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ANTIMONOTONE QUADRATIC FORMS
AND PARTIALLY ORDERED SETS

L. A. NAZAROVA, A. V. ROITER, AND M. N. SMIRNOVA

ABSTRACT. Representations of partially ordered sets (posets) and quivers are an
important part of the theory of matrix problems and algebra representations. Along
with chains (linearly ordered sets), a special role is played by certain special posets;
in this paper it is shown that they are in one-to-one correspondence with the rational
numbers that are greater than or equal to 1.

A wattle (n1,...,n¢) is a union of nonintersecting chains Z; (|Z;] = n;) such
that the minimal element of Z; is smaller than the maximal element of Z;;1 (i =
1,...,t — 1) (and these are the only possible comparisons). The known lists of

critical (i.e., minimal) infinitely representable and wild posets consist of cardinal
chains, with the exception of one poset in the first list (namely, (2,2) 4+ Z4) and one
in the second (namely, (2,2) + Z5). At the same time, the authors have assigned a
rational number P(S) to each poset S in such a way that P(S) < 4 if and only if S
is finitely representable and P(S) = 4 if and only if S is tame. A poset S is said to
be P-faithful if P(S") < P(S) whenever S’ C S.

From the work of Zel’dich, Sapelkin, and the authors it follows that the P-faithful
posets are cardinal sums of r-sets, i.e., they are wattles of a special type (chains can
be regarded as a partial case of r-sets).

In the present paper, the notion of an antimonotone poset is introduced, and a
criterion for a poset to be antimonotone is presented under the assumption that the
quadratic form Zsigsj xiz; (S = {s1,...,5n}) is positive semidefinite. At the same
time, we manage to substantially simplify the proof of the criterion for a poset to be
P-faithful, avoiding an item-by-item examination of several dozens of various cases.
Also, simple explicit formulas for calculation of P(S) are obtained, which lead in an
elementary way to the lists of critical posets (originally, they arose as a result of a
cumbersome and complex argument).

Let P be a bounded set in the n-dimensional space R,,, and let f(z1,...,z,) = f(x)
(x € R,) be a continuous function. By the well-known second Weierstrass theorem,
inf{f(P)} (= inf3 f(z)) is attained. We say that a function f is P-faithful if inf{f(P)}
is not attained on P\ P and inf{f(P)} > 0 (i.e., f is positive on P). Observe that if
n=1and P = (a,b), then any P-faithful function is not monotone.

In what follows we assume that P = P, = {(z1,...,2,) | 0<2; < 1,i=1,...,n, 21+

+x, =1} Ifn>1,thena; <1,i=1,...,n. Then P = {(x1,...,2,) |0 < x; <1,
i=1,...,n, 1+ -+x, = 1}. In this case the P-faithfulness of f depends substantially
on the behavior of f on the hyperplane H,, = {(z1,...,z,) | 1 + -+ + 2, = 0}.

For a differentiable function f we put C~(f) = {h € H, \ {0} | ﬁ(h) <0,i=

n}, CH(f) ={h e H,\{0} | ZL(h) > 0,i=1,...,n}, C(f) = CT(HUC(f )
function f is said to be antimonotone if C(f) = @. If n =1, then P; = (1), H1\{0} =

and any function is antimonotone.
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In Subsection 3 (see Proposition 1) we prove that any P-faithful quadratic form is an-
timonotone; therefore, in this case antimonotonicity is a generalization of P-faithfulness.

Example 1. A linear function f = Z?:l a;x;, n > 1, is antimonotone if and only if

a; > 0, a;j < 0 for some 7,j. The quadratic forms 23 + 23 and 2% + 23 + 179 are

antimonotone, but the forms x? — 23 and 2% + 23 + 2% + x172 + 2123 are not.
Apparently, the problem of obtaining an efficient criterion for antimonotonicity is hard

even for quadratic forms.

In this paper we solve this problem for the quadratic forms fg corresponding to (finite)
partially ordered sets (posets) S = {s1,...,sn}: fs(@1,... @) = 32, <, wiw; (see [2])
under the additional requirement that fg be positive semidefinite (i.e., fg(z) > 0). The
posets with antimonotone form generalize the P-faithful posets, defined in [3] and studied
in [3]-[7], and (as is shown below) coincide with them not only for positive definite forms,
but also for positive semidefinite ones.

An explicit construction of a vector belonging to C(fs) allows us to simplify the
proof of the P-faithfulness criterion (see [3] and [5]-[7]), avoiding consideration of many
different cases.

We also deduce an explicit formula for the calculation of inf{fs(P)} for P-faithful S;
on the basis of this formula, we give simple proofs of the criteria for finite representativity
(see [8] and also [9]) and tameness (see [I0] and also [I1]) of partially ordered sets.

1. In this subsection, f is a differentiable function defined on R,,. The elements of R,
will be called vectors.

We put R ={z e R, |2; >0,i=1,...,n}, E: ={z=(21,...,2,) €R, |0 <
z;,i=1,...,n;2 # 0}; then P, = P,, NR} (R =R{).

If f; and f, are defined on R,, and on R,, (respectively), we put (f1 @ f2)(z1,. .., ZTm,
Tt 1y s Tntm) = f1(T1, s Tm) + f2(Tmt1s oo s Tinpn)-

We say that a twice differentiable function f is concave if

a) $L(0)=0,i=1,...,n, and

2
b) aaigwj >0,4,7=1,...,n, and f is g-concave, ¢ € RT, if, in addition,

2
c) % >q,i=1,...,n.
In particular, the quadratic form fg corresponding to S is 2-concave.

Remark 1. By the Lagrange theorem, for d > 0, b) implies I), and c) implies II,):

I) g—i(xl,...,xj,l,xj—|—d,xj+1,...7mn) > gi(xl,...mn),i,je {1,...,n}.
I1,) g—i(xl,...,a:i_l,xi—|—d,xi+1,...,mn)Z ggi(a:h...,mn)—kqd,i:l,...,n.

We put C~(f) = {z € R, \ {0} | 0, 2 > 0, 2L (2) <0,i=1,...,n} and C*(f) =

- ’ 8:81

{z eR {0} | X0 2 <0, $L(x) >0,i=1,...,n}.
Lemma 1. If f is concave, then f is antimonotone if and only if 5+(f) U a_(f) = 0.

Proof. Let z € C~(f) (the case of x € C*(f) is similar), and let Z?Zl z; =d e RT.
Then {1 — d,za,...,z,} € C(f) (by I)) unless z = (d,0,...,0). But in the latter case
we have (d,—d,0,...,0) € C(f). If y € C(f), then, clearly, y € CT(f) U C~(f). O

Lemma 2. If f; and fa are concave, then the function fi @ fo is antimonotone if and
only if f1 and fo are.

Proof. We must prove that C(f; @ f2) # @ if and only if either C(f1) # @ or C(f2) # 2.
If (1, Tnys Y1y -5 Yny) € C(f1 © fo), then either (21,...,2,,) € C*(f1) UC™(f1)
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r (Y1, Yny) € CT(f2) UC~(f2), and by Lemma 1, C(f1) # @ in the first case and
C(f2) # @ in the second case.
If 2 = (z1,...,2n,) € C(f1), then (21,...,2,,,0,...,0) € C(f1 ® f2) by a); if
——

(Y1, YUny) € C(f2), then (0,...,0,y1,...,Yn,) € C(f1 D f2). O
——

ni

We say that a nonzero vector d € Zn is m-Dynkin (1 < m < n) for a g-concave

function fif 1) 0 < awm L (d) < ¢, and 2) 2 s L (d)=0forj#m,j=1,.
We say that a function f is m-isolated if E?Tfk(sm) 0 for 1< k < mn, k # m,
S$m = (0,...,0,1,0,...,0).
———

m—1

Lemma 3. Let f be q-concave and not m-isolated. If it admits an m-Dynkin vector,

then C(f) # @.

Proof. Let Y 1 d; =d. Ifd <0, thend € 5*(]‘) and C(f) # @ by Lemma 1. Let d > 0.
Putting u; = d; if j # m and u,, = d,, — d, we prove that u = (u1,...,u,) € C(f).
Clearly, v € H,,. We have %(u) < 0 for j # m by I) and 2), and B‘an (u) <0 by II,)
and 1).

It remains to show that w # 0. If u = 0, then d = As,,, A # 0 (because d # 0), which
implies that %fk(d) # 0, k # m, because f is not m-isolated. a

Example 2. Let S = {s1,52,3,84,85 | $1 < 84,4 = 2,...,5}; then fg = Zle z? +
1 Z;’ o, and d = (—2,1,1,1,1) is an ¢-Dynkin vector for fg (¢ =1,...,5). The vec-
to18 (=21, 1,1, 1), (—2,1,1,~1,1), (=21, =1,1,1), (=2, —1,1,1,1), and (—4,1,1,1,1)
belong to C(fs).

We turn to P-faithfulness. We denote St(f) = {a € R} | g—i(a) = 88;2( a), i,j =
on}; Sth(f) ={a €St | H(a) > 0}.
We say that a vector u € P, is P-faithful for f if f(u) > 0 and w € P,, implies
f(u) < f(w); moreover, if w & P,, then f(u) < f(w).
Let §‘c( f) denote the set of P-faithful vectors for f. The P-faithfulness of f is equiv-
alent to the fact that St(f) # 0.

Lemma 4. §t(f) C St(f) for any f.

Proof. Letn > 1. We write x,, = 1—2?:_11 x; and consider the function f(ml, ey Tp_1) =
flay, ... xpo,1 — Z?;ll z;). If u=(u1,...,uy) is a P-faithful Vector for f, then f(@)
attains its minimum at the point @ = (u1,...,u,—1). We have T = g—i + 88;; . %,
xnzl—zzzllxz, ‘?9“; =—-1(i=1,...,n—1). Therefore, %— gg{ —aan:O. O

Let f be a homogeneous function of degree k (i.e., f(A\z1,...,A\z,) = A f(xq, ..., 2,)).
For such f, if k # 1 and inf{f(P)} > 0, we put P(f) = inf{f(P)}lflk. In particular,
P(f) = inf{f(P)}~! for k = 2.

Lemma 5. Suppose fi(x1,...,Zn,) and fo(@Tn,41,--. xnz) are two homogeneous func-
tions of degree k, ny + ny = n, inf{f;(P,,)} > 0, j = 1,2. Then P(fi1 ® f2) =
P(f1) + P(f2).
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Proof. The values of a homogeneous function f on K: are determined by its values on
P,,, namely, for y € E: we have f(y) = A\ f(u), where u € Py, A=Y yi, u = A"1y.
Therefore,

inf{(fr® f2)(P)} = inf | [V it (i (Po)} + (1= N inf{ £2(Pon)}].

0<A

We put inf{ f1(Pn,)} = a, inf{f2(Pn,)} =b.

Consider the function ®,,(A) = a\* +b(1—\)*, a > 0, b > 0; we find info<r<1 Pup(N).
The derivative of ®4;(A) with respect to A (u and v are viewed as constants) is (P45 ()5 =
kaX*=1 — kb(1 — A\)*=1 . Let A be a positive root of the equation (®4,()\))} = 0.

1

Then aX' ' = b(1 — X\)*~!, whence ai7 X = bt (1-2X) and X = —2*——_ Thus,
aF—T 4pF-1
infog)\gl q)ab(A) = min{@ab(()), (I)ab(]-)a ab( )} = mm{a, b, @ab(X)}.
We show that ®.,(}) < ®ap(0) = b. Indeed, ax" = = b(1 — N)* 1 and Bup(N) =
X’ +b(1 = X)F =b(1 =N IX+b(1 —N)* =b(1— Nk~ < b, because a > 0, b > 0, and
0 < A < 1; similarly, ®4,()\) = < ®,(1) = a. Therefore, inf{(f1 @ f2)(Pn)} =

(I)a )\ 1a—bk—1~
b(N) = (a7 40701
Returning to P(fi @ f2), P(f1), and P(f,), we have P(f;) = P(fs) = bT°F,
T=F — pToF 4 qToF. m

P(fi® f2) = (Ha—l@)_

E—1 +bk—1)

Corollary 1. Under the conditions of Lemma 5, f1 ® fo is P-faithful if and only if f1
and fo are.

2. In what follows, f = szzl ai;x;x; (a;; = aj;) is a quadratic form over the field R;
2

A = (a;;) is the symmetric matrix of f. We have % = 2a;;, and f is 2-concave if
i0Tj

ai; €N, a;; +a;;, €Ny (4,7 =1,...,n). Fixing f, for x = (z1,...,z,) € R,, we put

a n
xézai(m,...,x@zQZaﬁxj, o = (2y,...,2)) =2zA.

We need the following identity, which can easily be checked:

1) Pt )= F) + F0)+ 3 v, ww e R,

i=1

@ Suwi= v, flutev) = f(w) +2f(w) +azuz o,
=1 =1

Putting v = v in (), we obtain (cf. [I, Subsection 178])

®) ) = %Zuu
Using (3), we can reformulate Lemma 4 as follows.
Lemma 4'. For any quadratic form f, we have §c(f) C Sth(f).
We denote C(f) = {(v1,...,vn) € C(f) | (v},...,v,) # 0}. Since T( x) =

—aa—xfi(x), the relation C(f) # @ implies that C~(f) # @ and CT(f) # @. Therefore,

choosing a vector v € C(f) # &, in the sequel we assume that v € C~(f).
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Proposition 1. For any quadratic form f, 1) at least one of the sets St(f) and C(f) is
empty, and 2) at least one of the sets C(f) and St(f) is empty.

Proof. 1) Suppose u € St(f), v € C(f). Then 7 wjv; = u} 3" v = 0. On the
other hand, if v; < 0, then Sor uv) < 0 (because v) <0, u; > 0,4=1,...,n), which
contradicts (2)).

2) Suppose u € St(f), v € C(f). If v € C(f), then 1) implies the claim. Let
ve C(f)\C(f), e, v, =0 for i = 1,...,n. Then f(v) = 0 (e.g., by @), whence
fu+ev) = f(u) for any e. We put |g| = min; qu—l‘ and take the sign of ¢ to be opposite
to the sign of one of the v; at which the minimum is attained. Then u + ev € P, \ Py,
which contradicts the P-faithfulness of w. |

Corollary 2. Any P-faithful quadratic form is antimonotone.

Example 3. Let f = Z?Zl 2?2 + (21 + 22) (23 + 74). Then

1 1
1 0 3 2
o 1 1 1
— 2 2 1
Ai 1 1 Y St(f) 9 (]"1,171)’ C(f) 9 (1’]‘7 ]‘) ]‘)'
1 1
1101

Proposition 1 implies that St(f) = @ and C(f) = 2.
In this example, |A| = 0.

Proposition 2. If |A| # 0, then one of the sets C(f) and St(f) is not empty, but the
other is empty.

Proof. First, suppose that @ # C(f) 3 v and @ # St(f) 3 u. If v € C(f), then
St(f) = @ by Proposition 1. If v € C(f)\ C(f), then v/ = 0 and vA = v = 0.
Therefore, v = 0, which contradicts the fact that v € H, \ {0} (see the definition of
c(f))-

Now we prove that either St(f) # @ or C(f) # @. Let e, = (1,...,1) € R, and let
y=e, A7 yA=e,. f y € R} or —y € RS, then y € St(f). If {y, —y} NRS = &, then
either y, = 0 for some k or y; < 0 and y; > 0 for some s and ¢. It is easily seen that in both
cases there exists w € R: such that wyT( =>r, wiyi) = 0 (in the first case we can put
wg > 0, w; =0 for ¢ # k, and in the second case ws = y;, wy = —ys, w; = 0 for i & {s,t},
i=1,...,n). We prove that v = —wA~! € C(f). We have —v' = wA™'A =w € EZ,
whence v} < 0. Next, v # 0 because w # 0 and |A| # 0. It remains to check that v € Hy,
which is equivalent to vel = 0. We have vel = —wA~lel and yT = (A7 1)Tel = A7l
(because AT = A). Therefore, —wA~tel = —wyT = 0. O

Proposition 3 (see [7, Part II, Remark to Theorem 1). 1) If §c(f) # @, then f is
positive definite. 2) If [ is positive definite, then St(f) = St(f) N P, (thus, St(f) = & if
and only if St(f) = @).

Proof. 1) Suppose the contrary: f(v) < 0 (v # 0), u € St(f). a) First, we assume that
v € H,, ie, Y v;=0and f(v) <0. Then f(u+ev) = f(u) +&2f(v) +e> r ulv,.
We have u € St(f) by Lemma 4’, whence € >, wiv; = 0, i.e., f(u+ev) = f(u)+e? f(v).
Since f(v) < 0, it follows that f(u + ev) < f(u), which contradicts the P-faithfulness
of w.

b) Now, let v € H,, f(v) = 0. Then f(u + ev) = f(u) for any €. Put &€ = min; %
The sign of € is opposite to the sign of one of the v; for which this minimum is attained.
Then u + v € P, \ P,, again contradicting the P-faithfulness of u.
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c) Finally, let > | v; # 0. We may assume that ) ;- , v; = 1. Put w = u—v. Formula
@) with ¢ = —1 and Lemma 4 imply f(w) = f(u) + f(v) — v/, ' =u}, i =1,...,n.
Formula @) yields f(u) = "7/1, whence f(w) = f(v) — “7/1 Since v’ > 0 by Lemma 4', we
have f(w) < 0; w € H,. Also, w # 0, because if w = 0, then u = v by @), but f(v) <0.
Thus, c) reduces to a).

2) Suppose u € St(f) N P,, v € P,, v # u. Then u # 0 because u € St(f), so that

f(u) > 0. We show that f(u) < f(v). We have 0 < f(u—wv) © Fw)+fv)=>"0" ubv; ©

Yt fv) —u = f(v) — L = f(v) — flu), e, f(v) > f(u). O

3. In the sequel we shall consider the 2-concave form fg for a poset S = {s1,...,s,},
fs =Y. <., miwj. Put C(S) = C(fs), St(S) = St(fs), and St(S) = St(fs). The poset
S is antimonotone if fs is antimonotone.

A poset S is P-faithful if St(fs) # @. (This is equivalent to the definition of P-
faithfulness given in [3].) In this case, C(S) = @ by Proposition 1. Observe that
inf{fs(P)} > 0 because a;; >0, i,j =1,...,n, A # (0).

When talking of graphs, we always mean nonoriented graphs. Oriented graphs will be
called quivers. All graphs and quivers are assumed to be finite and not involving loops
and multiple edges or arrows (i.e., two edges or arrows between two given points). Every
quiver @) gives rise to the graph I'(Q)) in which all arrows are replaced by edges.

The Hasse quiver (orgraph) Q(S) of a poset S is a quiver whose vertices are elements
of S and two vertices are connected by an arrow s; — s; if s; < s; and no s € S satisfies
s; < sp < sj. Drawing lines (edges) instead of arrows, we obtain the (nonoriented)
Hasse graph T'(.S) of the partially ordered set S. Usually, a finite poset S is depicted by
a diagram, i.e., by the graph I'(S), assuming that lesser elements are drawn below the
greater ones.

The elements of the poset S and the corresponding elements of Q(S) and I'(S) will
be denoted by the same symbols.

A path of length k (k > 1) from s; to si4+1 in a graph (quiver) is a sequence sy, . . ., Sg4+1
of vertices such that s; and s; 11 are joined by an edge (by an arrow starting at s; and
terminating at s;41), 4 =1,...,k. A path in a quiver @ is a path in the graph I'(Q), but
the converse may fail; s; is the origin and sg; is the end of a path.

A path sq,...,sgy1 in a graph T is called a cycle if the s; are different for i =1,... k,
k > 2, and s; = spy1. A cycle is said to be simple (and is denoted by flk) if there are
no other edges joining sg,...,sg+1- A graph T' and a poset S with I'(s) = I' are said
to by cyclic if T involves a cycle, and acyclic otherwise. It is easily seen that a cyclic
graph involves a simple cycle; accordingly, a cyclic poset S includes a subset S’ with
(S = Ap,.

To a quiver Q with vertices s1,. .., s,, we assign an (n x n)-matrix Q such that Q;; is
the number of arrows (0 or 1) from s; to s;. Then (Q*);; is the number of paths of length
t from s; to s;. A path sq,...,5,41 in a quiver is called an oriented cycle if 51 = sp41.
Two paths $1, ..., Sk41 and t1,. .., t,11 in a quiver @ are said to be parallel [12] if s1 = 1
and spy1 = tx4+1. If a quiver involves an oriented cycle, it also involves parallel paths.
The quiver Q(S) has no oriented cycles (because the relation < is antisymmetric), but it
may have parallel paths. It is easily seen that if the graph I'(Q) is acyclic, then @ has no
parallel paths. If @ has no oriented cycles, then the length of any path does not exceed
n and Q" = 0. If, moreover, there are no parallel paths, then the entries of Q" are equal
to 0 or 1. Moreover, if @ = Q(s), then the matrix A of the quadratic from f; is given by

n—1

A:E+%(;Qi+;(QT)i).
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Let Tg(z1,...,2n) = Y 1 @7 — Esﬁsj x;x; be the Tits quadratic form of the graph
T'(S) (the second sum is taken over all edges of the graph I'(S)). The matrix of the form
7Ts is denoted either by A or by A(S).

It is well known that the Tits form of I' is positive definite (respectively, positive
semidefinite) if I' is a Dynkin graph (respectively, extended graph), i.e. A,, D,, Es, Er,
Es (vespectively, A, D,,, Eg, E7, Es; see Subsection 4).

We put E — Q(s) = Q, |Q| = 1. It is easily seen that Q=1 = (E + Z?;ll QY),
A=3@Q7T+(@NT), A=5Q+Q7).

Proposition 4 (See [4])!. If there are no parallel paths in Q(S), then the forms Ts and
fs are equivalent over Z.

Proof. Tndeed, Q' Ar(Q )" = $Q71(Q+QNQ DT =3[(Q@ ) +Q '|=4 O
Propositions 1-4 imply the following statement.

Corollary 3. Suppose I'(S) is an acyclic graph and at least one of the forms fs and Tg
is positive definite (this is true if T'(S) is a Dynkin graph, see Subsection 4). Then the
other form is also positive definite, and the following statements are equivalent:

a) S is antimonotone;

b) S is P-faithful,

c) St(S) £ .

For s; € S, we denote by I(s;) the number of edges of the graph I'(S) that end at s;.

We call s; a terminal point if I(s;) < 1; s; is a branch point if I(s;) > 3; s; is a
junction point if it is either the end of at least two arrows or the origin of at least two
arrows of the quiver Q(S). We denote by S* the set of junction points.

Example 4.

5, S5 S

5 S5 S5

Here $* = § and C(S) USt(S) = @. Indeed, since the values of fg can be nega-
tive (fs(1,1,1,—1, =1, —1) = —2), we have St(S) = @ by Proposition 3, but St(S) >
(1,2,1,1,2,1), |A| = —48. Proposition 2 implies C(S) = .

Throughout in what follows (except in the Appendix) we assume that the graph I'(.S)
is connected (any two points are joined by a path).

If T'(S) = I'(S), then Q(S) can be obtained from Q(S) by “reorientation” (i.e., by
changing the direction) of several arrows. If I'(S) is acyclic and a quiver Q is obtained
from Q(S) by reorientation of arrows, then there exists S such that ¢ = Q(S).

A poset S and the quiver @ = Q(S) are said to be standard if I(s;) = 2 implies that s;
is the origin of one arrow and the end of one arrow, and I(s;) # 2 implies that s; is either
the origin of I(s;) arrows or the end of I(s;) arrows (i = 1,...,n). It is easy to check that
exactly one standard poset corresponds to each acyclic graph (up to antiisomorphism).
If S* is antiisomorphic to S, then I'(S) = I'(S*), and Q(S*) is obtained from Q(S) by

reorientation of all arrows.

'In [6], Sapelkin called this statement the Zel’dich lemma. Zel’dich in [7] said that it is “important
and surprising”, with which the authors agree, in spite of the brevity of the proof.
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If ¢ is an arrow of Q(S), then we denote by S(p) the poset obtained from S after
reorientation of the arrow ¢, and by A, the matrix of fg(,). Obviously, A(S(¢)) = A(S).

We say that a point s, € S is a Dynkin point if there exists an m-Dynkin vector for
the form fg.

Remark 2. The function fg is m-isolated in the sense of Subsection 1 if s, is comparable
with no other point of S. Therefore, for connected S, the requirement that fg be not
m-isolated (in Lemma 3) is fulfilled automatically.

Lemma 6. Let T'(S) be acyclic, and let s; ~ s; € Q(S). Suppose d # 0 is a vector
such that d; = 2(dA); = 0, d; = 2(dA); = 0. Then there exists a vector d # 0 such that
dA = dA,.

Proof. The proof of Proposition 4 shows that Q1AQ )T = A, @glAw(@;I)T =
Ap, Q'QAQT(QT) ™ = Ay (A, = A). Let d = dQ7'Q, (d # 0); then dA, =
dQ'Q,Q,'QAQT(QY) ™ = dAQT(Q]) .

Recalling that d} = d;» =0, we put dA = Zke{i,j} apsi = b. We need to show that

b@T(ég)_l = b. This is equivalent to sk@T(@g)_l = sy, i.e., to spQT = skég, which

follows from the definition of @ and from the fact that k ¢ {i, j}. O

Lemma 7. IfT'(S) is acyclic and s is a Dynkin terminal point of S, then it is a Dynkin
point for the poset S provided that T'(S) = I'(S).

Proof. 1f S=5 (¢), then the claim follows from Lemma 6. Turning to the general case
(S is not S(¢)), first we note that if S* and S are antiisomorphic, then fs = fg- and s,
is a Dynkin point also for S*.

Let ¢ (respectively, 1) denote a unique arrow of Q(.5) (respectively, of Q(.S)) for which

s¢ is either the end or the origin. Then the condition s; & {s;, s;} is equivalent to ¢ # 1.

Without loss of generality we assume that ¢ (in Q(S)) and ¢ (in Q(S)) have the
same orientation (otherwise we pass to 5 *). Then we can pass from S to S by reversing
several arrows different from t; therefore, the partial cases where S = S() (Lemma 6)

and § = $* considered above imply the statement of the lemma. (Il

4. Let I" be a connected acyclic graph with one branch point and three terminal points.
I' is the union of three chains A,,, A,,, A,, intersecting at a branch point s;, I' =
Ap UALUA,,, Ay NA,, = Ay NA,, = Ay, NA,, = {s1},and A, | =nj, j =1,2,3,
IT'| = ny +no+n3—2. We shall denote such T" by I'(n1, n2,n3) (the graph will not change
if we permute the n;).

All Dynkin graphs except for A,, (i.e., D,, Eg, E7, Fg) and the extended Dynkin
graphs Eg, E+, Eg are of the form T(ni,n2,n3). It is well known that T'(ny, ne,n3) is
a Dynkin graph if and only if ny* 4+ ny ' + ngl > 1, and I'(n1,n2,n3) is an extended
Dynkin graph if ny ' +ny ' +ngt = 1.

Namely, T'(n1,n2,n3) is Eg, E7, Eg, or D, if (n1,n9,n3) = (3,3,2), (2,4,3), (2,3,5),
or (1,1,n — 2), respectively. I'(my, ma, ms) is E;, E7, or Eg if (m1,me,m3) = (3,3,3),
(2,4,4), or (2,3,6), respectively.

Here the numeration of m; and n; is fixed so that m; < my < ms, and for E, with
n =6,7,8 we have ny = mq, no = mg, n3 = msg — 1.

Observe that in all cases mq and mo divide mg.

Proposition 5. IfT'(S) = I'(ny, ne, n3) is a Dynkin graph or an extended Dynkin graph
(i.e., Dy, Eg, E7, Es, Eg, Er, or Eg), then S contains a terminal Dynkin point.
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Proof. Lemma 7 shows that there is no loss of generality in assuming that S is standard.

For any I'(m1,ma,ms) (I(s1) = 3) we construct a vector d by putting dy = —ma,
d; = %j for s; € Ay, i # 1. It is easily seen that d; = 0 for 7 # 1, and d} =
maz(1 —my' —myt — mgz'). If, moreover, T'(S) is an extended Dynkin graph, then

d € Z, and dy =0, i.e., d is an i-Dynkin vector for any 1.

Let T(S) be E,, |S| = n, and let S be a standard poset such that T'(S) = E,,
Sl =n+1,Sc S S\S = {sps1} C An,. We construct a Dynkin vector d for
S, modifying the Dynkin vector d for F(§) We put d; = d; for i < n and d,, = 2
(=dp+dp1),d,=1(d;=0fori=1,....,n—1).

Let
s,
Then w = (w1, ..., w,), where wy = —2, wy = w3 =1, w,, =2, w; = 0fori & {1,2,3,n},
is an n-Dynkin vector s, (w), = 2). O

Dynkin vectors for the standard posets S such that I'(S) = Fg, Er, or Eg can be
written out explicitly:

1 1

1 1 1 2 2 1

1 1 2 2 1 1 3 2 1
3 -4 -6

Example 5. A Dynkin vector for the standard poset S such that ['(S) = D,,, n > 4 (for
n = 4 see Example 2) has the following form (all points are Dynkin points):

2
1 A 1
IWI
2

X
V - hlohz
(=

5. Consider the posets
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2% _ fo— - ot + | o= +
and W2 = {s,...,8.,57,...,8, | s; <8/,8
in particular,

< siesy <st,i=1...k} k> 1

9

Wt =

(see Example 3).

Lemma 8. If S is a cyclic poset and each S’ C S is acyclic, then S is either V or W2k
(k>2).

Proof. Without loss of generality we may assume that T'(S) is a simple cycle

5, 5, s,

Let S\ S* 2 s. Then s~ < s < s and in I'(S) the vertices s~ and s are connected
with s by edges. Let S” = S\ {s}. If there is an edge s™—s* in the graph I'(S’), then
I'(S’) is a cycle, which contradicts the condition of the lemma.

If s~ and st are not connected by any edge in I'(S’), then in S there is a point 5 # s
such that s~ < § < s*, 5 % s (i.e., 5 and s are not comparable), because otherwise s~
and s would not be connected with s in I'(S). Thus, {s™,s",s,5} =V and S =V.

So, if S # V, then S* = S, and then, since I'(S) = A, it is easy to check that
S = W?F for some k > 1. O

Lemma 9. If S2V and S 7 W*, then C(S) # @.

Proof. An arbitrary vector v € R,, can be viewed as a function on S with values in R.
Let v : S — R be such that v(h™) = v(hT) = =1, v(h1) = v(h2) = 1, v(t) = 0 for
t € S\V;thenv € H,,. We prove that v(s) < 0for s € S. Wehavev'(h™) =v'(h") = —1
and v'(hy) = v'(he) = 0. If t is comparable neither with h; nor with hg, then, clearly,
v'(t) < 0. If t is only comparable with one of hy, ho, then it is comparable either with
h™ or with A", and also v’(t) < 0. Suppose ¢ is comparable with hy and hy. Let t < hy
(the case where ¢t > hy is similar); then ¢ < he (hy < t < ho is impossible, so that
t < hT). Then if ¢ is comparable with 1~ also, then v'(¢) = 0, and otherwise we have
SDW4:{t,h2,h_,h1}. O

Lemma 10. If S O W?2F (k > 2) and the form fs is positive semidefinite, then C(S) #
.

Proof. Let t € T = S\ W2k, Putting S—(t) = |{s; |t < s;}U{s; |t > s;}| and
SH(t) = |{sF |t <sf}uU{s] |t > s;}|, we prove that if fs is positive semidefinite, then
S=(t) = ST (t).

Indeed, let S~ (tg) > ST (to) for a fixed to € T (the case where S™(ty) < ST (to) is
similar). We consider x : S — R,, with z(s;) = =1, x(s]) =1 (i = 1,...,k), 2(ty) = ¢,
0<e<l,and z(t) =0 for t € T\ {to}. It is easily seen that fs(x) < 0.

Now, let v : S — R, be a vector such that v(s;) = —1, v(sf) = 1, v(t) = 0 for
t € T. The relation S~1(t) = S*(t), t € T, implies that v/(s) = 0 for any s € S. Clearly,
v € H,, whence v € C(S5). O

Proposition 6. If S is an antimonotone poset and the form fg is positive semidefinite,
then T'(S) = A,.



ANTIMONOTONE QUADRATIC FORMS AND PARTIALLY ORDERED SETS 1025

Proof. If S is cyclic, then Lemmas 8, 9, and 10 imply the statement. If S is acyclic, then
the Tits form 7g is positive semidefinite by Proposition 4, so that I'(S) is one of A,
D,, Eg¢, E;, Eg, IND,L, Eﬁ, E7, or Es (F(;LL) is cyclic). If T'(S) # A, then Proposition 5,
Examples 2 and 5, and Lemma 7 imply the existence of a Dynkin point and, by Lemma 3
and Remark 2, C'(S) # 0. O

6. Now, let I'(S) = A,. In this case, up to antiisomorphism, the poset S is determined
by its order and by the subset S* of junction points (see Subsection 3). Clearly, S*
if and only if S is a chain.

Consider the posets WAL = {57 . .78278f,...78:+1 | s;7 < si,s;

+ s
i < Syt =
k+1k _ o - T+ Fletw o ot < o= 47—
L. kyand WHELR = {57 s st s | s > s, st >0 =100 k)

Lemma 11. If T'(S) = A, and T'(S) contains W of the form WF*+L (respectively,
WHhHLEY " and moreover, s{r,szﬂ ¢ S* (respectively, sy, s, € S*), then C(S) # 2.

Proof. For definiteness, let S D W**¥1  Consider a vector v such that v(s;) = —2
for i =1,...,k v(s) = 42 for i = 2,... .k, v(s{) = v(s},;) = 1, and v(t) = 0 for
t € S\ WFk+1 We prove that v € C(f).

Indeed, v € H,, and v'(s;) = v/(s,) = —1, v/(s;) = 0 for i = 2,...,k — 1, and
v'(sf) = 0 for i = 1,...,k + 1. The absence of branch points implies that if t ¢ W is
comparable with w € W, then w € {sf, 5-1;1}- If ¢ is comparable with both sf and sgﬂ,

then S is cyclic. If 5}', 5;4_1 ¢ S* thent > w. Therefore, each t either is comparable with
exactly one s;” and one s;" or is not comparable with any w € W, whence v'(t) <0. O

A poset ¢ will be called a wattle [3] if it is a union of mutually disjoint chains Z;,

|Z;| >2,i=1,...,t, t > 1, such that the minimal element of Z; is less than the maximal
element of Z;;; and there are no other comparisons between elements of different Z;.
We have I'(¢) = A,,. In accordance with [3], we denote ¢ = (n,...,n:), where n; = |Z,].

For a poset S, T'(S*) can be viewed as a disconnected subgraph of I'(S). Let S/
denote its connected components.

Lemma 12. A poset S with T'(S) = A, is either a chain or a wattle if (and only if) the
orders of all S] are even.

Proof. If S is a wattle, then the claim is evident (and we shall not use it). The converse
statement will be proved by induction on |S|. The induction base is evident. Let |S| =
n+ 1. We write I'(S) = -+ - $py—1—8n—8Sn+1, where $,11 is a terminal point (therefore,
Snt1 € S*). For definiteness, we assume that s, > s,+1, so that s, is minimal. Put
S"= S\ {sns1} and S” = S\ {sp+1,5n}. We have two possibilities: 1) s,—1 > s, and

2) Sp—1 < Sp-
1) s, € 8%, (8")* = S*. By the inductive hypothesis, S’ is a wattle in which s, is
a minimal terminal point. Clearly, S is either a wattle or a chain. (If S = (nq,...,ny),

then S = (ny,...,n: + 1)).

2) s € S (9" does not satisfy the inductive hypothesis), and s, € S5, [S)| =0
(mod 2). Then s,; € S C §* and s, is a terminal point of S”, whence 5,1 ¢
(S7)%. T % = JP_, S, then (S”)* = /! S U (SE\ {5n, Sns1})-

Consequently, S” satisfies the inductive hypothesis, and hence, is either a chain or a
wattle in which s,_1 is the minimal point. If S” = (ny,...,n), then S = (ny,...,ny, 2).

O

Proposition 7. If the form fs is positive semidefinite and C(S) = @, then S is either
a chain or a wattle.
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Proof. By Proposition 6, we have I'(S) = A,,.
If S is neither a chain nor a wattle, then, by Lemma 12, there exists S such that
S| =1 (mod 2). It is ecasily seen that S is W1 or WHTL* For definiteness, let

N ST $ Z‘ S/TH

kk+1 _
Sy =W +vv

Since s; € S* and S, is a connected component in S*, we see that there exists s, €
S\ S* such that s, — sf. Similarly, there exists Spp1 € 9\ S such that s, | — 5;4_1.
Then S U {sy, sy .} = W2+ and C(S) # @ by Lemma 11. O

Example 4 in Subsection 3 shows that, generally speaking, the requirement that fg
be positive semidefinite cannot be lifted.

Conjecture. If S is acyclic and T'(S) # A,, then C(S) # @.

In some cases the existence of v € C(f) for acyclic S is obvious. However, we present
a computer-made example of an acyclic poset S and v € C(S).

Example 6.
3 9 15 21 15 9 3
-6 -12 -18 -18 -12 -6
-40 -13
15
15 26
6

7. Let ¢ = (nq,...,m¢) (t > 1) be a wattle, where n;, = |Z;], 21;:1 n, =mn, n; > 1,
i=1,... 1.

In [3], the minimal points of the chains Z;, i = 1,...,t — 1, were denoted by z; , and
the maximal points of the chains Z;, ¢ = 2,...,t, were denoted by z;', z; < zit_l. The
remaining (i.e., not junction) points were called common points (including the maximal
point of Z; and the minimal point of Z;). They are only comparable to points within
their chains.

The width w(S) of a partially ordered set S is the maximal number of its pairwise
incomparable elements. With each poset S, we associate the rational number r(S) =
2l — 1, where n = |S| and t = w(S). If S is a chain, then w(s) =1 and r(S) = n.

Clearly, there exist many wattles with the same r. However, below we prove that
any noninteger r > 1 corresponds to exactly one (uniform in the sense of [3]) P-faithful
(= antimonotone; see Corollary 3) wattle {(r), which will be called the r-wattle.
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For a positive rational a we put {a} = a — [a]. Let r be a positive nonintegral rational
number exceeding 1, and let ¢/t be the representation of {r} in the form of an irreducible
fraction. We indicate a sequence of integers nq,...,n; that will be the orders of the sets
Z;in((r). Put ny =ny = [r]+1and n; = [ri] — [r(i —1)]+1fori =2,...,£—1. Clearly,
[{r}i] — [{r}(@ —1)] is either 1 or 0. Therefore, n; is either 1+ [r] or 2+ [r]. The number
of ¢ for which n; =2+ [r]is¢—1,and n=¢([r]+ 1) +¢q¢— 1, r(¢(r)) =r.

Observe that the r-wattles are uniform in the sense of [3].

Thus, to each nonintegral rational number r > 1 we assigned a wattle ((r). The
integers numbers can also be considered if we agree that, for any integer r, {(r) is a
chain of length r. All posets of the form ((r), » > 1 (i.e., the uniform wattles and
chains), will be called the r-sets.

Theorem. Suppose that the form fg is positive semidefinite (I'(S) is connected). Then
C(S) = if and only if S is an r-set.

Proof. If r is an integer, then the statement is obvious (see [3]). Therefore, by Proposi-
tion 7, we only need to prove that C'(¢) = @ if and only if ¢ is an r-wattle. O

For any r-wattle ¢(r), we consider a vector z : ( — RT such that z(s) = 1 for
s€C\C*, z(z;) = {ir}, and z(2") = 1 — 2(2;_,). Since (¢,t) = 1, we have z(s) > 0 for
any s € ((r).

The fact that 2 € St({) can be checked either directly, by using the definition of St(¢),
or with the help of the following lemma.

Lemma 13 (See [3l Lemma 5]). The vector x : ¢ — R belongs to St(¢) if and only if
there exist positive numbers o and 3 such that

1) z(s) = a for s € ¢\ ¢* (multiplying x by X € RY, we can assume that o = 1);

2) w(z ) +a(z) =afori=1,...,t—1;

3) Zsezix(s) =3,i=1,...,t.

This lemma is almost evident. We only mention that first we prove 2), using the
relations gzif(x) = %(m), i=2,...,t —1, and then 1).

The vector z constructed above satisfies conditions 1) and 2) of Lemma 13. It is easy
to check (for a = 1) that

(4) da(s)=r (i=1,...,1),

(5) :E/(s) =14

(6) Z x(s) = tr.

Thus, = € St(¢), whence St(¢) # @, and C(S) = @ by Corollary 3.
It remains to show that any P-faithful wattle ¢ is an r-wattle (where [2] = |Z1] — 1,
{r} = z(%7)). This is a consequence of the next statement.

Lemma 14. Let ( = (z1,...,2) and (= (21,..., %) be two P-faithful wattles, and let
xeSt(¢), zeSt() (Aa=a=1). If Z, = Z, and x(s) = &(s) for s € Zy = Zy, then
¢ =C and z(s) = &(s) for s € C.

Proof. Tt suffices to check that if m < max{t,{}, then z; = 2; for i <m and z(s) = #(s)
for s € |J!", Z;, and this follows from Lemma 13 by induction on m (see [3]). O

Now, we calculate P(¢(r)). In [3], the numerical function p(r) = 1+ :;i, where r € N,

was introduced. We extend this definition to the case of an arbitrary rational r > 1. Put
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p(ri,...ome) = Y20, p(ri). Tf Z,, is a chain of order n, then P(Z,) = p(n) (see [3]). Let
¢(r) be a wattle. By (6), the vector Z = (tr)~ 1z belongs to P, N'St(¢(r)) (here z is the
vector constructed in the proof of the theorem). We have

r *_1§:r2_1x@ r)? 2 (s)z(s _1@’:@72]5%2
P = (@) = (021 @) @ 2 <se§<<i> (55 e
2tr
=115 = tp(r).

The same formula is valid if ¢ = 1 (i.e., in the case of a chain). For any positive
rational r = ¢ ((I,#) = 1) we have tp(r) = ZL. We introduce the function P(r) = &

I+t I+t
(P(n) = p(n) for n € N). Thus, for any r > 1 we have
(7) P(C(r)) = tp(r) = P(r).
APPENDIX

We say that a poset S is connected if the graph I'(S) is connected. The theorem and
Corollary 3 imply that a connected poset S is P-faithful if and only if it is an r-set. On
the other hand, the results of [3]-[7] imply our theorem only if fg is positive definite (not
merely positive semidefinite). Characterization of disconnected antimonotone posets with
positive semidefinite fg and of P-faithful posets reduces to connected posets by Lemmas
2 and 5.

We say a few words about the role played by P-faithful posets in representation
theory. We write S = S7 U Sy if S =57 U S, S1 NSy =, and the elements of S; are
not comparable to the elements of S;. A poset S = Z; U ---U Z, is primitive if the Z;
are chains, i = 1,...,p. We denote such S by (n1,...,n,) if n; = |Z;|.

Any poset can be represented as S = |_]f:1 S;, where the S; are connected com-
ponents. By Lemma 5, we have P(S) = Y% | P(S;), and if S is primitive, then
P(S) =" p(n;) = p(na,...,ng).

The role of quadratic forms in the theory of representations of quivers and posets is
well known (see [12]).

The norm of a relation, ||S, < || =inf,5 fs(u), was introduced in [2] in terms of the
form fg. Lemma 5 shows that, instead of ||S, < ||, it is natural to consider the function
P(S) = ||S,< ||t The following statement was proved in [2].

Proposition 8. S has finite (respectively, tame) type if and only if P(S) < 4 (respec-
tively, P(S) = 4).

With this viewpoint, Kleiner’s list of critical posets (see [§]) is the list of P-faithful
posets S; for which P(S) =4
Four posets of Kleiner’s list are primitive:
(I) (]‘717 17 ]')7 (27272)7 (17373)7 (]‘7275)7

and the fifth is
()UK,

K= M — (2;2) :C(lé).

It is easily seen that any chain is P-faithful, and Subsection 7 implies that K is also
P-faithful (P(K) = 2,4). By Lemma 5, a disconnected poset is P-faithful if and only if
all its components are.

where
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The list of critical sets presented in [I0],
an (1,1,1,1,1), (1,1,1,2), (2,2,3), (1,3,4), (1,2,6), (6)UK,

can be characterized as the list of all S with the following properties:

1) P(S) > 4;

2)if S C S, then P(S’) <4

The following statement plays a key role in the theory of representations of posets (see
[8, 10]).

A poset S is finitely represented (respectively, tame) if and only if S contains no subsets
of the form 1 (respectively, II).

It seemed natural to conjecture that all P-faithful posets are either chains or belong
to a collection for which K is the least representative. This was a reason for introducing
the notion of a P-faithful poset [3].

Now we show how the lists (I), (II) can be obtained from the characterization of the
(connected) P-faithful sets and formula (7). It is easy to check that P(S) =4 for S €1
and P(S) > 4 for S € II (we recall Lemma 5 and formula ().

We say that a P-faithful poset S is utmost if P(S) > 4 and P(S’) < 4 for any S’ C S
(here S’ can be assumed to be P-faithful).

Lemma 15. Any nonprimitive utmost S is of the form K U Z,, with m equal to 4 or 5.

Proof. Suppose S contains a connected component ((r), where {r} = %, ¢t > 1, ¢ < t,
(¢,t) = 1. The characterization of the P-faithful posets implies that w(S) < 4, because
otherwise S D S’ = (2, 1,1,1), p(2,1,1,1) = 41 > 4. Consequently, ¢t < 3, and moreover,
if t = 3, then ((r) =

Let t = 3, and let 1 <qg<2 If[r] >2,then S DS =8\ {21,245 }. S is a primitive
poset containing (2,3,2), p(2,2,3) = 4%, p(S') > 4. If [r] = 1, then either r = 13 or
r=12. We see that p(r) < 11, and then P(S) = 3p(r) < 4 (see (7).

Let t = 2, and let S # C( )I_IS If S = ((r), then P(S) = 2p(r) < 4 because
p(r) < 2 for any r. So, S = ¢(r) U 8, r>13, ie,r>21 ((r) D{(r)\ 21} 2(2,3). If
|S| > 1, then we can find " contained in S, containing (2,2,3) or (1,1,2,3), and such
that P(S’) > 4. Hence, |S| = 1. Then [r] < 3, because otherwise ¢(r) D 8" = ¢(r)\ 2z 2
(3,4), and P(S’U(1)) > 4 because p(3,4,1) > 4. For [r] = 2 we obtain P(S) < 4 because
P(((23) =212, P(C(Z%) U (1)) =2¢ +1 (Lemma 5).

Finally, let S = ¢(11) + 5 (S # <( 1) because P(C(13)) = 2,4). If w(S) > 1, then
S8 = {1, D\ u1) = (2,1,1,1), p(S) > 4. If § = Z,,, then for m < 4
we have p(m) < 1,6, and P(S) < 4, and for m > 5 we have S D S = (¢(13) U Zs),
p(S') >4, P(KUZy) =4, P(KUZs) = 4. O

Proposition 9. A P-faithful S is utmost if and only if S € TUIL.

Proof. If S is not primitive, then the claim follows from Lemma 15. Let S be primitive.
Then w(S) > 2 and S & {(1,1,n),(1,2,2),(1,2,3),(1,2,4)} (otherwise P(ny,...,n:) =
p(ni,...,nt) < 4). In the remaining cases direct inspection shows that if S ¢ TUII, then
SDS ell,and if S € TUII, then S 5 S’ € II. O

Since P(S) = 4 for S € I and P(S) > 4 for S € II, Propositions 8 and 9 imply the
main theorems of [8] and [10].

The P-faithful posets for which P = 4 play an important role in representation theory.
We do not know whether the same can be said about P-faithful posets with P =n > 4.
The primitive posets with P = 5 were listed in [I4]. As a (probably unique) example of
a nonprimitive poset S with P(S) =5 we mention ((33) U (17) (see (7) and Lemma 3).
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Example 4 in Subsection 3 presents a poset S such that C'(S) = @ but S is not P-
faithful. We hope that the study of C(S) can be of interest for representation theory.
We note that in [2] the norm ||P|| of an arbitrary binary relation P (on a finite set) and
the corresponding notion of a P-faithful set were introduced (these notions can be used
for locally scalar representations (see [9]) in Hilbert spaces). However, in this case the
structure of the collection of all P-faithful sets is more complicated, and obtaining a full
description of such sets seems a difficult and interesting problem.
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