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QUASIANALYTIC CARLEMAN CLASSES ON BOUNDED DOMAINS

K. V. TRUNOV AND R. S. YULMUKHAMETOV

ABSTRACT. Several criteria for the quasianaliticity of Carleman classes at a boundary
point of a Jordan domain with rectifiable boundary are found.

INTRODUCTION

We start with recalling the necessary definitions from the paper [I].
Let E be a perfect compact set in the plane C. A complex-valued function f is said

to be infinitely differentiable on E if there exist functions fy, f1,... continuous on F
with fo(z) = f(2), z € E, and such that, forany n =0, 1,2, ..., k=0, 1, ..., n, the
functions

= (C—2)
B2 = fe(Q) = D fran(2) 27
p=0 .

satisfy the estimate

| R (C,2)] = o(I¢ = 2"7)
uniformly in (, z € E. Note that for any infinitely differentiable function f the functions
fr are determined uniquely by f via the recurrence relations

fo(2) = F(2), fesa(2) = lim fr(Q) f(Z)’
(—z C -z

In particular, the function f turns out to be holomorphic at the interior points of F
and, moreover, fi(z) = f*)(2), and the derivatives of f extend continuously up to the
boundary of the set F. Having this in mind, in what follows we write f*) in place of fj,
for the functions infinitely differentiable on F.

For an increasing sequence of positive numbers M = (M,,)72, and for a positive
integer ¢, we denote by A,(E, M) the class of functions f infinitely differentiable on E
and satisfying the condition

k=0,1,....

‘C _ Z|n—k+1
(n—k+1)"
where the constant C'y depends neither on n,%k nor on ¢,z € E. The Carleman class
A(E, M) is defined as the union of all classes A,(E, M), ¢ € N.

If E is a closed interval I of the real axis, then, by the Taylor formula, the Carleman
classes can be described in a classical way as the classes of those infinitely differentiable

functions f on the corresponding open interval I° for which there exist g € N and
Cy > 0 such that

|Rn (¢, 2) < Cpq" T Myiq (,z€E,

175 (z)] < C‘fq’;Mk, k=0,1,..., z eI’
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In the present paper the set E will be the closure of a simply connected bounded
domain D in C with rectifiable Jordan boundary. In this case, the functions of class
A(D, M) are holomorphic in D and admit continuous extensions to the boundary of
D together with their derivatives. In what follows, we denote by f(*)(z) the kth order
derivative of f extended continuously to the boundary of D. Thus, the class A(D, M)
consists of functions f holomorphic in D and satisfying the condition

(n—k+1) TSR S I T (S
S s e [ ©) ,,5_2 JEPE) = <o

for some ¢ € N. If the domain D is a quasidisk, i.e., there exists § > 0 such that any two
points (, z € D can be connected by a curve of length at most 6|z — (|, then the Carleman
class A(D, M) coincides with the class of functions f that are holomorphic in D and, for
some ¢ € N and Cy > 0, satisfy If®)(2)] < qu’;Mk, k=0,1,2,..., z € D. Obviously,
the convex domains enjoy this condition. The problem is as follows: if a point zg is on
the boundary (in the plane sense) of E, then what conditions on E and the sequence M
ensure that the uniqueness theorem at the point zg will hold true for the class A(E, M)?
The classes where there is no nonzero function vanishing at the point zy together with
all its derivatives are said to be quasianalytic at zg.

The problem of finding conditions on the sequence M that are necessary and sufficient
for quasianalyticity dates back to Hadamard who posed it in 1912 (see [2]).

Let I be an open interval in R, and let

A(I,M) = {f e C™(I): stél? 1FM(2)] < Cyqf M, for all n > 0}.

The class A(I, M) is said to be quasianalytic at a point xg € I if
feAI,M), f™ () =0 foralln>0= f(z)=0.
A criterion for quasianalyticity is given by the Denjoy—Carleman—Ostrowski theorem
31151
Let T'(r) = sup,,> ]C[—n be the trace function for the sequence M. The class A(I, M)
is quasianalytic at a point zy € I if and only if

/ In7T(r) dr = oo.
1

r2

As we see, this criterion does not depend on the point zg € I. .
A criterion for quasianalyticity at the point z = 0 for the class A(A,, M), where

A,y:{z:|argz|<gfy, O<|Z|<OO}

is the angle of opening y7 with vertex at zero, was obtained by Salinas in [6]: for the
quasianalyticity of A(A,, M) at zero it is necessary and sufficient that

/ nT@) 4 o
1

For a boundary point of the disk, a quasianalyticity condition is given by a theorem due
to Korenblum [7]: in this case the condition also does not depend on the point, and the
class in question is quasianalytic if and only if

/ InT(r) dr = oo.
1

3
r2

The quasianalyticity problem for a boundary point zy of a convex bounded domain D
was treated in [8] (see also [9]).
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Consider the support lines to the convex domain D through the points at distance
from zp equal to the length of an arc s, and let y(s)m be the size of the angle between
these lines that contains the domain D. We put

zg 14+v(s) .
R(z) = expfﬂvo o) dins 4 ¢ (05 ),

where x( is any positive number less than the length of the boundary of D. Then the
quasianalyticity property is equivalent to the condition

* InT(r) B
| ey =

where R™!(r) is the function inverse to R(x).

In the present paper, we deal with the quasianalyticity problem at a boundary point
zo of a nonconvex domain D. We shall pass to the dual problem, which is the problem
of density for the system {(¢ — 29)"™}, n = 1,2,..., in a certain weighted space of
functions holomorphic in the complement of the domain D. The corresponding spaces
can be defined as follows.

In the space A,(D, M), we introduce the norm

(n—k+1)! [Rnk(C2)] 1
fllg := max ( sup sup : ,—sup | f(2)| ).
1l n>0k<n @"TIMui1 zcep [C— 2[mTRHLT My zEDl )

The spaces A,(D, M) are Banach, and obviously the space A,(D, M) is continuously
embedded into A,41(D, M). We consider the space A(D, M) with the inductive limit
topology induced by the spaces A4,(D, M):

A(D, M) = indlim A,(D, M).
q
The sequence
is called the adjoint sequence. In what follows, we always assume that the sequence (my,)

is regular [I], i.e., it satisfies the following three conditions:
1) logarithmic convexity:

(1.1) m% <Mp_1Mpr1, n=12,...;
2) there is an integer @ > 0 such that
(1.2) Mpt1 < Q"my, n=0,1,...;
3) the following relation holds true:
(1.3) lim mﬁ = 00.
n—00

We define a function on the positive semiaxis by the formula M (x) = sup,. >, ﬁ, x> 0.
Clearly, M (x) is a monotone decreasing function and

(1.4) lim M(z) =00, M(z)> i

z—0 mo

The logarithmic convexity of the sequence (m,,) shows that we have an inverse repre-
sentation:

1
(1.5) my =sup ———, k=0,1,....
2>0 M (2)
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Let G denote the complement of D in the extended complex plane, i.e., G = C\ D, and
let

aQ) = i [C—4l, (e,

be the distance function to the boundary of G. For ¢ € N, we introduce the Banach
space
[y (9] }
— = < 0.
M (qd(¢))
Since the function M (z) is monotone decreasing, the space X 41 is continuously em-
bedded into X,. We denote by A(G, M) the projective limit of the spaces X,:

Z(G, M) = proj lim X,.
q

Xy = {7 € HG), 2(00) =0, ollx, = sup

To simplify the notation, we assume that the point z = 0 lies on the boundary of D
and consider the problem of quasianalyticity at the point z = 0.

§1. ISOMORPHISM BETWEEN THE SPACES A(D, M) AND A*(G, M)

Let /Nl*(G , M) denote the space of continuous linear functionals on X(G , M) equipped
with the strong topology. It is known (see [10]) that

A*(G,M) = ind lim X
q

Since the function M(z) is bounded from below, the function (¢ — 2)~! belongs to
A(G, M) for any z € D. Hence, for every continuous linear functional S on A(G, M) we
can define its Cauchy transform:

S(z) == SC(Ciz>7 z€D.

Lemma 1. For any 2z, z € D and any k > 1 and ¢ > 0, we have
= o

< ¢ mp k]2 — 2ol
Xq

=2k (C—20)"

and

< q2m2|z — 29/
Xq

‘ 1 ( 1 _ 1 ) _ 1
(z—2)\(—2 (-2 (€ — 20)?
Proof. For ¢ € G, we have

1 1 b 1 k|lz — 2o
EE e =0l 2 e o
Therefore,
1 1 klz — 2|  ¢"tlmpiik|z — 20
| (C=2)F (¢ =" < AR~ misa(qd(Q)F
< " mpgaklz — 20| M (qd(Q)).
This yields the first inequality. The proof of the second is similar. O

The second statement of the lemma shows that the function S(z) is holomorphic in
D, and moreover,

§(z) = Sg(ﬁ).
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In the same way we obtain a general formula for an arbitrary k > 1:

~ k!
K) () = o
(1.6) S (Z)_SC((g_z)kH)'
Also, the first inequality in Lemma 1 implies that the limit
~ ~ k!
®) ()= L (k) () = ( )
S (ZO) ’ zEDl,H?Hzo S (Z) SZ (Z — Zo)k+1

exists for any zg € 0D, i.e., the function S (k)(z) has a continuous extension to D.

Theorem 1. Let (my,) be a reqular sequence, and let D be a Jordan domain. Then the
mapping C : S —— S is a topological isomorphism between the spaces A*(G, M) and
A(D, M).

Proof. First, we verify that C' is a continuous mapping from A* (G, M) to A(D, M).

Lemma 2. For any continuous linear functional S on AV(G,M), its Cauchy transform
S(z) is in the space A(D, M), and moreover, for any S € X, q €N, we have

10,0 Domey < allSllx;,
where @ is the number occurring in (1.2).

Proof. For any (, z, w € C, w 75 ¢, z,and any j =0, 1, 2, ..., the identity

_ (-2
w— c Z —zp+1‘<w—<><w—z>f+l

follows by a straightforward computation of the sum of the geometric progression on the
left-hand side.

Differentiating this identity with respect to w, we obtain identities valid for k =0, 1,
2, ...

k! I (p+ k)¢ —2)P G +k—s)ls!
(w—c>k+f,;p!<w—z>p+k+f JHZ (w— <é+1 )itk

We take a number n > k and put j = n — k in the last identity:

R = (e
P O Z il — 2
ke @ﬂnfﬁw

- Z Tl _ w C)s—i—l( _ Z)n—s+l :

Now, let S be a continuous linear functional on the space A(G,M). As has al-
ready been mentioned, the Cauchy transform S extends continuously to the closure of
D together with all its derivatives, and formula (1.6) holds true. Therefore, for any
n=0,1,2,...,k <mn, by the linearity of the functional we have

n—k p
k) C) B Z §k+p(z) (C ;7'2)
p=0 '

5 K otk (-2 B
:Sw<(’w—<)k+l_Z(w(i)z)pllwrl( ) >7 ¢,z€D.

p=0 P!

(1.8)
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Identity (1.7) implies that

50 - 3 ren(y =

p=0 P!

k k
kAl o) (n—s)ls!
= (C - z) k+ Sw(z (n — k)‘(w() C)s+1(w _ Z)ns+1)'

s=0

(1.9)

We show that the argument of the function S on the right-hand side belongs to the space
X, for any ¢ € N.
If {,z€ D and w ¢ D, then |w — ¢|, |w — z| > d(w); therefore,

k k
(D) (n—s)ls!
2 =Bl - O (w—

s=0
1 b (]Z)(n—s)!s! k! b n—s
= Qw2 Z =R dw)? z::o (k - s)

The sum of the binomial coefficients on the right-hand side can be evaluated by using the

well-known recurrence relation (”;1) = (;‘L) + (mril), m=1,2,...,n,and (8) = (Z) =1:
zk: (ns) :zk: <nk+p>
s=0 k—s p=0 p

(1.10)

Il
VR
3
|

Thus, we obtain the estimate

k k
($)(n—s)ls!
2 T Rl - i —

s=0
K m+1 1 (nt1)
i W R e

(1.11)

Next, for an arbitrary ¢ € N and for the number @) occurring in the regularity condition
(1.2), by the definition of M (x) we obtain

k k
(s) (n B S)'S' 1 q”*anJrQ(n + 1)'
; (= B)(w — O (w — 21 | = o (qd(@)™2 (n—k + 1)
< qM (qd(w))(q@)"“% - qM(qd(w))(quﬂ%.



QUASTANALYTIC CARLEMAN CLASSES 295

Obviously, this implies that, for any ¢,z € D,

k) (n — s)ls!

(QQ)nHMnH
S,‘é%qu ‘Z (n— k)!(w — Q)+ (w — z)n—s+1

(n—k+1)! "

<q

Since the expression on the left-hand side coincides with the norm in the space X, we
have the following estimate for any ¢,z € D and ¢ € N:
u (I:) (n —s)ls!

) e e e

S q (qQ)n+1Mn+1

(1.12) X, (n—k+1) "

We return to identity (1.8). Since we consider the space A(G, M) with the topology
of the canonical projective limit, the functional S on this space can be extended to a
continuous linear functional on X, for some ¢. For this number ¢, relation (1.9) implies

n—=k P
'g(k)(C) _ Z §k+p(z) (C _'Z)
p=0

p:

i (’;) (n —s)!s!

n—k+1
< |<*Z| HSwHX; (n_k>!(w_<)s+1(w_z)n—s+l x

s=0 q

Using this and (1.12), we see that the following estimate is true for all ¢,z € D and
n>0k<n:

_ n+1M

S®M(¢ Sk+p(z ) < n—k+ly g (9@ Mg

B Z ale = =S, 1 SE
or

S (£) — SF Gt ) =2
ket ERIGED O

(1.13) sup (n 1+ ) sup = T 2L < gllSullx;

n>0,k<n (QQ)" M Mny1 ¢ b [ ¢

Finally, we estimate the supremum of the function S(z), where S is a functional that
admits extension to the space X:

(1.14) 15(2) = ‘S(

Since |w — z| > d(w) for w ¢ D, z € D, it follows that

: H
w—zllx,

)| = 18lx;

w—z

1 1 qm
< = < M(qd .
‘w - z’ ~dw)  gd(w)m; ~ gm1 M (qd(w))
Hence,
H < gmy < qQmo = qM,.
w— zllx,

Substituting this estimate in (1.14), we obtain the inequality
1 ~
—sup |S(2)| < ql|S||x*-
A ZGBI (2)] < qllSlx;
This and estimate (1.13) imply that if a functional S extends to a bounded linear func-
tional on X, then, by the definition of the space Ag,(D, M), its Cauchy transform
belongs to Agy(D, M), and moreover,
1S(2)lla,q < allSllx;-

Lemma 2 is proved. (]
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Our next step is to show that the mapping C' is injective. By the Banach theorem,
its injectivity will follow from the completeness of the system {(¢ — z)~!, z € D} in
1

the space A(G, M). Since, by Lemma 1, for any z € D the function 7 can be

approximated in /Nl(G,M) by functions of the form {(¢ — 2)~!, z € D}, it suffices to
prove the completeness of the system {(¢ —2)~!, z € D}.

If a function v(¢) is holomorphic in G, we can take a contour I' contained in the
domain of analyticity of v and in the domain D. We represent the function v in G as
the Cauchy integral over I'. The integral sums converge to v uniformly in G. Since
the function M (x) is bounded from below, these sums, which are linear combinations
of functions belonging to the system under consideration, will approximate v also in
the topology of the space A(G, M). Thus, it remains to prove that the space H(G) of

functions holomorphic in @ is dense in A(G, M).
Lemma 3. The space H(G) is dense in A(G, M).
Proof. The proof is based on the following theorem by N. Sibony [11].

Theorem A. Let ® be a positive function on a domain of holomorphy Q. Assume that
*
D(2) —2Indq(z) = <sup goi) (2), z€Q,
i€l
where each p; is a plurisubharmonic function in a domain of holomorphy Q; D Q. As-
sume also that the family of restrictions to 0 of the functions @;, © € I, is right-directed

(i.e., for any i,j € I there exists k € I such that ©;(2),¢;(2) < @r(z) for all z € Q).
Then for any function f € H%(Q, exp(—®)) there exists a sequence of functions in

| H? (92, exp(—¢i)53)
iel
that converges to f in the norm of the space H?(S), exp(—®)d353).

Here Q is a domain in C", d(z) stands for the usual distance to the boundary of €,
60(2) = (1+|2?)~'/2, and 6g = min(d, y). We denote by H?(£2, w) the space of functions
holomorphic in € and such that [, |f(z)[*w(z) dv(z) < oo, where dv is the area Lebesgue
measure. The symbol u*(z) denotes the upper regularization of the function w:

u*(z) = lim u(w).

Note that in the plane, any domain is a domain of holomorphy.
We choose an exhausting sequence of compact sets K; for the domain D:

KZ'CKiJrl, GKZ:D
i=1

For K; we can take K; = {z € D :infyecop |w — 2| > 1}.

Let ; denote the set C\ K;; the distance to the boundary of €; will be denoted by
d;(¢), for brevity. Put Q@ =C\ D = G \ {cc}. We fix ¢ € N and put ¢; = 2Qq, where Q
is as in (1.2). Let

©0i(¢) =2In M(q1d;(¢)), ¢ € s,
®(¢) =2In M(q:d(C)) + 2Inda(¢), (€.

By definition, In M (gx) is a convex and monotone increasing function of —Inz, and the
function — Ind(¢) is subharmonic in ;. Therefore, the functions ¢; are subharmonic in
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;. Since, for any ¢ € Q, the sequence d;(¢) is monotone nonincreasing and tends to
d(¢), and the function M (z) is monotone nonincreasing, we have

() —2Inda(¢) =suppi(¢), ¢€Q.

In what follows we shall need a property of the weight function M (x).
Lemma 4. For any x > 0, we have
M(Qx) < xM(z),
where @ is the number occurring (1.2).

Proof. This follows immediately from the definition of M (z) and condition (1.2):

1 1
M(Qxz) = su <su < zxzM((x). O
(@) kzpo myzkQF — kzpo Mm% (z)

Theorem A deals with integral norms, whereas the norms in the spaces under consid-
eration are uniform. Therefore, we need yet another lemma to translate the results from
integral to uniform norms.

Lemma 5. If f € H*(Q, exp(—®)d343), then

1701 < B2 My +EPIFIL <9,

where || f|| denotes the norm in the space H*(Q, exp(—®)53437).

Proof. By the subharmonicity of |f|?, we have

2 4 2
HOP < g [ P @)
4

< max e®MNFSZ(N)6 (A .

~ md(¢)? I)\—C\Sd(C)/2( o (M) ( )) [hal

Obviously, in the disk of integration we have d(\) > d(¢)/2; therefore,
M(qd() < M (%))

The estimate d(z) < |z| shows that [A| < 2|¢| for the points of the disk of integration.
Hence, in that disk, (1+|A*)? < 85 (1+[¢|*)?. Also, since ¢ = 2Qg, we have (Lemma 4)

M(qid(})) < qd(¢)M (gd(C))-

(1.15)

Thus,

‘i’()\)672 A 574 A <6 2d 2M2 d 1+ 212
max e _
e (P50 () < 6%(0)PM(ad(O) (1 + )
Substituting this in (1.15), we obtain the required estimate.

Lemma 5 is proved. 0

Now, we take an arbitrary function v € E(G, M). By Lemma 1, the function (=% can

be approximated by functions in H(G), and so we can omit any finite number of terms
in the Laurent series for v at co. We omit the first two terms and assume that

(1.16) QP =0 (ﬁ) RIS

The definition of the space E(G, M) implies the inequality
V(O] < CM(:1Qd(C)), (€.
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Hence, by Lemma 4, we obtain |y(¢)| < Cq1d(¢)M (q1d(()), ¢ € €; together with (1.16),
this yields

const
(L+¢chH*
that is, v € H2(, exp(—®)). We apply Theorem A to this function: the function v can
be approximated by functions belonging to

UHQ(QZ', e_“”iéé)

7 (¢)Pe™* < (e,

in the norm of the space H?(Qexp(—®)d353). Unfortunately, the approximating func-
tions may fail to be holomorphic at the point z = co, and so we need to correct them
slightly. Let f, be the approximating sequence and let g, = f, — v; then, by Lemma 5,
we have

(1.17) 190 (O] < €M (qd(C)) 1 +[¢%), ¢ €Q,

where €, — 0. The function M (z) is bounded from above for > 1. Hence, the regular
part of the Laurent expansion for g, in a neighborhood of z = oo contains at most three
terms:

gn(() = Pn(() + 'Vn(C)y
where P, is a polynomial of degree at most 2, the functions =, are holomorphic at the
point z = oo and 7y,(c0) = 0. For k € N, let T'y, be the contour {¢ € Q : d(() = k},
and let Ry = maxcer, |C|. It is clear that min{|¢ — A|, ( € Ty, A € 'y} > 1. Hence, by
(1.17), inside the contour I'; we have

1P (Q)] = ‘/F i”(AC) d)\‘ < enla(1+ RIM(29),

where [5 is the length of I'y. Since the function M (z) is monotone decreasing and d(¢) < 1
inside the contour I'y, it follows that

[Pa(Q)] < enl2(1+ R3)M (qd(C)).

Combining this and (1.17), we conclude that in 2 inside the contour I'y we have

(1.18) [ (O] < €n(lz + 1)(1 + R3) M (qd()).

On the contour I'y this estimate takes the form
|’7n(<)‘ < 6n(l2 + 1)(1 =+ R%)M(Q)

Using the maximum principle for the points outside I'y and the monotonicity of M(x),
we obtain
1
7 (O] < €nllz +1)(1 + R3)M(q) = en(lo + 1)(1 + R%)M(Q)mom—o

< enlle + 1)(1+ R3)M(g)moM (¢d(C)).
Combined with (1.18), the latter estimate shows that

()] < €,M(qd(¢)), (€9,

where €/, — 0. It remains to observe that v, = g, — P, = (fn, — Pn) — . Thus, the
sequence f, — P, approximates the function v in the space X,, and, by construction,
these functions are holomorphic in 2, including the point z = oo, i.e., f, — P, € H(G).

Lemma 3 is proved. O
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To complete the proof of Theorem 1, it remains to prove that the mapping C is
surjective.
Let f € A(D, M); we construct a continuous linear functional on /T(G, M) such that
S = f. By Lemma 3, the space H(G) is dense in /~1(G, M). Hence, it suffices to define a
continuous linear functional on H(G) and then extend it by continuity to Z(G, M).
For any function v € Z(G, M) holomorphic on G, put
S0)= 57 [ 2@ d
Note that we can choose a smooth contour I', contained in the intersection of the domain
of holomorphy of the function v with D, in such a way that
50) = 5= [ 1)
y

~ omi

We will need this remark when we apply the Green formula.
We make use of a theorem on pseudoanalytic continuation proved in [IJ.

Theorem B. Let D be a domain in C, and let m,, = % be a regular sequence. Then

any function f in the class A(D, M) can be extended to a continuously differentiable
function F' with compact support in C such that

oF C

—=| <m0 ¢€C,
¢ ‘ M(Bd(¢))

where C' and B are positive constants.

With the help of this theorem, we extend the function f € A(D, M) to a function F
and apply the Green formula
1 1
S0) = 5 [ MG =5 [ 2P d:
F’Y

o i )
L 0% g = L OFQ)
=2 [ 10T a0 =2 [ 0%,

where K is the support of F' and dv(() is the area Lebesgue measure. This representation
implies the estimate

sy < EIC 1)

T et M(BA(Q))

where | K| is the area of the compact set K and ||| x, is the norm of 7 in the space Xp.
Thus, S is a linear functional on H(G) continuous with respect to the norm of Xp, and
hence, also in the topology of the space A(G, M). By the density of H(G) in A(G, M),
the functional S can be extended to a continuous linear functional on A(G, M). By the
definition and the Cauchy formula, we conclude that S(z) = f(z), z € D.

Theorem 1 is proved. O

=2|K[C¥lI x5,

§2. QUASIANALYTICITY AND AN EXTREMAL PROBLEM
FOR SUBHARMONIC FUNCTIONS

Theorem 1, Lemma 1, and the Banach theorem imply the following criterion for quasi-
analyticity.

Theorem 2. Let the sequence (my,) be regular,_and let the point z = 0 be on the boundary
of a bounded Jordan domain D. The class A(D, M) is quasianalytic at the point z =0
if and only if the system (™™, n=1,2,..., is dense in the space A(G, M).
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Proof. If S is a continuous linear functional on Z(G, M) that is equal to zero on the

elements of the system (=™, n = 1, 2, ..., then, by Lemma 1, the function 5(2) in
A(D, M) satisfies the condition S (0) =0 for all n = 1,2,... .
Theorem 2 is proved. O

Let ¢ € N be arbitrary. For any w € G, there exists a number p € N and a point
t € 0D such that

1

1
M(gd(w)) = sup sup prm il
P

k>02z€D qkmk(z - w)k ‘ B

In what follows we denote the function m by fw(¢). Thus, the function f,,(¢)
has the following properties:

fu(Q) € AG,M); [ fulQ)l < M(gd(Q), C€G; | ful(w)| = M(gd(w)).

Assume that the system {¢™", n = 1,2, ...} is complete in A(G, M). This means that
for any function 7 in A(G, M) there exists a sequence of polynomials P, (z), P,(0) =0,
n=20,1,..., such that

1

Pn(z) — 7(C)

in the space E(G, M) as n — oco. In particular, for any € > 0 there exists a polynomial
P(z), P(0) =0, such that

[P(¢) = £ul0)] < M@alO). ¢
Then

(1)) < oM. e [P(3)|= (- (i),
For the polynomial P;(z) = P(z)/(1 + ¢) we have the inequalities
1—e€
1+4¢€

(2.1) \Pl(%)\ < M(gd(Q), ce s |Pi(2)| 2 o Mlgd(w)).

In view of these considerations, we introduce the class K of functions v satisfying the
following conditions:

1) every function v is continuous and subharmonic in C \ {0};

2) v(¢) = O(In \_él) as ¢ — 0;

3) v(C) < In M(qd(C)), C€G.

For example, the functions max(In |P1(%)|, —lnmyg), where the polynomials P; satisfy
(2.1), are in K.

Obviously, instead of the sequence M,, we may counsider the sequence M,,/eMy and
assume that mg = 1/e. Thus, M(z) > 1/mg = e and In M(x) > 1. Therefore, to the
definition of the class K, we may add the following item:

4) v(z) > 0.

Theorem 3. Let the sequence (my,) be regular,_and let the point z = 0 be on the boundary
of a bounded Jordan domain D. The class A(D, M) is quasianalytic at the point z = 0
if and only if the condition

(2.2) sup{v(¢), v € Kg} = InM(qd(C)), ¢€G,
is fulfilled for each q € N.
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Proof. By Theorem 2, the quasianalyticity of the class A(D, M) implies that the system
("™, n=1,2,..., is complete in the space Z(G,M). Above, we have shown that the
completeness of this system implies (2.2), because the functions max(In |(P1(%)|, —Ilnmyg)
belong to the class K. To prove the converse statement, we use the following lemma.

Lemma 6. Assume that the condition
sup{v(¢), v € K} =InM(qd(()), (€@,

is fulfilled for some q. Then any function in the space E(G, M) can be approzimated by
the system (7", n = 1,2,..., in the norm of the space X, 2q, where Q is as in (1.2).

Proof. For the role of ¢; in Theorem A, we take functions 2v(¢), where v € K,. Let
Q; =C\ {0}, Q=C\ D. We put
®(¢) =2In M(qd(C)) +2Indc(C), (€

Then the assumptions of Theorem A are satisfied in view of the assumptions of the
lemma. Therefore, any function of the class H?(Q, exp(—®)) can be approximated by
functions belonging to the union

U H2 (0, exp(—20(0)38)

veK,

in the norm of the space H2(€2, exp(—®)52628). Let v € A(G, M). Since we are interested
in approximating the function v by linear combinations of functions (~", we can omit
several terms in the Laurent series expansion of v near co. Thus, we may assume that

1
O =0(Inz5), 16— o0

Also, by Lemma 4 we have

VO] < x4 M (9Qd(Q)) < [[7llx,q4d(O) M (gd(C)), € € G-
These two relations show that v € H2(2, exp(—®)). Let
fo€ |J H(C\ {0}, exp(~20(())5)
vEK,

be an approximating sequence and let g, = f, — . By Lemma 5, we have

190 (O] < enM(qud(Q))A+¢]%), e,

where €, — 0 and ¢; = ¢/2Q. The function M (z) is bounded from above for x > 1, and
so the last estimate yields

gn(() =Qn(C) + 'Yn(C)a
where @, is a polynomial of degree at most 2, and 7, (cc) = 0. Since v is holomorphic
at the point ¢ = co and y(c0) = 0, we conclude that @, () is the regular part of the
function f,, at oo, and the function f,, — @, is holomorphic at co and vanishes there. As
in the proof of Theorem 1, we can show that

7 (O] < €, M(q1d(C)), ¢ €G,

where €/, — 0. This means that the functions f,(¢) — @,(¢) approximate v in the norm
of the space X,,. The function f,, belongs to one of the spaces

H?(C\ {0}, exp(—2v(¢))d5)-

Hence,
e—2v(¢)

me@(ﬁmﬁw@<m
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Now the definition of the classes K, and the subharmonicity of | f,,| show that the function
fn has a pole of order N at the point ( = 0. Since f,, — @,, is holomorphic at infinity,
this function is a linear combination of the functions (=™ , n = 1,2,..., N. Thus, we
have shown that the function v can be approximated by the system (" in the norm of
the space X;/20-

Lemma 6 is proved. O

Now we complete the proof of Theorem 3. If condition (2.2) is satisfied for all ¢ € N,
then, by Lemma 6, the functions A(G, M) can be approximated by the system (™) in
the norm of each of the spaces X /2, that is, in the topology of the space Z(G7 M).

Theorem 3 is proved. O

§3. QUASIANALYTICITY AND A DIRICHLET PROBLEM

We introduce the function

Uy(¢) = sup{v(¢), v € Ky}, (€T

Lemma 7. For any g € N, either Uy({) = oo in D or U,(¢) is a harmonic function
in D.

Proof. Let Dy denote the set of points z in D such that U,(z) = oo, and let Dy =
{z € D: Uy(z) < oo}. We fix an arbitrary point zyp € D and a monotone increasing se-
quence of functions v, € K, such that lim,, o v, (20) = Ug(20). Let 2d = infecq [ — 20
We extend each function v, harmonically to the disk B(zp,d). Obviously, the resulting
functions v,, are also in K,, and moreover, since v, > v,, we have lim,_,. 0,(20) =
Uq(20). Applying the Harnack inequality to each of these functions, we see that, in the
disk B(zp,d/2), we have

(3.1) %En(zo) < Up(2) < 30,(20).

The left-hand side inequalities show that if zg € Dy, then B(zo,d/2) C D;, whereas
the right-hand side inequalities show that for zg € Dy we have B(zg,d/2) C Ds. Thus,
the two sets Dy and Dy are open in D. Since D is connected, this means that one of
them must be empty.

It remains to show that if D, = &, then the function U, is harmonic in D.

We take an arbitrary point w € B(zg,d/2) and, as for the point zp, construct a
monotone increasing sequence of functions hy,(z) € K, such that lim,, . by (w) = Uy(w).
Then, by harmonic extension to the disk B(zg,d), we obtain an increasing sequence of
functions h, with the same property: limy, oo hy (w) = Uy (w).

Now we put s, (2z) = max(v,(z), hn(2)). Clearly,

lim s,(w) =U,(w), lim s,(z0) = Uy(20).
Extending the s,, harmonically to the disk B(zg, d), we construct functions s, with the
same properties. Also, it is clear that s, is greater than both v,, and h,,. Put
lim 0,(z) = V(2), lim hy(z) = H(2), lim 5,(z) = S(2).
Then from our constructions it follows that
V(z0) = Uqg(20), H(w) =Ug(w), S(20) =Uq(20), S(w)=Ug(w),
S(z) >V(z), S(z)>H(z).

A nonnegative function S — V' harmonic in B(zp,d) vanishes at the interior point zg.
By the maximum principle, S = V. Similarly, S = H. Therefore, V(w) = S(w) =
H(w) = Uy(w), but the construction of V' depends only on zp and not on w. Hence,
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V(w) = Uy(w) for all points in the disk B(zo,d/2), and U,(z) is harmonic in this disk.
Since zg is an arbitrary point in D, we conclude that U, is harmonic in D.
Lemma 7 is proved. O

Lemma 8. If for ¢ € N we have U,(¢) = 00 in D, then Uy(¢) = In M(qd(()) in G.

Proof. For a fixed ¢ € N and any w € G, in §2 we introduced the function f,(¢) of the
form (mpqP(¢ — 2)P)~!, where p € N and z is a point on the boundary of D. These
functions have the properties

[fu(O] < M(qd(C)), C€G, |fuw(w)| = M(gd(w)).

Fixing a point w € G and a number ¢ > 0, we replace the boundary point z in the
definition of f,,(¢) with a sufficiently close point 2z’ € D so that the resulting function

Fu(C) satisty
fu(O)] < M(qd(C)), CE€GC;5  |fu(w)] > (1 — €)M (gd(w)).

By the assumptions of the lemma, we have U, () = oo, and so there exists a sequence
of functions v,, € K, such that v, (z') — co. As in the proof of the preceding lemma, we
may assume that the functions v, are extended harmonically to the disk B(z’,d), where
2d is the distance from z’ to the boundary D. Then, by (3.1), v,(2) — oo uniformly in
the disk B(z',d/2). Outside the disk B(2’,d/3), the function |f,,(¢)| is bounded:

~ 3p

mpqPdP

We choose n so large that v, (¢) > In M in the disk B(z’,d/2) and introduce the function
w(0) = {max(vn(o,lnm(on if ¢ ¢ B(,d/3),
vr(€) if (e B(2,d/3).
By construction, we have u € K, and
u(w) > | fyy(w)] > (1 = €) + In M(gd(w)).

Since € > 0 is arbitrary, Uy (w) = In M (¢d(w)).
Lemma 8 is proved. O

Lemma 9. If, for a given q, the function Uy(2) is finite at some point z1 € D, then in a
neighborhood of any point z € 0D there are points ( € G such that Uy(¢) < In M (qd(()).

Proof. Assume the contrary. Let zyp € 0D and suppose that U,(¢) = In M(qd(¢)) in
the intersection of the disk B(zp,r) with G. Put ro = min(r/2,|z0|/2) and let G’ be
the connected component of the intersection of G with B(zp, 7o) such that zg is on its
boundary. We denote by Gy the difference G \ G’ and let K, 4 be the class of functions
that are subharmonic, nonnegative, and continuous in C \ {0} and satisfy the conditions

o(z) = O(ln|—;>, 2 =0, v(¢) < In M(gd(C), ¢ Go.

Obviously, we have K, C I~(q, whence

Uy(¢) = sup{u(¢), v € Ky} > Uyg(Q).

Hence, the function ﬁq(C) is unbounded near the point 2o € C\ Gy. By Lemma 7, we
see that U, (¢) = oo in Dy = C\ Gy D D. Let ¥ be a function in K, such that

U(z1) > Uy(z1) + 4.
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Then the function v(z) = v(z) — 2 satisfies the inequalities
0(z1) 2 Ug(2) 42, 0(Q) < InM(qd(Q)) — 2, ¢ € G,
The subharmonic function v(z) is bounded from above in the disk B(zg,7¢):
v(z) <M, =zé€ B(z,70),
for some M. Since M(x) is monotone, on the set G’ = {( € G’ : d(¢) < €} we have
In M (gd(¢)) > In M(qe).
Let € > 0 be so small that In M (ge) > M + 1. Then in G” we have the inequality
In M(qd(¢)) > M + 1.

By assumption, the identity U,(z) = In M(qd(z)) is true on the set G’ \ G”. For any
point w € 9G' N OG” there exists a function w, € K, such that u,(w) > M and,
by the continuity of wu,,, this inequality extends to some neighborhood V,, of w. The
complementary part of the boundary G’ \ G” lies on the boundary of Gy in the disk
B(z',19). Hence, for a point ¢ in this part of the boundary, we have

Uq(C) = In M(qd(C)) = v(¢) + 2.

Hence, for each point w in this part of the boundary there exists a function u,, € K,
satisfying wu,(w) > v(w) + 1. Again, by the continuity of u, and v, this inequality
extends to some neighborhood V,, of w. Since (G’ \ G”) is a compact set, we can
choose a finite subcovering Vi, ..., Vi, of the covering {V,,, w € 9(G' \ G")}, where
Wi,y ..o, Wy € O(G'\G"). Put u(z) = maxg=1,. . m U, (2). Obviously, u(z) € K, and, by
construction, we have u(z) > v(z) on the set V = JV,,. We introduce the function

up(¢) = max(u(¢),v(¢)) if z¢ G'\G”",
ule) if Ce G\ G

Since in the neighborhood V' of the boundary (G’ \ G”) we have u(¢) = u(¢), the func-
tion wg is subharmonic and continuous. Moreover, ug € K,;. The necessary inequalities
on the set G follow from the fact that both functions v and v satisfy these inequalities
there. On the set G’ \ G”, the necessary inequalities follow because u € K. Finally, in
G" we have

v(Q) <M < M+1<1InM(qd()).

Thus, up € Ky, and so ug(21) < Uy(z1).
On the other hand, ug(21) > v(z1) > Uy(21) + 2, a contradiction.
Lemma 9 is proved. O

Lemmas 7, 8, and 9 make it possible to state new quasianalyticity criteria.

Theorem 4. Let the sequence (my,) be regular, and let z = 0 be on the boundary of a
bounded Jordan domain D. Then the class A(D, M) is quasianalytic at the point z =0
if and only if

sup{v(z), v € K} =00, (€D,

for any q € N.

Proof. If the assumptions of the theorem are fulfilled, then, by Lemma 8, for any ¢ € N
we have

(3.2) U,(¢) = In M(qd(C)), ¢ € G
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By Theorem 3, in this case the class A(D, M) is quasianalytic. Conversely, if the class
A(D, M) is quasianalytic, then we have (3.2) by Theorem 3. By Lemma 9, the func-
tion U, cannot be finite in D, and therefore, the conclusion of Theorem 4 follows from
Lemma 7.

Theorem 4 is proved. O

Theorem 5. Let the sequence (my,) be regular, and let z = 0 be on the boundary of a
bounded Jordan domain D. Then the class A(D, M) is nonquasianalytic at the point
z = 0 if and only if, for any q € N greater than some qq, there is a domain D, containing
D\ {0} and a function h() that is harmonic in D,, equals In M (qd(C)) on the boundary
of Dy, and satisfies

(3.3) im ) o

l2l—0 —In|z|

Proof. Obviously, under the assumptions of the theorem, the class A(D, M) cannot be
quasianalytic. o

Assume that the class A(D, M) is nonquasianalytic. Then, for a fixed ¢ € N, we
extend the function In M (gd(¢)) to the entire plane assuming that it is equal 400 on D.
Let

D' ={¢eC:Uy(¢) < InM(qd(())}

Under our assumptions, by Theorem 4, there exists qo € N such that D’ > D, and
the intersection D’ N G is nonempty by Lemma 9. It is clear that the same is true for
q > qo- (]
Lemma 10. The sets

G'=D'NG={CeG:Uy¢) <InM(qd(C))},
G" ={CeG:U7(C) <InM(qd(C))}

coincide, are open in G, and the function Uy(C) is harmonic in G'.

Proof. Clearly, G’ C G’. Assume that there is a point {y € G such that (o € G’ \ G”.
To simplify the notation, we put T' = In M (qd({y)) and assume that

(3.4) Uy(Go) = (1 - 20)T

for some a € (0,1/2). Take the largest r > 0 such that the harmonic majorant V' ({) of
the function In M (¢d(¢)) in the disk B((o, ) satisfies the condition

V(¢) < InM(qd(¢)) + aT.
Now we fix an arbitrary € > 0 and choose a point w in B((p,r) with the property
Uy(w) > (1 —¢€)T.

This is possible because (o ¢ G”, and so Uy (¢o) = In M (qd((o)). Also, let |w — (o| = or;
we may assume that § < % There exists v € K, such that

v(w) > Uy(w) — €T

Let v denote the harmonic extension of v to the disk B((p,r). Since v <V in that disk,
we have, by the choice of the number r,

5(C) — aT < InM(qd(<)), C€G,

that is, v(¢) — aT' € K, and moreover,
U(w) —aT > v(w) —aT > Uy(w) — €' —aT > (1 —a — 2¢)T.

Therefore, v(w) —aT > (1 — a — 2¢)T.
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Applying the Harnack inequality to this function in the disk B(w, (1 —4§)r), we obtain

(1=¥8)r—or .

v(¢o) —aT > m(v(w) —aT).

The last two inequalities imply that
9(¢o) —aT > (1 —20)(1 —a — 26)T.

Consequently,
Uqg(Co) > (1 —a)T — (2 + 26 — 26a — 40¢)T.
Recalling (3.4), we see that a < 2¢ + 20 — 2da — 40e.

Letting 6 and € tend to zero, we obtain @ = 0. This means that (o ¢ G’, a contradiction.
Thus, G = G". Since U, is upper semicontinuous and In M (qd(¢)) is continuous, the
set G” is open. Therefore, G’ is also open.

We prove that the function U, is harmonic in G”. Let ¢, € G”. Since

21
lim — / U; (Go + re™) dp = U7 (Go),
0

for any € > 0 there exists 7' > 0 such that for » <’ we have

1 27

5 | Ua(Go+re?)dp < Ug(Go) +e.
T Jo

We choose ¢ > 0 so small that Uy ((o) + 3¢ < InM(qd((o)), extend the function Uy

harmonically to the disk B((p,7’), and denote the resulting function on C\ {0} by [j'q.
Observe that

7 1 2 * /4 *
0@ = 5= [ Vsl +r'e®)dp < Up(Go) + e

For 6 € (0;1), by the Harnack inequality in the disk B((p, dr’), we have

~ 146~ 1+0
0a(Q) < 130(G0) < T3 U () + )

Thus, for sufficiently small § > 0 in the disk B(¢p,dr’) we have

Uq(C) < U;(CO) + 2e.
Let r > 0 be so small that in the disk B({p,r) we have the inequality

In M(qd()) > In M(qd(Co)) — e.

(Such a choice is possible by the continuity of M (x).) Put ro = min(ér’,7). Then in the
disk B(¢p,ro) we have

(3.5) Ug(C) < (U (Co) + 2¢) < In M(qd (o)) — € < In M (qd(C).

Each v in K|, is less than or equal to Uy, so v does not exceed ﬁq (¢) on the boundary of
the disk B({o,70). If we extend v harmonically to B({y, 7o), then the resulting function
v will not exceed ﬁq(c ) in this disk by the maximum principle. By (3.5), all functions ¥
obtained in this way are in the class K, and are harmonic in the disk under consideration.
Then the function U, will also be harmonic in B((p, ¢) as an upper envelope of a bounded
family of harmonic functions; see [12].

It is obvious that relation (3.3) holds true for the function U,(z).

Lemma 10 is proved. O

To clarify what happens to the points of the boundary of D, we need the following
lemma concerning the properties of the function M (x).



QUASTANALYTIC CARLEMAN CLASSES 307

Lemma 11. Let p(x) denote the smallest natural number p such that
1
M(z) = —;
mpxP
such numbers exist by the definition of the function M(x). Then
lim p(z) = oo.
r—0

Also,
In M (x)

z—0 —Inzx

Proof. To prove the first statement, assume the contrary. Suppose that for a sequence
xn, — 0 we have p(x,) < p. Then
1 1

>
n) — p
mP(zn)xﬁ(z ) MpTn

and, for z,, < 1,

i L k=0,1,....,p—1
T, > Iﬁ_p(x") > mln{mk p }

My
Let n tend to infinity. Then either min{m, £k =0,1,...,p — 1} = 0 or m, = oo, which
is impossible.
Now we take j € N and let 1 > ¢ > 0 be so small that p(x) > j for all # < §. Then

1
InM(@z)=In————= > —lnm; —jlnz, =z <.
mp(w)xp(z)
Hence,
1

lim nM(x) >

z—0 —Inx
Lemma 11 is proved. O

Now we study the points on the boundary of D.

Lemma 12. The set 0D \ {0} is contained in D’; the function U, is harmonic at the
points of this set and satisfies (3.3).

Proof. First, we prove that on 0D there are points where U, is locally bounded. It is
clear that such points belong to D’. We fix an arbitrary point z € 9D and some number
p > 0. By property (1.3) of regular sequences, there exists a number py = p(p) such that
for all p > pg we have

mpp? > 1,
whereas, by Lemma 11, there exists § > 0 such that p(x) > po for all x € (0;5). By
Lemma 9, all boundary points are limit points for G’. Take a point w € G’ in the disk
B(z,min(p, ¢)). Let € > 0 be such that
(3.6) Uy(w) <InM(gd(w)) — 2,
and let f,,(¢) be a function of the form 1/m,(¢ — t)?, where ¢t € D, p € N; this function
satisfies the estimates

In|fu(Q) <InM(qd(C), (€G; Inl|fu(w)| >InM(gd(w)) —e.
Since d(w) < 4, the number p in the formula for f,, is at least pg, and, by the choice of
Do,

(3.7) n|fu(Ol <1, ¢ ¢ B(tp).
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Let v € K, be an arbitrary function, and denote by V' the connected component of the
set
{¢:0(Q) <In[fu(O)]}

that contains the point w. Should the singularity point ¢ be situated outside V', the
function

v(¢) if C¢V,
would belong to the class K, which leads to the estimate
Ug(w) 2 v(w) = In|[fy(w)| = In M(gd(w)) — €,

and this contradicts (3.6). Thus, the component V contains the singularity point ¢ of
fw- Note that, since v > 0, the component V' is in B(¢, p) by (3.7). Thus, the point w
can be connected with the point ¢ by a path in B(t, p) on which we have

() <Inffu(Q)]-

Let 20 = inf{|t — (|, ( € D}, and let tg be the first point of the circle |t — (| = o lying
on this path (if we start from w). On the part of the path from w to ¢ty we have

o(€) < In|fu(Q)] < —

myoP

WQ:{MMWQmUMM)Hggu

Note that the number 1/m,c? does not depend on the function v.

Now, we take two points z1,29 € 0D and put p = |21 — 22|/3. Repeating the above
constructions for each of these points, we find points w; € G’, t; € D for the points z;,
i = 1,2, such that for any function v € K|, there is a path v; C B(t;, p) connecting wj
and t;, and on each of these two paths we have

U(C) S Miv

where M; does not depend on v. Put
s = min (d(wl)’d(MZ)’cle%f[J [t1 — C|,C1€%fD [ta — (|) .

We connect the points wy,we by a path I; in the domain {¢ : d(¢) > s/2}, and
the points t1, t2, by a path Iy in D at the distance of at least s/2 from OD. Let
M'" = max{U,(¢), ¢ € I}. Then on the contour composed of ~;,l;, i = 1,2, we have the
estimate

v(¢) < max (Ml,Mg,M’,lnM(%)) — M.

By the maximum principle, this estimate extends to the interior Vg of the contour. In
particular, this estimate holds true on the set V; \ (B(t1, p) U B(ts, p)), which does not
depend on the function v. Since |t; — ta| > |21 — 22| — |21 — t1]| — |22 — t2| > 3p, this set
is nonempty. Hence, Uy(¢) < M on this set.

Thus, we have found points on 0D where U, is locally bounded.

We prove that the set of points on 0D where U, is locally bounded is connected.
Let z,w € 0D, and let the function U, be bounded in B(z,r1), B(w,r2). Consider the
diameter dy of the disk B(z,r1) with endpoints z; € D, z5 € G and the diameter dy of
the disk B(w,rs) with endpoints w; € D, we € G. We connect the points z1, w; by a
continuous path [y in D and the points z3, ws, by a continuous path ls in G. Put

Cl = maX{Uq(C), C S d1 U ll U dg},

€ = min{d(¢), ¢ € lo},
C = max(C1,1In M (qge)).
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Obviously, on the contour composed of the diameters d;, do and the paths I, I3, we have
U,(¢) < C. By the maximum principle, this estimate extends to the domain bounded
by the contour. Hence, the function Uy is locally bounded at the points of the arc of the
boundary of D between z and w.

Now we show that U, is locally bounded at all points of the set D \ {0}. Let I'g be
the maximal connected arc of the boundary such that U, is locally bounded on that arc
and Uy is not locally bounded at some boundary point z # 0. Assume that

2 = inf |z — (| >0
p Clenrolz q

and perform the above construction for the point z with a given p; as a result, we find
points w € G’, t € D such that for any function v € K, there is a path v in B(t, p) that
connects the points and the estimate

v(() <M

holds true for all points of the path, where M does not depend on v. Connect the points
w and t by a continuous curve -y such that it intersects the boundary of D at a point of
the arc I'g. Obviously, this curve can be chosen so that the function Uy is locally bounded
on it. On the contour composed of the curves v and 7, the function v will be bounded by
a constant independent of v. Extending this estimate inside by the maximum principle,
we conclude that v is bounded on the interior of the contour. This interior V depends
on the function v, but its nonempty subset V; \ B(t, p) does not depend on v. Hence,
we see that U, is bounded on V; \ B(t, p). By the choice of p, the latter set contains a
boundary arc that is not contained in I'g, which contradicts the maximality of I'y.

Thus, the function U, is locally bounded on the set D \ {0}. Let z be an arbitrary
point in this set. There exist constants M, r > 0 such that

Ug(Q) < M <1InM(qd(¢)), ¢ € B(z,r).

Replacing each function v € K, by its harmonic extension to the disk B(z,r), we obtain
a right-directed family of functions harmonic in B(z,r), and U, will be harmonic in
B(z,r), as the upper envelope of this family.

Relation (3.3) holds true for the function U, by its definition.

Lemma 12 is proved. O

To complete the proof of Theorem 5, it remains to show that the set D’ is connected.
Let w € G’, and let € > 0 be such that
Uy(w) <InM(gd(w)) — 2e.

Again, we use a function f,({) of the form 1/m,(¢ — 2)?, where p € N, zy € D, that
satisfies

In|fw()] <InM(qd(C)), ¢ €G, In|fy(w)|>InM(gd(w)) —e.

Let V' be the connected component of the set

{C: Ug(Q) <M fu(O)[}

that contains the point w. Should the singularity point zy not belong to V', the har-
monic functions U, and In | f,,| would coincide on the boundary V' and therefore in V, in
particular, at the point w. But this cannot be true because

In|foo(w)| > In M(gd(w)) — € > Uy (w) +e.

Hence, zg € V, and this point can be connected with w by a path in V' C D’. This
implies that the set D’ is connected.
Theorem 5 is proved. O
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§4. LOCALIZATION OF THE QUASIANALYTICITY PROBLEM

In this section we prove that the quasianalyticity problem is local: if two domains D,
and Dy coincide in a neighborhood of a common boundary point zg, then the classes
A(Dy, M) and A(D3, M) are simultaneously quasianalytic or nonquasianalytic at 2.

By using criteria already known, we can deduce new quasianalyticity criteria from this
property under certain restrictions on the domain.

Theorem 6. Let the sequence (my,) be regular, and let z = 0 be a common boundary
point of two bounded Jordan domains D' and D". If for some r > 0 these two domains
coincide in the disk B(0,2r), i.e.,

D' n B(0,2r) = D" N B(0,2r),

then the classes A(ﬁl, M) and A(bﬁ, M) are simultaneously quasianalytic or nonquasi-
analytic at the point z = 0.

Proof. We need an auxiliary lemma.

Lemma 13. Let z = 0 be a common boundary point of two bounded Jordan domains D’
and D". If for some r > 0 these two domains coincide in the disk B(0,2r), i.e.,

D' N B(0,2r) = D" N B(0,2r),

then there exist a positive number p and a Jordan domain D such that

a) D C D'NB(0,2r) = D"NB(0,2r) and the boundary of D lies on the circle |z| = 2r
and on the common part of the boundaries of D' and D";

b) for ¢ ¢ D and |¢| < p, the distance from ¢ to the boundary of D coincides with the
distance from { to the boundaries of D' and D":

d(¢) := inf |z — ¢| = inf |o (] = inf | —(].

Proof. Let D be the connected component of the intersection D’ N B(0,2r) that has
the point z = 0 on its boundary. By assumptions, D coincides with the corresponding
part of the intersection D" N B(0,2r). Obviously, the domain D is simply connected.
Let z = z(t), |t| < 1, be a continuous parametrization of the boundary of D’ satisfying
z(0) = 0. We denote by I the set of points t € [—1;1] for which |z(¢)| < 2r. Let («;3)
be the largest interval in I containing the point ¢ = 0. Put

p= 50, ¢ # (05 9)}

Since the boundary of D is a Jordan curve without self-intersections, it follows that p > 0.
For any point ¢ € B(0,p) \ D, we have

A(Q) = inf |2 = ¢| < [¢] < p < inf{J2(¢)

, t¢ (o 8)},

ie.,
d(¢) = inf{|z(t)|, t € (e B)} > inf{[2(t)], t € [-1;1]} = d'(().
Consequently, for ¢ € B(0,p) \ D we have

— J(C) = i _
4Q) = d'(¢) = inf |z —C|.
Since the domains D’ and D" coincide in the disk B(0,p), for ¢ as above we have
— () — i _
4(Q) = d"(¢) = inf |z —C|.

Lemma 13 is proved. O
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Obviously, it suffices to prove simultaneous quasianalyticity for the classes A(ﬁl7 M)
and A(D, M) at the point z = 0. Denote by G, G’ the complements of D, E/, respectively,
to the extended complex plane, i.e., G = C\ D, G' = C\ D'. Let d(¢),d'(¢) be the
distances from the point ¢ to the domains D, D’. These function are defined on the
domains G and G, respectively. By Lemma 13,

G N B(0,p) = G'n B(0,p),

and also d(¢) = d'(¢) for ¢ € GN B(0,p).
Since D C D', it follows that d’'(¢) > d(¢) for ¢ € G', whence
<

(4.1) M(qd(C)) < M(qd'(C))
for any ¢ € N.

Assume that the class A(D, M) is quasianalytic. By Theorem 4, for any ¢ € N the
relation

sup{v(z), v € K4(D)} =00, (€D,
is fulfilled. By property (4.1), we have the inclusion K,(D) C K,(D’), and so
sup{v(z), v € K4 (D)} =0, (€ D.

By Theorem 4, the class A(ﬁl, M) is also quasianalytic.

Now, assume that the class A(D, M) is nonquasianalytic. By Theorem 5, for any
q € N starting with some qo, there is a domain D, containing D \ {0}, and a function
h(¢) harmonic in D, that is equal to In M (gd(¢)) on the boundary and satisfies

h(¢)
o —In[¢]

+o00

Theorem 5 means that, for any fixed ¢ € N, ¢ > qo, the function
u(z) = sup{v(z), v € K4,(D)}, ze€ D,

is well defined and subharmonic on the extended plane except for the point zero, i.e.,
on C\ {0}, and is harmonic in the domain D,, containing D \ {0}. The domain D’ is
bounded and the ratio ||/d’(¢) tends to 1 as |(| — 4o00. Therefore, there exists a
sufficiently large number R such that

/ €l
D' ¢ B(0,R), 70 <2 for [¢|>R.

Let C denote the open annulus bounded by the circles |z| = p and |z| = R. Let
the Borel measure y in the domain C \ {0} be the Riesz measure associated with the
subharmonic function u(¢), and let ug be the restriction of the measure p to the ring
C. Since C is a compact set in C \ {0}, it follows that po(C) < oo and the logarithmic
potential of the measure pg,

uo(C) = / I |¢ — 2| dao ().

is well defined and subharmonic on the entire plane C and harmonic on C \ C. The
difference u(¢) — up(¢) is harmonic on the union (C' U D,), and, in particular, in the
domain

Q= (CuUD,)NB(0,R).
The boundary of € consists of the circle [(| = R and of a part v lying inside the circle
B(0,p). By the choice of the numbers p and R, we have

In M (2qd'(¢)) < In M(ql¢l), ¢ = R,

U2 M(20d(0) = In M(24d(0) < In M(gd(0), || <p. CEG".
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Take an arbitrary function v({) in the class Ka,(D’). Then v is nonnegative, contin-
uous, and subharmonic on C\ {0} and satisfies the estimates

0(¢) = 0(m %‘) as ¢ —0; v(¢) < M(2d'(Q)), C€GC.

Using (4.2), from the second inequality we deduce that

v(€) <InM(qlc]), ¢ = R,
v(¢) <l M(qd(¢)), Kl <p, C€G".

Note that the functions max(—Inmy — klng|¢|,0) are subharmonic, nonnegative, and
continuous on the extended plane except for zero, and also

max(—Inmy — kIng|¢],0) <InM(¢d(¢)), (¢ D,

that is, these functions belong to K,(D). Hence, by the definition of the function u((),
we have In M (¢|¢|) < u(¢) for all ¢, whence v(¢) < u(¢), |¢| > R.
Since

B(0,p)NG" = B(0,p) NG

and the boundary of Q coincides with the boundary of D, in B(0, p), and on the boundary
of D, the function u({) equals In M (qd(¢)), we conclude that

() < M(qd(¢)) = u(¢), ¢ €N B(0,p).

Thus, we have v(¢) < u(¢), ¢ € 99.

The function ug(¢) is subharmonic in the entire plane, and therefore, is bounded in
the disk B(0, R):

up(¢) <7

Hence, on the boundary of 2 we have v(¢) < u(¢
¢ € 09.

The function u(¢) — ug(¢) is harmonic in , and v(¢) is subharmonic in this domain.
By the maximum principle,

(4.3) o(Q) S ulQ) —up(Q) + T, e

Being subharmonic on C\ {0}, the function u(¢) — ug({) is bounded from above in the
annulus {§ < [¢] < R}, u(() —uo(¢) < T1.

By definition, the function u(¢) is nonnegative; hence, the function —ug({) is also
bounded from above in the same annulus,

—up(¢) < T1.

Since the function uo(¢) is harmonic in the disk B(0,p), the function —ug(¢) is bounded
from above in the disk B(0, §):

) — uo(¢) + uo(¢) < u(C) —uo(¢) + T,

—UO(C) S T2.

Put 77 = max(7},T3). Then the last two inequalities imply that the function —ug(¢) is
bounded by T” in the disk B(0, R). In particular, this estimate is valid for the domain Q:
7U0(<) § T/, C € Q.

Combined with (4.3), this inequality shows that v({) < u({)+ T+ 1T, ¢ € Q.
Since v is an arbitrary function in Ky,(D’), the condition of Theorem 4 cannot be

satisfied, and the class A(b/, M) cannot be quasianalytic.
Theorem 6 is proved. (I
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Theorem 7. Let D, D; be simply connected domains, let Q be a domain containing the
closure D, and let ¢ be an analytic function in Q such that (D) C Dy. If the boundary
point wg € 0Dy is the image of a boundary point zg € D, i.e., wo = p(20), then for any
sequence M = (M,,) we have the inclusion

{f(¢(2)), f € AD1, M)} C A(D,M).

Proof. Let f € A(Dy, M). By Dyn’kin’s theorem [I] (see Theorem B of the present

paper), there exists a continuously differentiable function F' on C such that F(w) = f(w)
in D; and

OF (w) C

ow |~ M(Bdy(w))’

(4.4) ‘ w e C,
where C, B are some positive constants, and d;(w) denotes the distance from the point
w ¢ D to the boundary of Di. Let 3r = inf{|z —w|, 2 € D, w ¢ Q} be the distance
from D to the boundary of €. By the assumptions of the theorem, we have r > 0. We
denote by €' and Q" the r-envelope and the 2r-envelope of the set D, respectively, i.e.,
Q= UzED1 B(z,r), Q= UzeD1 B(z,2r).

We take a smooth Jordan curve T in Q" \ €’ that encloses the set D and denote by Q4
the interior of the curve. Applying the Borel-Pompeiu formula (see [I3]) to the function
9(z) = F(p(2)) in the domain €y, we obtain

g(z):i/ﬂdt 1 @M

omi Jpt—z o« Q, Ot t—=z

We prove that each term on the right-hand side of this identity belongs to the class
A(D, M). Put

1 g(t) 1 g dv(t)
u(z)_27rz‘/ptfzdt7 U(Z)_W Q Ott—2z
For z,{ € D and k,n € N, n > k, we have
« (S
u®(¢) — Z“(k+p)( )T
n—k
(p+ K)I(C—2)”
/|9 ‘ k+1*ZW|dt|

p=0

We apply formula (1.7) and observe that if z,{ € D and t € T', then | — t|, |z — t| > r.
Therefore,

p:

u®(¢) — niku(kﬂ))(z) (¢ _'Z)p
p=0

IN

_ o n—k+1 T
€ 2 ma (o) |Z —

ekl n—s
ma g(t)| T |C - 2/ WW ( )
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where |T'| is the length of the curve I'. The sum of binomial coefficients was evaluated in
(1.10); this yields

n—k p
By — Z ulE+2) () (¢ ;'z)
p=0 ’

< 5= maxg(0)] T ¢ -

Z|n7k+1 (7’L+ 1)'
T 2wt

(n—k+ 1)lrm+2’
Property (1.3) of regular sequences shows that there exists a number ¢ > 0 such that
1

mpy >0, n=0,1,...,or M, >nld", n=0,1,.... Hence,

u®) (¢ Z w40 () € =2

p!

Mn+1

1 r
< —max\g( )l |F| |C - Z‘n b (n_ k—l— 1)!5n+17,n+2'

2m

Thus, we have obtained the estimate

(06r)" Tt (n —k +1)!
sup  sup
(4.5) n>0,k<nz,ceD Mnt1lz —¢|"™ ’Hl

u®) (¢ Z W) pf)”

_ maxier lg(0)] |1

- 27y '
Next, we work with the function v(z). Since, by the properties of the function F'(w), the
integral in the definition of v(z) is only taken over the domain Q; \ D, for z,{ € D and
k,n € N, n >k, we have

n—k

o0(Q) = 3 o) o

p!

p=0
n—k

1 dg(1) k! (p+ k) — 2)P
: m /Ql\D ’ ot ‘ ‘ (t —z)kt1 - pz:(:) pl(t — z)pthtl du(t).

Again, we apply formula (1.7) and observe that |( —t|,|z —t| > d(t) for t € Q; \ D and
¢,z € D; this yields

o ®)(¢) — gv(kﬂ;)(z) (¢ —'z)p
p=0

p:

1 |C—z|" Ry gy
< — .
- 71'/(21\[)’ ‘ t)nt2 ; k—s dv(?)

Recalling (1.10), we obtain

Z v k+p) )

where €] is the area of the domain ;. Using the definition of the function g(¢) and
relation (4.4), we get

(4.7) ‘8‘:’9(;) ‘ = ‘aggu ) (p(t)¢!(t)

(4.6)

< [ul ‘ ’|C AP (4 1!
)2 (n—k+ 1)

7rQ\D

| < el max (1)

M(Bdy(p(t))) tee
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Let t € Q1 \ D and d(t) = |t — to|, where tg € dD. Then o(tg) € D1. Also [t —to| < 2r
and B(tg,2r) C ﬁﬁ, and therefore,

di(p(1)) < l(t) = @lto)| < max|'(2)] |t — to| = max | ()[d(2).

ﬁ”

We denote the final quantity maxg~ [¢'(2)| by T. Thus, for t € Q; \ D, we get the
estimate

i ((t)) < Td().
Substituting this in (4.7), and using the monotonicity of the function M (z), we obtain

0g(t) OF (w) 7 TC
-~ | = <L —————.
5= (wanw(w‘_Jw(BTd@»
We plug this in (4.6):
(n—k+1)! W (¢ [y (e — 2P| TC|O] 1
- < 3 .
C= 2" o Z ‘ p! =T 1 ann M(BTA(®)d()?

By the properties (1.5) and (1.2) of regular sequences, we have

1 1
su <sup——————— = (BT)"2m
b, BT = 3 M(BTaare — BT
M,
< BT(BTQ)"*'m,, ., = BT(BTQ)" " — "1
< BI(BTQ)™ mn (BT )
Hence,
n—k
(n—k+1)! (C—2)P BT?C|| n
¢ — z|n—k+l U(k)(o B z:o U(kﬂ))(z) p! < (BTQ)" My 1.
=
Thus, we obtain
(n—k+1)! ®) (¢ (vtp) () E =2
su su v v
n>0 E<n< sep (BTQ)™ My 1|C — 2|+ Z p!
BT?C|Q4|
< —-
e
Since g(t) = u(t) + v(t), combining this estimate with (4.5) yields
P tl(n —k+1)! wk (C—z)P
(k) _ (k+p) > 7L C/
su su 2 ,
nZO,Egnc,zepD My 11|¢ — z|n—k+L g7 p;)g =) p! -
where
t)| T BT?C|Q
P = min(ér, BTQ), C'= maxer |g(¢)| || i C| 1|'
27r T
Thus, g(t) € A(D, M). Theorem 7 is proved. O

Corollary 1. Suppose D, Dy are simply connected domains, the domains Q,€y contain
the closures D, Dy, respectively, and ¢ is a conformal mapping of Q onto Qy such that
©(D) = ¢(D1). If a boundary point wy € D1 is the image of a boundary point zy € 9D,
i.e., wo = p(20), then for any sequence M = (M,,), the class A(Dy, M) is quasianalytic
at the point wq if and only if the class A(D, M) is quasianalytic at the point 2.
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Proof. Let the class A(D1, M) be nonquasianalytic at wy, i.e., there is a nonzero func-
tion f € A(Dy, M) that vanishes at wg with all its derivatives. By Theorem 7, the
function g(w) = f(p(w)) belongs to A(D, M) and vanishes at 2y together with all its
derivatives. Thus, the class A(D, M) also cannot be quasianalytic. The proof of the
converse statement is similar. (]

Corollary 2. Let B’ = B'(a,R) be the exterior of the disk B(a, R) in the extended
complex plane, i.e., B'(a,R) = C\ B(a, R). Then, for any point 2y € OB’, a criterion
of quasianalyticity for the class A(P/,M) at the point zg is given by the condition

(4.8) /100 InT(r) dr = oo,

3
r2

where
n

T(r) = sup S
n>0 n

is the trace function of the sequence M.

Proof. This follows immediately from Corollary 1, because p(w) = % is a conformal

map of C onto itself and B’ is mapped onto the unit disk. |

In what follows we consider domains whose boundary coincides locally with the graph
of some function y = u(x), |z| < §. Denote by Q(u,d) the supergraph of u(z) on the
interval (—4;40), i.e.,

Q) ={z=x+1iy:y>u(x), |z| <}

Theorem 8. Suppose that a Jordan domain D coincides locally with the supergraph of
some function y = u(x), |z| < 9§, with w(0) = 0. This means that for some r > 0, the
sets DN B(0,r) and Q(u,d) N B(0,r) coincide. Suppose that for some a > 0 we have

Ju(x)| < az®;

then the class A(D, M) is quasianalytic at the point z = 0 if and only if condition (4.8)
is satisfied.

Proof. For |z| < 5=, we have the inequalities

1 1 x?
uy(x) = — = > az?,
2a 4a Loy /e
2a 4a? T
1 1 —z2
— 2 _ 2
u_(x — -z < —ax
(@) 2a 4a? 1 9

Hence, if || < 6, := min(J, 5-), then
ws(e) 2 u(@), u_(z) < u(e),

and the supergraph Q(u4,d1) is contained in the supergraph Q(u,d71), and Q(u_,d1)
contains (u,d1). The supergraph Q(u, %) contains the open disk B(ﬁ, %) and the
supergraph Q(u_, %) is contained in the complement B’ of the closed disk B(;—ai, %)
Put £ = min(d1,7). Now, the claim follows from the inclusions
i 1
B<%, %) N B(0,2) © Q(uy) N B0, )
C Qu)N B(0,e) C Qu_) N B(0,e) C B'N B(0,¢)

and from Corollary 2 of Theorem 7.
Theorem 8 is proved. O
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