7+) Py (W, 0,0) = (T (1:20,0) T (W, 0), k=1, ma.
Relations (9.44)—(9.64) imply that
(9.84) P (12, 0,0) = B (12, 0,9) + 35 (W, 0, 0),

where

(9.9+) P (20, 0,0) = (X (W, 0) T (W), k=1, me
We have

(9.10+) rank 31 (; 20, ¢, ) < 2

and the limit

(9.114) (u)- lgm‘ﬁ N(;20, 0,9) = *ﬁ,i?(o;m P, ) € X4
'Y—?

exists. Next,
(912+)  PBE0:2,0,9) = (57(0:20,9) T (0:20,0), kj=1,...,ms.

By Proposition 3.3 with k = j and ¢ = v, we obtain (cf. (6.28+) and (6.29+))
(9.13%) oV (P02, 0,0) = AW, A7 0), 9=4,5, j=1,...,ms.
3. In accordance with the new notation,
(9.14%) i}%)(/\i) = §(-jt)(o; WN7<P(i)), J=1...,my,

+ ). 57 +) (£ )
PIi]]\)T( ) ;‘]3( )(O’WNa ( )790§ ))ﬂ ka]:]-v"'7m:|:~
Proposition 9.3(+). Let S be the function introduced in [Z25). Then
Proof. By Proposition 1.8, we obtain
N 2
(a0 (PG Wn,0,0) - B (0:VS,90.)))
< Cyag (T (0: W, 9) ) Aoy (357 (0: W, ) = T79(0: VS, 0))

+ Cyag (B0 VS, 1)) Az (370 Wi, 0) - TV (0:VS, ).

We have R N - ~ —
(0 W, ) — T (0; VS, ) = T17(0: Wy — VS, 9).
By (9.124) and (9.134),

Baq (3770 = VE,0)) = A, (B (0: Wy — VS,0.0))
= ALY (W = VS, 85 0)

Here the right-hand side is equal to zero (see the proof of Proposition 2.2 in [BLSul).
Similarly,

A ((E;i)(o; Wi — VS, ga)) —o.

As a result, we obtain

Ay (B0 Wx.p,0) = B 0:VS 0, 0)) = 0
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Combining this with (I.26]), we arrive at (9.15%). a

Proposition 9.4(£). Let tgr)(x), seN, r=1,2, be a sequence of periodic functions of
class Loo(R?) such that

(9.16+) lim |0 — gl =0, lim |62 — ], = 0.
§— 00 §— 00

Then

. S+ (£

8151010 Aq (sp](cj)(o;ﬂnv t.(sl)vt.(s2))) = Ay (sp](cj)(o;ﬂnv 1) 7/1)) :
Proof. By Proposition 1.8,
S S 2
(Aq (‘:p;(w )(Oa ma 2 1/)) - g‘pgc])(oa ma tgl)v t(92))))
< Cylgy (%,(f)(o; W, s0)> Asq (§§i>(o; 20, ¢) — T (0,20, tf)))
=(+ =(+ =(+
+ Cyla (357(0;20,12) ) Ay (517 (0320, 0) — £ (0320,61))

We have

&) . _&H) . 2y — (. e

T(0;20,9) — T,77(0;20,¢,7) = T,77(0; 20,4 — £.7).
By (9.12+) and (9.13+),

Bag (F77) (0320, — 1)) = A, (12012, 87 w0 — 1),
The definition of the quantities (2-4) and the standard variational arguments show that

+ +
A (1202, 57— 1)) < o — 1P |7 A, (207,557, 1),

By (9.16+), the right-hand side tends to zero as s — co. Similarly,

Agq (‘§§»i)(0; W, — tg”)) —0 as s— o0.

The quantities Ag, (%f”(o; 20, th))) are dominated by Hth)HQLZo A (12017, Bﬁi), 1); there-
fore, they are uniformly bounded for s € N. As a result, we see that

A, (‘3\3,(;)(0;%,@,1&) - A,ﬁ?(o;m tgl),th))) —0 as s — oo.
It remains to refer to (I:26). O

The following proposition is a direct consequence of Propositions 9.3(+) and 9.4(%)
and relations (9.14+).

Proposition 9.5(1+). Let S be a function satisfying 228). Suppose that for every
trigonometric polynomial of the form

(9.17) ) = Y dpermima =12
meZ2: | m| <M,

we have
(9.184) A, (53%’(0; \/E,t“),t@))) —0, j+£k

Then relations (9.2+) are valid.
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4. Now we attack the problem “from the other end”. For k # j, consider the operator
(9.7+) with W = /S, ¢ =t ¢ =3

9.10%) B () =B (0 V8V 1®) = (T (33 V5, 10)) T (35 VS, 1)),

where ¢tV and t® are trigonometric polynomials of the form (@I7). In this subsection,
to the operator (9.194) we apply another method of regularization, different from that
used in Subsection 9.2. (Cf. [BLSul, §7].) By (9.3%), the kernel of the operator (9.19+)
has the form

(2m) " H(@(StDt@) (& — n)x " (€)X (1)
x (055 (€ —€7) +42)2(00 (n — €09) +42)712,

where ®(St(Mt2)) is the Fourier image of the function St(M¢(2).

In what follows it is convenient to change some notation in (9.204). Let A be a
553[) _ P
J

(9.204)

function defined in some neighborhood O,(j) of the point and satisfying the

condition

(9.21) Ae H*(OF)), »x>1.

We fix a sufficiently small number ¢ > 0 and put Bkj (e):={&:)€— §k ﬁ(i)| <e}.
Suppose that B(i)( 3e) C O,(wi) and that the number ¢ is so small that £ —n € B(i)( )
for € € suppx,(c ) n € suppx( ). Next, let ¥ € C§°(R?) be such that ¥(¢) = 1 for
£ € B,(;)(Zs) and suppd C B](:;:)(?)E). In Ly(R?), we consider the integral operator
I(#)('y) with the kernel

kj
75 (&m; )
(9.22:+) = (2m) 1€ — m)x €X' ()
x (0556 —€7) +42) 7200 (n — €09) 442712,

v >0, k # j. We regularize the operator I,ij )(fy) in order to pass to the limit as v — 0.
We put
02 = Ay, Ao = B*Ay.
Then
(9.23) Ao € H*(R?), s >1,
and in the kernel (9.224) it is possible to replace A by Ao:

T3 (€ m) = 2m) (€ - mx (@ ()

(9.24%) ~ (b](gi)(f _ 5](62‘:)) + 72)_1/2(b§-i)(7] o €§i)) + 72)—1/27
v>0, k#J.

We regularize the operator I,gjt) (), replacing the kernel (9.24+) by the kernel
7€)
= (2m) (Fo(€ — m) — Fo(€ — &) — Ao — m) + Ao(&" — €1))
+ +
<X €)x ()
x (6576 =€) +27) 720 =€) #9772 4> 0, k£

(9.25+)
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The corresponding operator is denoted by f,iji) (7). Clearly,
(9.26+) rank(Z) (1) = I (7)) = 3.

The operator f,gjt)('y) makes sense also for v = 0. Moreover, the following statement is
true (cf. Proposition 7.2 in [BLSu]).

Proposition 9.6(+). If condition (21 is fulfilled, then the operator f,(j)(O) is well
defined and

(9.274) 770 € &4,
(9.284) (&1 )(l)lm.’[(i)( v) =TI (0).
v—

Proof. For v = 0, the kernel (9.25+) can be rewritten in the form
F(E — + £ + )\\— + +)\\ —
T3 (€ m:0) = (2m) 7 x @x5 () (07 (6 — €7) 7205 (n — &5)) 2
" / 2o (30) (e~ 1008) il ™)) (pibem) _ cilel)) gy

Thus, the operator f,(j)(O) is the composition of three operators:

Z(0) = (7)) T

J

Here jk(i) and jj(i) are the integral operators with the kernels

T8 (x.€) = (2m) P (©) (657 (€ — €)M ()| /2 (08 — i),
~7j(i) (x,m) = (2ﬂ)*1xgi)(n)(b§i)(n . égi)))ilﬂ|Ql0(x)|1/2(ez<x’"> B €i<x’£§i)>),

and 2g(x) = Ao(x)|™Ao(x)| 7 if Ao(x) # 0, and Ag(x) = 1 if Ay(x) = 0. For the proof of
(9.27+), it suffices to check that j(i) jj(i) € G5. We have

1720 e e

< w‘Q/IQlo(x>|</g(i)(b,§i>(g_glgi)))—lsinz@_lx(g _élgﬂ))dg) i

< [(1+ log(1+ )[R ()] dx.

Here Elgi) = supp X,(Ci) is the ellipse introduced in Subsection 5.1. Thus, we arrive at the
condition

(9.29) /(1 + log(1 + |x])) %o (x)| dx < 0.
On the other hand, condition ([@:23) means that
190012 s f/mo 2(1 4 |x[2)*dx < 00, x> 1.

Therefore, [@.29) is fulfilled and, moreover,

+ o 111/2 1/2
175 ez < Callol3£2 gy < Call )2 o

+ 1/2 2
17/ s < CallBoll i ) < CallU2

This yields (9.27+).
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We rewrite the kernel (9.25+) as follows:
2+ + + + + - + (+
25 € m) = (0076 - €)' 200 (€ - 67) +92) 720 ©)) 25 (6 m:0)

+ + + + — +
X (O = €2 - € + )7 ).
The first expression in parentheses represents the kernel of an operator family strongly

convergent to [X,(f)] as v — 0, and the second expression in parentheses is the kernel

of an operator family strongly convergent to [Xgi)]. Combining this with (9.27+) and
applying Lemma 1.9, we obtain (9.28+). a

5. Now we compare the results of two different ways of regularization for the operator

(9.194). One way was described in Subsection 9.2 (see (9.8+)—(9.12+)), and the other
in Subsection 9.4. The operator ‘,]3%)(7) defined by (9.19%) has the kernel (9.20+),
which coincides with (9.22+) if % = St ¢, The function t{M¢? is a trigonometric
polynomial of the form

t(_l)(x)t(z) (x) = Z Cn €27 HmX)

meZ?:|m|<M

Then the Fourier image of the function 2 is

A= Y cm(®S)(€-2mm).

meZ?:m|<M
By Condition 2.3(+£),
Ae H*(OF)), »x>1, k#3,

where O,ij#) is a neighborhood of the point 5,9) - £§-i), k # j. Proposition 9.6(%) is

applicable.
By (9.8%), (9.10+) and (9.26%), we have

(9.30:+) rank (B (93 VS 10, 42) T (7)) <5, k£
Using (9.11%) and (9.28%) , in (9.30+) we can pass to the limit as v — 0:
(9.31%) rank (B (0;VS,40,62) ~ T (0)) <5, k£

Now (9.31+) and (9.27+) imply (9.18+). Applying Proposition 9.5(+), we obtain (9.2+).
The proof of Proposition 9.1(%) and, with it, of Theorem 2.5(+) is complete.

REFERENCES

[B1] M. Sh. Birman, On the spectrum of singular boundary-value problems, Mat. Sb. (N.S.) 55 (1961),
no. 2, 125-174; English transl., Amer. Math. Soc. Transl. (2), vol. 53, Amer. Math. Soc., Provi-
dence, RI, 1966, pp. 23-60. MR 26:463
, Discrete spectrum in the gaps of a continuous one for perturbations with large coupling
constant, Estimates and Asymptotics for Discrete Spectra of Integral and Differential Equations,
Adv. Soviet Math., vol. 7, Amer. Math. Soc., Providence, RI, 1991, pp. 57-73. MR [95h:47009
, The discrete spectrum in gaps of the perturbed periodic Schrédinger operator. 1. Regular
perturbations, Boundary Value Problems, Schrédinger Operators, Deformation Quantization,
Math. Top., vol. 8, Akademie Verlag, Berlin, 1995, pp. 334-352. MR 97d:47055
, The discrete spectrum of the periodic Schrodinger operator perturbed by a decreasing
potential, Algebra i Analiz 8 (1996), no. 1, 3-20; English transl., St. Petersburg Math. J. 8
(1997), no. 1, 1-14. MR 97h:47047
, Discrete spectrum in the gaps of the perturbed periodic Schrodinger operator. II. Non-
regular perturbations, Algebra i Analiz 9 (1997), no. 6, 62-89; English transl., St. Petersburg
Math. J. 9 (1998), no. 6, 1073-1095. MR 99h:47054

(B2]

(B3]

(B4]

(B3]



http://www.ams.org/mathscinet-getitem?mr=26:463
http://www.ams.org/mathscinet-getitem?mr=95h:47009
http://www.ams.org/mathscinet-getitem?mr=97d:47055
http://www.ams.org/mathscinet-getitem?mr=97h:47047
http://www.ams.org/mathscinet-getitem?mr=99h:47054

(BL]

[BLSu]

[BS1]

[BS2]

[BS3]

[GoKr]

[He]
(Iv]

(]

[Su]

DISCRETE SPECTRUM. II. INTERNAL GAPS 287

M. Sh. Birman and A. Laptev, The negative discrete spectrum of a two-dimensional Schrodinger
operator, Comm. Pure Appl. Math. 49 (1996), 967-997. MR [97i:35131

M. Sh. Birman, A. Laptev, and T. A. Suslina, Discrete spectrum of a two-dimensional periodic
elliptic second order operator perturbed by a decaying potential. 1. Semibounded gap, Algebra
i Analiz 12 (2000), no. 4, 36-78; English transl., St.-Petersburg Math. J. 12 (2001), no. 4,
535-567. MR 2003b:47078

M. Sh. Birman and M. Z. Solomyak, Spectral theory of selfadjoint operators in Hilbert space,
Leningrad. Univ., Leningrad, 1980; English transl., D. Reidel Publishing Co., Dordrecht, 1987.
MR 82k:47001; MR [93g:47001

, Estimates for the number of negative eigenvalues of the Schridinger operator and its
generalizations, Estimates and Asymptotics for Discrete Spectra of Integral and Differential
Equations, Adv. Soviet Math., vol. 7, Amer. Math. Soc., Providence, RI, 1991, pp. 1-55. MR
95h:35161

, On the negative discrete spectrum of a periodic elliptic operator in a waveguide-type
domain, perturbed by a decaying potential, J. Anal. Math. 83 (2001), 337-391. MR 2002k:35226
I. Ts. Gokhberg and M. G. Krein, Introduction to the theory of linear nonselfadjoint operators
in Hilbert space, “Nauka”, Moscow, 1965; English transl., Transl. Math. Monogr., vol. 18, Amer.
Math. Soc., Providence, RI, 1969. MR 36:3137, MR 39:7447

B. Helffer, Around Floquet eigenvalues, Preprint, Mittag-Leffler Inst., 2002.

V. Ivrii, Accurate spectral asymptotics for periodic operators, Journées “Equations aux Dérivées
Partielles” (Saint-Jean-de-Monts, 1999), Univ. Nantes, Nantes, 1999, Exp. No. V, 11 pp. MR
2000h:35125

M. Z. Solomyak, Piecewise-polynomial approzimation of functions from H'((0,1)?), 21 = d,
and applications to the spectral theory of the Schrédinger operator, Israel J. Math. 86 (1994),
253—-275. MR [95e:35151

T. A. Suslina, On discrete spectrum in the gaps of a two-dimensional periodic elliptic opera-
tor perturbed by a decaying potential, Preprint, Mittag-Leffler Inst., 2002; Contemp. Math. (to
appear).

DEPARTMENT OF PHYSICS, ST. PETERSBURG STATE UNIVERSITY, UL’'YANOVSKAYA 1, PETRODVORETS,
ST. PETERSBURG 198904, Russia
E-mail address: tanya@petrov.stoic.spb.su

Received 14/JAN/2003

Translated by THE AUTHOR


http://www.ams.org/mathscinet-getitem?mr=97i:35131
http://www.ams.org/mathscinet-getitem?mr=2003b:47078
http://www.ams.org/mathscinet-getitem?mr=82k:47001
http://www.ams.org/mathscinet-getitem?mr=93g:47001
http://www.ams.org/mathscinet-getitem?mr=95h:35161
http://www.ams.org/mathscinet-getitem?mr=2002k:35226
http://www.ams.org/mathscinet-getitem?mr=36:3137
http://www.ams.org/mathscinet-getitem?mr=39:7447
http://www.ams.org/mathscinet-getitem?mr=2000h:35125
http://www.ams.org/mathscinet-getitem?mr=95e:35151

	Introduction
	1
	2
	3
	4. Acknowledgements
	5. Notation

	§1. Setting of the problem. Preliminaries
	1. Differential operators
	2. The Floquet decomposition
	3. A gap
	4
	5. On compact operators
	6. An auxiliary problem on the semiaxis

	§2. Formulation of the main results
	1
	2
	3

	§3. Model integral operators
	§4. Reduction to compact operators
	1
	2
	3

	§5. The operators LN() and LN()()
	1
	2
	3
	4
	5

	§6. The operators KN() and KN()()
	1
	2
	3
	4
	5
	6
	7
	8
	9

	§7. The operators MN() and MN()()
	1
	2
	3

	§8. Proof of Theorems 2.2()
	1
	2
	3
	4. Proof of statement (a) (the case of q=1)
	5
	6. Proof of statement (c) of Theorem 2.2(+)

	§9. Proof of Theorems 2.5()
	1
	2
	3
	4
	5

	References

