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WEIGHTED BERNSTEIN-TYPE INEQUALITIES, AND
EMBEDDING THEOREMS FOR THE MODEL SUBSPACES

A. D. BARANOV

Abstract. Weighted estimates are obtained for the derivatives in the model (shift-
coinvariant) subspaces Kp

Θ, generated by meromorphic inner functions Θ of the Hardy

class Hp(C+). It is shown that the differentiation operator acts from Kp
Θ to a space

Lp(w), where the weight w depends on the function |Θ′|, the rate of growth of the
argument of Θ along the real line.

As an application of the weighted Bernstein-type inequalities, new Carleson-type
theorems on embeddings of the subspaces Kp

Θ in Lp(µ) are proved. Also, results on
the compactness of such embeddings are obtained, and properties of measures µ for
which the norms ‖ · ‖Lp(µ) and ‖ · ‖p are equivalent on a given model subspace Kp

Θ,
are established.

Introduction

Let Θ be an inner function in the upper half-plane C+, that is, a bounded function
analytic in C+ and such that limy→0+ |Θ(x+ iy)| = 1 for almost all x ∈ R with respect
to Lebesgue measure. With each inner function Θ, we associate the model subspace
Kp

Θ = Hp ∩ ΘHp of the Hardy class Hp in the upper half-plane. It is well known that
for p ∈ (1,∞) the subspaces Kp

Θ are the only subspaces of Hp that are coinvariant
with respect to the semigroup of shifts (Ut)t≥0, where (Utf)(x) = eitxf(x). The shift-
coinvariant subspaces are of great importance in function theory and in operator theory
(see [1, 2]); in particular, they play a key role in the construction of the Nagy–Foiaş
functional model for contractions in a Hilbert space.

If Θ = B is a Blaschke product with simple zeros {zn}, then for 1 < p ≤ ∞ the
model subspace Kp

B coincides with the closed linear span in Lp(R) of the proper rational
fractions with poles in the set {zn} in the lower half-plane. The Paley–Wiener space
PW p

a , which consists of the entire functions of exponential type at most a the restrictions
of which to the real line R are in Lp(R), is also closely related to the shift-coinvariant
subspaces. Namely, if Θ(z) = exp(iaz), a > 0, then Kp

Θ = PW p
a ∩Hp.

Consider the differentiation operator D : f 7→ f ′, f ∈ Kp
Θ. It is well known that

every f ∈ PW p
a , 1 ≤ p ≤ ∞, satisfies the Bernstein inequality ‖f ′‖p ≤ a‖f‖p (see [3]).

Dyakonov [4, 5] obtained a description of the inner functions Θ such that the operator
D is bounded as an operator from Kp

Θ to Lp(R), that is, a Bernstein-type inequality is
valid for the nontangential boundary values:

‖f ′‖p ≤ C(p,Θ)‖f‖p, f ∈ Kp
Θ.
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The operator D : Kp
Θ → Lp(R), 1 < p ≤ ∞, is bounded if and only if Θ′ ∈ L∞(R) in

the sense of nontangential boundary values, or, equivalently, Θ′ ∈ H∞(C+). Moreover,
there is a constant C = C(p) such that

(1) ‖f ′‖p ≤ C‖Θ′‖∞‖f‖p, f ∈ Kp
Θ.

Also, in [5] the problem of compactness of the differentiation operator was studied;
the operator D : Kp

Θ → Lp(R), 1 < p < ∞, is compact if and only if Θ′ ∈ C0(R) (by
C0(R) we denote the class of functions that are continuous on R and vanish at infinity).

The condition Θ′ ∈ L∞ implies that, up to multiplication by a unimodular constant,
the inner function Θ is of the form Θ(z) = exp(iaz)B(z), where a ≥ 0, B is a Blaschke
product with zeros zn = xn + iyn such that limn→∞ |zn| = ∞, and infn yn > 0. In
this case Θ is meromorphic in the entire complex plane C; thus, there is a well-defined
branch of the argument of the function Θ on R, that is, a smooth and monotone increasing
function ϕ such that Θ(t) = exp(2iϕ(t)). We also have |Θ′(t)| = 2ϕ′(t), t ∈ R, and

ϕ′(t) =
a

2
+
∑
n

yn
|t− zn|2

.

In what follows we assume that Θ is a meromorphic function of the form described above,
and we fix the notation a, zn = xn + iyn, and ϕ.

For p =∞, an essentially stronger weighted inequality was obtained by Levin [6, 29].
Namely,

(2) ‖f ′/Θ′‖∞ ≤ ‖f‖∞, f ∈ K∞Θ ,

for any meromorphic inner function Θ. Also, in [6] more general results were proved
concerning estimates of the derivatives at a point on the real axis where the function
Θ (not necessarily meromorphic) has a finite angular derivative. Inequality (2) was
independently rediscovered by Borwein and Erdelyi [7, 8] and also by Li, Mohapatra, and
Rodriguez [9] in the case where Θ is a finite Blaschke product. It should be mentioned
that some other weighted estimates of the derivatives in model subspaces were obtained
in [10, 11].

In the present paper we prove certain analogs of the weighted Bernstein-type inequality
(2) for Lp-norms with p <∞. We are concerned with inequalities of the form

(3) ‖f ′w‖p ≤ C(p,Θ, w)‖f‖p, f ∈ Kp
Θ,

where the weight w is correlated to the function Θ (for example, w = |Θ′|−α). Weighted
inequalities of the form (3) may be true even in the case where Θ′ /∈ L∞(R), and the
Bernstein inequality for the Lp-norms without weight is not fulfilled.

At the same time, the following theorem shows that even in the case of inner functions
with bounded derivatives, weighted estimates can be obtained to generalize Dyakonov’s
inequality (1) and refine it quantitatively.

Theorem 1. Let 1 ≤ p <∞, and let Θ′ ∈ L∞. There exists a positive constant C = C(p)
such that

(4)
∫
R

|f ′(t)|p

|Θ′(t)|p− 1
2−σ

dt ≤ C ‖Θ
′‖

1
2 +σ
∞

σp
‖f‖pp, f ∈ Kp

Θ,

for each σ ∈ (0, 1/2].

Remarks. 1. Inequality (4) is stronger than inequality (1) for the Lp-norms without
weight, because it may happen that infR |Θ′| = 0 or Θ′ ∈ C0(R). We note that estimate
(4) is of interest even for the spaces Kp

Θ generated by finite Blaschke products, that is,
for the spaces of rational fractions with fixed poles. By applying Theorem 1, it is easy
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to prove the sufficiency of the condition Θ′ ∈ C0(R) in the compactness theorem for the
differentiation operator.

2. A particular case of Theorem 1 (p = 2, σ = 1/2) was proved in the paper [12] by
the author.

3. The exponent p − 1
2 is sharp in the following sense: for any p ∈ (1,∞) there

exists an inner function Θ such that the left-hand side in (4) cannot be estimated from
above by ‖f‖pp if σ ≤ 0. For example, if we take Θ to be a finite Blaschke product
and f(z) = (z − z1)−1, then the integral on the left in (4) diverges for σ = 0. Indeed,
|f ′(t)| � t−2 � |Θ′(t)|, t → ∞ (we write g � h if C1g ≤ h ≤ C2g for some positive
constants C1 and C2).

However, for some special classes of inner functions the exponent p − 1
2 may be im-

proved. We say that an inner function Θ satisfies the connected level set condition if the
level set {z ∈ C+ : |Θ(z)| < ε} is connected for some ε ∈ (0, 1) (such inner functions
are sometimes referred to as one-component inner functions). Applying the arguments
similar to the proof of Theorem 1, and A. B. Aleksandrov’s characterization of the func-
tions satisfying the connected level set condition (see [13]), it is not difficult to prove the
following estimate.

Theorem 2. Let B be an infinite Blaschke product satisfying the connected level set
condition, let B′ ∈ L∞, and let 1 ≤ p <∞. Then for any σ ∈ (0, 1] we have∫

R

|f ′(t)|p
|B′(t)|p−σ dt ≤ C(B, p)

‖B′‖σ∞
σp

‖f‖pp, f ∈ Kp
B.

Recently, the author showed that if a function Θ satisfies the connected level set
condition and the point at infinity belongs to the boundary spectrum of Θ, then a
stronger inequality similar to (2) is true, namely, ‖f ′/Θ′‖p ≤ C(p,Θ)‖f‖p, f ∈ Kp

Θ,
p ∈ (1,∞). Moreover, we do not need the assumption Θ′ ∈ L∞ here. The proof of this
result will appear elsewhere.

Now, suppose that the inner function Θ satisfies the condition infn yn > 0, which is
weaker than the condition Θ′ ∈ L∞. In this case we also have a weighted Bernstein-type
inequality.

Theorem 3. Suppose infn yn = M > 0, 1 < p <∞, σ ∈ (0, 1/2]. Put

w(t) = [|Θ′(t)|p + |Θ′(t)|p− 1
2−σ]−1.

Then there is a constant C = C(p) such that∫
R
|f ′(t)|pw(t) dt ≤ C(σ−pM−

1
2−σ + 1)‖f‖pp, f ∈ Kp

Θ.

Generally speaking, the summand |Θ′|p in the definition of w−1 cannot be replaced by
|Θ′|α with α < p, which means that the exponent p is sharp. The assumptions of Theorem
3 cannot be relaxed: in the sequel we give an example of a meromorphic Blaschke product
with zeros approaching the real axis and such that the inequality ‖f ′w1/p‖p ≤ C‖f‖p,
f ∈ Kp

Θ, fails for any weight w of the form |Θ′|−α or [|Θ′|α + |Θ′|β ]−1, α, β > 0.
Weighted Bernstein-type inequalities turn out to be an efficient tool for obtaining new

Carleson-type embedding theorems for model subspaces, that is, for a description of the
measures µ such that Kp

Θ ⊂ Lp(µ), 1 ≤ p <∞. Let Cp(Θ) denote the class of all measures
µ such that we have the embedding Kp

Θ ⊂ Lp(µ), or, equivalently, ‖f‖Lp(µ) ≤ C‖f‖p,
f ∈ Kp

Θ. The problem of description of the class Cp(Θ) for a given inner function Θ was
posed by Cohn in [14]. At present, this problem is solved only for some fairly special
classes of inner functions, in particular, for the functions satisfying the connected level
set condition. In the paper [15] by Volberg and Treil, a condition was found that ensures
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the embedding in question in the general case: we have the embedding Kp
Θ ⊂ Lp(µ) if

there exist ε ∈ (0, 1) and C > 0 such that µ(S(x, h)) ≤ Ch for all squares S(x, h) =
[x, x+ h]× [0, h] satisfying

S(x, h) ∩ {z ∈ C+ : |Θ(z)| < ε} 6= ∅.

In other words, the measure µ satisfies the Carleson condition µ(S(x, h)) ≤ Ch for
the squares S(x, h) of a certain special form (we denote the class of such measures by
C(Θ)). However, in [16] it was shown that this condition is necessary only for the inner
functions satisfying the connected level set condition. Embedding theorems for the shift-
coinvariant subspaces were considered also in [16]–[18]. Compactness of such embeddings
was studied in [10, 19]. The study of the measures for which the corresponding Lp-norm
is equivalent to the natural norm on a given model subspace is also of great importance;
see [10, 19, 20] (in §6 some known facts about equivalent norms will be discussed).

The following embedding theorem for measures with support on the real axis follows
immediately from Theorem 1. We assume (as in the Volberg–Treil theorem) that the
measure µ satisfies the Carleson condition on the intervals of a special form, with length
controlled by the growth of the argument of the function Θ. Here, in contrast to the
Volberg–Treil theorem, it suffices to check the Carleson condition only for a countable
set of intervals. We note also that the conditions on the measure depend essentially on
the exponent p. Below the symbol |I| denotes the length of the interval I.

Theorem 4. Let Θ′ ∈ L∞, let µ be a measure on R, and let 1 < p <∞, 1/p+ 1/q = 1,
δ > 0. Assume that R =

⋃
k∈Z Ik, where the intervals Ik satisfy

(5) sup
k
|Ik|
(∫

Ik

|Θ′(t)|
q+1

2 −δ dt

)p/q
<∞.

1. If µ(Ik) = O(|Ik|) (i.e., µ(Ik) ≤ C|Ik|), then µ ∈ Cp(Θ).
2. If µ(Ik) = o(|Ik|) (i.e., lim|k|→∞ µ(Ik)/|Ik| = 0), then the operator that embeds Kp

Θ

in Lp(µ) is compact.

We construct examples to show that for certain classes of inner functions Theorem 4
describes a class of measures that is larger than C(Θ)|R (the set of measures in C(Θ) with
support on the line R). Thus, Theorem 4 provides nontrivial examples of embeddings
that cannot be obtained from the Volberg–Treil theorem.

A similar statement is true for the meromorphic inner functions with zeros separated
away from the real axis.

Theorem 4′. Let Θ be a meromorphic inner function such that infn yn > 0, and let µ
be a Borel measure on the line R. Assume that R =

⋃
k Ik, where the intervals Ik satisfy

(6) sup
k
|Ik|
(∫

Ik

(
|Θ′(t)|

q+1
2 −δ + |Θ′(t)|q

)
dt

)p/q
<∞

for some δ > 0. Then Kp
Θ ⊂ Lp(µ) if µ(Ik) = O(|Ik|), and the embedding operator is

compact if µ(Ik) = o(|Ik|).

If, moreover, the supremum in (5) (respectively, in (6)) is sufficiently small (smaller
than some constant ε(Θ, p, δ) > 0) and µ(Ik) � |Ik|, then the norms ‖ · ‖Lp(µ) and ‖ · ‖p
are equivalent on Kp

Θ.
Another application of the weighted Bernstein-type inequalities is related to pertur-

bations of orthogonal bases of reproducing kernels. Let |α| = 1, and let tk ∈ R be such
that {tk} = {t : Θ(t) = α}. We denote by k(·, tk) the reproducing kernel of the space
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K2
Θ corresponding to the point tk. It is well known (see de Branges [21] and Clark [22])

that for all but at most one α the system {k(·, tk)} forms an orthogonal basis in K2
Θ, and

‖f‖22 = 2π
∑
k

|f(tk)|2
|Θ′(tk)| , f ∈ K2

Θ.

In other words, the embedding K2
Θ ⊂ L2(µ), where µ = 2π

∑
k δtk/|Θ′(tk)|, is isometric

(here, δx is the Dirac measure at the point x).
Let sk ∈ R; by 〈sk, tk〉 we denote the interval with endpoints sk and tk. The following

theorem gives conditions (in terms of the closeness of sk to tk) ensuring that the measure
ν =

∑
k δsk/|Θ′(sk)| belongs to the class C2(Θ) or determines an equivalent norm on the

space K2
Θ.

Theorem 5. Suppose Θ′ ∈ L∞, δ < 1/2, and

d({sk}) = sup
k

∫
〈sk,tk〉

|Θ′(t)|δ dt <∞.

Then K2
Θ ⊂ L2(ν). If, moreover, d({sk}) < r, where r = r(Θ, δ) is a positive constant,

then the norms ‖ · ‖L2(ν) and ‖ · ‖2 are equivalent on K2
Θ.

Remark. Similar perturbation results for bases of reproducing kernels were obtained by
Cohn in [10] in the case where the connected level set condition is fulfilled (and the
“smallness” of the perturbation is expressed in similar terms). Let Θ be a meromorphic
inner function satisfying the connected level set condition. Then there is ε = ε(Θ) such
that for any sequence sk ∈ R satisfying the inequality

∫
〈sk,tk〉 |Θ

′(t)| dt < ε the measure ν
determines an equivalent norm on the spaceK2

Θ. Thus, for the functions with a connected
level set we can take δ = 1 in Theorem 5. It should be mentioned that the proof of Cohn’s
theorem also involves certain Bernstein-type inequalities.

We show that, generally speaking, for inner functions with bounded derivatives the
constant 1/2 in Theorem 5 cannot be replaced with a larger one.

The paper is divided into 7 sections. In §1 we discuss a general method for obtaining
weighted Bernstein-type inequalities; this method reduces the problem to the study of
certain singular integral operators (in particular, the Calderón commutator). A series
of preliminary pointwise and integral estimates for the reproducing kernels of model
subspaces and for their derivatives is presented in §2. On the basis of these estimates, in
§3 we prove Theorem 1; also, here we give a new proof of the theorem on compactness of
the differentiation operator. Other weighted Bernstein-type inequalities (Theorems 2 and
3) are proved in §4 and §5, respectively. As an application of the weighted Bernstein-type
inequalities, in §6 we obtain new versions of embedding theorems (Theorems 4 and 4′)
and also present examples that show the sharpness of the sufficient conditions obtained
in a certain class of model subspaces. Small perturbations of bases of reproducing kernels
are discussed in §7 (see Theorem 5).

The author is deeply grateful to V. P. Havin for the formulation of the problem and
permanent interest in this work, and also to K. M. Dyakonov and V. I. Vasyunin for
valuable discussions and remarks.

§1. Generalized Bernstein-type inequality

In what follows, an exceptionally important role is played by the reproducing kernels
of model subspaces. The reproducing kernel of the space K2

Θ corresponding to the point
w ∈ C+ is of the form

k(z, w) =
i

2π
· 1−Θ(w)Θ(z)

z − w ,
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and for any f ∈ K2
Θ we have

(7) f(w) =
∫
R
f(t)k(t, w) dt, w ∈ C+.

Note that k(·, w) ∈ Hp, 1 < p ≤ ∞, and identity (7) is also true for any function f ∈ Kp
Θ

with 1 ≤ p <∞. If the function Θ is analytic in a neighborhood of a point x ∈ R, then
k(·, x) ∈ Hp, 1 < p ≤ ∞, and (7) remains true for w = x. (Ahern and Clark showed in
[23] that for w = x formula (7) is true for any f ∈ K2

Θ whenever Θ has a finite angular
derivative at the point x.) We shall need the following formulas for the L2-norms of the
reproducing kernels:

‖k(·, w)‖22 =
1− |Θ(w)|2

4π=w , w ∈ C+,

and ‖k(·, x)‖22 = |Θ′(x)|/2π, x ∈ R (a series of estimates for the Lp-norms of reproducing
kernels can be found in [16, 17]).

If Θ is a meromorphic inner function, then any element of the model subspace Kp
Θ is

also meromorphic in the entire complex plane C, and its poles are in the set {zn}. In
this case, the value of a function f ∈ Kp

Θ, 1 ≤ p <∞, at a point x ∈ R may be recovered
by formula (7), namely,

(8) f(x) =
1

2πi

∫
R

1−Θ(t)Θ(x)
t− x f(t) dt.

Proposition 1. Suppose 1 ≤ p < ∞, 0 < δ ≤ 1
2p , and ε > 0. Let w ≥ 0 be a function

satisfying the following conditions:
1) supx∈R[w(x) sup|t−x|<ε |k′x(t, x)|p] = A1 <∞;
2) supx∈Rw(x)(ϕ′(x))p = A2 <∞;
3) if p > 1, then

sup
x∈R

w(x)
(∫
|t−x|>ε

|Θ(t)−Θ(x)|q
|t− x|q+1−δq dt

)p/q
= A3 <∞,

where 1/p+ 1/q = 1. For p = 1 we replace 3) by
3′)

sup
x∈R

[
w(x) sup

|t−x|>ε

∣∣∣∣Θ(t)−Θ(x)
t− x

∣∣∣∣1−δ] = A3 <∞.

Then there is a constant C = C(p) such that∫
R
|f ′(x)|pw(x) dx ≤ C(εpA1 +A2 + ε−δp(δp)−1A3)‖f‖pp, f ∈ Kp

Θ.

Proof. The proof of this proposition is a modification of the arguments used in [5].
Differentiating the representation (8), we obtain

(9) f ′(x) =
1

2πi

∫
R
f(t)Θ(t)Φ(t, x) dt, x ∈ R,

where

Φ(t, x) = 2πiΘ(t)(k(t, x))′x =
Θ(t)−Θ(x)−Θ′(x)(t − x)

(t− x)2
, t ∈ R.

Since Θ admits analytic extension across the real axis R, the function Φ(·, x) is continuous
on R (we assume that Φ(x, x) = Θ′′(x)/2).

We denote fΘ by g and fix ε > 0. We split the integral (9) into three parts:

(10) 2πif ′(x) = I1g(x) + Θ′(x)I2g(x) + I3g(x),
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where

I1g(x) =
∫
|t−x|<ε

g(t)Φ(t, x) dt, I2g(x) =
∫
|t−x|≥ε

g(t)
x− t dt,

and

I3g(x) =
∫
|t−x|≥ε

g(t)
Θ(t)−Θ(x)

(t− x)2
dt.

We show that the integral operators Ij , j = 1, 2, 3, are bounded operators from Lp(R)
(Hp(R)) to Lp(w(t)dt). It is easily seen that, by condition 1),∫

R
|I1g(x)|pw(x) dx ≤ (2ε)pA1‖g‖pp.

Next,

|I2g(x)| ≤ sup
δ>0

∣∣∣∣ ∫
|t−x|≥δ

g(t)
x− t

∣∣∣∣ = πHMg(x).

It is well known that the maximal Hilbert transformation HM is bounded as an operator
from Lp(R) to Lp(R), 1 < p <∞, and also from H1(R) to L1(R) (see [1, 24]). It should
be noted that HM is not bounded on L1(R). But in our case g = Θf ∈ H1 because
f ∈ K1

Θ. Thus, ∫
R
|Θ′(x)I2g(x)|pw(x) dx ≤ (2π)pA2K

p
p‖g‖pp,

where Kp is the norm of the maximal Hilbert transformation on Hp, 1 ≤ p <∞.
Now we estimate I3g. By the Hölder inequality,

|I3g(x)|pw(x) ≤ A3

∫
|t−x|≥ε

|g(t)|p
|t− x|1+δp

dt.

Consequently, ∫
R
|I3g(x)|pw(x)dx ≤ 2ε−δp

δp
A3‖g‖pp. �

Remark. The integral representation (9) allows us to reduce the study of weighted esti-
mates for the differentiation operator in Kp

Θ to that of certain singular integral operators.
Namely,

2πif ′(x) = −Θ′(x)(Hg)(x) + C1
Θg(x),

where g = Θf , (Hg)(x) = P.V.
∫ g(t)
t−xdt is the Hilbert transform of the function g (up to

the constant factor 1/π), whereas C1
Θ is what is called a first order Calderón commutator,

C1
Θf(x) = P.V.

∫
Θ(t)− Θ(x)

(t− x)2
f(t)dt.

It is well known that the commutator C1
Θ is bounded in Lp(R), 1 < p <∞, if Θ′ ∈ L∞(R)

(see [25, 26]). In this case, boundedness follows from the general theory of the Calderón–
Zygmund operators. We recall that a singular integral operator with kernel w(t, x) is
called a Calderón–Zygmund operator if |w(t, x)| ≤ C|t− x|−1,

|w(t, x) − w(t′, x)| ≤ C|t− x|−1−δ|t− t′|δ,
and

|w(t, x) − w(t, x′)| ≤ C|t− x|−1−δ|x− x′|δ

for some δ > 0 whenever 2|t− t′| ≤ |t− x| and 2|x− x′| ≤ |t− x|.
One of the proofs of the Dyakonov theorem (see [4, 5]) is based on the boundedness of

the commutator C1
Θ. We are interested, however, in the weighted estimates of the form

‖f ′/|Θ′|α‖p ≤ C(p,Θ, α)‖f‖p. In this case we cannot apply the general theory of the



740 A. D. BARANOV

Calderón–Zygmund operators, because the operator with the kernel |Θ′(x)|−α Θ(t)−Θ(x)
(t−x)2

may be bounded on Lp, and simultaneously may fail to be Calderón–Zygmund.

§2. Preliminary estimates of reproducing kernels

We shall need some technical propositions related to estimates of reproducing kernels
and their derivatives. In the following lemmas we assume that Θ is a meromorphic inner
function with zeros zn = xn+iyn, and that M = infn yn > 0. Recall that |Θ′(t)| = 2ϕ′(t).
In this section, the symbols C,C1, C2 denote various absolute (independent of Θ) positive
constants.

Lemma 1. If x, t ∈ R, and |t− x| ≤M or |t− x| ≤
√

M
4ϕ′(x) , then

ϕ′(x)
4
≤ ϕ′(t) ≤ 4ϕ′(x).

Proof. Observe that yn ≥ M and ϕ′(t) ≥ M |t − zn|−2 for any n. Consequently, the
conditions of the lemma imply that

|t− x| ≤ max(yn, |t− zn|/2),

whence 1/2 ≤ |t− zn|−1|x− zn| ≤ 2, and therefore, 1/4 ≤ ϕ′(t)/ϕ′(x) ≤ 4. �

Lemma 2. We have

(11) sup
t∈R
|k(t, x)| ≤ C1[ϕ′(x) + (ϕ′(x))1/2M−1/2],

and if ϕ′ ∈ L∞, then

(12) sup
t∈R
|k(t, x)| ≤ C2(ϕ′(x))1/2‖ϕ′‖1/2∞ .

Proof. Estimate (11) follows immediately from Lemma 1, and (12) is a consequence of
formula (8) and the Cauchy inequality. �

Lemma 3. sup|t−x|≤M |k′x(t, x)| ≤ Cϕ′(x)(ϕ′(x) +M−1), x ∈ R.

Proof. Note that |k′x(t, x)| = |Φ(t, x)| ≤ max |Θ′′(s)|/2, s ∈ 〈t, x〉. It is easily seen that
|Θ′′(s)| ≤ 4(ϕ′(s))2 + 2|ϕ′′(s)|, and

|ϕ′′(s)| =
∣∣∣∣∑
n

2yn(s− xn)
|s− zn|4

∣∣∣∣ ≤∑
n

1
|s− zn|2

≤ ϕ′(s)
M

.

Thus, |k′x(t, x)| ≤ C(ϕ′(s))2 +ϕ′(s)/M), where s ∈ 〈t, x〉. It remains to apply Lemma 1.
�

The next two lemmas will be used for estimating the third summand in (10).

Lemma 4. Let ε, δ, y > 0, and let ψ(t) = arctan(t/y). Then∫
|t−x|≥ε

| sin(ψ(t) − ψ(x))|
|t− x|2+δ

dt ≤ Cψ
′(x)
δ

(
1
εδ

+
1
yδ

)
, x ∈ R.

Proof. Without loss of generality we assume that x ≥ 0. Repeatedly, we shall make use
of the fact that ψ′(x) = y/(x2 + y2) � 1/y if x ≤ Cy, and ψ′(x) � y/x2 if x ≥ Cy. We
denote by ∆ the interval |x − t| < ε and split the integral to be estimated into three
parts I1, I2, and I3 that are the integrals over the sets (−∞, 0] \ ∆, [0, x/2] \ ∆, and
[x/2,∞) \∆, respectively. Changing the variable in the first integral, we get

I1 =
∫ ∞

max(0,ε−x)

| sin(arctan(t/y) + arctan(x/y))|
(t+ x)2+δ

dt.
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If x ≤ 2y, then

I1 ≤
∫ ∞

max(0,ε−x)

t+ x

y(t+ x)2+δ
dt ≤ 1

yδεδ
≤ C1ψ

′(x)

(we have used the inequalities | arctanu| ≤ |u| and | sinu| ≤ |u|, u ∈ R). If x > 2y, then∫ 2y

0

| sin(ψ(t) + ψ(x))|
|t+ x|2+δ

dt ≤ 2y
x2+δ

≤ C2
ψ′(x)
yδ

.

To estimate the integral over the set [2y,∞), we observe that arctanu = π/2− 1/u+
O(1/u2), u ≥ 2, whence | sin(ψ(t)+ψ(x))| ≤ C3(y/x+y/t), x, t ∈ [2y,∞). Consequently,∫ ∞

2y

| sin(ψ(t) + ψ(x))|
|t+ x|2+δ

dt ≤ C3

∫ ∞
2y

y

tx(t+ x)1+δ
dt ≤ C4

ψ′(x)
δyδ

.

Next,

I3 =
∫

[x/2,∞)\∆

| sin(ψ(t) − ψ(x))|
|t− x|2+δ

dt ≤ ψ′(x/2)
∫

[x/2,∞)\∆

dt

|t− x|1+δ
≤ C5

ψ′(x)
δεδ

.

Note that the set [0, x/2] \∆ is empty if x < ε. In this case I2 = 0. Now let x ≥ ε; then,
using the identity arctanu− arctanv = arctan u−v

1+uv , u, v > 0, we obtain

I2 ≤
∫ x/2

0

ydt

(tx+ y2)|x− t|1+δ
≤ C6

y

x2+δ

∫ x/2

0

dt

t+ y2/x
= C6

y

x2+δ
log
(

1 +
x2

2y2

)
.

If x ≤ 2y, then I2 ≤ C7x
−δ/y ≤ C8ε

−δψ′(x). Finally, if x > 2y, then

I2 ≤ C9
y

x2yδ

(
y

x

)δ
log

x

y
≤ C10

ψ′(x)
δyδ

(the second inequality follows from the trivial estimate u−δ log u ≤ (eδ)−1, u ≥ 1). �

Lemma 5. Let ε, δ > 0. Then∫
|t−x|≥ε

|Θ(t)−Θ(x)|
|t− x|2+δ

dt ≤ Cϕ
′(x)
δ

(
1
εδ

+
1
M δ

)
, x ∈ R.

Proof. Since

Θ(z) = ea(z)
∏
n

Bn(z) = exp(iaz)
∏
n

zn
zn
· z − zn
z − zn

,

we have |Θ(t) − Θ(x)| ≤ |ea(t) − ea(x)| +
∑

n |Bn(t) − Bn(x)|. The argument of the
function Bn is of the form 2ψn(t) = 2 arctan t−xn

yn
+ c, and

ϕ′(t) =
a

2
+
∑
n

yn
(t− xn)2 + y2

n

=
a

2
+
∑
n

ψ′n(t).

By Lemma 4,∫
|t−x|≥ε

|Bn(t)−Bn(x)|
|t− x|2+δ

dt = 2
∫
|t−x|≥ε

| sin(ψn(t)− ψn(x))|
|t− x|2+δ

dt

≤ Cψ
′
n(x)
δ

(
1
εδ

+
1
yδn

)
≤ Cψ

′
n(x)
δ

(
1
εδ

+
1
M δ

)
.

Also, it is easy to check that∫
|t−x|≥ε

|ea(t)− ea(x)|
|t− x|2+δ

dt ≤ a

δεδ
. �
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§3. Weighted Bernstein-type inequality in the case where Θ′ ∈ L∞

In this section we prove Theorem 1; we use the general method described in §1 and the
estimates obtained in §2. The symbols Ai have the same meaning as in Proposition 1.

Proof of Theorem 1. Let Θ′ ∈ L∞, and let w(t) = |Θ′(t)|−p+ 1
2 +σ. First, we note that

M−1 ≤ ‖ϕ′‖∞ because ‖ϕ′‖∞ ≥ ϕ′(xn) ≥ y−1
n for any n.

Put ε = ‖ϕ′‖−1
∞ . By Lemma 3, sup|t−x|≤ε |k′x(t, x)| ≤ C‖ϕ′‖∞ϕ′(x), and

A1 ≤ C1(p)‖ϕ′‖p+
1
2 +σ

∞

(the constants C1, C2, etc. depend only on p). Obviously, A2 = C2‖ϕ′‖
1
2 +σ
∞ .

Now assume that p > 1. Put δ = σ/p. Then

I(x) =
∫
|t−x|>ε

|Θ(t)−Θ(x)|q
|t− x|q+1−δq dt =

∫
|t−x|>ε

|Θ(t)−Θ(x)|
|t− x|2+δq

· |Θ(t)−Θ(x)|q−1

|t− x|q−1−2δq
dt.

Applying estimate (12) and Lemma 5 (observe that q − 1− 2δq ≥ 0), we obtain

C3(ϕ′(x))
q−1

2 −δq‖ϕ′‖
q−1

2 −δq∞ · ϕ
′(x)
δq
‖ϕ′‖δq∞ = C3

(ϕ′(x))
q+1

2 −δq‖ϕ′‖
q−1

2∞
δq

.

Therefore,

x(I(x))p/q ≤ C4(ϕ′(x))p−
1
2−pδ‖ϕ′‖

1
2∞δ
−p/q,

whence

A3 ≤ C4‖ϕ′‖
1
2∞δ
−p/q.

Finally, Proposition 1 implies the Bernstein-type inequality with the constant

C5(εpA1 +A2 + ε−δp(δp)−1A3) ≤ C6‖ϕ′‖
1
2 +σ
∞ (1 + σ−p) ≤ C7

‖ϕ′‖
1
2 +σ
∞
σp

.

For p = 1 the proof is similar. �

As an application of Theorem 1, we give a new and shorter proof of the sufficiency of
the condition Θ′ ∈ C0(R) in Dyakonov’s theorem on the compactness of the operator D.

Proof. It is well known that a set S ⊂ Lp, 1 ≤ p <∞, is relatively compact if and only
if S is bounded and satisfies the conditions

(13) sup
f∈S

∫
|x|>A

|f(x)|p dx→ 0, A→∞,

and

(14) sup
f∈S
‖f(·+ h)− f‖p → 0, h→ 0.

Now, let S = {f ′ : f ∈ Kp
Θ, ‖f‖p ≤ 1}. Note that

f ′(x+ h)− f ′(x) =
∫ x+h

x

f ′′(t) dt.

If Θ′ ∈ L∞, then the operator f 7→ f ′′ is bounded as an operator from Kp
Θ to Lp, and

‖f ′′‖p ≤ C(p)‖Θ′‖2∞‖f‖p (see [4]). Hence,

‖f ′(·+ h)− f ′‖p ≤ hC(p)‖Θ′‖2∞‖f‖p,
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and (14) follows. We show that inequality (4) and the condition lim|t|→∞ |Θ′(t)| = 0
imply (13). Fix σ ∈ (0, 1/2). Then∫

|x|>A
|f ′(x)|p dx ≤ sup

|x|>A
|Θ′(x)|p− 1

2−σ
∫
|x|>A

|f ′(x)|p

|Θ′(x)|p− 1
2−σ

dx

≤ C sup
|x|>A

|Θ′(x)|p− 1
2−σ → 0, A→∞. �

§4. Bernstein-type inequality for the functions

that satisfy the connected level set condition

For the proof of Theorem 2 we shall use the following lemma, which is a particular
case of a theorem due to A. B. Alexandrov (see [13]) (the latter characterizes the inner
functions satisfying the connected level set condition).

Lemma 6. Let Θ be an inner function satisfying the connected level set condition and
such that Θ′ ∈ L∞. If Θ is not a finite Blaschke product, then

(15)
∣∣∣∣Θ(t)−Θ(x)

t− x

∣∣∣∣ ≤ C|Θ′(x)|

for any t, x ∈ R, where C = C(Θ) is a positive constant.

Proof. We recall that the boundary spectrum ρ(Θ) of the function Θ is the set of all
ζ ∈ R ∪ {∞} such that lim infIm z>0,z→ζ |Θ(z)| = 0. The following result was stated in
[13] (see also [16]): an inner function Θ satisfies the connected level set condition and
∞ ∈ ρ(Θ) if and only if

(16)
∣∣∣∣Θ(z)−Θ(w)

z − w

∣∣∣∣ ≤ C(Θ)
1− |Θ(z)|2

Im z

for all z, w ∈ C+.
The assumptions of the lemma ensure that ∞ ∈ ρ(Θ). Thus, estimate (15) follows

immediately from (16) (it remains to observe that limz→x(1 − |Θ(z)|2)/ Im z = 4ϕ′(x)).
�

Proof of Theorem 2. Let Ij , j = 1, 2, 3, be the same integral operators as above; we put
ε = ‖B′‖−1

∞ . Clearly,
A1 ≤ C1‖B′‖p+σ∞ , A2 = C2‖Θ′‖σ∞.

Now, we estimate A3. Put δ = σ/2p. Then, by Lemma 6,

I(x) =
∫
|t−x|≥ε

|B(t)−B(x)|q
|t− x|q+1−δq dt

≤ C3|B′(x)|q−2δq

∫
|t−x|≥ε

dt

|t− x|1+δq
= C4

|B′(x)|q−2δq

δεδq
.

Consequently,
A3 ≤ C5δ

−p/qε−δp,

and Proposition 1 yields a Bernstein-type inequality in the space Kp
B with the constant

C6(εp‖B′‖p+σ∞ + ‖B′‖σ∞ + δ−1−p/qε−2pδ) ≤ C7‖B′‖σ∞σ−p. �

Remarks. 1. The assumptions of Theorem 2 are fulfilled, in particular, for the Blaschke
products with zeros zn = iyn, n ∈ N, where yn = nα, α > 1, or yn = γn, γ > 1.
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2. Theorems 1 and 2 can be viewed as weighted estimates for the first order Calderón
commutator C1

ψ ,

C1
ψf(x) = P.V.

∫
f(t)

ψ(t)− ψ(x)
(t− x)2

dt, x ∈ R,

where ψ is a complex-valued function of the real variable. We were interested in the case
where ψ = Θ is inner. But, actually, we have used only some special properties of the
function Θ, and the same arguments can easily be applied in a more general situation.
We give the statement.

Theorem 6. Let ψ be a twice differentiable function such that ψ′ ∈ L∞ and ψ′′/ψ′ ∈ L∞.
Assume that for some α ∈ (0, 1] we have

sup
t∈R

∣∣∣∣ψ(t)− ψ(x)
t− x

∣∣∣∣ ≤ C1|ψ′(x)|α, x ∈ R,

and also that ∫
|t−x|>ε

|ψ(t)− ψ(x)|1+2δ

|t− x|2+δ
dt ≤ C2|ψ′(x)|, x ∈ R,

for some ε > 0 and all sufficiently small δ > 0. Then for 1 < p <∞ we have∫
R
|C1
ψf(x)|p|ψ′(x)|−βdx ≤ C3‖f‖pp, f ∈ Lp(R),

for any β < p+ α− 1.

Remark. In Theorems 1 and 2 the exponent α is equal to 1/2 (see Lemma 2) and to 1
(see Lemma 6), respectively.

§5. Proof of Theorem 3

The main idea of the proof is to individually estimate the integrals over the set where
the function |Θ′| is large and over the set where the function |Θ′| is sufficiently small (in
fact, this was already done in Theorem 1).

Lemma 7. Suppose Θ is a meromorphic inner function, and M = infn yn > 0, 1 < p <
∞. Set E = {t ∈ R : ϕ′(t) ≥M−1}. There is a constant C > 0 depending on p (but not
on Θ and M) such that

sup
s∈R

∫
E

∣∣∣∣Θ(t)−Θ(s)
t− s

∣∣∣∣p dt

(ϕ′(t))p−1
≤ C.

Proof. First, we note that∫
E∩{|t−s|>M}

∣∣∣∣Θ(t)−Θ(s)
t− s

∣∣∣∣p dt

(ϕ′(t))p−1
≤ 2pMp−1

∫
|t−s|>M

dt

|t− s|p ≤
2p+1

p− 1
.

If |s− t| ≤M , t ∈ E, then ϕ′(s) ≥ ϕ′(t)
4 ≥ 1

4M by Lemma 1. Consequently,∫
|t−s|<(4ϕ′(s))−1

∣∣∣∣Θ(t)−Θ(s)
t− s

∣∣∣∣p dt

(ϕ′(t))p−1

≤ 1
2ϕ′(s)

· sup
|t−s|≤M

1
(ϕ′(t))p−1

· sup
|t−s|≤M

∣∣∣∣Θ(t)−Θ(s)
t− s

∣∣∣∣p ≤ 23p−1.

The last inequality follows from Lemma 1 and the estimate
∣∣Θ(t)−Θ(s)

t−s
∣∣ ≤ sup〈s,t〉 |Θ′(u)|.
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Finally, applying Lemma 1 once again, we get∫
(4ϕ′(s))−1≤|t−s|≤M

∣∣∣∣Θ(t)−Θ(s)
t− s

∣∣∣∣p dt

(ϕ′(t))p−1

≤ sup
|t−s|≤M

1
(ϕ′(t))p−1

· 2p+1(4ϕ′(s))p−1

p− 1
≤ 25p−3

p− 1
. �

Proof of Theorem 3. Put

E1 = {t ∈ R : ϕ′(t) < M−1}, E2 = {t ∈ R : ϕ′(t) ≥M−1}.
Repetition of the arguments used in the proof of Theorem 1 readily shows that for any
σ ∈ (0, 1/2] we have∫

E1

|f ′(t)|p

|Θ′(t)|p− 1
2−σ

dt ≤ C(p)M−
1
2−σσ−p‖f‖pp, f ∈ Kp

Θ.

The only difference is that we must take ε = M and use (11) in place of (12). We are
going to show that ∫

E2

|f ′(t)|p
|Θ′(t)|p dt ≤ C(p)‖f‖pp, f ∈ Kp

Θ.

As in the proof of Proposition 1, we split the integral (9) (which represents the derivative
f ′) into three parts:

2πif ′(x) = I1g(x) + Θ′(x)I2g(x) + I3g(x)

with g = Θf , but this time the integration limits will depend on x:

I1g(x) =
∫
|t−x|<1/ϕ′(x)

g(t)Φ(t, x) dt, I2g(x) =
∫
|t−x|≥1/ϕ′(x)

g(t)
x− t dt,

and

I3g(x) =
∫
|t−x|≥1/ϕ′(x)

g(t)
Θ(t)−Θ(x)

(t− x)2
dt.

We verify that I1g/|Θ′| ∈ Lp(E2), 1 < p <∞. By Lemma 3,

|Φ(t, x)| = |k′x(t, x)| ≤ C[(ϕ′(x))2 + ϕ′(x)/M ] ≤ 2C(ϕ′(x))2

whenever |t− x| ≥M and x ∈ E2. Consequently,∣∣∣∣I1g(x)
Θ′(x)

∣∣∣∣ ≤ Cϕ′(x)
∫
|t−x|<1/ϕ′(x)

|g(t)| dt

≤ C sup
h>0

1
h

∫
|t−x|<h

|g(t)| dt = Cmg(x), x ∈ E2.

It is well known that the maximal transformation g 7→ mg is a bounded operator in Lp

for 1 < p < ∞ (see [1, 24]). Thus, ‖I1g/Θ′‖Lp(E2) ≤ C(p)‖g‖p. A similar estimate for
Θ′I2g is obvious because the maximal Hilbert transformation is bounded in Lp.

Now we check that I3g/|Θ′| ∈ Lp(E2). By the Hölder inequality,∫
E2

∣∣∣∣I3g(x)
ϕ′(x)

∣∣∣∣p dx =
∫
E2

∣∣∣∣ ∫
|t−x|≥1/ϕ′(x)

Θ(t)−Θ(x)
ϕ′(x)(t − x)2

g(t) dt
∣∣∣∣p dx

≤
∫
E2

(∫
|t−x|≥1/ϕ′(x)

∣∣∣∣Θ(t)−Θ(x)
t− x g(t)

∣∣∣∣p dt

(ϕ′(x))p−1

)
×
(∫
|t−x|≥1/ϕ′(x)

dt

(ϕ′(x))q−1|t− x|q

)p/q
dx.
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Thus, ∫
E2

∣∣∣∣I3g(x)
ϕ′(x)

∣∣∣∣p dx ≤ ( 2
q − 1

)p/q ∫
E2

∫
R

∣∣∣∣Θ(t)−Θ(x)
t− x

∣∣∣∣p |g(t)|p
(ϕ′(x))p−1

dt dx.

Changing the order of integration in the double integral and applying Lemma 7, we get
the inequality ‖I3g/Θ′‖p ≤ C(p)‖g‖p. �

Examples. 1. Generally speaking, the term |Θ′|p in w−1 cannot be replaced by |Θ′|α
with α < p, and so the exponent p is sharp (to see this, it suffices to consider the integral
of the function |k(·, s)′|p over the set [s, s+ ϕ′(s)−1]).

2. The condition infn yn > 0 is also essential. Let zn = xn + iyn, where xn →∞ and
yn → 0 so fast that

ϕ′(t) � yn
|t− zn|2

, |t− xn| ≤ 1.

Then |Θ′(t)| � 1, t ∈ [xn +
√
yn, xn + 2

√
yn]. Put fn(z) = y

1−1/p
n (z − zn)−1 and observe

that ∫ xn+2
√
yn

xn+
√
yn

|f ′n(t)|p dt =
∫ xn+2

√
yn

xn+
√
yn

yp−1
n dt

|t− zn|2p
� y−1/2

n →∞.

Consequently, ‖f ′n/[|Θ′|α + |Θ′|β ]‖p →∞ for any α and β, whereas ‖fn‖p � 1.

§6. Weighted Bernstein-type inequalities and embedding theorems

We show that each weighted Bernstein-type inequality yields an embedding theorem
for the corresponding model subspace.

Proposition 2. Let Θ be a meromorphic inner function, let 1 ≤ p <∞, and let w be a
positive function such that

(17)
∫
R
|f ′(t)|pw(t) dt ≤ A

∫
R
|f(t)|p dt

for any f ∈ Kp
Θ. Suppose µ is a Borel measure on the real line R, and R =

⋃
k Ik, where

the intervals Ik are disjoint and satisfy the condition

ρ = sup
k
|Ik|
(∫

Ik

(w(t))−
1
p−1 dt

)p−1

<∞

for 1 < p <∞, ρ = supk[|Ik| supt∈Ik w
−1(t)] <∞ for p = 1. Then:

1) if µ(Ik) ≤ C|Ik|, then µ ∈ Cp(Θ);
2) if µ(Ik) = o(|Ik|), then Kp

Θ embeds in Lp(µ) compactly;
3) if Aρ < 1 and µ(Ik) � |Ik| (i.e., C1|Ik| ≤ µ(Ik) ≤ C2|Ik|), then ‖f‖Lp(µ) � ‖f‖p

for f ∈ Kp
Θ.

Proof. 1) Fix f ∈ Kp
Θ. Since the function f is continuous, the mean value theorem

implies the existence of points tk ∈ Ik such that∫
Ik

|f(t)|p dµ(t) = µ(Ik)|f(tk)|p.

Let g(t) = f(tk), t ∈ Ik. Then

‖f‖pLp(µ) =
∑
k

µ(Ik)|f(tk)|p ≤ C
∑
k

|Ik| · |f(tk)|p = C‖g‖pp.

Hence,
‖f‖Lp(µ) ≤ C1/p‖g‖p ≤ C1/p(‖g − f‖p + ‖f‖p).
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We estimate ‖g − f‖p:

‖g − f‖pp =
∑
k

∫
Ik

|f(t)− f(tk)|p dt =
∑
k

∫
Ik

∣∣∣∣ ∫ t

tk

f ′(s) ds
∣∣∣∣p dt.

By the Hölder inequality (here q is the exponent conjugate to p),

‖g − f‖pp ≤
∑
k

∫
Ik

(∫ t

tk

|f ′(s)|pw(s) ds
)
‖w−1/p‖pLq(〈tk,t〉) dt

≤
∑
k

|Ik| · ‖w−1/p‖pLq(Ik)

(∫
Ik

|f ′(s)|pw(s) ds
)
.

Since ρ = supk |Ik| · ‖w−1/p‖Lq(Ik), we have

‖g − f‖pp ≤ ρ
∑
k

∫
Ik

|f ′(s)|pw(s) ds ≤ ρA‖f‖pp.

The last inequality follows from the Bernstein-type inequality (17). Statement 1) is
proved.

2) We show that the identity operator Id acting from Kp
Θ to Lp(µ) can be approxi-

mated by finite rank operators. Fixing N ∈ N and ε > 0, we put JN =
⋃
|k|≤N Ik. Then

there exists a finite set of disjoint intervals {∆l}Ll=1 such that |∆l| ≤ ε and JN =
⋃L
l=1 ∆l.

We fix some points tl ∈ ∆l and consider the operator

TNf =
L∑
l=1

f(tl)χ∆l
,

where χ∆l
is the characteristic function of ∆l. We prove that ‖TNf−f‖Lp(µ) = o(‖f‖p),

f ∈ Kp
Θ, as N →∞, ε→ +0. First, we note that

(18) ‖TNf − f‖pLp(µ) =
∫
JN

|TNf − f |p dµ+
∫
R\JN

|f |p dµ.

Clearly,∫
JN

|TNf(t)− f(t)|p dµ(t) =
∑
l

∫
∆l

∣∣∣∣ ∫ t

tl

f ′(s) ds
∣∣∣∣p dµ(t) ≤ µ(JN )εp sup

s∈JN
|f ′(s)|p.

By formula (9), |f ′(s)| ≤ ‖f‖p‖Φ(·, s)‖q. Consequently,∫
JN

|TNf − f |p dµ ≤ µ(JN )εp sup
s∈JN

‖Φ(·, s)‖pq‖f‖pp.

Since Θ is meromorphic, the kernel Φ is continuous on R2. It is easily seen that |Φ(t, s)| ≤
(|Θ′(s)|+ 2)|t− s|−1 if |t− s| ≥ 1. Therefore, sups∈I ‖Φ(·, s)‖q <∞ for any bounded set
I ⊂ R.

Now we estimate the second term in (18). By the mean value theorem,∫
R\JN

|f |p dµ =
∑
|k|>N

µ(Ik)|f(sk)|p,

where sk ∈ Ik. Applying the arguments used in the proof of statement 1), we obtain∫
R\JN

|f |p dµ ≤ sup
|k|>N

µ(Ik)
|Ik|

∑
|k|>N

|Ik||f(sk)|p ≤ sup
|k|>N

µ(Ik)
|Ik|

(1 + (Aρ)1/p)p‖f‖pp.

Thus, choosing N sufficiently large and then reducing ε for N fixed, we can make the
norm of the operator TN − Id : Kp

Θ → Lp(µ) arbitrarily small.
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3) If µ(Ik) � |Ik| and Aρ < 1, then

‖f‖Lp(µ) ≥ C1/p
1 ‖g‖p ≥ C1/p

1 (‖f‖p − ‖g − f‖p) ≥ C1/p
1 (1 − (ρA)1/p)‖f‖p.

Hence, ‖f‖Lp(µ) � ‖f‖p. �
Proposition 2 and Theorems 1 and 3 immediately yield Theorems 4 and 4′ (and also

an analog of Theorem 4 for p = 1). It suffices to apply Proposition 2 to the weights
w(t) = |Θ′(t)|−(p−1/2−σ) and w(t) = [|Θ′(t)|p−1/2−σ + |Θ′(t)|p]−1.

Remark. Combined with Theorems 1 and 3, Proposition 2 gives also sufficient conditions
for the equivalence of the Lp-norm generated by a measure µ and the natural norm of the
space Kp

Θ. Such measures were completely described by Volberg [19] in the case where
1 < p < ∞ and the measures are of the form vm, where m is Lebesgue measure on the
line and v is nonnegative and bounded: ‖f‖Lp(vm) � ‖f‖p, f ∈ Kp

Θ, if and only if

(19) inf
z∈C+

(|Θ(z)|+ ṽ(z)) > 0,

where ṽ denotes the harmonic extension of the function v to the upper half-plane. It is
known that for p = 1 condition (19) is not sufficient for the equivalence of the correspond-
ing norms; see [27]. The description of the general measures generating an equivalent
norm is a very difficult problem. Its solution for the case of the classical Paley–Wiener
space was found quite recently by Ortega-Cerda and Seip [28].

The case of µ = χEm, where χE is the characteristic function of a set E ⊂ R, is of
special interest. It is well known that the measure χEm determines an equivalent norm
on the Paley–Wiener space PW p

a if and only if the set E is relatively dense, that is, there
exist numbers L, δ > 0 such that m(E ∩∆) ≥ δ for any interval ∆ of length at most L
(see [20]). In this case, the measure χEm determines an equivalent norm on each model
subspace Kp

Θ with Θ′ ∈ L∞ (see [4]).
Now we state a condition ensuring the equivalence of the norms ‖ · ‖1 and ‖ · ‖L1(χEm)

on the space K1
Θ; this condition follows from Theorem 1 and Proposition 2.

Corollary. Suppose Θ′ ∈ L∞, E ⊂ R, and Ik are disjoint intervals such that R =
⋃
k Ik

and
ρ = sup

k

[
|Ik| sup

t∈Ik
|Θ′(t)| 12−δ

]
<∞

for some δ ∈ (0, 1/2). There exists an absolute constant ρ0 such that if ‖Θ′‖
1
2 +δ
∞ δ−1ρ < ρ0

and m(E ∩ Ik) � |Ik|, then ∫
E

|f(t)| dt � ‖f‖1, f ∈ K1
Θ.

We conclude this section with examples of functions Θ and measures that satisfy the
conditions of Theorem 4, but do not belong to the class C(Θ); so, the Volberg–Treil
theorem is not applicable to these measures. We shall consider Blaschke products with
sufficiently sparse zeros, that is, essentially “multicomponent” functions. Let Mp(Θ, δ)
denote the class of measures satisfying the conditions of Theorem 4. We show that there
exist inner functions Θ such that C(Θ)|R ⊂ Mp(Θ, δ) for some δ > 0 (and C(Θ)|R 6=
Mp(Θ, δ)). Thus, Theorem 4 provides nontrivial examples of embeddings.

Examples. 1. Let B be a Blaschke product with zeros zk = xk + i, k ∈ Z, such that
lim|k|→∞(xk+1 − xk) = ∞. We denote by x(t), t ∈ R, the point of the form xk that is
nearest to the point t. We assume that, in a sense, the summand corresponding to the
nearest zero brings the main contribution to ϕ′(t). Namely, let

(20) ϕ′(t) ≤ C

|t− x(t) + i|α , t ∈ R,
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where 1 < α ≤ 2 (clearly, α does not exceed 2). For instance, if xk = |k|β sgnk, β > 1,
then estimate (20) is fulfilled for α ≤ 2, and if xk = 2|k| sgnk, then (20) is true for any
α < 2.

We prove the following statement: if α > 2q
q+1 , then there is δ > 0 such that C(B)|R ⊂

Mp(B, δ).
Let δ > 0 be such that δ < q+1

2 −
q
α . We split the interval [xk, (xk + xk+1)/2] into

smaller intervals In = [an, an+1] satisfying

(21) sup
n
|In|
(∫

In

|B′(t)|
q+1

2 −δ dt

)p/q
<∞

and such that an+1−an � an+1−xk. Let a0 = xk, a1 = xk+2. If the points a0, a1, . . . , an

have already been chosen, we put an+1 − an = (an − xk)(α q+1
2 −αδ−1) pq . We repeat this

procedure as long as an+1 ≤ (xk + xk+1)/2. Observe that, by the choice of δ, we have(
α
q + 1

2
− αδ − 1

)p
q
> 1,

whence an+1 − an � an+1 − xk. We verify condition (21). Indeed,

(an+1 − an)
(∫ an+1

an

|B′(t)|
q+1

2 −δ dt

)p/q
≤ C(an+1 − an)

((
1

an − xk

)α q+1
2 −αδ−1

−
(

1
an+1 − xk

)α q+1
2 −αδ−1)p/q

≤ C.

Similarly, moving to the left from the point xk+1, we construct a partition of the interval
[(xk + xk+1)/2, xk+1], and repeating this procedure for any k yields a partition of the
entire real line into intervals In satisfying (21).

Now, suppose that µ ∈ C(B)|R. Then

µ([an, an+1]) ≤ µ([xk, an+1]) ≤ C1(an+1 − xk) ≤ C2(an+1 − an).

Thus, each measure µ of class C(B)|R satisfies the Carleson condition for the intervals
In, that is, µ ∈Mp(B, δ).

2. Let zk = xk + i be the same as in Example 1, and assume that estimate (20) is
true with α = 2. We choose a sequence tk > 0 such that tk → ∞, but “much more
slowly” than xk+1 − xk. Namely, suppose that xk + 2tpk < xk+1. Put µ =

∑
k akδxk+tk .

Obviously, if µ ∈ C(B), then ak ≤ C1tk. Note also that the relation µ ∈ Cp(B) means
that ak ≤ C2t

p
k ≤ C3(ϕ′(tk))−p/2 (it suffices to consider ‖k(·, xk + tk)‖Lp(µ)).

We show that for any σ > 0 the measure µ =
∑

k t
p−σ
k δxk+tk belongs to the class

Mp(B, δ). Indeed, let Ik = [xk + tk, xk + tpk]. Then µ(Ik) = tp−σk ≤ C2|Ik| and

sup
k
|Ik|
(∫

Ik

|Θ′(t)|
q+1

2 −
qσ
2p dt

)p/q
≤ C4 sup

k
tp−σk

(∫ tpk

tk

t−q−1+ qσ
p dt

)p/q
≤ C4(q + 1− 2qσ/p)−p/q <∞.

Thus, the measure µ satisfies the conditions of Theorem 4, and consequently, µ ∈ Cp(B),
but µ /∈ C(B).

§7. Perturbations of bases of reproducing kernels

The assertion to be proved here is somewhat more general than Theorem 5 and con-
cerns the case of meromorphic inner functions with zeros separated away from the real
axis.
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Theorem 5′. Let Θ be a meromorphic inner function with zeros {zn} such that infn yn >
0. Assume that sk, tk ∈ R and infk(ϕ(tk+1)− ϕ(tk)) > 0. If

(22) d({sk}) = sup
k

∫
〈sk,tk〉

(|Θ′(t)|δ + |Θ′(t)|) dt <∞

for some δ < 1/2, then the measures µ =
∑

k δtk/ϕ
′(tk) and ν =

∑
k δsk/ϕ

′(sk) simulta-
neously belong or do not belong to the class C2(Θ).

Furthermore, there is ε = ε(Θ, δ) such that the norms ‖·‖L2(ν) and ‖·‖2 are equivalent
on K2

Θ whenever {k(·, tk)} is an orthogonal basis in K2
Θ and d({sk}) < ε.

Proof. Without loss of generality, we assume that d({sk}) ≤ 1. First, we note that there
exist constants C1 and C2 depending on Θ and δ such that C1 ≤ ϕ′(sk)/ϕ′(t) ≤ C2,
t ∈ 〈 sk, tk〉. Indeed, by the mean value theorem,∫

〈sk,tk〉
((ϕ′(t))δ + ϕ′(t)) dt = |sk − tk|[(ϕ′(xk))δ + ϕ′(xk)],

where xk ∈ 〈sk, tk〉. Hence, |sk − tk| ≤ C3(ϕ′(xk))−δ. If C3(ϕ′(xk))−δ ≤
√
M/4ϕ′(xk),

then, by Lemma 1, ϕ′(t) � ϕ′(xk) for t ∈ 〈 sk, tk〉. Otherwise, we have ϕ′(xk) ≥ C4,
which yields ϕ′(t) � ϕ′(xk) once again. Thus,

‖f‖2L2(ν) �
∑
k

|f(sk)|2
ϕ′(tk)

.

Furthermore,

|f(tk)− f(sk)|2
ϕ′(tk)

=
1

ϕ′(tk)

∣∣∣∣ ∫
〈sk,tk〉

f ′(t) dt
∣∣∣∣2

≤
∫
〈sk,tk〉

[(ϕ′(t))δ + ϕ′(t)] dt
∫
〈sk,tk〉

|f ′(t)|2
ϕ′(tk)[(ϕ′(t))δ + ϕ′(t)]

dt

≤ C5d({sk})
∫
〈sk,tk〉

|f ′(t)|2
(ϕ′(t))δ+1 + (ϕ′(t))2

dt.

Now, since δ + 1 < 3/2, we can apply Theorem 3:∫
R

|f ′(t)|2
(ϕ′(t))δ+1 + (ϕ′(t))2

dt ≤ C6‖f‖22.

Since infk(ϕ(tk+1) − ϕ(tk)) > 0, from (22) it follows that there is a positive integer N
such that any point x ∈ R lies in at most N intervals 〈sk, tk〉. Therefore,∑

k

|f(tk)− f(sk)|2
ϕ′(tk)

≤ C5d({sk})
∑
k

∫
〈sk,tk〉

|f ′(t)|2
(ϕ′(t))δ+1 + (ϕ′(t)2)

dt

≤ C7d({sk})N‖f‖22.
Thus, ν ∈ C2(Θ) if and only if µ ∈ C2(Θ). Now, if {k(·, tk)} is a basis in K2

Θ (that is,
2π‖f‖2L2(µ) = ‖f‖22), then

‖f‖2L2(ν) ≥ C8(1 − C9d({sk}))‖f‖22, f ∈ K2
Θ.

So, the norms ‖ ·‖L2(ν) and ‖ ·‖2 are equivalent on K2
Θ if d({sk}) is sufficiently small. �

Remark. In terms of the kernels k(·, sk) the equivalence of the norms ‖ · ‖L2(ν) and ‖ · ‖2
means that the system {k(·, sk)/‖k(·, sk)‖2} forms a frame in the space K2

Θ (we recall
that a system {fn} in a Hilbert space H is called a frame if C1‖f‖2H ≤

∑
n |〈f, fn〉H |2 ≤

C2‖f‖2H, f ∈ H , for some positive constants C1 and C2).
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Example. We show that for δ > 1/2 condition (22) in Theorem 5 does not imply that
ν ∈ C2(Θ).

Let Θ be a Blaschke product with the zeros zn = 2n + i, n ∈ N. The sequence {zn}
satisfies the Carleson interpolation condition. Consequently, by the Shapiro–Shields the-
orem (see [1, 2]), any function f in the space K2

Θ can be represented as an unconditionally
convergent series f(z) =

∑
n

cn
z−zn , and ‖f‖22 �

∑
n |cn|2. So, to verify that ν ∈ C2(Θ),

we must study the boundedness of a certain operator in `2(N) defined by an infinite
matrix.

Fix δ > 1/2 and set tn = 2n+2
n
2δ . It is easy to show that µ =

∑
n δtn/ϕ

′(tn) ∈ C2(Θ).
It suffices to note that ϕ′(tn) � 2−n/δ and to make sure that the matrix ank = 2

n
2δ (2n +

2
n
2δ − 2k + i)−1 gives rise to a bounded operator in `2(N) (the sums over the rows and

the columns are uniformly bounded).
Put sn = 2n + 2n−1. Condition (22) is fulfilled because

ϕ′(t) � 1
(t− 2n)2

+
n

22n
, t ∈ [tn, sn].

At the same time, ν =
∑

n δsn/ϕ
′(sn) /∈ C2(Θ) (see [12, Example 6.1]).
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the domain, Teor. Funktsǐı, Funktsional. Anal. i Prilozhen. Vyp. 24 (1975), 68–85. (Russian)
MR 0402053 (53:5876)
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