
Algebra i analiz St. Petersburg Math. J.
Tom. 18 (2006), � 4 Vol. 18 (2007), No. 4, Pages 679–680

S 1061-0022(07)00967-3
Article electronically published on May 30, 2007

CORRECTIONS TO “ON THE RIEMANN–HILBERT–BIRKHOFF
INVERSE MONODROMY PROBLEM
AND THE PAINLEVÉ EQUATIONS”

A. ITS AND A. KAPAEV

In our joint paper with A. A. Bolibrukh [1] there is a technical mistake in the proof of
Lemma 2. The lemma itself is correct, while its proof should be modified. First, in the
definition of the norm of the space H+ on page 142 [English page 124], |λf(λ, x)| should
be replaced with |(1 + |λ|)f(λ, x)|. Second, the part of the text containing Proposition 1
and its proof should be altered as follows.

Proposition 1. The operators P±
[
·◦g

]
, where

◦
g(λ, x) ≡ g(λ, x)−I, are bounded operators

from H to H±.

Proof of the proposition (an adaptation of the technique of [2]). Each ωk can be repre-
sented as the union of the domains ω+

k and ω−
k , in accordance with Figure 6. Assume

that λ ∈ Ω+\
⋃

k ω+
k ; then

|λ|
dist

{λ, γ+} ≤ Cε

for some positive constant Cε. We have

λP+

[
f
◦
g
]
(λ, x) =

λ

2πi

∫
γ+

f(µ, x)
◦
g(µ, x)

µ − λ
µ,

∣∣λP+

[
f
◦
g
]
(λ, x)

∣∣ ≤ |λ|
2π

‖f‖H‖◦g‖H

∫
γ+

|dµ|
|µ|2|µ − λ|

≤ |λ|
2π dist{λ, γ+}

‖f‖H‖◦g‖H

∫
γ+

|dµ|
|µ|2

≤ Cε

2π
‖f‖H‖◦g‖H

∫
γ+

|dµ|
|µ|2 ≡ C+ · ‖f‖H .

Similarly, if λ ∈ Ω−\
⋃

k ω−
k , then

(54)
∣∣λP−

[
f
◦
g
]
(λ, x)

∣∣ ≤ C− · ‖f‖H .

Suppose now that λ ∈ ω+
k . Then we can use identity (53) and rewrite λP+

[
f
◦
g
]
(λ, x)

as

(55) λP+

[
f
◦
g
]
(λ, x) = λf(λ, x)

◦
g(λ, x) − λP−

[
f
◦
g
]
(λ, x).

On the other hand, λ ∈ ω+
k =⇒ λ ∈ Ω−\

⋃
k ω−

k , so that we can use (54) on the right
hand side of (55). Therefore (cf. [2] and the proof of Lemma A.1 in [1, Appendix 1]), we
obtain ∣∣λP+

[
f
◦
g
]
(λ, x)

∣∣ ≤ C ′
+ · ‖f‖H

if λ ∈ ω+
k . In other words, we have the inequality∣∣λP+

[
f
◦
g
]
(λ, x)

∣∣ ≤ C ′′ · ‖f‖H , C ′′ := max{C+, C ′
+},
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for all (λ, x) ∈ Ω+ ×K. Together with the estimate
∣∣(P g

+f
)
(λ, x)

∣∣ ≤ 1
2π

‖f‖H‖◦g‖H

∫
γ+

|dµ|
|µ|2|µ − λ|

≤ 1
2π dist{λ, γ+}

‖f‖H‖◦g‖H

∫
γ+

|dµ|
|µ|2 ≡ C̃+ · ‖f‖H , |λ| ≤ ρ

2
,

this implies ∥∥P+

[
f
◦
g
]∥∥

H+
≤ C · ‖f‖H , C := max{C ′′, C̃+}.

Similarly, ∥∥P−
[
f
◦
g
]∥∥

H−
≤ C ′ · ‖f‖H

and the proposition is proved. �
The rest of the proof of Lemma 2 is unchanged. It is though worth noticing that

P+
◦
g ∈ H+. This fact follows from the existence of the asymptotic expansion of the

function
◦
g(λ, x) over λ−1 as λ → ∞, λ ∈ Ω0.

We have also noticed the following misprints in the text of the paper.
(1) In the definition of M(λ, x) on the top of page 138 [English page 121], the matrix

product Sk−1 · · ·S1 should be replaced by S−1
k−1 · · ·S

−1
1 .

(2) In Figure 3, the shaded domain includes the circular hole in the middle of the
picture (there should be no hole).

(3) Equation (48) on page 141 [English page 123] is, in fact, the equation for the ma-
trix g−1(λ, x). Accordingly, in equation (49) on same page, the matrix Gk(λ, x)
should be replaced by its inverse.

(4) In Figure 7, the symbol g−1
k (λ, x) on the right part of the picture should be

replaced by g−1
k−1(λ, x).
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