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To the memory of Tatyana Petrovna Il′ina

Abstract. Matrix periodic differential operators (DO’s) A = A(x,D) in L2(Rd;Cn)
are considered. The operators are assumed to admit a factorization of the form

A = X∗X , where X is a homogeneous first order DO. Let Aε = A(ε−1x,D), ε > 0.
The behavior of the solutions uε(x, τ) of the Cauchy problem for the Schrödinger
equation i∂τuε = Aεuε, and also the behavior of those for the hyperbolic equation
∂2
τuε = −Aεuε, is studied as ε → 0. Let u0 be the solution of the corresponding

homogenized problem. Estimates of order ε are obtained for the L2(Rd;Cn)-norm of
the difference uε − u0 for a fixed τ ∈ R. The estimates are uniform with respect to
the norm of initial data in the Sobolev space Hs(Rd;Cn), where s = 3 in the case
of the Schrödinger equation and s = 2 in the case of the hyperbolic equation. The
dependence of the constants in estimates on the time τ is traced, which makes it
possible to obtain qualified error estimates for small ε and large |τ | = O(ε−α) with
appropriate α < 1.

§0. Introduction

0.1. The class of operators. The present paper is a continuation of the authors’
investigations [BSu1, BSu2, BSu3, BSu4, BSu5, Su1, Su2] in homogenization theory for
a class of (matrix) periodic differential operators (DO’s) acting in the space L2(R

d;Cn).
This class is rather wide and includes many operators of mathematical physics.

We consider matrix elliptic positive second order DO’s in L2(R
d;Cn) that admit a

factorization of the form

(0.1) A = A(g, f) = f(x)∗b(D)∗g(x)b(D)f(x).

Here b(D) is a homogeneous matrix first order DO with constant coefficients. Its symbol
b(ξ) is an (m × n)-matrix of rank n (we assume that m ≥ n). It is assumed that the
matrix-valued functions f(x) (of size n× n) and g(x) (of size m×m) are periodic with
respect to some lattice Γ in Rd and that

g(x) > 0; g, g−1 ∈ L∞; f, f−1 ∈ L∞.

For a more precise description of the operators (0.1), see Subsection 4.1.
It is convenient to start with a narrower class of operators of the form

(0.2) Â = Â(g) = b(D)∗g(x)b(D),

and accordingly, to accept the “two-level”order of exposition.
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The operators (0.1) and (0.2) are viewed as selfadjoint operators in L2(R
d;Cn). The

bottom of the spectrum of these operators is the point λ0 = 0.
Now we introduce a small parameter ε > 0 and denote ϕε(x) := ϕ(ε−1x) for any

Γ-periodic function ϕ(x). Consider the operators

Aε = (fε(x))∗b(D)∗gε(x)b(D)fε(x),(0.3)

Âε = b(D)∗gε(x)b(D),(0.4)

whose coefficients oscillate rapidly as ε → 0.

0.2. Homogenization for elliptic and parabolic problems. The homogenization
problem for elliptic equations in Rd can be regarded as a problem of asymptotic descrip-
tion of the resolvent (Aε + I)−1 as ε → 0. For definiteness, here we shall talk about the
simpler operators (0.4). In classical homogenization theory, the following fact is crucial:

there exists an effective operator Â0 = b(D)∗g0b(D) with constant effective matrix g0

such that the resolvent (Âε + I)−1 tends (in some sense) to the resolvent (Â0 + I)−1

as ε → 0. Usually, strong (or even weak) convergence is considered. Further correction
terms are constructed, the main one of which is the term εK(ε) of order ε, where the
operator K(ε) is called a corrector. Usually, remainder estimates are found under some
smoothness conditions on the coefficients and on the right-hand sides of the corresponding
equations.

The rule of constructing the effective matrix g0 is well known. Under our assumptions,
this rule is given in §6 below.

In the papers [BSu1, BSu2], for the first time in homogenization theory, it was shown

that the resolvent (Âε + I)−1 tends to the resolvent (Â0 + I)−1 in the operator L2-norm
as ε → 0. The following estimate is true:

(0.5) ‖(Âε + I)−1 − (Â0 + I)−1‖L2(Rd)→L2(Rd) ≤ Cε.

The constant C depends only on the parameters of the lattice Γ and on the upper and
lower bounds for the matrix-valued function g(x) and for the symbol b(θ)∗b(θ) with
|θ| = 1.

In [BSu3, BSu4], a more accurate approximation for the resolvent of the operator (0.4)
was found:

(0.6) ‖(Âε + I)−1 − (Â0 + I)−1 − εK(ε)‖L2(Rd)→L2(Rd) ≤ Cε2.

In this approximation, the corrector was taken into account. In [BSu5], the resolvent of
the operator (0.4) was approximated in the norm of the operators acting from L2(R

d;Cn)
to the Sobolev space H1(Rd;Cn):

(0.7) ‖(Âε + I)−1 − (Â0 + I)−1 − εK1(ε)‖L2(Rd)→H1(Rd) ≤ Cε.

Herewith, K1(ε) is the traditional corrector used in homogenization theory, while the
corrector K(ε) in (0.6) is the sum of three terms K(ε) = K1(ε) + K1(ε)

∗ + K3, where
K3 does not depend on ε. Note that, in estimate (0.7), the corrector K1(ε) can be
replaced by the more complicated corrector K(ε), which will influence the estimational
constant only. At the same time, in (0.6) it is impossible to replace K(ε) by K1(ε).
In [BSu2, BSu3, BSu4, BSu5], similar but somewhat more complicated approximations
were obtained for the resolvent of the operator (0.3).

Along with results for the general class of operators (0.1), (0.2), the authors’ approach
was also applied to homogenization of the stationary periodic Maxwell system. This
problem was studied in [BSu2, Chapter 7] and in [BSu6, Su3, Su4, Su5]. The study of
the Maxwell operator required an essential development of the techniques.
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In [Su1, Su2], the approach suggested in [BSu1, BSu2, BSu3, BSu4, BSu5] was applied
also to homogenization of the Cauchy problem for a parabolic equation (the short com-
munication [Su1] contained a detailed description of the results, and the full exposition
was given in [Su2]). The problem is reduced to the study of the operator exponential

exp(−Âετ ), τ > 0. In [Su1, Su2], the following approximation was obtained:

(0.8) ‖ exp(−Âετ )− exp(−Â0τ )‖L2(Rd)→L2(Rd) ≤ Cετ−1/2.

In the paper [V] by E. S. Vasilevskaya, a more accurate approximation with a corrector
was found:

(0.9) ‖ exp(−Âετ )− exp(−Â0τ )− εK(ε, τ )‖L2(Rd)→L2(Rd) ≤ Cε2τ−1.

In [Su1, Su2, V], similar (but more complicated) approximations were obtained for the
exponential exp(−Aετ ) of the operator (0.3).

0.3. The method of investigation. The method that allows us to obtain estimates
of the form (0.5)–(0.9) can be called the spectral method. We mean that methods of
spectral theory of selfadjoint operators in Hilbert space are used actively. Herewith,
a significant part of the constructions is done in the framework of abstract operator
theory, and only after that is specified to periodic differential operators. It turns out
that the homogenization phenomenon has a threshold nature. This means that, for
constructing the homogenized problem and estimating the error terms, only spectral
characteristics of a periodic operator near the bottom of the spectrum (the so-called
threshold characteristics) are essential. Also, methods of analytic perturbation theory
can be used widely.

Note that the papers [BSu1, BSu2] stimulated interest in operator norm error estimates
in homogenization theory. In [Zh, Pas, ZhPas1], estimates of the form (0.5), (0.7) for the
acoustics operator and for the operator of elasticity theory (which are of the form (0.4))
were deduced by a different (nonspectral) method. In [ZhPas2], a similar method was

applied to obtain estimate (0.8) for the acoustics operator Âε = − div gε(x)∇.

0.4. Nonstationary problems. So, in the case of elliptic and parabolic problems,
the spectral approach to homogenization is developed in detail. The situation with
homogenization of nonstationary Schrödinger-type and hyperbolic equations is different.
The present paper is devoted to these problems. Herewith, we need to overcome new
technical difficulties.

We consider the following Cauchy problem for the Schrödinger type equation with the
operator (0.4):

(0.10) i
∂uε(x, τ )

∂τ
= Âεuε(x, τ ), x ∈ R

d, τ ∈ R, uε(x, 0) = φ(x),

where φ ∈ L2(R
d;Cn) is a given function.

Also, we consider the following Cauchy problem for the hyperbolic equation with the
operator (0.4):

(0.11)

∂2vε(x, τ )

∂τ2
= −Âεvε(x, τ ), x ∈ R

d, τ ∈ R,

vε(x, 0) = φ(x),
∂vε

∂τ
(x, 0) = ψ(x),

where φ,ψ ∈ L2(R
d;Cn) are given functions.

The corresponding “homogenized” problem for (0.10) has the form

(0.12) i
∂u0(x, τ )

∂τ
= Â0u0(x, τ ), u0(x, 0) = φ(x),



876 M. SH. BIRMAN AND T. A. SUSLINA

and the “homogenized” problem for problem (0.11) has the form

(0.13)
∂2v0(x, τ )

∂τ2
= −Â0v0(x, τ ), v0(x, 0) = φ(x),

∂v0

∂τ
(x, 0) = ψ(x).

Here Â0 = b(D)∗g0b(D) is the effective operator.
It turns out that, as ε → 0, the solution uε of problem (0.10) tends to the solution

u0 of the homogenized problem (0.12) in L2(R
d;Cn) for a fixed τ ∈ R. Similarly, the

solution vε of problem (0.11) tends to the solution v0 of the homogenized problem (0.13).

0.5. Main results. Our main goal in the present paper is to obtain qualified estimates
for uε−u0 and vε−v0 in the L2(R

d;Cn)-norm (for a fixed τ ∈ R) that are uniform with
respect to the norms of initial data in an appropriate Sobolev space Hs(Rd;Cn).

We obtain the following result for the solutions of (0.10) (see Theorem 14.1). If
φ ∈ Hs(Rd;Cn) with some 0 < s ≤ 3, then, as ε → 0, uε tends to u0 in the L2(R

d;Cn)-
norm for any fixed τ ∈ R. We have

(0.14) ‖uε(·, τ )− u0(·, τ )‖L2(Rd) ≤ εs/3Cs(τ )‖φ‖Hs(Rd).

The constant Cs(τ ) is O(|τ |s/3) for large |τ |. This allows us to consider large values of
time |τ | = ε−α, where 0 < α < 1, and to obtain the estimate

(0.15) ‖uε(·,±ε−α)− u0(·,±ε−α)‖L2(Rd) ≤ εs(1−α)/3Cs(1)‖φ‖Hs(Rd).

If it is only known that φ ∈ L2(R
d;Cn), then we have convergence of uε to u0

in L2(R
d;Cn) for τ ∈ R fixed, and also convergence of the difference uε(·,±ε−α) −

u0(·,±ε−α) (where 0 < α < 1) to zero in L2(R
d;Cn).

The next result concerns the solutions of problem (0.11) (Theorem 15.1). If φ,ψ ∈
Hs(Rd;Cn) with some 0 < s ≤ 2, then, as ε → 0, vε tends to v0 in the L2(R

d;Cn)-norm
for τ ∈ R fixed. We have

(0.16) ‖vε(·, τ )− v0(·, τ )‖L2(Rd) ≤ εs/2(Cs(τ )‖φ‖Hs(Rd) + C
′
s(τ )‖ψ‖Hs(Rd)).

The constant Cs(τ ) is O(|τ |s/2), and C′
s(τ ) is O(|τ |1+s/2) for large |τ |. This allows us to

consider large values of time |τ | = ε−α and to obtain the estimate

(0.17)
‖vε(·,±ε−α)− v0(·,±ε−α)‖L2(Rd)

≤ εs(1−α)/2
(
Cs(1)‖φ‖Hs(Rd) + ε−α

C
′
s(1)‖ψ‖Hs(Rd)

)
.

Here 0 < α < s
s+2 if ψ �= 0, and 0 < α < 1 if ψ = 0.

If it is only known that φ,ψ ∈ L2(R
d;Cn), then we have strong convergence of vε to

v0 in L2(R
d;Cn) for τ ∈ R fixed; in the case where ψ = 0, the difference vε(·,±ε−α)−

v0(·,±ε−α) (where 0 < α < 1) tends to zero in L2(R
d;Cn).

The nonhomogeneous Cauchy problems (with nontrivial right-hand sides in the equa-
tions) are also studied. The corresponding results are contained in Theorems 14.2 and
15.2.

Also, we get similar results for more general Cauchy problems with operators (0.3)
(see Theorems 14.3–14.6, 15.3–15.6).

In order to obtain the results described above, we study the behavior of the operator
exponential exp(−iAετ ) (for the operators (0.3) and (0.4)) for small ε. The solution of the
Cauchy problem for the Schrödinger-type equation is given in terms of this exponential.
In the case of the hyperbolic equation, we need to study the behavior of the operator

cos(τA1/2
ε ) for small ε.

We have not succeeded in finding full analogs of estimates (0.5) and (0.8). However, the
spectral method allows us to obtain the following crucial facts. (As above, here we restrict
ourselves to the case of the operators (0.4).) In order to obtain an estimate of order
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ε, we need to “smooth out” the operator-valued functions of Âε under consideration,
multiplying them by an appropriate power of the resolvent of the operator H0 = −∆.

Namely, we consider the operators exp(−iτÂε)(H0 + I)−3/2 and cos(τÂ1/2
ε )(H0 + I)−1

and obtain the following approximations in the operator norm in L2(R
d;Cn) for them:∥∥∥(exp(−iτÂε)− exp(−iτÂ0)

)
(H0 + I)−3/2

∥∥∥
L2(Rd)→L2(Rd)

≤ (C1 + C2|τ |)ε,(0.18) ∥∥∥(cos(τÂ1/2
ε )− cos(τ (Â0)1/2)

)
(H0 + I)−1

∥∥∥
L2(Rd)→L2(Rd)

≤ (C3 + C4|τ |)ε.(0.19)

Estimates (0.18) and (0.19) are appropriate analogs of estimates (0.5), (0.8) and represent
the main results of the paper in the operator terms (for the operators (0.4)). Estimate
(0.14) follows from (0.18), and estimate (0.16) is deduced from (0.19).

Similar (but somewhat more complicated) approximations are obtained for the case
of the operators (0.3).

0.6. Method of investigation. By a scaling transformation, we can deduce (0.18) and
(0.19) from the following two estimates (respectively):∥∥∥(exp(−iτε−2Â)− exp(−iτε−2Â0)

)
ε3(H0 + ε2I)−3/2

∥∥∥
L2(Rd)→L2(Rd)

≤ (C1 + C2|τ |)ε,
(0.20)

∥∥∥(cos(τε−1Â1/2)− cos(τε−1(Â0)1/2)
)
ε2(H0 + ε2I)−1

∥∥∥
L2(Rd)→L2(Rd)

≤ (C3 + C4|τ |)ε.
(0.21)

In order to obtain (0.20) and (0.21), we apply the unitary Gelfand transformation (see

Subsection 4.3 below) and expand the operator Â in the direct integral of operators Â(k).

The operators Â(k) act in the space L2(Ω;C
n) (where Ω is the cell of the lattice Γ) and

depend on the parameter k ∈ Rd (the quasimomentum). The operator Â(k) is given
by the differential expression b(D+k)∗g(x)b(D+k) with periodic boundary conditions;

the spectrum of Â(k) is discrete. The operator family Â(k) is studied by methods of
analytic perturbation theory (with respect to the one-dimensional parameter t = |k|).
We prove analogs of inequalities (0.20) and (0.21) for the operators Â(k) with constants
independent of k. Then the inverse Gelfand transformation leads to (0.20) and (0.21).

We put k = tθ, where t = |k|, |θ| = 1. To a great extent, the operator family

Â(k) =: Â(t, θ) can be treated within an abstract operator-theoretic framework. We
study an operator family of the form A(t) = X(t)∗X(t) in the Hilbert space H, where
X(t) = X0 + tX1. Suppose that the point λ0 = 0 is an isolated eigenvalue of finite
multiplicity for A(0). We distinguish a finite rank operator S (the so-called spectral
germ of the operator family A(t)) acting in the space N = KerA(0). The spectral germ
(see Subsection 1.3 below) contains information about the threshold characteristics of
the operator. In terms of the spectral germ, we find appropriate approximations for

the operator-valued functions exp(−iτε−2A(t)) and cos(τε−1A(t)1/2) multiplied by the
corresponding “smoothing” factors. An application of these abstract results leads to the
required estimates for differential operators.

In abstract considerations, we lean upon the threshold approximations for the operator
family A(t) obtained in [BSu1, BSu2] and [Su2].

Note that the scaling transformation points to the threshold origin of the homogeniza-
tion effect also for the nonstationary problems under consideration.

Essentially, our constructions are multistage. In the present paper, in order to clarify
what new difficulties arise in the nonstationary problems under study, we restrict our-
selves to first level questions. In particular, approximations and remainder estimates
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with corrector are left aside. Next, we did not touch upon the nonstationary Maxwell
system, which does not satisfy the conditions of our general theorems. The study of this
system requires separate considerations. We hope to turn to these problems elsewhere.

0.7. Now we dwell on earlier results concerning homogenization problems for the Schrö-
dinger-type equation and the hyperbolic equations. Our survey does not claim to be
exhaustive.

In [Sa, BeLP], it was proved that the solutions vε of the Cauchy problem for a scalar
hyperbolic equation

∂2vε(x, τ )

∂τ2
= div gε(x)∇vε(x, τ )

tend to the solution v0 of the homogenized problem in some weak sense; there were no
remainder estimates. In [BeLP], similar results were obtained for the solutions of the
Cauchy problem for the Schrödinger-type equation

i
∂uε(x, τ )

∂τ
= − div gε(x)∇uε(x, τ ).

However, note that, usually, homogenization problems are considered not in the entire
space Rd, but in a bounded domain with some classical boundary conditions. We prefer
the setting of the entire space, because boundary conditions lead to worse error estimates
due to “boundary layer” effects.

In [BaPa], homogenization for the Cauchy problem for a matrix hyperbolic equation
of a rather general form (including the system of elasticity theory) in a bounded domain
G was studied. Under some smoothness conditions on the problem data, estimates for
vε − v0 in the L2(G × (0, T ))-norm by C

√
ε were obtained. These estimates were not

uniform with respect to the right-hand side of the equation; the dependence of a constant
in the estimate on T remained unknown. Also in [BaPa], further terms of the asymptotic
expansion of the solution vε in the small parameter were constructed, but we shall not
dwell on this.

0.8. The layout of the paper. The paper consists of five chapters. Chapter 1 (§§1–3)
contains the necessary abstract operator-theoretic material. Preliminary material about
periodic differential operators is collected in Chapter 2 (§§4–6), including the description
of the class of DO’s under consideration, the direct integral expansion, and a description
of the effective characteristics. Chapter 3 (§§7–10) is devoted to threshold approxima-
tions for the smoothed operator-valued functions exp(−iτε−2A) and cos(τε−1A1/2) of
the operators (0.1) and (0.2). Estimates (0.20), (0.21), and their analogs for the op-
erators (0.1) are obtained in that chapter (see Theorems 9.1, 9.2, 10.1, and 10.2). In
Chapter 4 (§§11–15), homogenization problems for the Schrödinger-type equation and
the hyperbolic equation are considered. Here the main results of the paper given in
operator terms, i.e., estimates (0.18), (0.19), and their analogs for the operators (0.3),
are obtained (see Theorems 12.1, 12.3, 13.1, and 13.3). Next, these results are ap-
plied to homogenization of the Cauchy problems (0.10), (0.11), and also to more general
problems. The results for the Schrödinger-type equation are collected in §14, and the
results for the hyperbolic equation are collected in §15. Chapter 5 (§§16–18) is devoted
to applications of the general results to problems of mathematical physics. In §§16
and 17, examples of the Schrödinger-type equation are considered (the model example

with the operator Âε = − div gε(x)∇, the Schrödinger equation with the Hamiltonian
Hε = − div g̃ε(x)∇ + ε−2V ε(x), and the two-dimensional Pauli equation). In §18 we
treat hyperbolic problems for the acoustics equation and the system of elasticity theory.
Among the examples considered, there are problems with operators of the form (0.4),
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as well as problems with operators of the form (0.3). In the Appendix (§19), we give a
simple proof of one of the principal results of the paper in a relaxed form.

0.9. Notation. Let H, G be separable Hilbert spaces. The symbols (·, ·)H and ‖ · ‖H
stand for the inner product and the norm in H; the symbol ‖ · ‖H→G means the norm of
a bounded operator acting from H to G. Sometimes we omit indices if this does not lead
to confusion. By I = IH we denote the identity operator in H. If A : H → G is a linear
operator, then DomA denotes its domain. If N is a subspace in H, then N⊥ := H 	N.
If P is the orthogonal projection of H onto N, then P⊥ is the orthogonal projection onto
N⊥. The symbol 〈·, ·〉 = 〈·, ·〉Cn stands for the standard inner product in Cn, and | · |
stands for the norm of a vector in Cn; 1n is the unit (n× n)-matrix.

Next, x = (x1, . . . , xd) ∈ R
d, iDj = ∂j = ∂/∂xj , j = 1, . . . , d, ∇ = grad =

(∂1, . . . , ∂d), and D = −i∇ = (D1, . . . , Dd).
The classes Lp of Cn-valued functions in a domain O ⊆ Rd are denoted by Lp(O;Cn),

1 ≤ p ≤ ∞. The vector Sobolev classes of order s with integrability index p in a domain
O ⊆ R

d are denoted by W s
p (O;Cn). For p = 2 we use the notation Hs(O;Cn), s ∈ R. If

n = 1, we write simply Lp(O), W s
p (O), Hs(O), etc., but sometimes we use such simpler

notation for the spaces of vector-valued or matrix-valued functions.
By C, c, C, C (probably, with indices and marks) we denote various constants in the

estimates.

Chapter 1. Operator families admitting factorization. Abstract

operator-theoretic method

In this chapter (§§1–3), we present the facts of the abstract theory of selfadjoint
operators that are basic for further constructions. These facts supplement the material
given in the papers [BSu2, Chapter 1]; [BSu3]; [BSu5, Chapter 1]; [Su2, §1, 2]. As in the
previous papers, we study factorized operator families A(t) quadratic with respect to the
parameter t ∈ R. We apply methods of the analytic perturbation theory of the discrete
spectrum. Part of the material is borrowed from [BSu2, Chapter 1] and [Su2, §1, 2] and
is given without proofs. New facts are presented completely.

§1 contains necessary preliminaries. The main results of Chapter 1 concern approxi-
mations of the operator-valued functions of A(t) (the exponential exp(−iτA(t)) and the
cosine cos(τA(t)1/2)) and are contained in §§2 and 3. The results for the operator ex-
ponential are collected in Subsections 2.1, 2.4, 3.2, and 3.3; the results for the operator
cosine are collected in Subsections 2.3, 2.5, 3.4, and 3.5.

§1. Preliminaries

The content of this section is borrowed from [BSu2, Chapter 1].

1.1. Quadratic operator pencils. Let H and H∗ be complex separable Hilbert spaces.
Suppose that the operator X0 : H → H∗ is densely defined and closed, and that the
operator X1 : H → H∗ is bounded. Consider the operator X(t) = X0 + tX1, t ∈ R, on
the domain DomX(t) := DomX0. The family of selfadjoint (and nonnegative) operators

(1.1) A(t) := X(t)∗X(t), t ∈ R,

in H is our main object. The operator (1.1) is generated by the closed quadratic form
‖X(t)u‖2H∗

, u ∈ DomX0. We denote A0 := A(0) = X∗
0X0,

N := KerA0 = KerX0, N∗ := KerX∗
0 .

Assume that the point λ0 = 0 is an isolated point in the spectrum of A0 and that

0 < n := dimN < ∞, n ≤ n∗ := dimN∗ ≤ ∞.
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Let F (t, s) denote the spectral projection of the operator A(t) for the closed interval
[0, s]. We put F(t, s) := F (t, s)H and fix a number δ > 0 such that 8δ < d0, where d0

is the distance from the point λ0 = 0 to the rest of the spectrum of A0. We shall often
write F (t) instead of F (t, δ) and F(t) instead of F(t, δ). As was shown in [BSu2, Chapter
1, (1.3)], we have

(1.2) F (t, δ) = F (t, 3δ), rank F (t, δ) = n, |t| ≤ t0 := δ1/2‖X1‖−1.

Let P and P∗ denote the orthogonal projections of H onto N and of H∗ onto N∗, respec-
tively.

1.2. The operator R. Let D := DomX0 ∩N⊥, and let z ∈ H∗. Consider the equation
X∗

0 (X0ψ − z) = 0 for an element ψ ∈ D. This equation is understood in the weak sense:

(1.3) (X0ψ,X0ζ)H∗ = (z,X0ζ)H∗ , ζ ∈ D;

cf. [BSu2, Chapter 1, (1.7)]. The solution ψ exists and is unique. Now, let ω ∈ N and
let z = −X1ω. The element ψ ∈ D satisfying (1.3) (with this z) is denoted by ψ(ω). We
introduce a linear operator R : N → N∗ (see [BSu2, Chapter 1, Subsection 1.2]):

Rω = X0ψ(ω) +X1ω ∈ N∗, ω ∈ N.

Another description of R is given by the formula R = P∗X1|N.

1.3. The spectral germ S of the family A(t) at t = 0. The selfadjoint operator

S := R∗R : N → N

is called the spectral germ of the operator family (1.1) at t = 0 (see [BSu2, Chapter 1,
Subsection 1.3]). The germ satisfies the relation S = PX∗

1P∗X1|N and the estimate

(1.4) ‖S‖ ≤ ‖X1‖2.

The spectral germ S is said to be nondegenerate if KerS = {0}.
By the general analytic perturbation theory (see [Ka]), for |t| ≤ t0 there exist real-

analytic functions λl(t) (the branches of eigenvalues) and real-analytic H-valued functions
ϕl(t) (the branches of eigenvectors) such that

(1.5) A(t)ϕl(t) = λl(t)ϕl(t), l = 1, . . . , n, |t| ≤ t0,

and the ϕl(t), l = 1, . . . , n, form an orthonormal basis in F(t). If t∗ is sufficiently small,
then for |t| ≤ t∗ we have the following convergent power series expansions:

λl(t) = γlt
2 + µlt

3 + · · · , γl ≥ 0, µl ∈ R, l = 1, . . . , n,(1.6)

ϕl(t) = ωl + tϕ
(1)
l + t2ϕ

(2)
l + · · · , l = 1, . . . , n.(1.7)

The elements ωl := ϕl(0), l = 1, . . . , n, form an orthonormal basis in N.
As was shown in [BSu2, Chapter 1, Proposition 1.6], the numbers γl and the elements

ωl defined by (1.5)–(1.7) are eigenvalues and eigenvectors (respectively) of S:

(1.8) Sωl = γlωl, l = 1, . . . , n.

Relations (1.8) give an independent (spectral) definition of the germ. The nondegeneracy
of the germ is equivalent to the inequalities

(1.9) γl ≥ c∗ > 0, l = 1, . . . , n,

with some c∗ > 0.



OPERATOR ERROR ESTIMATES IN HOMOGENIZATION 881

1.4. Threshold approximations. As was shown in [BSu2, Chapter 1, Theorems 4.1
and 4.3], we have the following approximations for the spectral projection F (t) = F (t, δ)
and for the operator A(t)F (t):

F (t)− P = Φ(t), ‖Φ(t)‖ ≤ C1|t|, |t| ≤ t0,(1.10)

A(t)F (t)− t2SP = Ψ(t), ‖Ψ(t)‖ ≤ C2|t|3, |t| ≤ t0.(1.11)

Here P is the orthogonal projection of H onto N, and S is the spectral germ of the
operator family A(t) at t = 0. The number t0 is defined by (1.2), and the constants C1

and C2 are given by

(1.12) C1 = β1δ
−1/2‖X1‖, C2 = β2δ

−1/2‖X1‖3,

where β1 and β2 are absolute constants admitting an explicit control.
Note that (1.11) and (1.4) imply that

(1.13) ‖A(t)F (t)‖ ≤ C3t
2, |t| ≤ t0,

where

(1.14) C3 := ‖X1‖2 + C2t
0 = (1 + β2)‖X1‖2.

The last relation in (1.14) follows from (1.2) and (1.12).

§2. Threshold approximations for the operators e−iτA(t)
and cos(τA(t)1/2)

2.1. Approximation for e−iτA(t). The following statement was proved in [BSu2, Chap-
ter 1, Theorem 4.6] on the basis of the threshold approximations (1.10), (1.11).

Theorem 2.1. We have

(2.1) ‖e−iτA(t)F (t)− e−iτt2SPP‖ ≤ C1|t|+ C2|τ ||t|3, τ ∈ R, |t| ≤ t0,

where t0 is defined by (1.2), and C1, C2 are defined by (1.12).

For the reader’s convenience, we repeat here the deduction of estimate (2.1) from
(1.10) and (1.11).

Proof. We put

(2.2)
E(τ ) := e−iτA(t)F (t)− e−iτt2SPP,

Σ(τ ) := eiτt
2SPE(τ ) = eiτt

2SPF (t)e−iτA(t) − P.

Note that Σ(0) = F (t)− P = Φ(t). Next,

dΣ(τ )

dτ
= ieiτt

2SP (t2SP −A(t)F (t))F (t)e−iτA(t),

whence ‖Σ′(τ )‖ = ‖Ψ(t)F (t)‖ ≤ ‖Ψ(t)‖. Combining this with (2.2), (1.10), and (1.11),
we obtain

‖E(τ )‖ = ‖Σ(τ )‖ ≤ ‖Φ(t)‖+ |τ |‖Ψ(t)‖ ≤ C1|t|+ C2|τ ||t|3, |t| ≤ t0. �
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2.2. Approximation for A(t)1/2F (t). Below we assume the following additional con-
dition on the operator family A(t) (cf. [BSu2, Chapter 1, (5.1)]).

Condition 2.2. For some c∗ > 0, we have

(2.3) A(t) ≥ c∗t
2I, |t| ≤ t0.

Condition 2.2 is equivalent to the following inequalities for the eigenvalues λl(t), l =
1, . . . , n, of the operator A(t) (see (1.5)):

λl(t) ≥ c∗t
2, l = 1, . . . , n, c∗ > 0, |t| ≤ t0.

Then, by (1.6), inequalities (1.9) are valid with the same constant c∗ as in (2.3). Therefore
(see (1.8)), the germ S is nondegenerate, and

(2.4) S ≥ c∗IN.

Consider the difference

(2.5) Ξ(t) := A(t)1/2F (t)− (t2S)1/2P.

Using the notation Φ(t) = F (t)− P , we transform the expression (2.5) to

(2.6) Ξ(t) = A(t)1/2F (t)(P +Φ(t))− (F (t)− Φ(t))(t2S)1/2P = Ξ1(t) + Ξ2(t) + Ξ3(t).

The term Ξ1(t) := A(t)1/2F (t)Φ(t) is estimated with the help of (1.10) and (1.13):

(2.7) ‖Ξ1(t)‖ ≤ C1C
1/2
3 t2, |t| ≤ t0.

Using (1.10) and (1.4), we estimate the term Ξ2(t) := Φ(t)(t2S)1/2P :

(2.8) ‖Ξ2(t)‖ ≤ C1‖X1‖t2, |t| ≤ t0.

It remains to estimate the term

(2.9) Ξ3(t) := A(t)1/2F (t)P − F (t)(t2S)1/2P = (A(t)1/2F (t)|N − F (t)(t2S)1/2)P.

We use a theorem pertaining to estimates for the difference of fractional powers of
positive operators (see Theorem 3.3 in [BS]). Now we formulate the required version (a
particular case) of this theorem; it suffices to consider the case of bounded operators.

Theorem 2.3. Let H0, H1 be separable Hilbert spaces, and let B0 : H0 → H0 and
B1 : H1 → H1 be bounded positive operators. Assume that J : H0 → H1 is a bounded
operator. Then

(2.10) 2‖B1/2
1 J − JB

1/2
0 ‖H0→H1

≤ ‖B−1/4
1 (B1J − JB0)B

−1/4
0 ‖H0→H1

.

We apply Theorem 2.3 with H0 = N, H1 = F(t), B0 = t2S, B1 = A(t)|F(t), and
J = F (t)|N. If t �= 0 and |t| ≤ t0, then all conditions of Theorem 2.3 are satisfied (due
to Condition 2.2 and estimate (2.4)). Hence, by (2.10), the operator (2.9) satisfies the
estimate

2‖Ξ3(t)‖H→H = 2‖A(t)1/2F (t)|N − F (t)(t2S)1/2‖N→F(t)

≤ ‖A(t)−1/4(A(t)F (t)|N − F (t)t2S)(t2S)−1/4‖N→F(t)

≤ ‖A(t)−1/4‖H→H‖A(t)F (t)− t2SP‖H→H‖(t2S)−1/4‖N→N.

Combining this with (2.3), (2.4), and (1.11), we obtain

(2.11) ‖Ξ3(t)‖ ≤ 1

2
C2c

−1/2
∗ t2, |t| ≤ t0.

We have used the fact that (2.11) is obviously true for t = 0, because Ξ3(0) = 0.
Finally, (2.5)–(2.8) and (2.11) imply the following statement.
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Theorem 2.4. We have

(2.12) ‖A(t)1/2F (t)− (t2S)1/2P‖ ≤ C4t
2, |t| ≤ t0,

where

(2.13) C4 := C1C
1/2
3 + C1‖X1‖+

1

2
C2c

−1/2
∗ .

2.3. Approximation for the operator cos(τA(t)1/2)F (t).

Theorem 2.5. We have

(2.14) ‖ cos(τA(t)1/2)F (t)− cos(τ (t2S)1/2P )P‖ ≤ C1|t|+ C4|τ |t2, τ ∈ R, |t| ≤ t0,

where t0 is defined by (1.2), and C1, C4 are defined by (1.12), (2.13).

Proof. We argue as in the proof of Theorem 2.1. We put

(2.15)
Ẽ(τ ) := e−iτA(t)1/2F (t)− e−iτ(t2S)1/2PP,

Σ̃(τ ) := eiτ(t
2S)1/2P Ẽ(τ ) = eiτ(t

2S)1/2PF (t)e−iτA(t)1/2 − P.

Then Σ̃(0) = F (t)− P = Φ(t) and

dΣ̃(τ )

dτ
= ieiτ(t

2S)1/2P ((t2S)1/2P −A(t)1/2F (t))F (t)e−iτA(t)1/2,

whence ‖Σ̃′(τ )‖ ≤ ‖A(t)1/2F (t)− (t2S)1/2P‖. Using (2.15), (1.10), and (2.12), we get

‖Ẽ(τ )‖ = ‖Σ̃(τ )‖ ≤ ‖Φ(t)‖+ |τ | ‖A(t)1/2F (t)− (t2S)1/2P‖ ≤ C1|t|+ C4|τ |t2, |t| ≤ t0,

which yields (2.14). �

2.4. Approximation of the “smoothed” operator exp(−iτε−2A(t)) for small ε.
Now we introduce a parameter ε > 0. We need to study the behavior of the operator
exp(−iτε−2A(t)) for small ε. We replace τ by ε−2τ in (2.1). Then

(2.16)
‖ exp(−iτε−2A(t))F (t)− exp(−iτε−2t2SP )P‖ ≤ C1|t|+ C2|τ |ε−2|t|3,

τ ∈ R, ε > 0, |t| ≤ t0.

We multiply the operator under the norm sign in (2.16) by ε3(t2 + ε2)−3/2P . The
corresponding product, i.e., the operator

(2.17) Υ(t, ε, τ ) :=
(
exp(−iτε−2A(t))F (t)− exp(−iτε−2t2SP )P

)
ε3(t2 + ε2)−3/2P,

admits an estimate of order ε. In applications to differential operators, this corresponds
to smoothing of the initial data. By (2.16), the operator (2.17) satisfies the estimate

(2.18)
‖Υ(t, ε, τ )‖ ≤ (C1|t|+ C2|τ |ε−2|t|3)ε3(t2 + ε2)−3/2 ≤

(C1

2
+ C2|τ |

)
ε,

τ ∈ R, ε > 0, |t| ≤ t0.

Now we show that an estimate of order ε remains true if in (2.17) the projection F (t)
is replaced by the identity operator I. Since F (t)⊥P = (I − F (t))P = (P − F (t))P , we
can use (1.10) to obtain

(2.19)

∥∥ exp(−iτε−2A(t))F (t)⊥ε3(t2 + ε2)−3/2P
∥∥ ≤ ‖Φ(t)‖ε3(t2 + ε2)−3/2

≤ C1|t|ε3(t2 + ε2)−3/2 ≤ C1

2
ε, τ ∈ R, ε > 0, |t| ≤ t0.

Combining this with (2.18), we arrive at the following statement.
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Theorem 2.6. We have

(2.20)

∥∥∥(exp(−iτε−2A(t))− exp(−iτε−2t2SP )P
)
ε3(t2 + ε2)−3/2P

∥∥∥ ≤ (C1 + C2|τ |)ε,

τ ∈ R, ε > 0, |t| ≤ t0.

Here the number t0 is defined by (1.2), and the constants C1, C2 are defined by (1.12).

2.5. Approximation of the “smoothed” operator cos(τε−1A(t)1/2) for small ε.
We are interested in the behavior of the operator cos(τε−1A(t)1/2) for small ε. Replacing
τ in (2.14) by ε−1τ , we obtain

(2.21)

∥∥ cos(τε−1A(t)1/2)F (t)− cos(τε−1(t2S)1/2P )P
∥∥ ≤ C1|t|+ C4|τ |ε−1t2,

τ ∈ R, ε > 0, |t| ≤ t0.

We multiply the operator under the norm sign in (2.21) by ε2(t2+ ε2)−1P . By (2.21),
the corresponding operator satisfies the estimate

(2.22)

∥∥∥(cos(τε−1A(t)1/2)F (t)− cos(τε−1(t2S)1/2P )P
)
ε2(t2 + ε2)−1P

∥∥∥
≤

(
C1|t|+ C4|τ |ε−1t2

)
ε2(t2 + ε2)−1 ≤

(C1

2
+ C4|τ |

)
ε,

τ ∈ R, ε > 0, |t| ≤ t0.

As in (2.19), we have

‖ cos(τε−1A(t)1/2)F (t)⊥ε2(t2 + ε2)−1P‖ ≤ C1|t|ε2(t2 + ε2)−1 ≤ C1

2
ε,

τ ∈ R, ε > 0, |t| ≤ t0.

Combining this with (2.22), we obtain the following statement.

Theorem 2.7. We have

(2.23)

∥∥∥(cos(τε−1A(t)1/2)− cos(τε−1(t2S)1/2P )P
)
ε2(t2 + ε2)−1P

∥∥∥ ≤ (C1 + C4|τ |)ε,

τ ∈ R, ε > 0, |t| ≤ t0.

Here the number t0 is defined by (1.2), and the constants C1, C4 are defined by (1.12),
(2.13).

§3. Threshold approximations in the case of the family A(t) = M∗Â(t)M

3.1. The operator family of the form A(t) = M∗Â(t)M . The content of this
subsection is borrowed from [BSu2, Chapter 1, Subsection 1.5] and [Su2, Subsection

1.3]. Along with the space H, we consider yet another separable Hilbert space Ĥ. Let

X̂(t) = X̂0 + tX̂1 : Ĥ → H∗ be an operator family of the same form as X(t). Suppose

that X̂(t) satisfies the conditions of Subsection 1.1. Here, the space H∗ remains the

same. Let M : H → Ĥ be an isomorphism. Assume that M DomX0 = Dom X̂0 and

X(t) = X̂(t)M ; then X0 = X̂0M and X1 = X̂1M . In Ĥ, we consider the family of

selfadjoint operators Â(t) = X̂(t)∗X̂(t). Then, obviously,

(3.1) A(t) = M∗Â(t)M.

In what follows, all objects corresponding to the family Â(t) are marked by “̂”. Note

that N̂ = MN, n̂ = n, N̂∗ = N∗, n̂∗ = n∗, and P̂∗ = P∗.
Consider the following positive definite operator:

(3.2) Q := (MM∗)−1 : Ĥ → Ĥ.
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Let Q
N̂

be the block of the operator Q in the subspace N̂, i.e.,

(3.3) Q
N̂
= P̂Q|

N̂
: N̂ → N̂.

Obviously, Q
N̂

is an isomorphism in N̂.
As was shown in [Su2, Proposition 1.2], the orthogonal projection P of H onto N and

the orthogonal projection P̂ of Ĥ onto N̂ are related by the formula

(3.4) P = M−1(Q
N̂
)−1P̂ (M∗)−1.

Let Ŝ : N̂ → N̂ be the spectral germ of the family Â(t) at t = 0, and let S be the germ
of the family A(t). The identity

(3.5) S = PM∗ŜM |N
was obtained in [BSu2, Chapter 1, Subsection 1.5].

3.2. Approximation of the “bordered” exponential e−iτA(t). In this subsection,
our goal is to find an approximation for the operator exponential e−iτA(t) for the family

(3.1) in terms of the germ Ŝ of Â(t) and the isomorphism M . As will be clear below, it
is convenient to approximate the exponential “bordered” by appropriate factors.

First, we consider the operator

(3.6) Λ(τ ) := Me−iτt2SPPM∗ : Ĥ → Ĥ.

Using the notation (3.2) and (3.3), we put

(3.7) M0 := (Q
N̂
)−1/2 : N̂ → N̂.

The following statement is an analog of Proposition 2.3 in [Su2].

Proposition 3.1. For the operator (3.6) acting in Ĥ, we have

(3.8) Λ(τ ) = M0e
−iτt2M0ŜM0M0P̂ .

Proof. Suppose η̂ ∈ Ĥ and ξ̂(τ ) = Λ(τ )η̂. Then M−1ξ̂(τ ) ∈ N, ξ̂(τ ) ∈ N̂, and M−1ξ̂(τ )
is the solution of the Cauchy problem

(3.9) i
d

dτ
M−1ξ̂(τ ) = t2SM−1ξ̂(τ ), M−1ξ̂(0) = PM∗η̂.

By (3.5), SM−1ξ̂(τ ) = PM∗Ŝξ̂(τ ). Next, from (3.4) and (3.7), it follows that

(3.10) PM∗ = M−1(Q
N̂
)−1P̂ = M−1M2

0 P̂ .

Then (3.9) implies that

i
d

dτ
ξ̂(τ ) = t2M2

0 Ŝξ̂(τ ), ξ̂(0) = M2
0 P̂ η̂,

or equivalently,

i
d

dτ
M−1

0 ξ̂(τ ) = t2M0ŜM0(M
−1
0 ξ̂(τ )), M−1

0 ξ̂(0) = M0P̂ η̂.

Hence, M−1
0 ξ̂(τ ) = e−iτt2M0ŜM0M0P̂ η̂, which yields (3.8). �

We start with estimate (2.1). By (1.10), we obtain∥∥(e−iτA(t) − e−iτt2SP
)
P
∥∥
H→H

≤ 2C1|t|+ C2|τ ||t|3, τ ∈ R, |t| ≤ t0.

This directly implies that

(3.11)

∥∥Me−iτA(t)PM∗ −Me−iτt2SPPM∗∥∥
Ĥ→Ĥ

≤ ‖M‖2(2C1|t|+ C2|τ ||t|3),
τ ∈ R, |t| ≤ t0.
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By Proposition 3.1 and (3.10), inequality (3.11) can be rewritten as

(3.12)

∥∥Me−iτA(t)M−1M2
0 P̂−M0e

−iτt2M0ŜM0M0P̂
∥∥
Ĥ→Ĥ

≤ ‖M‖2
(
2C1|t|+ C2|τ ||t|3

)
,

τ ∈ R, |t| ≤ t0.

Multiplying the operators under the norm sign in (3.12) by M−2
0 P̂ from the right and

using the relation ‖M−2
0 ‖ = ‖Q

N̂
‖ ≤ ‖Q‖ = ‖M−1‖2, we obtain∥∥Me−iτA(t)M−1P̂ −M0e

−iτt2M0ŜM0M−1
0 P̂

∥∥
Ĥ→Ĥ

≤ ‖M‖2‖M−1‖2
(
2C1|t|+ C2|τ ||t|3

)
, τ ∈ R, |t| ≤ t0.

(3.13)

3.3. Approximation of the smoothed bordered exponential. Now we replace τ

in (3.13) by τε−2 and multiply the corresponding operator by ε3(t2+ε2)−3/2P̂ . We have∥∥∥(M exp(−iτε−2A(t))M−1P̂−M0 exp(−iτε−2t2M0ŜM0)M
−1
0 P̂

)
ε3(t2+ε2)−3/2P̂

∥∥∥
Ĥ→Ĥ

≤ ‖M‖2‖M−1‖2
(
2C1|t|+ C2|τ |ε−2|t|3

)
ε3(t2 + ε2)−3/2

≤ ‖M‖2‖M−1‖2(C1 + C2|τ |)ε, τ ∈ R, ε > 0, |t| ≤ t0.

We have proved the following statement.

Theorem 3.2. Suppose that A(t) and Â(t) are related as in (3.1). Let Ŝ be the germ of

the operator Â(t), and let M0 be the operator (3.7). Then

(3.14)∥∥∥(M exp(−iτε−2A(t))M−1−M0 exp(−iτε−2t2M0ŜM0)M
−1
0 P̂

)
ε3(t2+ε2)−3/2P̂

∥∥∥
Ĥ→Ĥ

≤ ‖M‖2‖M−1‖2(C1 + C2|τ |)ε, τ ∈ R, ε > 0, |t| ≤ t0.

Here the number t0 is defined by (1.2), and the constants C1 and C2 are defined by (1.12).

3.4. Approximation of the “bordered” operator cos(τA(t)1/2). Now, as in Sub-
section 3.2, we want to approximate the operator cos(τA(t)1/2) for the family (3.1) in

terms of the germ Ŝ of Â(t) and the isomorphism M . Here, it is convenient to border
this operator by appropriate factors.

First, we consider the operator

(3.15) Λ̃(τ ) := M cos(τ (t2S)1/2P )PM∗ : Ĥ → Ĥ.

The following statement is similar to Proposition 3.1.

Proposition 3.3. The operator (3.15) acting in Ĥ admits the following representation:

(3.16) Λ̃(τ ) = M0 cos(τ (t
2M0ŜM0)

1/2)M0P̂ .

Proof. Suppose η̂ ∈ Ĥ and ξ̂(τ ) = Λ̃(τ )η̂. Then M−1ξ̂(τ ) ∈ N, ξ̂(τ ) ∈ N̂, and M−1ξ̂(τ )
is the solution of the Cauchy problem

d2

dτ2
M−1ξ̂(τ ) = −t2SM−1ξ̂(τ ), M−1ξ̂|τ=0 = PM∗η̂,

(
d

dτ
M−1ξ̂

) ∣∣∣∣
τ=0

= 0.

We use (3.10) and the identity SM−1ξ̂(τ ) = PM∗Ŝξ̂(τ ) (see the proof of Proposition
3.1). Then

d2

dτ2
ξ̂(τ ) = −t2M2

0 Ŝξ̂(τ ), ξ̂(0) = M2
0 P̂ η̂,

(
d

dτ
ξ̂

) ∣∣∣∣
τ=0

= 0,
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which is equivalent to the problem

d2

dτ2
M−1

0 ξ̂(τ ) = −t2M0ŜM0(M
−1
0 ξ̂(τ )),

M−1
0 ξ̂(0) = M0P̂ η̂,

(
d

dτ
M−1

0 ξ̂

) ∣∣∣∣
τ=0

= 0.

Hence, M−1
0 ξ̂(τ ) = cos(τ (t2M0ŜM0)

1/2)M0P̂ η̂, which implies (3.16). �

Relations (2.14) and (1.10) show that∥∥ cos(τA(t)1/2)P − cos(τ (t2S)1/2P )P
∥∥
H→H

≤ 2C1|t|+ C4|τ |t2, τ ∈ R, |t| ≤ t0.

This implies the estimate

(3.17)

∥∥M cos(τA(t)1/2)PM∗ −M cos(τ (t2S)1/2P )PM∗∥∥
Ĥ→Ĥ

≤ ‖M‖2(2C1|t|+ C4|τ |t2), τ ∈ R, |t| ≤ t0.

By (3.10) and Proposition 3.3, inequality (3.17) can be rewritten in the form

(3.18)

∥∥M cos(τA(t)1/2)M−1M2
0 P̂ −M0 cos(τ (t

2M0ŜM0)
1/2)M0P̂

∥∥
Ĥ→Ĥ

≤ ‖M‖2
(
2C1|t|+ C4|τ |t2

)
, τ ∈ R, |t| ≤ t0.

Multiplying the operators under the norm sign in (3.18) by M−2
0 P̂ from the right, we

obtain

(3.19)

∥∥M cos(τA(t)1/2)M−1P̂ −M0 cos(τ (t
2M0ŜM0)

1/2)M−1
0 P̂

∥∥
Ĥ→Ĥ

≤ ‖M‖2‖M−1‖2
(
2C1|t|+ C4|τ |t2

)
, τ ∈ R, |t| ≤ t0.

3.5. Approximation of the smoothed bordered operator cos(τε−1A(t)1/2). Now

we replace τ in (3.19) by τε−1 and multiply the corresponding operator by ε2(t2+ε2)−1P̂ .
Then∥∥∥(M cos(τε−1A(t)1/2)M−1P̂−M0 cos(τε

−1(t2M0ŜM0)
1/2)M−1

0 P̂
)
ε2(t2+ε2)−1P̂

∥∥∥
Ĥ→Ĥ

≤ ‖M‖2‖M−1‖2
(
2C1|t|+ C4|τ |ε−1t2

)
ε2(t2 + ε2)−1

≤ ‖M‖2‖M−1‖2(C1 + C4|τ |)ε, τ ∈ R, ε > 0, |t| ≤ t0.

Thus, we have proved the following theorem.

Theorem 3.4. Assume that A(t) and Â(t) satisfy (3.1). Let Ŝ be the germ of the operator

Â(t), and let M0 be the operator (3.7). Then

(3.20)∥∥∥(M cos(τε−1A(t)1/2)M−1−M0 cos(τε
−1(t2M0ŜM0)

1/2)M−1
0 P̂

)
ε2(t2+ε2)−1P̂

∥∥∥
Ĥ→Ĥ

≤ ‖M‖2‖M−1‖2(C1 + C4|τ |)ε, τ ∈ R, ε > 0, |t| ≤ t0.

Here the number t0 is defined by (1.2), and the constants C1 and C4 are defined by (1.12),
(2.13).
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Chapter 2. Periodic differential operators in L2(R
d;Cn)

In the present chapter (§§4–6), we describe the class of matrix second order DO’s
admitting a factorization of the form A = X ∗X , where X is a homogeneous first order
DO. This class was singled out and studied in [BSu1, BSu2]. In §4, we give a detailed
description of the class of periodic operators to be considered and introduce the Gelfand
transformation. In §5 we discuss a direct integral expansion for the operator A. In §6,
we define effective characteristics for periodic DO’s. A more detailed presentation of this
material can be found in [BSu2, Chapter 2].

§4. Factorized second order periodic differential operators

4.1. Factorized second order operators. Let b(D) : L2(R
d;Cn) → L2(R

d;Cm) be
a first order homogeneous DO with constant coefficients. We always assume that m ≥ n.
We fix orthonormal bases ẽ1, . . . , ẽn in Cn, e1, . . . , em in Cm, and e′1, . . . , e

′
d in Rd. Then

the operator b(D) corresponds to a symbol b(ξ), which is an (m×n)-matrix-valued linear
homogeneous function of ξ ∈ Rd. Assume that

(4.1) rank b(ξ) = n, 0 �= ξ ∈ R
d.

Condition (4.1) is equivalent to the condition

(4.2) α01n ≤ b(θ)∗b(θ) ≤ α11n, |θ| = 1, 0 < α0 ≤ α1 < ∞,

with some positive constants α0, α1.
Suppose that an (n× n)-matrix-valued function f(x) and an (m×m)-matrix-valued

function h(x), x ∈ Rd, are bounded together with their inverses:

(4.3) f, f−1 ∈ L∞(Rd); h, h−1 ∈ L∞(Rd).

We consider the DO

X := hb(D)f : L2(R
d;Cn) → L2(R

d;Cm),(4.4)

DomX := {u ∈ L2(R
d;Cn) : fu ∈ H1(Rd;Cn)}.(4.5)

The operator (4.4) is closed on the domain (4.5). The selfadjoint operator A = A(g, f) :=
X ∗X in L2(R

d;Cn) is generated by the closed quadratic form a[u,u] := ‖Xu‖2L2(Rd;Cm),

u ∈ DomX . Formally,

(4.6) A = A(g, f) = f(x)∗b(D)∗g(x)b(D)f(x), g(x) := h(x)∗h(x).

By using the Fourier transformation and relations (4.2), (4.3), it is easy to check that

(4.7)
c0

∫
Rd

|D(fu)|2 dx ≤ a[u,u] ≤ c1

∫
Rd

|D(fu)|2 dx, u ∈ DomX ,

c0 = α0‖h−1‖−2
L∞

, c1 = α1‖h‖2L∞ .

4.2. The lattices Γ and Γ̃. In what follows, we assume that the functions f , h are
periodic with respect to some lattice Γ ⊂ Rd. Let a1, . . . , ad ∈ Rd be the basis in Rd that
generates the lattice Γ, i.e.,

Γ =
{
a ∈ R

d : a =
d∑

j=1

νjaj , νj ∈ Z

}
.

Let Ω be the (elementary) cell of the lattice Γ:

(4.8) Ω :=
{
x ∈ R

d : x =

d∑
j=1

τ jaj , 0 < τ j < 1
}
.
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The basis b1, . . . ,bd in Rd dual to the basis a1, . . . , ad is defined by the relations 〈bi, aj〉 =
2πδij . This basis generates the lattice Γ̃ dual to Γ,

Γ̃ =
{
b ∈ R

d : b =

d∑
i=1

µib
i, µi ∈ Z

}
.

The cell of Γ̃ can be defined by analogy with (4.8). However, it is more convenient to

denote by Ω̃ the Brillouin zone

Ω̃ = {k ∈ R
d : |k| < |k− b|, 0 �= b ∈ Γ̃}.

Like the cell, the domain Ω̃ is a fundamental domain for Γ̃. We use the notation |Ω| =
measΩ, |Ω̃| = meas Ω̃. Note that |Ω| |Ω̃| = (2π)d. Let r0 be the radius of the ball inscribed

in clos Ω̃. Note that

(4.9) |b+ k| ≥ r0, 0 �= b ∈ Γ̃, k ∈ clos Ω̃.

We denote B(r) = {k ∈ Rd : |k| ≤ r}.
The discrete Fourier transformation

(4.10) v(x) = |Ω|−1/2
∑
b∈Γ̃

v̂b exp(i〈b,x〉), x ∈ Ω,

is associated with the lattice Γ. This transformation maps l2(Γ̃) onto L2(Ω) unitarily:∫
Ω

|v(x)|2 dx =
∑
b∈Γ̃

|v̂b|2.

Below, H̃1(Ω) denotes the subspace of all functions in H1(Ω) whose Γ-periodic exten-
sion to Rd belongs to H1

loc(R
d).

4.3. The Gelfand transformation. Initially, the Gelfand transformation U is defined
on the functions of the Schwartz class S by the formula

ṽ(k,x) = (Uv)(k,x) = |Ω̃|−1/2
∑
a∈Γ

exp(−i〈k,x+ a〉)v(x+ a),

v ∈ S(Rd;Cn), x ∈ Ω, k ∈ Ω̃.

Since ∫
Ω̃

∫
Ω

|ṽ(k,x)|2 dx dk =

∫
Rd

|v(x)|2 dx, ṽ = Uv,

U extends by continuity to a unitary mapping

(4.11) U : L2(R
d;Cn) →

∫
Ω̃

⊕L2(Ω;C
n) dk =: K.

The relation v ∈ H1(Rd;Cn) is equivalent to the condition that ṽ(k, ·) ∈ H̃1(Ω;Cn) for

almost every k ∈ Ω̃ and∫
Ω̃

∫
Ω

(
|(D+ k)ṽ(k,x)|2 + |ṽ(k,x)|2

)
dx dk < ∞.

Under the transformation U , the operator of multiplication by a bounded periodic func-
tion in L2(R

d;Cn) turns into multiplication by the same function on the fibers of the di-
rect integral K (see (4.11)). On these fibers, the operator b(D) applied to v ∈ H1(Rd;Cn)

turns into the operator b(D+ k) applied to ṽ(k, ·) ∈ H̃1(Ω;Cn).
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§5. Direct integral expansion for the operator A

5.1. The forms a(k) and the operators A(k). Putting H = L2(Ω;C
n) and H∗ =

L2(Ω;C
m), we consider the closed operator X (k) : H → H∗, k ∈ Rd, defined on the

domain

d := DomX (k) = {u ∈ H : fu ∈ H̃1(Ω;Cn)}
by the formula X (k) = hb(D+ k)f . The selfadjoint operator

A(k) := X (k)∗X (k) : H → H, k ∈ R
d,

is generated by the closed quadratic form

a(k)[u,u] := ‖X (k)u‖2H∗ , u ∈ d.

It is easily seen that

(5.1) c0

∫
Ω

|(D+ k)v|2 dx ≤ a(k)[u,u] ≤ c1

∫
Ω

|(D+ k)v|2 dx, v = fu ∈ H̃1(Ω;Cn)

(see [BSu2, Chapter 2, (2.6)]). Here c0 and c1 are defined by (4.7). From (5.1) and the

compactness of the embedding of H̃1(Ω;Cn) in H, it follows that the spectrum of A(k)
is discrete. Observe also that the resolvent of the operator A(k) is compact and depends
on k ∈ R

d continuously (in the operator norm).
Let

(5.2) N := KerA(0) = KerX (0).

Relations (5.1) with k = 0 show that

(5.3) N = {u ∈ L2(Ω;C
n) : fu = c ∈ C

n}, dimN = n.

5.2. The band functions. Let

(5.4) E1(k) ≤ E2(k) ≤ · · · ≤ Ej(k) ≤ · · · , k ∈ R
d,

be the consecutive eigenvalues of the operator A(k) (counted with multiplicities). The

band functions Ej(k) are continuous and Γ̃-periodic.
As was shown in [BSu2, Chapter 2, Subsection 2.2] (by simple variational arguments),

the band functions satisfy the following estimates:

Ej(k) ≥ c∗|k|2, j = 1, . . . , n, k ∈ clos Ω̃,(5.5)

En+1(k) ≥ c∗r
2
0, k ∈ clos Ω̃,(5.6)

En+1(0) ≥ 4c∗r
2
0.(5.7)

Here

(5.8) c∗ = α0‖f−1‖−2
L∞

‖h−1‖−2
L∞

.

5.3. The direct integral for the operator A. The operators A(k) allow us to
partially diagonalize the operator A in the direct integral K (see (4.11)). Let ũ = Uu
and u ∈ Dom a. Then

ũ(k, ·) ∈ d for a.e. k ∈ Ω̃,(5.9)

a[u,u] =

∫
Ω̃

a(k)[ũ(k, ·), ũ(k, ·)] dk.(5.10)

Conversely, if ũ ∈ K satisfies (5.9) and the integral in (5.10) is finite, then u ∈ Dom a and
(5.10) is valid. The above arguments show that, in the direct integral K, the operator A
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turns into multiplication by the operator-valued function A(k), k ∈ Ω̃. All this can be
expressed briefly:

(5.11) UAU−1 =

∫
Ω̃

⊕A(k) dk.

Formula (5.11) implies that the spectrum of A is a union of segments (spectral bands)
that are the ranges of the band functions (5.4).

By (5.2) and (5.3), we have

min
k∈Rd

Ej(k) = Ej(0) = 0, j = 1, . . . , n.

Consequently, the bottom of the spectrum of A coincides with the point λ0 = 0, i.e.,
inf specA = 0. The first n spectral bands of the operatorA overlap and have the common
bottom λ0 = 0, while the (n+ 1)th band is separated from zero (see (5.6)).

5.4. Incorporation of the operators A(k) into the pattern of §1. For k ∈ R
d we

put k = tθ, t = |k|, |θ| = 1, and view t as the main perturbation parameter. At the same
time, all our constructions will depend on the additional parameter θ. This dependence
will often be reflected in the notation.

We shall apply the method described in §1 of Chapter 1. We put H = L2(Ω;C
n),

H∗ = L2(Ω;C
m). The role of X(t) is played by the operator

X(t, θ) = X (tθ) = hb(D+ tθ)f, DomX(t, θ) = d.

We have X(t, θ) = X0 + tX1(θ), where X0 = X (0) = hb(D)f , DomX0 = d, and
X1(θ) = hb(θ)f . Finally, the role of A(t) is played by the operator A(t, θ) = A(tθ).
Next, A(t, θ) = X(t, θ)∗X(t, θ). By (5.2) and (5.3), we have N = KerX0 = KerX (0),
dimN = n. The inequality m ≥ n guarantees that n ≤ n∗ (see [BSu2, Chapter 2, §3]).

In accordance with (5.7), the distance d0 from the point λ0 = 0 to the rest of the
spectrum of A(0) is equal to En+1(0) and satisfies the estimate

(5.12) d0 ≥ 4c∗r
2
0.

Here c∗ is the constant (5.8). In Subsection 1.1, it was required that δ be chosen so that
δ < d0/8. In view of (5.12), now we fix δ:

(5.13) δ = c∗r
2
0/4 = (r0/2)

2α0‖f−1‖−2
L∞

‖h−1‖−2
L∞

.

Next, by (4.2), the operator X1(θ) = hb(θ)f satisfies the estimate

(5.14) ‖X1(θ)‖ ≤ α
1/2
1 ‖f‖L∞‖h‖L∞ .

This allows us to choose t0 (see (1.2)) equal not to δ1/2‖X1(θ)‖−1, but to a smaller
number independent of θ. Namely, we put

(5.15) t0 = δ1/2α
−1/2
1 ‖f‖−1

L∞
‖h‖−1

L∞
= (r0/2)α

1/2
0 α

−1/2
1 ‖f‖−1

L∞
‖f−1‖−1

L∞
‖h‖−1

L∞
‖h−1‖−1

L∞
.

Note that t0 ≤ r0/2. Thus, B(t0) ⊂ B(r0/2) ⊂ Ω̃. It is essential that c∗ and t0 (see (5.8),
(5.15)) do not depend on θ.

5.5. Nondegeneracy of the germ of the family A(t, θ). Below we shall need the fol-
lowing estimate, which is a consequence of the variational estimates (5.5) for eigenvalues
of the operator A(k):

A(k) = A(t, θ) ≥ c∗t
2I, k ∈ clos Ω̃, t = |k|.
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Hence, the operator A(t, θ) satisfies Condition 2.2 with the constant c∗ defined by (5.8).
This implies the nondegeneracy of the germ S(θ) of A(t, θ) (which now depends on the
parameter θ):

(5.16) S(θ) ≥ c∗IN.

It is important that the germ is nondegenerate uniformly in θ.

§6. The effective matrix and the effective operator

6.1. The germ of the operator A(t, θ) in the case where f = 1n. In [BSu2,
Chapter 3, §1], the germ S(θ) of the operator family A(t, θ) was constructed. We need
to describe this germ in the case where f = 1n. For f = 1n, we agree to mark all the
corresponding objects by “̂”. Then for the operator

(6.1) Â = Â(g) = b(D)∗g(x)b(D),

the family Â(k) is denoted by Â(t, θ). If f = 1n, the kernel (5.3) takes the form

(6.2) N̂ = {u ∈ L2(Ω;C
n) : u = c ∈ C

n};
i.e., N̂ consists of constant vectors. Then the orthogonal projection P̂ of the space
H = L2(Ω;C

n) onto the subspace (6.2) is the operator of averaging over the cell:

(6.3) P̂u = |Ω|−1

∫
Ω

u(x) dx.

As was shown in [BSu2, Chapter 3, §1], the spectral germ Ŝ(θ) of the family Â(t, θ) is

the operator acting in the subspace N̂ and given by

(6.4) Ŝ(θ) = b(θ)∗g0b(θ), θ ∈ S
d−1,

where b(θ) is the symbol of the operator b(D), and g0 is the so-called effective matrix.
The constant positive (m × m)-matrix g0 is defined as follows. Let C ∈ Cm, and let

vC ∈ H̃1(Ω;Cn) be the (weak) solution of the equation

(6.5) b(D)∗g(x)(b(D)vC(x) +C) = 0.

Then

(6.6) g0C = |Ω|−1

∫
Ω

g(x)(b(D)vC(x) +C) dx, C ∈ C
m.

6.2. The effective operator. Since the symbol b(k) is homogeneous, formula (6.4)
shows that

(6.7) Ŝ(k) := t2Ŝ(θ) = b(k)∗g0b(k), k ∈ R
d.

The expression (6.7) is the symbol of the DO

(6.8) Â0 = b(D)∗g0b(D),

called the effective operator for Â.

Let Â0(k) be the operator family in L2(Ω;C
n) corresponding to the effective operator

(6.8). Then Â0(k) is given by the expression

Â0(k) = b(D+ k)∗g0b(D+ k)

with periodic boundary conditions.
Combining this with (6.3) and (6.7), we obtain the identity

(6.9) Ŝ(k)P̂ = Â0(k)P̂ ,

which will be used below.
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6.3. The properties of the effective matrix. Note that (see [BSu2, Chapter 3,
Theorem 1.5]) the effective matrix g0 satisfies the following estimates (known as the
Voight–Reuss bracketing):

g ≤ g0 ≤ g,

where

g = |Ω|−1

∫
Ω

g(x) dx, g =

(
|Ω|−1

∫
Ω

g(x)−1 dx

)−1

.

If m = n (i.e., when the operator admits factorization with square matrices), we
always have g0 = g.

Chapter 3. Threshold approximations of the operator-valued functions

of periodic differential operators

This chapter is devoted to threshold approximations for operator-valued functions (the
operator exponential and the operator cosine) of periodic DO’s. These approximations
are obtained on the basis of abstract theorems from Chapter 1. §7 contains the required

approximations for the functions of operators Â(k) acting in L2(Ω;C
n) and depending

on the quasimomentum k. In §8, similar facts are obtained for the case of more general
operators A(k). In §§9 and 10, approximations for the operator-valued functions of the

operators Â and A acting in L2(R
d;Cn) are deduced from the results of §§7 and 8.

Results for the operator exponential are collected in Subsections 7.1–7.3, 8.1, 8.2, 9.1,
and 10.1, and those for the operator cosine are collected in Subsections 7.4, 7.5, 8.3, 8.4,
9.2, and 10.2.

§7. Approximations for the smoothed operators

exp(−iτε−2Â(k)) and cos(τε−1Â(k)1/2)

7.1. Approximation of the smoothed operator exp(−iτε−2Â(k)) for |k| ≤ t̂0.
Consider the operator H0 = −∆ in L2(R

d;Cn). The operator H0 is expanded in the
direct integral of operators H0(k) acting in L2(Ω;C

n). The operator H0(k) is defined
by the differential expression |D+ k|2 with periodic boundary conditions. We introduce
the notation

(7.1) R(k, ε) := ε2(H0(k) + ε2I)−1.

Clearly, we have

(7.2)
R(k, ε)P̂ = ε2(t2 + ε2)−1P̂ ,

R(k, ε)3/2P̂ = ε3(t2 + ε2)−3/2P̂ , t = |k|.

We apply Theorem 2.6 to the family of operators Â(t, θ) = Â(k). By (6.7) and (6.9),
we have

(7.3) exp(−iτε−2t2Ŝ(θ)P̂ )P̂ = exp(−iτε−2Â0(k))P̂ .

It remains to indicate the constants. In the case where f = 1n, the constants (5.8),
(5.13), and (5.15) take the form

ĉ∗ = α0‖h−1‖−2
L∞

,(7.4)

δ̂ = (r0/2)
2α0‖h−1‖−2

L∞
,

t̂ 0 = (r0/2)α
1/2
0 α

−1/2
1 ‖h‖−1

L∞
‖h−1‖−1

L∞
.(7.5)

Using the estimate

(7.6) ‖X̂1(θ)‖ ≤ α
1/2
1 ‖h‖L∞
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(see (5.14) with f = 1n), we can replace the precise values of the constants (1.12), which
now depend on θ, with the larger values

Ĉ1 = β1(2/r0)α
1/2
1 α

−1/2
0 ‖h‖L∞‖h−1‖L∞ ,(7.7)

Ĉ2 = β2(2/r0)α
3/2
1 α

−1/2
0 ‖h‖3L∞‖h−1‖L∞ .(7.8)

Combining (2.20) with (7.2) and (7.3), we obtain

(7.9)

∥∥∥(exp(−iτε−2Â(k))− exp(−iτε−2Â0(k))
)
R(k, ε)3/2P̂

∥∥∥
L2(Ω)→L2(Ω)

≤ (Ĉ1 + Ĉ2|τ |)ε, τ ∈ R, ε > 0, |k| ≤ t̂ 0.

7.2. Approximation of the smoothed operator exp(−iτε−2Â(k)) for |k| > t̂0.

Our estimates for the operator under the norm sign in (7.9) for k ∈ clos Ω̃ \ B(t̂ 0) are
rough: each term is estimated separately.

By (7.2), we have

(7.10)
‖R(k, ε)3/2P̂‖ = ε3(|k|2 + ε2)−3/2 ≤ ε3(t̂ 0)−3 ≤ ε(t̂ 0)−3,

0 < ε ≤ 1, k ∈ clos Ω̃ \ B(t̂ 0).
This implies that

(7.11)

∥∥∥(exp(−iτε−2Â(k))− exp(−iτε−2Â0(k))
)
R(k, ε)3/2P̂

∥∥∥
L2(Ω)→L2(Ω)

≤ 2ε(t̂ 0)−3,

τ ∈ R, 0 < ε ≤ 1, k ∈ clos Ω̃ \ B(t̂ 0).
Now, from (7.9) and (7.11) we obtain

(7.12)

∥∥∥(exp(−iτε−2Â(k))− exp(−iτε−2Â0(k))
)
R(k, ε)3/2P̂

∥∥∥
L2(Ω)→L2(Ω)

≤
(
Ĉ1 + 2(t̂ 0)−3 + Ĉ2|τ |

)
ε, τ ∈ R, 0 < ε ≤ 1, k ∈ clos Ω̃.

7.3. Elimination of the operator P̂ . Now we show that, up to an admissible error,

the projection P̂ can be replaced by the identity operator under the norm sign in (7.12).

For this, we estimate the norm of the operator R(k, ε)3/2(I − P̂ ). Under the discrete
Fourier transformation (see (4.10)), the operator R(k, ε) applied to a periodic function

v(x) turns into multiplication of the Fourier coefficients v̂b, b ∈ Γ̃, by the symbol

ε2(|b + k|2 + ε2)−1. The operator I − P̂ makes the zero Fourier coefficient v̂0 equal to
zero. Therefore,

(7.13)

∥∥R(k, ε)3/2(I − P̂ )
∥∥
L2(Ω)→L2(Ω)

= max
0�=b∈Γ̃

ε3(|b+ k|2 + ε2)−3/2 ≤ ε3r−3
0 ,

ε > 0, k ∈ clos Ω̃.

Here we have used estimate (4.9). Hence,

(7.14)

∥∥∥(exp(−iτε−2Â(k))− exp(−iτε−2Â0(k))
)
R(k, ε)3/2(I − P̂ )

∥∥∥
L2(Ω)→L2(Ω)

≤ 2εr−3
0 , τ ∈ R, 0 < ε ≤ 1, k ∈ clos Ω̃.

Now, relations (7.12) and (7.14) imply the following result.

Theorem 7.1. For τ ∈ R, 0 < ε ≤ 1, and k ∈ clos Ω̃, we have

(7.15)

∥∥∥(exp(−iτε−2Â(k))− exp(−iτε−2Â0(k))
)
R(k, ε)3/2

∥∥∥
L2(Ω)→L2(Ω)

≤ (C1 + C2|τ |)ε,
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where

(7.16) C1 = Ĉ1 + 2(t̂ 0)−3 + 2r−3
0 , C2 = Ĉ2.

The operator R(k, ε) is defined by (7.1), the number t̂ 0 is given by (7.5), and the constants

Ĉ1, Ĉ2 are defined by (7.7), (7.8).

7.4. Approximation of the smoothed operator cos(τε−1Â(k)1/2) for |k| ≤ t̂0.

We apply Theorem 2.7 to the operator family Â(t, θ) = Â(k). By analogy with (7.3),
formulas (6.7) and (6.9) show that

(7.17) cos(τε−1(t2Ŝ(θ))1/2P̂ )P̂ = cos(τε−1Â0(k)1/2)P̂ .

It remains to indicate the constants C3 and C4. Estimate (7.6) shows that, instead of
the precise value of the constant (1.14) (which depends on θ), it is convenient to take

(7.18) Ĉ3 = (1 + β2)α1‖h‖2L∞ .

Instead of the precise value of the constant (2.13), we choose

Ĉ4 = Ĉ1Ĉ
1/2
3 + Ĉ1α

1/2
1 ‖h‖L∞ +

1

2
Ĉ2(ĉ∗)

−1/2.

Taking (7.4), (7.7), (7.8), and (7.18) into account, we arrive at

(7.19)
Ĉ4 = 2β1(1 + (1 + β2)

1/2)r−1
0 α1α

−1/2
0 ‖h‖2L∞‖h−1‖L∞

+β2r
−1
0 α

3/2
1 α−1

0 ‖h‖3L∞‖h−1‖2L∞ .

Applying estimate (2.23) and using (7.2) and (7.17), we obtain

(7.20)

∥∥∥(cos(τε−1Â(k)1/2)− cos(τε−1Â0(k)1/2)
)
R(k, ε)P̂

∥∥∥
L2(Ω)→L2(Ω)

≤ (Ĉ1 + Ĉ4|τ |)ε, τ ∈ R, ε > 0, |k| ≤ t̂ 0.

7.5. Approximation of the smoothed operator cos(τε−1Â(k)1/2) for |k| > t̂0. By
analogy with (7.11), we have

(7.21)

∥∥∥(cos(τε−1Â(k)1/2)− cos(τε−1Â0(k)1/2)
)
R(k, ε)P̂

∥∥∥
L2(Ω)→L2(Ω)

≤ 2ε2(t̂ 0)−2 ≤ 2ε(t̂ 0)−2, τ ∈ R, 0 < ε ≤ 1, k ∈ clos Ω̃ \ B(t̂ 0).
Now (7.20) and (7.21) imply that

(7.22)

∥∥∥(cos(τε−1Â(k)1/2)− cos(τε−1Â0(k)1/2)
)
R(k, ε)P̂

∥∥∥
L2(Ω)→L2(Ω)

≤ (Ĉ1 + 2(t̂ 0)−2 + Ĉ4|τ |)ε, τ ∈ R, 0 < ε ≤ 1, k ∈ clos Ω̃.

The next estimate is similar to (7.14):

(7.23)

∥∥∥(cos(τε−1Â(k)1/2)− cos(τε−1Â0(k)1/2)
)
R(k, ε)(I − P̂ )

∥∥∥
L2(Ω)→L2(Ω)

≤ 2εr−2
0 ,

τ ∈ R, 0 < ε ≤ 1, k ∈ clos Ω̃.

Finally, estimates (7.22) and (7.23) lead to the following statement.

Theorem 7.2. For τ ∈ R, 0 < ε ≤ 1, and k ∈ clos Ω̃, we have

(7.24)
∥∥∥(cos(τε−1Â(k)1/2)− cos(τε−1Â0(k)1/2)

)
R(k, ε)

∥∥∥
L2(Ω)→L2(Ω)

≤ (C3 + C4|τ |)ε,

where

(7.25) C3 = Ĉ1 + 2(t̂ 0)−2 + 2r−2
0 , C4 = Ĉ4.
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The operator R(k, ε) is given by (7.1), the number t̂ 0 is defined by (7.5), and the constants

Ĉ1 and Ĉ4 are defined by (7.7) and (7.19).

§8. Approximation of the smoothed bordered operators

exp(−iτε−2A(k)) and cos(τε−1A(k)1/2)

8.1. Approximation of the smoothed bordered operator exp(−iτε−2A(k)) for

|k| ≤ t0. We study the exponential of the operator A(k) = f∗Â(k)f by using the method

described in §3. Now H = Ĥ = L2(Ω;C
n), the role of A(t) is played by the operator

A(t, θ) = A(k), and the role of Â(t) is played by Â(t, θ) = Â(k). The isomorphism M is
the operator of multiplication by the matrix-valued function f(x). The operator Q (see
(3.2)) is the operator of multiplication by the matrix-valued function

(8.1) Q(x) = (f(x)f(x)∗)−1.

The block of the operator Q in the kernel N̂ (see (6.2)) is the operator of multiplication
by the constant matrix

Q = (ff∗)−1 = |Ω|−1

∫
Ω

(f(x)f(x)∗)−1 dx.

Next, M0 (see (3.7)) is the operator of multiplication by the constant matrix

(8.2) f0 = (Q)−1/2 = (ff∗)1/2.

The constant t0 is given by (5.15). Using (5.13) and (5.14), we can replace the precise
values of the constants (1.12) (which depend on θ) with the larger values

C1 = 2β1r
−1
0 α

1/2
1 α

−1/2
0 ‖h‖L∞‖h−1‖L∞‖f‖L∞‖f−1‖L∞ ,(8.3)

C2 = 2β2r
−1
0 α

3/2
1 α

−1/2
0 ‖h‖3L∞‖h−1‖L∞‖f‖3L∞‖f−1‖L∞ .(8.4)

We put

(8.5) A0 := f0Â0f0 = f0b(D)∗g0b(D)f0.

Let A0(k) be the corresponding operator family in L2(Ω;C
n). Then A0(k) = f0Â0(k)f0.

We apply inequality (3.14) to the operator A(t, θ) = A(k). By (6.7) and (6.9), we
have

f0 exp(−iτε−2t2f0Ŝ(θ)f0)f
−1
0 P̂ = f0 exp(−iτε−2A0(k))f−1

0 P̂ .

Using (7.2), we obtain

(8.6)

∥∥∥(f exp(−iτε−2A(k))f−1 − f0 exp(−iτε−2A0(k))f−1
0

)
R(k, ε)3/2P̂

∥∥∥
L2(Ω)→L2(Ω)

≤ ‖f‖2L∞‖f−1‖2L∞(C1 + C2|τ |)ε, τ ∈ R, ε > 0, |k| ≤ t0.

8.2. Approximation of the smoothed bordered operator exp(−iτε−2A(k)) for
|k| > t0. By analogy with (7.10), we have

‖R(k, ε)3/2P̂‖ ≤ ε3(t 0)−3 ≤ ε(t 0)−3, 0 < ε ≤ 1, k ∈ clos Ω̃ \ B(t 0).
Hence,

(8.7)

∥∥∥(f exp(−iτε−2A(k))f−1 − f0 exp(−iτε−2A0(k))f−1
0

)
R(k, ε)3/2P̂

∥∥∥
L2(Ω)→L2(Ω)

≤
(
‖f‖L∞‖f−1‖L∞ + ‖f0‖L∞‖f−1

0 ‖L∞

)
(t0)−3ε

≤ 2‖f‖L∞‖f−1‖L∞(t0)−3ε, τ ∈ R, 0 < ε ≤ 1, k ∈ clos Ω̃ \ B(t0).

We have used the elementary inequalities ‖f0‖L∞ ≤ ‖f‖L∞ and ‖f−1
0 ‖L∞ ≤ ‖f−1‖L∞ .
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Now, inequalities (8.6) and (8.7) imply that

(8.8)

∥∥∥(f exp(−iτε−2A(k))f−1 − f0 exp(−iτε−2A0(k))f−1
0

)
R(k, ε)3/2P̂

∥∥∥
L2(Ω)→L2(Ω)

≤ (‖f‖2L∞‖f−1‖2L∞C1 + 2‖f‖L∞‖f−1‖L∞(t 0)−3 + ‖f‖2L∞‖f−1‖2L∞C2|τ |)ε,
τ ∈ R, 0 < ε ≤ 1, k ∈ clos Ω̃.

By (7.13), we have
(8.9)∥∥∥(f exp(−iτε−2A(k))f−1−f0 exp(−iτε−2A0(k))f−1

0

)
R(k, ε)3/2(I−P̂ )

∥∥∥
L2(Ω)→L2(Ω)

≤ 2‖f‖L∞‖f−1‖L∞r−3
0 ε, τ ∈ R, 0 < ε ≤ 1, k ∈ clos Ω̃.

Relations (8.8) and (8.9) lead to the following result.

Theorem 8.1. For τ ∈ R, 0 < ε ≤ 1, and k ∈ clos Ω̃ we have

(8.10)

∥∥∥(f exp(−iτε−2A(k))f−1 − f0 exp(−iτε−2A0(k))f−1
0

)
R(k, ε)3/2

∥∥∥
L2(Ω)→L2(Ω)

≤ (C5 + C6|τ |)ε,

where

(8.11)
C5 = ‖f‖2L∞‖f−1‖2L∞C1 + 2‖f‖L∞‖f−1‖L∞((t 0)−3 + r−3

0 ),

C6 = ‖f‖2L∞‖f−1‖2L∞C2.

The operator R(k, ε) is given by (7.1), the number t 0 is defined by (5.15), and the con-
stants C1 and C2 are defined by (8.3), (8.4).

8.3. Approximation of the smoothed bordered operator cos(τε−1A(k)1/2) for
|k| ≤ t0. The operator cos(τε−1A(k)1/2) is studied by the method described in §3 (see
Subsection 3.5).

Now we indicate the constants C3 and C4. By (5.14), instead of the precise value of
the constant (1.14), we can take

(8.12) C3 = (1 + β2)α1‖f‖2L∞‖h‖2L∞ .

The precise value of the constant (2.13) can be replaced with

C4 = C1C
1/2
3 + C1α

1/2
1 ‖f‖L∞‖h‖L∞ +

1

2
C2c

−1/2
∗ .

By (5.8), (8.3), (8.4), and (8.12), we obtain

(8.13)
C4 = 2β1(1 + (1 + β2)

1/2)r−1
0 α1α

−1/2
0 ‖h‖2L∞‖h−1‖L∞‖f‖2L∞‖f−1‖L∞

+β2r
−1
0 α

3/2
1 α−1

0 ‖h‖3L∞‖h−1‖2L∞‖f‖3L∞‖f−1‖2L∞ .

We use inequality (3.20) for the operator A(k). By (6.7) and (6.9), we have

f0 cos(τε
−1(t2f0Ŝ(θ)f0)

1/2)f−1
0 P̂ = f0 cos(τε

−1A0(k)1/2)f−1
0 P̂ ,

and, using (7.2), we get

(8.14)

∥∥∥(f cos(τε−1A(k)1/2)f−1 − f0 cos(τε
−1A0(k)1/2)f−1

0

)
R(k, ε)P̂

∥∥∥
L2(Ω)→L2(Ω)

≤ ‖f‖2L∞‖f−1‖2L∞(C1 + C4|τ |)ε, τ ∈ R, ε > 0, |k| ≤ t0.
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8.4. Approximation of the smoothed bordered operator cos(τε−1A(k)1/2) for
|k| > t0. As in (8.7), we have

(8.15)

∥∥∥(f cos(τε−1A(k)1/2)f−1 − f0 cos(τε
−1A0(k)1/2)f−1

0

)
R(k, ε)P̂

∥∥∥
L2(Ω)→L2(Ω)

≤ 2‖f‖L∞‖f−1‖L∞(t 0)−2ε, τ ∈ R, 0 < ε ≤ 1, k ∈ clos Ω̃ \ B(t0).
Now, (8.14) and (8.15) yield

(8.16)

∥∥∥(f cos(τε−1A(k)1/2)f−1 − f0 cos(τε
−1A0(k)1/2)f−1

0

)
R(k, ε)P̂

∥∥∥
L2(Ω)→L2(Ω)

≤
(
‖f‖2L∞‖f−1‖2L∞C1+ 2‖f‖L∞‖f−1‖L∞(t0)−2+ ‖f‖2L∞‖f−1‖2L∞C4|τ |

)
ε,

τ ∈ R, 0 < ε ≤ 1, k ∈ clos Ω̃.

By analogy with (8.9), we have
(8.17)∥∥∥(f cos(τε−1A(k)1/2)f−1−f0 cos(τε

−1A0(k)1/2)f−1
0

)
R(k, ε)(I − P̂ )

∥∥∥
L2(Ω)→L2(Ω)

≤ 2‖f‖L∞‖f−1‖L∞r−2
0 ε, τ ∈ R, 0 < ε ≤ 1, k ∈ clos Ω̃.

Estimates (8.16) and (8.17) yield the following statement.

Theorem 8.2. For τ ∈ R, 0 < ε ≤ 1, and k ∈ clos Ω̃, we have

(8.18)

∥∥∥(f cos(τε−1A(k)1/2)f−1 − f0 cos(τε
−1A0(k)1/2)f−1

0

)
R(k, ε)

∥∥∥
L2(Ω)→L2(Ω)

≤ (C7 + C8|τ |)ε,
where

(8.19)
C7 = ‖f‖2L∞‖f−1‖2L∞C1 + 2‖f‖L∞‖f−1‖L∞((t 0)−2 + r−2

0 ),

C8 = ‖f‖2L∞‖f−1‖2L∞C4.

The operator R(k, ε) is given by (7.1), the number t 0 is defined by (5.15), and the con-
stants C1 and C4 are defined by (8.3) and (8.13).

§9. Approximation of the smoothed operators

exp(−iτε−2Â) and cos(τε−1Â1/2)

9.1. Approximation of the smoothed operator exp(−iτε−2Â). Consider the op-

erator Â = b(D)∗g(x)b(D) acting in L2(R
d;Cn) (see (6.1)), and let Â0 = b(D)∗g0b(D)

be the effective operator (6.8). We recall the notation H0 = −∆ and put

(9.1) R(ε) := ε2(H0 + ε2I)−1.

Writing Â in the form (5.11), we see that

exp(−iτε−2Â) = U−1

(∫
Ω̃

⊕ exp(−iτε−2Â(k)) dk

)
U .

A similar expansion is true for the operator exp(−iτε−2Â0), and also for the difference
of exponentials. The operator (9.1) expands in a direct integral of the operators (7.1):

R(ε) = U−1

(∫
Ω̃

⊕R(k, ε) dk

)
U .

It follows that the operator

(exp(−iτε−2Â)− exp(−iτε−2Â0))R(ε)3/2
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expands in the direct integral of the operators standing under the norm sign in (7.15).

Since estimate (7.15) is uniform with respect to the parameter k ∈ clos Ω̃, Theorem 7.1
implies the following statement.

Theorem 9.1. Let Â be the operator in L2(R
d;Cn) given by Â = b(D)∗g(x)b(D), and

let Â0 = b(D)∗g0b(D) be the effective operator. For τ ∈ R and 0 < ε ≤ 1 we have

(9.2)
∥∥∥(exp(−iτε−2Â)− exp(−iτε−2Â0)

)
R(ε)3/2

∥∥∥
L2(Rd)→L2(Rd)

≤ (C1 + C2|τ |)ε.

Here the operator R(ε) is defined by (9.1), and the constants C1 and C2 are defined by
(7.16).

9.2. Approximation of the smoothed operator cos(τε−1Â1/2). As in Subsection

9.1, the operator
(
cos(τε−1Â1/2)−cos(τε−1(Â0)1/2)

)
R(ε) expands in the direct integral

of the operators standing under the norm sign in (7.24). Therefore, Theorem 7.2 implies
the following statement.

Theorem 9.2. Let Â be the operator in L2(R
d;Cn) given by Â = b(D)∗g(x)b(D), and

let Â0 = b(D)∗g0b(D) be the effective operator. For τ ∈ R and 0 < ε ≤ 1 we have

(9.3)
∥∥∥(cos(τε−1Â1/2)− cos(τε−1(Â0)1/2)

)
R(ε)

∥∥∥
L2(Rd)→L2(Rd)

≤ (C3 + C4|τ |)ε.

Here the operator R(ε) is defined by (9.1), and the constants C3 and C4 are defined by
(7.25).

§10. Approximation of the smoothed bordered operators

exp(−iτε−2A) and cos(τε−1A1/2)

10.1. Approximation of the smoothed bordered operator exp(−iτε−2A). We

consider the operator A = f(x)∗b(D)∗g(x)b(D)f(x) = f(x)∗Âf(x) acting in L2(R
d;Cn)

(see (4.6)). Let Â0 = b(D)∗g0b(D) be the effective operator (6.8) for Â. Let f0 be the
constant matrix defined by (8.2), and let A0 = f0b(D)∗g0b(D)f0 (see (8.5)). As in §9,
we can use (5.11) to see that the operator(

f exp(−iτε−2A)f−1 − f0 exp(−iτε−2A0)f−1
0

)
R(ε)3/2

expands in the direct integral of the operators standing under the norm sign in (8.10).
Therefore, Theorem 8.1 implies the following statement.

Theorem 10.1. Consider the operator in L2(R
d;Cn) given by the formula A =

f(x)∗b(D)∗g(x)b(D)f(x). Let A0 = f0b(D)∗g0b(D)f0, where g0 is the effective matrix
and f0 = (ff∗)1/2. Then for τ ∈ R and 0 < ε ≤ 1 we have

(10.1)

∥∥∥(f exp(−iτε−2A)f−1 − f0 exp(−iτε−2A0)f−1
0

)
R(ε)3/2

∥∥∥
L2(Rd)→L2(Rd)

≤ (C5 + C6|τ |)ε.
Here the operator R(ε) is defined by (9.1), and the constants C5 and C6 are defined by
(8.11).

10.2. Approximation of the smoothed bordered operator cos(τε−1A1/2). The
operator (

f cos(τε−1A1/2)f−1 − f0 cos(τε
−1(A0)1/2)f−1

0

)
R(ε)

expands in the direct integral of the operators standing under the norm sign in (8.18).
Therefore, Theorem 8.2 implies the following statement.
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Theorem 10.2. Consider the operator in L2(R
d;Cn) given by the formula A =

f(x)∗b(D)∗g(x)b(D)f(x). Let A0 = f0b(D)∗g0b(D)f0, where g0 is the effective matrix
and f0 = (ff∗)1/2. Then for τ ∈ R and 0 < ε ≤ 1 we have

(10.2)

∥∥∥(f cos(τε−1A1/2)f−1 − f0 cos(τε
−1(A0)1/2)f−1

0

)
R(ε)

∥∥∥
L2(Rd)→L2(Rd)

≤ (C7 + C8|τ |)ε.

Here the operator R(ε) is defined by (9.1), and the constants C7 and C8 are defined by
(8.19).

Chapter 4. Homogenization problems for nonstationary equations

of mathematical physics

We proceed to homogenization problems in the small period limit for periodic DO’s
acting in L2(R

d;Cn). We study homogenization for the Cauchy problems for the non-
stationary Schrödinger equation and the hyperbolic equation. These equations involve

operators Âε and Aε with rapidly oscillating coefficients (see (11.1) and (11.2)). §11
contains the statements of problems and a description of the scaling transformation. §12
is devoted to homogenization of the operator exponentials exp(−iτÂε) and exp(−iτAε),

and §13 is devoted to homogenization of the operator cosines cos(τÂ1/2
ε ) and cos(τA1/2

ε ).
Here we obtain the main results of the paper in the operator terms. They are deduced
from the theorems of Chapter 3 by the scaling transformation. In §§14 and 15, using
theorems given in the operator terms, we obtain the main results of the paper concerning
homogenization of the Cauchy problem for the Schrödinger type equation (§14) and for
the hyperbolic equation (§15). Here various statements of problems are considered in
detail.

§11. Statement of problems. The scaling transformation

11.1. The operators Âε and Aε. Statement of problems. If ψ(x) is a measurable
Γ-periodic function on Rd, we agree to denote ψε(x) := ψ(ε−1x), ε > 0. Our main

objects are the operators Âε := Â(gε) and Aε := A(gε, fε), ε > 0 (see Subsection 4.1),
formally given by the differential expressions

Âε := b(D)∗gε(x)b(D),(11.1)

Aε := (fε(x))∗b(D)∗gε(x)b(D)fε(x).(11.2)

The coefficients of the operators (11.1), (11.2) oscillate rapidly as ε → 0.
Homogenization theory studies the behavior of solutions of equations of mathematical

physics with rapidly oscillating coefficients. Our goal is to find approximations for small
ε in the L2(R

d;Cn)-norm (for a fixed τ ) for solutions of the Cauchy problem for the
Schrödinger equation

(11.3) i
∂uε

∂τ
= Aεuε,

and also for solutions of the Cauchy problem for the hyperbolic equation

(11.4)
∂2vε

∂τ2
= −Aεvε.

For this purpose, we study the operator-valued functions exp(−iτAε), cos(τA1/2
ε ), and

A−1/2
ε sin(τA1/2

ε ). The solutions of the corresponding Cauchy problems can be expressed
in terms of these operator-valued functions.
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We “smooth” these operator-valued functions, obtaining approximations in the op-
erator norm in L2(R

d;Cn) for the corresponding smoothed operators. The required
approximations are obtained in §§12 and 13. The results are applied to homogenization
of the Cauchy problem for the Schrödinger equation (§14) and for the hyperbolic equation
(§15).

11.2. The scaling transformation. Let Tε be the unitary scaling transformation in
L2(R

d;Cn): (Tεu)(x) = εd/2u(εx), ε > 0. Then Aε = ε−2T ∗
ε ATε. This implies the

following relations for operator-valued functions of Aε:

exp(−iτAε) = T ∗
ε exp(−iτε−2A)Tε,(11.5)

cos(τA1/2
ε ) = T ∗

ε cos(τε−1A1/2)Tε.(11.6)

Similar relations are valid for functions of Âε.
Applying the scaling transformation to the resolvent of the operator H0 = −∆, we

obtain

(11.7) (H0 + I)−1 = ε2T ∗
ε (H0 + ε2I)−1Tε = T ∗

ε R(ε)Tε.

Here we have used the notation (9.1). Finally, if ψ(x) is a periodic function in L∞(Rd),
then, under the scaling transformation, the operator [ψε] of multiplication by the function
ψε(x) = ψ(ε−1x) turns into the operator [ψ] of multiplication by ψ(x):

(11.8) [ψε] = T ∗
ε [ψ]Tε.

§12. Homogenization of the operator exponential exp(−iτAε)

12.1. Approximation of the smoothed operator exp(−iτÂε). We start with the

simpler operator (11.1). Let Â0 be the effective operator (6.8). Combining (11.5) (for

the case of Âε and Â0) and (11.7), we see that the operator(
exp(−iτÂε)− exp(−iτÂ0)

)
(H0 + I)−3/2

is unitarily equivalent to the operator under the norm sign in (9.2). Thus, Theorem 9.1
implies the following result.

Theorem 12.1. Let Âε be the operator (11.1), and let Â0 = b(D)∗g0b(D) be the corre-
sponding effective operator. Then for τ ∈ R and 0 < ε ≤ 1 we have

(12.1)
∥∥∥(exp(−iτÂε)− exp(−iτÂ0)

)
(H0 + I)−3/2

∥∥∥
L2(Rd)→L2(Rd)

≤ (C1 + C2|τ |)ε.

The constants C1 and C2 are defined by (7.16) and depend only on α0, α1 in (4.2), on
the norms ‖g‖L∞ and ‖g−1‖L∞ , and on the parameters of the lattice Γ.

Obviously,

(12.2)
∥∥exp(−iτÂε)− exp(−iτÂ0)

∥∥
L2(Rd)→L2(Rd)

≤ 2, τ ∈ R, ε > 0.

Interpolating between (12.2) and (12.1), for 0 ≤ s ≤ 3, we obtain

(12.3)

∥∥∥(exp(−iτÂε)− exp(−iτÂ0)
)
(H0 + I)−s/2

∥∥∥
L2(Rd)→L2(Rd)

≤ 21−s/3(C1 + C2|τ |)s/3εs/3, τ ∈ R, 0 < ε ≤ 1.

The operator (H0+I)s/2 is an isometric isomorphism of the Sobolev space Hs(Rd;Cn)
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onto L2(R
d;Cn). Indeed, for u ∈ Hs(Rd;Cn) we have

(12.4)
∥∥(H0 + I)s/2u

∥∥2
L2(Rd)

=

∫
Rd

(|ξ|2 + 1)s|û(ξ)|2 dξ = ‖u‖2Hs(Rd),

where û(ξ) is the Fourier image of the function u(x).
Relations (12.3) and (12.4) show that

(12.5)

∥∥ exp(−iτÂε)− exp(−iτÂ0)
∥∥
Hs(Rd)→L2(Rd)

≤ 21−s/3(C1 + C2|τ |)s/3εs/3,
τ ∈ R, 0 < ε ≤ 1.

In particular, estimate (12.5) allows us to consider large values of time τ . Namely, we
can consider |τ | = O(ε−α) for 0 < α < 1.

We have proved the following theorem.

Theorem 12.2. Under the conditions of Theorem 12.1, if 0 ≤ s ≤ 3 and τ ∈ R,
0 < ε ≤ 1, then

(12.6)
∥∥ exp(−iτÂε)− exp(−iτÂ0)

∥∥
Hs(Rd)→L2(Rd)

≤ Ĉs(τ )εs/3,

where

(12.7) Ĉs(τ ) = 21−s/3(C1 + C2|τ |)s/3.

In particular, for |τ | = ε−α and 0 < α < 1 we have

(12.8)

∥∥ exp(−iτÂε)− exp(−iτÂ0)
∥∥
Hs(Rd)→L2(Rd)

≤ Ĉs(1)εs(1−α)/3,

|τ | = ε−α, 0 < ε ≤ 1.

12.2. Approximation of the smoothed bordered operator exp(−iτAε). Now we
consider the general case of the operator (11.2). Let f0 be the matrix defined by (8.2),
and let A0 be the operator (8.5). Applying (11.5) (for the case of Aε and A0), and also

(11.7) and (11.8), we see that the operator
(
fεe−iτAε(fε)−1−f0e

−iτA0

f−1
0

)
(H0+I)−3/2

is unitarily equivalent to the operator standing under the norm sign in (10.1). Then
Theorem 10.1 implies the following result.

Theorem 12.3. Let Aε be the operator (11.2). Let f0 be the matrix defined by (8.2),
and let A0 be the operator (8.5). Then for τ ∈ R and 0 < ε ≤ 1 we have

(12.9)

∥∥∥(fε exp(−iτAε)(f
ε)−1 − f0 exp(−iτA0)f−1

0

)
(H0 + I)−3/2

∥∥∥
L2(Rd)→L2(Rd)

≤ (C5 + C6|τ |)ε.

The constants C5 and C6 are defined by (8.11) and depend only on α0, α1 in (4.2), on
the norms ‖g‖L∞ , ‖g−1‖L∞ , ‖f‖L∞ , ‖f−1‖L∞ , and on the parameters of the lattice Γ.

Obviously,

(12.10)
‖fε exp(−iτAε)(f

ε)−1 − f0 exp(−iτA0)f−1
0 ‖L2(Rd)→L2(Rd)

≤ 2‖f‖L∞‖f−1‖L∞ , τ ∈ R, ε > 0.

Interpolating between (12.10) and (12.9) and using (12.4), for 0 ≤ s ≤ 3, we obtain

‖fε exp(−iτAε)(f
ε)−1 − f0 exp(−iτA0)f−1

0 ‖Hs(Rd)→L2(Rd)

≤ 21−s/3‖f‖1−s/3
L∞

‖f−1‖1−s/3
L∞

(C5 + C6|τ |)s/3εs/3, τ ∈ R, 0 < ε ≤ 1.

We have proved the following theorem.
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Theorem 12.4. Under the conditions of Theorem 12.3, if 0 ≤ s ≤ 3 and τ ∈ R,
0 < ε ≤ 1, then

(12.11) ‖fε exp(−iτAε)(f
ε)−1 − f0 exp(−iτA0)f−1

0 ‖Hs(Rd)→L2(Rd) ≤ Cs(τ )εs/3,
where

(12.12) Cs(τ ) = 21−s/3‖f‖1−s/3
L∞

‖f−1‖1−s/3
L∞

(C5 + C6|τ |)s/3.
In particular, for |τ | = ε−α and 0 < α < 1 we have

(12.13)
‖fε exp(−iτAε)(f

ε)−1 − f0 exp(−iτA0)f−1
0 ‖Hs(Rd)→L2(Rd) ≤ Cs(1)εs(1−α)/3,

|τ | = ε−α, 0 < ε ≤ 1.

§13. Homogenization of the operators cos(τA1/2
ε ) and A−1/2

ε sin(τA1/2
ε )

13.1. Approximation of the smoothed operators cos(τÂ1/2
ε ) and Â−1/2

ε sin(τÂ1/2
ε ).

Let Âε be the operator (11.1). Let Â0 be the effective operator (6.8). Combining

(11.6) (for the case of Âε and Â0) and (11.7), we see that the operator
(
cos(τÂ1/2

ε ) −
cos(τ (Â0)1/2)

)
(H0 + I)−1 is unitarily equivalent to the operator under the norm sign in

(9.3). Then Theorem 9.2 implies the following result.

Theorem 13.1. Let Âε be the operator (11.1), and let Â0 = b(D)∗g0b(D) be the corre-
sponding effective operator. Then for τ ∈ R and 0 < ε ≤ 1 we have

(13.1)
∥∥∥(cos(τÂ1/2

ε )− cos(τ (Â0)1/2)
)
(H0 + I)−1

∥∥∥
L2(Rd)→L2(Rd)

≤ (C3 + C4|τ |)ε.

The constants C3 and C4 are defined by (7.25) and depend only on α0, α1 in (4.2), on
the norms ‖g‖L∞ and ‖g−1‖L∞ , and on the parameters of the lattice Γ.

Obviously,

(13.2)
∥∥ cos(τÂ1/2

ε )− cos(τ (Â0)1/2)
∥∥
L2(Rd)→L2(Rd)

≤ 2, τ ∈ R, ε > 0.

Interpolating between (13.2) and (13.1) and using (12.4), for 0 ≤ s ≤ 2, we obtain

(13.3)

∥∥ cos(τÂ1/2
ε )− cos(τ (Â0)1/2)

∥∥
Hs(Rd)→L2(Rd)

≤ 21−s/2(C3 + C4|τ |)s/2εs/2,
τ ∈ R, 0 < ε ≤ 1.

Since

Â−1/2
ε sin(τÂ1/2

ε ) =

∫ τ

0

cos(τ̃Â1/2
ε ) dτ̃ ,

and a similar identity is valid for Â0, from (13.3) we can deduce that

(13.4)

∥∥Â−1/2
ε sin(τÂ1/2

ε )− (Â0)−1/2 sin(τ (Â0)1/2)
∥∥
Hs(Rd)→L2(Rd)

≤ 21−s/2(1 + s/2)−1C−1
4 (C3 + C4|τ |)1+s/2εs/2, τ ∈ R, 0 < ε ≤ 1.

Note that for large values of |τ | the coefficient of εs/2 in (13.3) is O(|τ |s/2), and in (13.4)
the coefficient of εs/2 is O(|τ |1+s/2).

We have proved the following theorem.

Theorem 13.2. Under the conditions of Theorem 13.1, if 0 ≤ s ≤ 2 and τ ∈ R,
0 < ε ≤ 1, then∥∥ cos(τÂ1/2

ε )− cos(τ (Â0)1/2)
∥∥
Hs(Rd)→L2(Rd)

≤ Ĉs(τ )ε
s/2,(13.5) ∥∥Â−1/2

ε sin(τÂ1/2
ε )− (Â0)−1/2 sin(τ (Â0)1/2)

∥∥
Hs(Rd)→L2(Rd)

≤ Ĉ
′
s(τ )ε

s/2,(13.6)
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where

(13.7) Ĉs(τ ) = 21−s/2(C3 + C4|τ |)s/2, Ĉ
′
s(τ ) = Ĉs(τ )(1 + s/2)−1(C3C−1

4 + |τ |).

In particular, for |τ | = ε−α we have∥∥ cos(τÂ1/2
ε )− cos(τ (Â0)1/2)

∥∥
Hs(Rd)→L2(Rd)

≤ Ĉs(1)ε
s(1−α)/2,

|τ | = ε−α, 0 < α < 1, 0 < ε ≤ 1,
(13.8)

∥∥Â−1/2
ε sin(τÂ1/2

ε )− (Â0)−1/2 sin(τ (Â0)1/2)
∥∥
Hs(Rd)→L2(Rd)

≤ Ĉ
′
s(1)ε

s(1−α)/2−α,

|τ | = ε−α, 0 < α < s(s+ 2)−1, 0 < ε ≤ 1.
(13.9)

13.2. Approximation for the smoothed bordered operators cos(τA1/2
ε ) and

A−1/2
ε sin(τA1/2

ε ). Now we consider the general case of the operators (11.2). Let f0 be
the matrix defined by (8.2), and let A0 be the operator (8.5). Applying (11.6) (for the
case of Aε and A0) and also (11.7) and (11.8), we see that the operator(

fε cos(τA1/2
ε )(fε)−1 − f0 cos(τ (A0)1/2)f−1

0

)
(H0 + I)−1

is unitarily equivalent to the operator standing under the norm sign in (10.2). Then
Theorem 10.2 implies the following result.

Theorem 13.3. Let Aε be the operator (11.2), and let A0 be the operator (8.5). Then
for τ ∈ R and 0 < ε ≤ 1 we have

(13.10)

∥∥∥(fε cos(τA1/2
ε )(fε)−1 − f0 cos(τ (A0)1/2)f−1

0

)
(H0 + I)−1

∥∥∥
L2(Rd)→L2(Rd)

≤ (C7 + C8|τ |)ε.

The constants C7 and C8 are defined by (8.19) and depend only on α0, α1 in (4.2), on
the norms ‖g‖L∞ , ‖g−1‖L∞ , ‖f‖L∞ , ‖f−1‖L∞ , and on the parameters of the lattice Γ.

Obviously,

(13.11)

∥∥fεcos(τA1/2
ε )(fε)−1−f0 cos(τ (A0)1/2)f−1

0

∥∥
L2(Rd)→L2(Rd)

≤ 2‖f‖L∞‖f−1‖L∞ ,

τ ∈ R, ε > 0.

Interpolating between (13.11) and (13.10) and using (12.4), for 0 ≤ s ≤ 2, we obtain∥∥fε cos(τA1/2
ε )(fε)−1 − f0 cos(τ (A0)1/2)f−1

0

∥∥
Hs(Rd)→L2(Rd)

≤ 21−s/2‖f‖1−s/2
L∞

‖f−1‖1−s/2
L∞

(C7 + C8|τ |)s/2εs/2, τ ∈ R, 0 < ε ≤ 1.

We have proved the following theorem.

Theorem 13.4. Under the conditions of Theorem 13.3, if 0 ≤ s ≤ 2 and τ ∈ R,
0 < ε ≤ 1, then

‖fε cos(τA1/2
ε )(fε)−1 − f0 cos(τ (A0)1/2)f−1

0 ‖Hs(Rd)→L2(Rd) ≤ Cs(τ )ε
s/2,

‖fεA−1/2
ε sin(τA1/2

ε )(fε)−1 − f0(A0)−1/2 sin(τ (A0)1/2)f−1
0 ‖Hs(Rd)→L2(Rd) ≤ C

′
s(τ )ε

s/2,

where

(13.12)
Cs(τ ) = 21−s/2‖f‖1−s/2

L∞
‖f−1‖1−s/2

L∞
(C7 + C8|τ |)s/2,

C
′
s(τ ) = Cs(τ )(1 + s/2)−1(C7C−1

8 + |τ |).
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In particular, for |τ | = ε−α we have

‖fε cos(τA1/2
ε )(fε)−1 − f0 cos(τ (A0)1/2)f−1

0 ‖Hs(Rd)→L2(Rd) ≤ Cs(1)ε
s(1−α)/2,

|τ | = ε−α, 0 < α < 1, 0 < ε ≤ 1,

‖fεA−1/2
ε sin(τA1/2

ε )(fε)−1 − f0(A0)−1/2 sin(τ (A0)1/2)f−1
0 ‖Hs(Rd)→L2(Rd)

≤ C
′
s(1)ε

s(1−α)/2−α, |τ | = ε−α, 0 < α < s(s+ 2)−1, 0 < ε ≤ 1.

§14. Homogenization of the Cauchy problem

for the Schrödinger-type equation

14.1. The Cauchy problem for equation (11.3) with the operator Âε. Let Âε be
the operator (11.1). We consider the following Cauchy problem for a function uε(x, τ ),
x ∈ Rd, τ ∈ R:

(14.1) i
∂uε(x, τ )

∂τ
= b(D)∗gε(x)b(D)uε(x, τ ), uε(x, 0) = φ(x),

where φ ∈ L2(R
d;Cn) is a given function. The solution of class L2(R

d;Cn) is given by

uε = exp(−iτÂε)φ. Let u0(x, τ ) be the solution of the “homogenized” Cauchy problem

(14.2) i
∂u0(x, τ )

∂τ
= b(D)∗g0b(D)u0(x, τ ), u0(x, 0) = φ(x),

where g0 is the effective matrix. Then u0 = exp(−iτÂ0)φ.
Theorem 12.2 implies the following result.

Theorem 14.1. Let uε be the solution of (14.1), and let u0 be the solution of (14.2).
1◦. If φ ∈ Hs(Rd;Cn), 0 ≤ s ≤ 3, then for τ ∈ R and 0 < ε ≤ 1 we have

‖uε(·, τ )− u0(·, τ )‖L2(Rd) ≤ εs/3Ĉs(τ )‖φ‖Hs(Rd).

In particular, for τ = ±ε−α, 0 < α < 1, we have

(14.3) ‖uε(·,±ε−α)− u0(·,±ε−α)‖L2(Rd) ≤ εs(1−α)/3Ĉs(1)‖φ‖Hs(Rd), 0 < ε ≤ 1.

The constant Ĉs(τ ) is defined by (12.7).
2◦. If φ ∈ L2(R

d;Cn), then

lim
ε→0

‖uε(·, τ )− u0(·, τ )‖L2(Rd) = 0, τ ∈ R;

lim
ε→0

‖uε(·,±ε−α)− u0(·,±ε−α)‖L2(Rd) = 0, 0 < α < 1.

Statement 2◦ follows directly from statement 1◦ and the Banach–Steinhaus theorem.

14.2. The nonhomogeneous Cauchy problem with the operator Âε. Now we
consider a more general problem,

(14.4) i
∂uε(x, τ )

∂τ
= b(D)∗gε(x)b(D)uε(x, τ ) + F(x, τ ), uε(x, 0) = φ(x),

where φ ∈ L2(R
d;Cn) and F ∈ L1,loc(R;L2(R

d;Cn)). The solution of this problem can
be represented as

uε(·, τ ) = exp(−iτÂε)φ− i

∫ τ

0

exp(−i(τ − τ̃)Âε)F(·, τ̃) dτ̃ .

Let u0(x, τ ) be the solution of the homogenized problem

(14.5) i
∂u0(x, τ )

∂τ
= b(D)∗g0b(D)u0(x, τ ) + F(x, τ ), u0(x, 0) = φ(x).
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Then

u0(·, τ ) = exp(−iτÂ0)φ− i

∫ τ

0

exp(−i(τ − τ̃ )Â0)F(·, τ̃) dτ̃ .

Now, if φ ∈ Hs(Rd;Cn) and F ∈ L1,loc(R;H
s(Rd;Cn)) for some s ∈ [0, 3], then

estimate (12.6) implies

(14.6)

‖uε(·, τ )− u0(·, τ )‖L2(Rd)

≤ εs/3Ĉs(τ )‖φ‖Hs(Rd) + εs/3
∣∣∣∣
∫ τ

0

Ĉs(τ − τ̃)‖F(·, τ̃)‖Hs(Rd) dτ̃

∣∣∣∣
≤ εs/3Ĉs(τ )

(
‖φ‖Hs(Rd) + ‖F‖L1((0,τ);Hs(Rd))

)
, τ ∈ R, 0 < ε ≤ 1.

If, moreover, it is known that F ∈ Lp(R±;H
s(Rd;Cn)) for some p ∈ [1,∞], then, by

(12.8), for τ = ±ε−α we have

(14.7)

‖uε(·,±ε−α)− u0(·,±ε−α)‖L2(Rd)

≤ εs(1−α)/3Ĉs(1)
(
‖φ‖Hs(Rd) +

∣∣∣∣
∫ ±ε−α

0

‖F(·, τ̃)‖Hs(Rd) dτ̃

∣∣∣∣
)

≤ εs(1−α)/3Ĉs(1)
(
‖φ‖Hs(Rd) + ε−α/p′

‖F‖Lp(R±;Hs(Rd))

)
,

0 < α <
s

s+ 3/p′
, 0 < ε ≤ 1.

Here p−1 + (p′)−1 = 1.
Now, suppose that it is only known that φ ∈ L2(R

d;Cn) and F ∈ L1,loc(R;L2(R
d;Cn)).

By the Banach–Steinhaus theorem, the obvious estimate

‖uε(·, τ )− u0(·, τ )‖L2(Rd) ≤ 2‖φ‖L2(Rd) + 2‖F‖L1((0,τ);L2(Rd))

and (14.6) imply that uε(·, τ ) tends to u0(·, τ ) strongly in L2(R
d;Cn) for any fixed τ ∈ R.

If, moreover, it is known that F ∈ L1(R±;L2(R
d;Cn)), then for τ = ±ε−α, 0 < α < 1,

we obviously have

(14.8) ‖uε(·,±ε−α)− u0(·,±ε−α)‖L2(Rd) ≤ 2‖φ‖L2(Rd) + 2‖F‖L1(R±;L2(Rd)).

By the Banach–Steinhaus theorem, from (14.8) and (14.7) (with p = 1) it follows that
the left-hand side of (14.8) tends to zero.

Thus, we have proved the following theorem.

Theorem 14.2. Let uε be the solution of problem (14.4), and u0 the solution of problem
(14.5).

1◦. If φ ∈ Hs(Rd;Cn) and F ∈ L1,loc(R;H
s(Rd;Cn)) for some s ∈ [0, 3], then for

τ ∈ R and 0 < ε ≤ 1 we have

‖uε(·, τ )− u0(·, τ )‖L2(Rd) ≤ εs/3Ĉs(τ )
(
‖φ‖Hs(Rd) + ‖F‖L1((0,τ);Hs(Rd))

)
.

If, moreover, F ∈ Lp(R±;H
s(Rd;Cn)) (where 1 ≤ p ≤ ∞), then for τ = ±ε−α, 0 < α <

s(s+ 3/p′)−1, and 0 < ε ≤ 1, we have

‖uε(·,±ε−α)− u0(·,±ε−α)‖L2(Rd)

≤ εs(1−α)/3Ĉs(1)
(
‖φ‖Hs(Rd) + ε−α/p′‖F‖Lp(R±;Hs(Rd))

)
.

The constant Ĉs(τ ) is defined by (12.7).
2◦. If φ ∈ L2(R

d;Cn) and F ∈ L1,loc(R;L2(R
d;Cn)), then

lim
ε→0

‖uε(·, τ )− u0(·, τ )‖L2(Rd) = 0, τ ∈ R.
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If, moreover, F ∈ L1(R±;L2(R
d;Cn)), then

lim
ε→0

‖uε(·,±ε−α)− u0(·,±ε−α)‖L2(Rd) = 0, 0 < α < 1.

14.3. The Cauchy problem for equation (11.3) with the operator Aε. Let Aε

be the operator (11.2). We consider the following Cauchy problem:

(14.9) i
∂uε(x, τ )

∂τ
= (fε(x))∗b(D)∗gε(x)b(D)fε(x)uε(x, τ ), fε(x)uε(x, 0) = φ(x),

where φ ∈ L2(R
d;Cn) is a given function. The solution uε of problem (14.9) is repre-

sented as uε = exp(−iτAε)(f
ε)−1φ. Let u0(x, τ ) be the solution of the “homogenized”

Cauchy problem

(14.10) i
∂u0(x, τ )

∂τ
= f0b(D)∗g0b(D)f0u0(x, τ ), f0u0(x, 0) = φ(x).

Here g0 is the effective matrix, and f0 is the matrix defined by (8.2). Then u0 =
exp(−iτA0)(f0)

−1φ.
Theorem 12.4 directly implies the following result.

Theorem 14.3. Let uε be the solution of (14.9), and u0 the solution of (14.10).
1◦. If φ ∈ Hs(Rd;Cn), 0 ≤ s ≤ 3, then for τ ∈ R and 0 < ε ≤ 1 we have

‖fεuε(·, τ )− f0u0(·, τ )‖L2(Rd) ≤ εs/3Cs(τ )‖φ‖Hs(Rd).

In particular, for τ = ±ε−α, 0 < α < 1, we have

(14.11) ‖fεuε(·,±ε−α)− f0u0(·,±ε−α)‖L2(Rd) ≤ εs(1−α)/3Cs(1)‖φ‖Hs(Rd), 0 < ε ≤ 1.

The constant Cs(τ ) is defined by (12.12).
2◦. If φ ∈ L2(R

d;Cn), then

lim
ε→0

‖fεuε(·, τ )− f0u0(·, τ )‖L2(Rd) = 0, τ ∈ R;

lim
ε→0

‖fεuε(·,±ε−α)− f0u0(·,±ε−α)‖L2(Rd) = 0, 0 < α < 1.

Note that problem (14.9) admits a different formulation. By the substitution fεuε =
wε, problem (14.9) turns into the following Cauchy problem for a function wε(x, τ ):

(14.12) iQε(x)
∂wε(x, τ )

∂τ
= b(D)∗gε(x)b(D)wε(x, τ ), wε(x, 0) = φ(x).

Here Qε(x) = (fε(x)(fε(x))∗)−1. By the substitution f0u0 = w0, the homogenized
problem (14.10) turns into the problem

(14.13) iQ
∂w0(x, τ )

∂τ
= b(D)∗g0b(D)w0(x, τ ), w0(x, 0) = φ(x).

Here Q is the mean value of the matrix Q(x) over Ω. We have used relation (8.2).
Formula (14.12) can be viewed as the initial statement of the problem. Then we

assume that Q(x) is a Γ-periodic (n× n)-matrix-valued function on Rd such that

(14.14) Q(x) > 0; Q,Q−1 ∈ L∞.

Theorem 14.3 admits the following equivalent formulation.

Theorem 14.4. Let wε be the solution of problem (14.12), and w0 the solution of
problem (14.13).

1◦. If φ ∈ Hs(Rd;Cn), 0 ≤ s ≤ 3, then for τ ∈ R and 0 < ε ≤ 1 we have

‖wε(·, τ )−w0(·, τ )‖L2(Rd) ≤ εs/3Cs(τ )‖φ‖Hs(Rd).
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In particular, for τ = ±ε−α, 0 < α < 1, we have

‖wε(·,±ε−α)−w0(·,±ε−α)‖L2(Rd) ≤ εs(1−α)/3Cs(1)‖φ‖Hs(Rd), 0 < ε ≤ 1.

The constant Cs(τ ) is defined by (12.12).
2◦. If φ ∈ L2(R

d;Cn), then

lim
ε→0

‖wε(·, τ )−w0(·, τ )‖L2(Rd) = 0, τ ∈ R;

lim
ε→0

‖wε(·,±ε−α)−w0(·,±ε−α)‖L2(Rd) = 0, 0 < α < 1.

14.4. The nonhomogeneous Cauchy problem with the operator Aε. Now we
consider a problem more general than (14.9):

(14.15)
i
∂uε(x, τ )

∂τ
= (fε(x))∗b(D)∗gε(x)b(D)fε(x)uε(x, τ ) + (fε(x))−1F(x, τ ),

fε(x)uε(x, 0) = φ(x),

where φ ∈ L2(R
d;Cn) and F ∈ L1,loc(R;L2(R

d;Cn)). The solution of this problem is
represented as

uε(·, τ ) = exp(−iτAε)(f
ε)−1φ− i

∫ τ

0

exp(−i(τ − τ̃)Aε)(f
ε)−1F(·, τ̃) dτ̃ .

Let u0(x, τ ) be the solution of the homogenized problem

(14.16) i
∂u0(x, τ )

∂τ
= f0b(D)∗g0b(D)f0u0(x, τ ) + f−1

0 F(x, τ ), f0u0(x, 0) = φ(x).

Then

u0(·, τ ) = exp(−iτA0)f−1
0 φ− i

∫ τ

0

exp(−i(τ − τ̃ )A0)f−1
0 F(·, τ̃) dτ̃ .

Now, if φ ∈ Hs(Rd;Cn) and F ∈ L1,loc(R;H
s(Rd;Cn)) for some s ∈ [0, 3], then

estimate (12.11) implies

‖fεuε(·, τ )− f0u0(·, τ )‖L2(Rd)

≤ εs/3Cs(τ )‖φ‖Hs(Rd) + εs/3
∣∣∣∣
∫ τ

0

Cs(τ − τ̃)‖F(·, τ̃)‖Hs(Rd) dτ̃

∣∣∣∣
≤ εs/3Cs(τ )

(
‖φ‖Hs(Rd) + ‖F‖L1((0,τ);Hs(Rd))

)
, τ ∈ R, 0 < ε ≤ 1.

In the case where |τ | = ε−α we should use estimate (12.13).
As a result, we obtain the following theorem (cf. the proof of Theorem 14.2).

Theorem 14.5. Let uε be the solution of problem (14.15), and u0 the solution of problem
(14.16).

1◦. If φ ∈ Hs(Rd;Cn) and F ∈ L1,loc(R;H
s(Rd;Cn)) for some s ∈ [0, 3], then for

τ ∈ R and 0 < ε ≤ 1 we have

‖fεuε(·, τ )− f0u0(·, τ )‖L2(Rd) ≤ εs/3Cs(τ )
(
‖φ‖Hs(Rd) + ‖F‖L1((0,τ);Hs(Rd))

)
.

If, moreover, F ∈ Lp(R±;H
s(Rd;Cn)) (where 1 ≤ p ≤ ∞), then for τ = ±ε−α, 0 < α <

s(s+ 3/p′)−1, and 0 < ε ≤ 1, we have

‖fεuε(·,±ε−α)− f0u0(·,±ε−α)‖L2(Rd)

≤ εs(1−α)/3Cs(1)
(
‖φ‖Hs(Rd) + ε−α/p′

‖F‖Lp(R±;Hs(Rd))

)
.

The constant Cs(τ ) is defined by (12.12).
2◦. If φ ∈ L2(R

d;Cn) and F ∈ L1,loc(R;L2(R
d;Cn)), then

lim
ε→0

‖fεuε(·, τ )− f0u0(·, τ )‖L2(Rd) = 0, τ ∈ R.
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If, moreover, F ∈ L1(R±;L2(R
d;Cn)), then

lim
ε→0

‖fεuε(·,±ε−α)− f0u0(·,±ε−α)‖L2(Rd) = 0, 0 < α < 1.

Problem (14.15) admits a different formulation. By the substitution fεuε = wε,
(14.15) turns into the following Cauchy problem for a function wε(x, τ ):

(14.17) iQε(x)
∂wε(x, τ )

∂τ
= b(D)∗gε(x)b(D)wε(x, τ )+Qε(x)F(x, τ ), wε(x, 0) = φ(x),

where Qε(x) = (fε(x)(fε(x))∗)−1. By the substitution f0u0 = w0, the homogenized
problem (14.16) turns into

(14.18) iQ
∂w0(x, τ )

∂τ
= b(D)∗g0b(D)w0(x, τ ) +QF(x, τ ), w0(x, 0) = φ(x).

If (14.17) is regarded as the initial statement of the problem, then it is assumed that
Q(x) is a Γ-periodic matrix-valued function satisfying condition (14.14).

Theorem 14.5 admits the following equivalent formulation.

Theorem 14.6. Let wε be the solution of problem (14.17), and w0 the solution of
problem (14.18).

1◦. If φ ∈ Hs(Rd;Cn) and F ∈ L1,loc(R;H
s(Rd;Cn)) for some s ∈ [0, 3], then for

τ ∈ R and 0 < ε ≤ 1 we have

‖wε(·, τ )−w0(·, τ )‖L2(Rd) ≤ εs/3Cs(τ )
(
‖φ‖Hs(Rd) + ‖F‖L1((0,τ);Hs(Rd))

)
.

If, moreover, F ∈ Lp(R±;H
s(Rd;Cn)) (where 1 ≤ p ≤ ∞), then for τ = ±ε−α, 0 < α <

s(s+ 3/p′)−1, and 0 < ε ≤ 1, we have

‖wε(·,±ε−α)−w0(·,±ε−α)‖L2(Rd)

≤ εs(1−α)/3Cs(1)
(
‖φ‖Hs(Rd) + ε−α/p′

‖F‖Lp(R±;Hs(Rd))

)
.

The constant Cs(τ ) is defined by (12.12).
2◦. If φ ∈ L2(R

d;Cn) and F ∈ L1,loc(R;L2(R
d;Cn)), then

lim
ε→0

‖wε(·, τ )−w0(·, τ )‖L2(Rd) = 0, τ ∈ R.

If, moreover, F ∈ L1(R±;L2(R
d;Cn)), then

lim
ε→0

‖wε(·,±ε−α)−w0(·,±ε−α)‖L2(Rd) = 0, 0 < α < 1.

§15. Homogenization of the Cauchy problem for the hyperbolic equation

15.1. The Cauchy problem for equation (11.4) with the operator Âε. Let Âε

be the operator (11.1). Consider the following Cauchy problem for a function vε(x, τ ),
x ∈ Rd, τ ∈ R:

(15.1)

∂2vε(x, τ )

∂τ2
= −b(D)∗gε(x)b(D)vε(x, τ ),

vε(x, 0) = φ(x),
∂vε

∂τ
(x, 0) = ψ(x),

where φ,ψ ∈ L2(R
d;Cn) are given functions. The solution of class L2(R

d;Cn) is given
by the formula

vε = cos(τÂ1/2
ε )φ+ Â−1/2

ε sin(τÂ1/2
ε )ψ.

Let v0(x, τ ) be the solution of the “homogenized” Cauchy problem

(15.2)
∂2v0(x, τ )

∂τ2
= −b(D)∗g0b(D)v0(x, τ ), v0(x, 0) = φ(x),

∂v0

∂τ
(x, 0) = ψ(x),
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where g0 is the effective matrix. Then

v0 = cos(τ (Â0)1/2)φ+ (Â0)−1/2 sin(τ (Â0)1/2)ψ.

Theorem 13.2 implies the following result.

Theorem 15.1. Let vε be the solution of problem (15.1), and v0 the solution of problem
(15.2).

1◦. If φ,ψ ∈ Hs(Rd;Cn), 0 ≤ s ≤ 2, then for τ ∈ R and 0 < ε ≤ 1 we have

(15.3) ‖vε(·, τ )− v0(·, τ )‖L2(Rd) ≤ εs/2
(
Ĉs(τ )‖φ‖Hs(Rd) + Ĉ

′
s(τ )‖ψ‖Hs(Rd)

)
.

In particular, for τ = ±ε−α and 0 < ε ≤ 1 we have

(15.4)
‖vε(·,±ε−α)− v0(·,±ε−α)‖L2(Rd)

≤ εs(1−α)/2
(
Ĉs(1)‖φ‖Hs(Rd) + ε−α

Ĉ
′
s(1)‖ψ‖Hs(Rd)

)
.

Here 0 < α < s(s + 2)−1 if ψ �= 0, and 0 < α < 1 if ψ = 0. The constants Ĉs(τ ) and

Ĉ′
s(τ ) are defined by (13.7).
2◦. If φ,ψ ∈ L2(R

d;Cn), then

lim
ε→0

‖vε(·, τ )− v0(·, τ )‖L2(Rd) = 0, τ ∈ R.

3◦. If φ ∈ L2(R
d;Cn) and ψ = 0, then

lim
ε→0

‖vε(·,±ε−α)− v0(·,±ε−α)‖L2(Rd) = 0, 0 < α < 1.

By the Banach–Steinhaus theorem, statement 2◦ follows directly from (15.3) and the
obvious estimate

‖vε(·, τ )− v0(·, τ )‖L2(Rd) ≤ 2‖φ‖L2(Rd) + 2|τ |‖ψ‖L2(Rd).

Again by the Banach–Steinhaus theorem, statement 3◦ follows from (15.4) (with ψ = 0
and 0 < α < 1) and the obvious estimate

‖vε(·,±ε−α)− v0(·,±ε−α)‖L2(Rd) ≤ 2‖φ‖L2(Rd) for ψ = 0.

15.2. The nonhomogeneous Cauchy problem with the operator Âε. Now we
consider the more general problem

(15.5)

∂2vε(x, τ )

∂τ2
= −b(D)∗gε(x)b(D)vε(x, τ ) + F(x, τ ),

vε(x, 0) = φ(x),
∂vε

∂τ
(x, 0) = ψ(x),

where φ,ψ ∈ L2(R
d;Cn) and F ∈ L1,loc(R;L2(R

d;Cn)) are given functions. The solution
of this problem is represented as

vε(·, τ ) = cos(τÂ1/2
ε )φ+ Â−1/2

ε sin(τÂ1/2
ε )ψ +

∫ τ

0

Â−1/2
ε sin((τ − τ̃)Â1/2

ε )F(·, τ̃) dτ̃ .

Let v0(x, τ ) be the solution of the homogenized problem

(15.6)

∂2v0(x, τ )

∂τ2
= −b(D)∗g0b(D)v0(x, τ ) + F(x, τ ),

v0(x, 0) = φ(x),
∂v0

∂τ
(x, 0) = ψ(x).
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Then

v0(·, τ ) = cos(τ (Â0)1/2)φ+ (Â0)−1/2 sin(τ (Â0)1/2)ψ

+

∫ τ

0

(Â0)−1/2 sin((τ − τ̃)(Â0)1/2)F(·, τ̃) dτ̃ .

Now, under the assumptions φ,ψ ∈ Hs(Rd;Cn) and F ∈ L1,loc(R;H
s(Rd;Cn)) with

some s ∈ [0, 2], estimates (13.5) and (13.6) imply that for τ ∈ R and 0 < ε ≤ 1 we have

‖vε(·, τ )− v0(·, τ )‖L2(Rd)

≤ εs/2
(
Ĉs(τ )‖φ‖Hs(Rd) + Ĉ

′
s(τ )‖ψ‖Hs(Rd)

)
+ εs/2

∣∣∣∣
∫ τ

0

Ĉ
′
s(τ − τ̃ )‖F(·, τ̃)‖Hs(Rd) dτ̃

∣∣∣∣
≤ εs/2

(
Ĉs(τ )‖φ‖Hs(Rd) + Ĉ

′
s(τ )‖ψ‖Hs(Rd) + Ĉ

′
s(τ )‖F‖L1((0,τ);Hs(Rd))

)
.

If, moreover, it is known that F ∈ Lp(R±;H
s(Rd;Cn)) for some p ∈ [1,∞], then, by

(13.8) and (13.9), for τ = ±ε−α, 0 < α < s(s+ 2 + 2/p′)−1, and 0 < ε ≤ 1, we have

‖vε(·,±ε−α)− v0(·,±ε−α)‖L2(Rd)

≤ εs(1−α)/2

(̂
Cs(1)‖φ‖Hs(Rd)+ ε−α

Ĉ
′
s(1)‖ψ‖Hs(Rd)+ ε−α

Ĉ
′
s(1)

∣∣∣∣
∫ ±ε−α

0

‖F(·, τ̃)‖Hs(Rd) dτ̃

∣∣∣∣
)

≤ εs(1−α)/2
(
Ĉs(1)‖φ‖Hs(Rd)+ ε−α

Ĉ
′
s(1)‖ψ‖Hs(Rd)+ ε−α−α/p′

Ĉ
′
s(1)‖F‖Lp(R±;Hs(Rd))

)
.

Thus, we have proved the following theorem.

Theorem 15.2. Let vε be the solution of problem (15.5), and v0 the solution of problem
(15.6).

1◦. If φ,ψ ∈ Hs(Rd;Cn) and F ∈ L1,loc(R;H
s(Rd;Cn)) for some s ∈ [0, 2], then for

τ ∈ R and 0 < ε ≤ 1 we have

(15.7)
‖vε(·, τ )− v0(·, τ )‖L2(Rd) ≤ εs/2Ĉs(τ )‖φ‖Hs(Rd)

+ εs/2Ĉ′
s(τ )

(
‖ψ‖Hs(Rd) + ‖F‖L1((0,τ);Hs(Rd))

)
.

If, moreover, F ∈ Lp(R±;H
s(Rd;Cn)) (where 1 ≤ p ≤ ∞), then for τ = ±ε−α,

0 < ε ≤ 1, we have

‖vε(·,±ε−α)− v0(·,±ε−α)‖L2(Rd)

≤ εs(1−α)/2
(
Ĉs(1)‖φ‖Hs(Rd)+ ε−α

Ĉ
′
s(1)‖ψ‖Hs(Rd)+ ε−α−α/p′

Ĉ
′
s(1)‖F‖Lp(R±;Hs(Rd))

)
.

Here 0 < α < s(s+ 2 + 2/p′)−1. The constants Ĉs(τ ) and Ĉ′
s(τ ) are defined by (13.7).

2◦. If φ,ψ ∈ L2(R
d;Cn) and F ∈ L1,loc(R;L2(R

d;Cn)), then

lim
ε→0

‖vε(·, τ )− v0(·, τ )‖L2(Rd) = 0, τ ∈ R.

By the Banach–Steinhaus theorem, statement 2◦ follows from (15.7) and the obvious
estimate

‖vε(·, τ )− v0(·, τ )‖L2(Rd) ≤ 2‖φ‖L2(Rd) + 2|τ |‖ψ‖L2(Rd) + 2|τ |‖F‖L1((0,τ);L2(Rd)).

15.3. The Cauchy problem for equation (11.4) with the operator Aε. Let Aε be
the operator (11.2). We consider the following Cauchy problem for a function vε(x, τ ),
x ∈ Rd, τ ∈ R:

(15.8)

∂2vε(x, τ )

∂τ2
= −(fε(x))∗b(D)∗gε(x)b(D)fε(x)vε(x, τ ),

fε(x)vε(x, 0) = φ(x), fε(x)
∂vε

∂τ
(x, 0) = ψ(x),
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where φ,ψ ∈ L2(R
d;Cn) are given functions. The solution vε of (15.8) admits the

representation

vε = cos(τA1/2
ε )(fε)−1φ+A−1/2

ε sin(τA1/2
ε )(fε)−1ψ.

Let v0(x, τ ) be the solution of the “homogenized” Cauchy problem

(15.9)

∂2v0(x, τ )

∂τ2
= −f0b(D)∗g0b(D)f0v0(x, τ ),

f0v0(x, 0) = φ(x), f0
∂v0

∂τ
(x, 0) = ψ(x).

Here g0 is the effective matrix, and f0 is the matrix defined by (8.2). Then v0 =
cos(τ (A0)1/2)f−1

0 φ+ (A0)−1/2 sin(τ (A0)1/2)f−1
0 ψ.

Theorem 13.4 implies the following result.

Theorem 15.3. Let vε be the solution of problem (15.8), and v0 the solution of problem
(15.9).

1◦. If φ,ψ ∈ Hs(Rd;Cn), 0 ≤ s ≤ 2, then for τ ∈ R and 0 < ε ≤ 1 we have

‖fεvε(·, τ )− f0v0(·, τ )‖L2(Rd) ≤ εs/2
(
Cs(τ )‖φ‖Hs(Rd) + C

′
s(τ )‖ψ‖Hs(Rd)

)
.

In particular, for τ = ±ε−α and 0 < ε ≤ 1 we have

‖fεvε(·,±ε−α)− f0v0(·,±ε−α)‖L2(Rd)

≤ εs(1−α)/2
(
Cs(1)‖φ‖Hs(Rd) + ε−α

C
′
s(1)‖ψ‖Hs(Rd)

)
.

Here 0 < α < s(s + 2)−1 if ψ �= 0, and 0 < α < 1 if ψ = 0. The constants Cs(τ ) and
C′
s(τ ) are defined by (13.12).
2◦. If φ,ψ ∈ L2(R

d;Cn), then

lim
ε→0

‖fεvε(·, τ )− f0v0(·, τ )‖L2(Rd) = 0, τ ∈ R.

3◦. If φ ∈ L2(R
d;Cn) and ψ = 0, then

lim
ε→0

‖fεvε(·,±ε−α)− f0v0(·,±ε−α)‖L2(Rd) = 0, 0 < α < 1.

Note that, by the substitution fεvε = zε, problem (15.8) admits the following refor-
mulation:

(15.10)
Qε(x)

∂2zε(x, τ )

∂τ2
= −b(D)∗gε(x)b(D)zε(x, τ ),

zε(x, 0) = φ(x),
∂zε
∂τ

(x, 0) = ψ(x),

where Qε(x) = (fε(x)(fε(x))∗)−1. By the substitution f0v0 = z0, the homogenized
problem (15.9) turns into the problem

(15.11)
Q
∂2z0(x, τ )

∂τ2
= −b(D)∗g0b(D)z0(x, τ ),

z0(x, 0) = φ(x),
∂z0
∂τ

(x, 0) = ψ(x),

where Q is the mean value of the matrix Q(x) over Ω.
If (15.10) is regarded as the initial statement of the problem, then it is assumed that

Q(x) is a Γ-periodic matrix-valued function satisfying condition (14.14).
Theorem 15.3 admits the following equivalent formulation.
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Theorem 15.4. Let zε be the solution of problem (15.10), and z0 the solution of problem
(15.11).

1◦. If φ,ψ ∈ Hs(Rd;Cn), 0 ≤ s ≤ 2, then for τ ∈ R and 0 < ε ≤ 1 we have

‖zε(·, τ )− z0(·, τ )‖L2(Rd) ≤ εs/2
(
Cs(τ )‖φ‖Hs(Rd) + C

′
s(τ )‖ψ‖Hs(Rd)

)
.

In particular, for τ = ±ε−α and 0 < ε ≤ 1 we have

‖zε(·,±ε−α)− z0(·,±ε−α)‖L2(Rd) ≤ εs(1−α)/2
(
Cs(1)‖φ‖Hs(Rd) + ε−α

C
′
s(1)‖ψ‖Hs(Rd)

)
.

Here 0 < α < s(s + 2)−1 if ψ �= 0, and 0 < α < 1 if ψ = 0. The constants Cs(τ ) and
C′
s(τ ) are defined by (13.12).
2◦. If φ,ψ ∈ L2(R

d;Cn), then

lim
ε→0

‖zε(·, τ )− z0(·, τ )‖L2(Rd) = 0, τ ∈ R.

3◦. If φ ∈ L2(R
d;Cn) and ψ = 0, then

lim
ε→0

‖zε(·,±ε−α)− z0(·,±ε−α)‖L2(Rd) = 0, 0 < α < 1.

15.4. The nonhomogeneous Cauchy problem with the operator Aε. Now we
consider a problem more general than (15.8):

(15.12)

∂2vε(x, τ )

∂τ2
= −(fε(x))∗b(D)∗gε(x)b(D)fε(x)vε(x, τ ) + (fε(x))−1F(x, τ ),

fε(x)vε(x, 0) = φ(x), fε(x)
∂vε

∂τ
(x, 0) = ψ(x),

where φ,ψ ∈ L2(R
d;Cn) and F ∈ L1,loc(R;L2(R

d;Cn)) are given functions. The solution
of this problem is represented as

vε(·, τ ) = cos(τA1/2
ε )(fε)−1φ+A−1/2

ε sin(τA1/2
ε )(fε)−1ψ

+

∫ τ

0

A−1/2
ε sin((τ − τ̃)A1/2

ε )(fε)−1F(·, τ̃) dτ̃ .

Let v0(x, τ ) be the solution of the homogenized problem

(15.13)

∂2v0(x, τ )

∂τ2
= −f0b(D)∗g0b(D)f0v0(x, τ ) + f−1

0 F(x, τ ),

f0v0(x, 0) = φ(x), f0
∂v0

∂τ
(x, 0) = ψ(x).

Then

v0(·, τ ) = cos(τ (A0)1/2)f−1
0 φ+ (A0)−1/2 sin(τ (A0)1/2)f−1

0 ψ

+

∫ τ

0

(A0)−1/2 sin((τ − τ̃)(A0)1/2)f−1
0 F(·, τ̃ ) dτ̃ .

In the same way as Theorem 15.2 was deduced from Theorem 13.2, an application of
Theorem 13.4 implies the following result.

Theorem 15.5. Let vε be the solution of problem (15.12), and v0 the solution of problem
(15.13).

1◦. If φ,ψ ∈ Hs(Rd;Cn) and F ∈ L1,loc(R;H
s(Rd;Cn)) for some s ∈ [0, 2], then for

τ ∈ R and 0 < ε ≤ 1 we have

‖fεvε(·, τ )− f0v0(·, τ )‖L2(Rd) ≤ εs/2Cs(τ )‖φ‖Hs(Rd)

+ εs/2C′
s(τ )

(
‖ψ‖Hs(Rd) + ‖F‖L1((0,τ);Hs(Rd))

)
.



914 M. SH. BIRMAN AND T. A. SUSLINA

If, moreover, F ∈ Lp(R±;H
s(Rd;Cn)) (where 1 ≤ p ≤ ∞), then for τ = ±ε−α,

0 < ε ≤ 1, we have

‖fεvε(·,±ε−α)− f0v0(·,±ε−α)‖L2(Rd)

≤ εs(1−α)/2
(
Cs(1)‖φ‖Hs(Rd)+ ε−α

C
′
s(1)‖ψ‖Hs(Rd)+ ε−α−α/p′

C
′
s(1)‖F‖Lp(R±;Hs(Rd))

)
.

Here 0 < α < s(s+ 2 + 2/p′)−1. The constants Cs(τ ) and C′
s(τ ) are defined by (13.12).

2◦. If φ,ψ ∈ L2(R
d;Cn) and F ∈ L1,loc(R;L2(R

d;Cn)), then

lim
ε→0

‖fεvε(·, τ )− f0v0(·, τ )‖L2(Rd) = 0, τ ∈ R.

Finally, we note that, by the substitution fεvε = zε, problem (15.12) turns into the
following problem:

(15.14)
Qε(x)

∂2zε(x, τ )

∂τ2
= −b(D)∗gε(x)b(D)zε(x, τ ) +Qε(x)F(x, τ ),

zε(x, 0) = φ(x),
∂zε
∂τ

(x, 0) = ψ(x),

where Qε(x) = (fε(x)(fε(x))∗)−1. By the substitution f0v0 = z0, the homogenized
problem (15.13) turns into

(15.15)
Q
∂2z0(x, τ )

∂τ2
= −b(D)∗g0b(D)z0(x, τ ) +QF(x, τ ),

z0(x, 0) = φ(x),
∂z0
∂τ

(x, 0) = ψ(x).

If (15.14) is regarded as the initial statement of the problem, then it is assumed that
Q(x) is a Γ-periodic matrix-valued function satisfying (14.14).

Theorem 15.5 can be reformulated in the following way.

Theorem 15.6. Let zε be the solution of problem (15.14), and z0 the solution of problem
(15.15).

1◦. If φ,ψ ∈ Hs(Rd;Cn) and F ∈ L1,loc(R;H
s(Rd;Cn)) for some s ∈ [0, 2], then for

τ ∈ R and 0 < ε ≤ 1 we have

‖zε(·, τ )− z0(·, τ )‖L2(Rd) ≤ εs/2Cs(τ )‖φ‖Hs(Rd)

+ εs/2C′
s(τ )

(
‖ψ‖Hs(Rd) + ‖F‖L1((0,τ);Hs(Rd))

)
.

If, moreover, F ∈ Lp(R±;H
s(Rd;Cn)) (where 1 ≤ p ≤ ∞), then for τ = ±ε−α,

0 < ε ≤ 1, we have

‖zε(·,±ε−α)− z0(·,±ε−α)‖L2(Rd)

≤ εs(1−α)/2
(
Cs(1)‖φ‖Hs(Rd)+ ε−α

C
′
s(1)‖ψ‖Hs(Rd)+ ε−α−α/p′

C
′
s(1)‖F‖Lp(R±;Hs(Rd))

)
.

Here 0 < α < s(s+ 2 + 2/p′)−1. The constants Cs(τ ) and C′
s(τ ) are defined by (13.12).

2◦. If φ,ψ ∈ L2(R
d;Cn) and F ∈ L1,loc(R;L2(R

d;Cn)), then

lim
ε→0

‖zε(·, τ )− z0(·, τ )‖L2(Rd) = 0, τ ∈ R.

Chapter 5. Applications of general results

We proceed to applications of our general results to specific equations of mathematical
physics. All operators of the form (11.1), (11.2) that are considered in the present
chapter have been studied before; see [BSu2, Chapter 5, 6], [BSu4, Chapter 4], [BSu5,
Chapter 4]. The necessary facts about factorization and the effective characteristics for
these operators are borrowed from [BSu2, Chapters 5, 6].
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In §16, we consider the model example of the Schrödinger-type equation with the

operator Âε = − div gε∇, and the Schrödinger equation itself with the Hamiltonian Hε =
− div g̃ε∇ + ε−2V ε. §17 is devoted to the two-dimensional Pauli equation; beforehand,
we consider some model examples. In §18, we study hyperbolic equations, namely, the
nonstationary acoustics equation and the system of elasticity theory.

§16. The Schrödinger equation

16.1. The model example. The Schrödinger-type equation with the operator

Âε = − div gε(x)∇. In L2(R
d), d ≥ 1, we consider the operator

(16.1) Â = D∗g(x)D = − div g(x)∇.

Here g(x) is a Γ-periodic (d× d)-matrix-valued function with real entries such that

(16.2) g(x) > 0; g, g−1 ∈ L∞.

The operator (16.1) is a particular case of the operator (6.1). Here, n = 1, m = d, and
b(D) = D. Obviously, condition (4.2) is satisfied with α0 = α1 = 1. To realize the
representation g(x) = h(x)∗h(x) we can, for instance, put h = g1/2.

In accordance with (6.8), the effective operator for (16.1) has the form

(16.3) Â0 = D∗g0D = − div g0∇.

By the general rules, the effective matrix g0 is defined in the following way. Let e1, . . . , ed
be the standard orthonormal basis in Rd. Let Φj ∈ H̃1(Ω) be a (weak) periodic solution
of the problem

(16.4) div g(x)(∇Φj(x) + ej) = 0,

∫
Ω

Φj(x) dx = 0.

Then g0 is the (d× d)-matrix with the columns

(16.5) g0j = |Ω|−1

∫
Ω

g(x)(∇Φj(x) + ej) dx, j = 1, . . . , d.

In the one-dimensional case, we have d = m = n = 1, whence g0 = g.
Now we consider the operator

(16.6) Âε = D∗gε(x)D, ε > 0,

and the following Cauchy problem of the form (14.1):

(16.7) i
∂uε(x, τ )

∂τ
= D∗gε(x)Duε(x, τ ), uε(x, 0) = φ(x),

where φ ∈ L2(R
d) is a given function. The differential equation in (16.7) can be in-

terpreted as the Schrödinger equation with periodic metric in the absence of external
fields.

Let u0(x, τ ) be the solution of the “homogenized” Cauchy problem

(16.8) i
∂u0(x, τ )

∂τ
= D∗g0Du0(x, τ ), u0(x, 0) = φ(x).

Theorem 14.1 is applicable. If φ ∈ Hs(Rd), 0 < s ≤ 3, then, as ε → 0, the solution uε

of problem (16.7) tends to the solution u0 of problem (16.8) in the L2(R
d)-norm for any

fixed τ ∈ R. Herewith,

‖uε(·, τ )− u0(·, τ )‖L2(Rd) ≤ εs/3Ĉs(τ )‖φ‖Hs(Rd).
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The constant Ĉs(τ ) is of order O(|τ |s/3) (for large values of |τ |) and depends on the
norms ‖g‖L∞ , ‖g−1‖L∞ and on the parameters of the lattice Γ. For large values of time
|τ | = ε−α we have

‖uε(·,±ε−α)− u0(·,±ε−α)‖L2(Rd) ≤ εs(1−α)/3Ĉs(1)‖φ‖Hs(Rd), 0 < α < 1.

If it is only known that φ ∈ L2(R
d), then, as ε → 0, the solution uε tends to u0 strongly

in L2(R
d) for any fixed τ ∈ R, and also the difference uε(·,±ε−α)− u0(·,±ε−α) tends to

zero strongly in L2(R
d), provided 0 < α < 1.

Also, the nonhomogeneous problem of the form (14.4) with the operator (16.6) can be
studied. Theorem 14.2 may be applied to this problem. We shall not dwell on this.

16.2. The periodic Schrödinger operator. Factorization. (See [BSu2, Chapter 6,
Subsection 1.1].) In the space L2(R

d), d ≥ 1, we consider the periodic Schrödinger
operator (with metric) of the form

(16.9) H = D∗g̃(x)D+ V (x),

where a (d× d)-matrix-valued function g̃(x) with real entries and a real-valued potential
V (x) are Γ-periodic and satisfy

g̃(x) > 0, g̃, g̃−1 ∈ L∞,(16.10)

V ∈ Lq(Ω), 2q > d for d ≥ 2, q = 1 for d = 1.(16.11)

The precise definition of the selfadjoint operator H in L2(R
d) is given in terms of the

quadratic form

(16.12) h[u, u] =

∫
Rd

(〈g̃(x)Du,Du〉Cd + V (x)|u|2) dx, u ∈ H1(Rd).

Under conditions (16.10) and (16.11), this form is lower semibounded and closed in
L2(R

d). Adding an appropriate constant to V (x), we may assume that the point λ0 = 0
is the bottom of the spectrum of H. We assume that the latter condition is satisfied.

Under the above assumptions, the equation (D∗g̃D + V )ω = 0 has a (weak) positive

Γ-periodic solution ω ∈ H̃1(Ω), and ω ∈ Lipσ (with some σ > 0). Moreover, the

function ω is a multiplier in the classes H1(Rd) and H̃1(Ω). We fix the choice of ω by
the normalization condition

(16.13)

∫
Ω

ω(x)2 dx = |Ω|.

After the substitution u = ωv, the form (16.12) turns into

h[u, u] =

∫
Rd

ω2〈g̃Dv,Dv〉Cd dx, u = ωv, v ∈ H1(Rd).

This means that the operator (16.9) is represented as a product:

(16.14) H = ω−1D∗ω2g̃Dω−1.

Thus, the operator H takes the form (4.6) with n = 1, m = d, b(D) = D, g = ω2g̃, and
f = ω−1.

Remark 16.1. The expression (16.14) can be taken as the definition of the operator H
for any Γ-periodic function ω satisfying condition (16.13) and such that

ω(x) > 0, ω, ω−1 ∈ L∞.

The form (16.9) can be recovered by the formula V = −ω−1(D∗g̃Dω). The correspond-
ing potential V can be strongly singular.
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16.3. The Schrödinger equation. The operators (16.14) and (16.1) (with g = ω2g̃)

satisfy the identity H = ω−1Âω−1. Let g0 be the effective matrix for the operator (16.1).
Now the function Q(x) = (f(x)f(x)∗)−1 takes the form Q(x) = ω2(x). Then, by (16.13),

we have Q = ω2 = 1 and f0 = (Q)−1/2 = 1. Now the operator (8.5) takes the form

(16.15) H0 = D∗g0D.

Thus, H0 coincides with the effective operator for the operator Â = D∗gD = D∗g̃ω2D
(see (16.3)).

Now, we consider the operator

(16.16) Hε = (ωε)−1D∗gεD(ωε)−1, gε(x) = (ωε(x))2g̃ε(x).

If condition (16.11) is satisfied, then (16.16) can be rewritten in the initial terms:

(16.17) Hε = D∗g̃ εD+ ε−2V ε.

It is important that the expression (16.17) contains a large factor ε−2 at the rapidly
oscillating potential V ε.

We consider the Cauchy problem of the form (14.9) for the Schrödinger equation

i
∂uε(x, τ )

∂τ
= Hεuε(x, τ ), (ωε(x))−1uε(x, 0) = φ(x),

where φ ∈ L2(R
d) is a given function.

Let u0(x, τ ) be the solution of the “homogenized” Cauchy problem (see (14.10))

(16.18) i
∂u0(x, τ )

∂τ
= H0u0(x, τ ), u0(x, 0) = φ(x).

Note that, by (16.15), problem (16.18) coincides with (16.8). Theorem 14.3 is applicable.
Under the assumption φ ∈ Hs(Rd), 0 < s ≤ 3, as ε → 0 the product (ωε)−1uε tends to
u0 in the L2(R

d)-norm for a fixed τ ∈ R. We have

‖(ωε)−1uε(·, τ )− u0(·, τ )‖L2(Rd) ≤ εs/3Cs(τ )‖φ‖Hs(Rd).

The constant Cs(τ ) is of order O(|τ |s/3) (for large values of |τ |) and depends on the norms
‖g̃‖L∞ , ‖g̃−1‖L∞ , ‖ω‖L∞ , ‖ω−1‖L∞ , and on the parameters of the lattice Γ. Under
condition (16.11), this constant is controlled in terms of ‖g̃‖L∞ , ‖g̃−1‖L∞ , ‖V ‖Lq(Ω), and
the parameters of the lattice.

For large values of time |τ | = ε−α, we have

‖(ωε)−1uε(·,±ε−α)− u0(·,±ε−α)‖L2(Rd) ≤ εs(1−α)/3Cs(1)‖φ‖Hs(Rd), 0 < α < 1.

If φ ∈ L2(R
d), then as ε → 0 the product (ωε)−1uε tends to u0 strongly in L2(R

d)
for τ ∈ R fixed. The difference (ωε)−1uε(·,±ε−α)−u0(·,±ε−α) tends to zero strongly in
L2(R

d), provided 0 < α < 1.
Also, the nonhomogeneous problem of the form (14.15) with the operator (16.16) can

be considered. Theorem 14.5 may be applied to this problem.

Remark 16.2. Consider the magnetic Schrödinger operator

M = (D−A(x))∗g̃(x)(D−A(x)) + V (x)

with periodic metric g̃(x), magnetic potential A(x), and electric potential V (x). If the
magnetic potential is sufficiently small, and the bottom of the spectrum of M is the
point λ0 = 0, then M admits a factorization of the form (4.6). This factorization was
found in [Sh]. (See also [BSu4, Subsection 11.3].) In this case, Theorems 14.3 and 14.5
apply to the corresponding Cauchy problems with the operator

Mε = (D− ε−1Aε(x))∗g̃ε(x)(D− ε−1Aε(x)) + ε−2V ε(x).
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§17. The two-dimensional Pauli equation

17.1. Model examples. The examples considered below will be useful for the study of
the two-dimensional Pauli operator in Subsections 17.3–17.5. However, these examples
are of interest in themselves. The corresponding operators were considered in [BSu2,
Chapter 5, Subsection 1.3].

Let d = 2, n = m = 1, and let ω±(x) be a Γ-periodic function such that

(17.1) ω±(x) > 0, ω±, ω
−1
± ∈ L∞.

Consider the operator

(17.2±) B± = ∂±ω
2
±(x)∂∓,

where ∂± := D1 ± iD2. The operators B+ and B− are of the same type, and it is
convenient to consider them in parallel. The operator B± is of the form (6.1) with
g = ω2

±, b(D) = D1 ∓ iD2. Since m = n = 1, the effective constant g0± is given by the
formula

g0± = (ω2
±) =

(
|Ω|−1

∫
Ω

ω±(x)
−2 dx

)−1

.

In accordance with (6.8), the effective operator B0
± for B± is given by

B0
± = ∂±g

0
±∂∓ = −g0±∆.

Now we consider the matrix version of the preceding example. Let d = n = m = 2.
Let ω±(x) be two (scalar) Γ-periodic functions satisfying condition (17.1). In L2(R

2;C2),
we consider the operator

(17.3) B× = diag (∂−ω
2
−∂+, ∂+ω

2
+∂−) =: diag {B−, B+}.

The operator (17.3) admits a factorization of the form (6.1):

B× = b×(D)g×(x)b×(D),

where

(17.4) b×(D) =

(
0 ∂−
∂+ 0

)
, g× = diag {ω2

+, ω
2
−}.

Since m = n = 2, the effective matrix for the operator (17.3) is given by

(17.5) g0× = g× = diag {g0+, g0−}, g0± = (ω2
±).

The effective operator B0
× is given by

(17.6) B0
× = b×(D)g0×b×(D) = diag {B0

−,B0
+}, B0

± = −g0±∆.

17.2. Homogenization problems for model operators. Now we introduce the
operators

(17.7±) B±,ε = ∂±(ω
ε
±)

2∂∓, B×,ε = b×(D)gε×(x)b×(D) = diag {B−,ε, B+,ε}.

The coefficients of these operators oscillate rapidly as ε → 0.
Consider a pair of Cauchy problems for the scalar functions v±,ε(x, τ ):

i
∂v+,ε

∂τ
= ∂+(ω

ε
+(x))

2∂−v+,ε, v+,ε(x, 0) = φ+(x),(17.8+)

i
∂v−,ε

∂τ
= ∂−(ω

ε
−(x))

2∂+v−,ε, v−,ε(x, 0) = φ−(x),(17.8−)
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where φ± ∈ L2(R
2) are given functions. Theorem 14.1 is applicable to these problems.

The corresponding homogenized problems take the form

(17.9±) i
∂v±,0

∂τ
= −g0±∆v±,0, v±,0(x, 0) = φ±(x),

where the constants g0± are defined by (17.5).
By Theorem 14.1, if φ± ∈ Hs(R2), 0 < s ≤ 3, then as ε → 0 the function v±,ε tends

to v±,0 in L2(R
2) for τ ∈ R fixed. We have

(17.10±) ‖v±,ε(·, τ )− v±,0(·, τ )‖L2(R2) ≤ εs/3Ĉ±,s(τ )‖φ±‖Hs(R2), τ ∈ R, 0 < ε ≤ 1.

The constant Ĉ±,s(τ ) is of order O(|τ |s/3) (for large |τ |) and depends on the norms

‖ω±‖L∞ , ‖ω−1
± ‖L∞ and on the parameters of the lattice. Also, the difference v±,ε − v±,0

satisfies an estimate of the form (14.3) for |τ | = ε−α, 0 < α < 1. Statement 2◦ of
Theorem 14.1 about strong convergence is also true.

Also, nonhomogeneous Cauchy problems of the form (14.4) with the operators (17.7±)
can be considered, and Theorem 14.2 applies to such problems.

Now we consider the Cauchy problem for a vector-valued function v×,ε(x, τ ):

(17.11) i
∂v×,ε

∂τ
= B×,εv×,ε, v×,ε(x, 0) = φ(x),

where φ ∈ L2(R
2;C2) is a given function. We put φ = col{φ−, φ+}. Clearly, we have

v×,ε = col{v−,ε, v+,ε}, where the v±,ε are solutions of problems (17.8±).
Theorem 14.1 is applicable to problem (17.11). The corresponding homogenized prob-

lem is of the form

i
∂v×,0

∂τ
= B0

×v×,0, v×,0(x, 0) = φ(x),

where B0
× is the effective operator (17.6). Clearly, we have v×,0 = col{v−,0, v+,0}, where

v±,0 are solutions of (17.9±).
By Theorem 14.1, if φ ∈ Hs(R2;C2), 0 < s ≤ 3, then

(17.12) ‖v×,ε(·, τ )− v×,0(·, τ )‖L2(R2) ≤ εs/3Ĉ×,s(τ )‖φ‖Hs(R2), τ ∈ R, 0 < ε ≤ 1.

The constant Ĉ×,s(τ ) is O(|τ |s/3) (for large |τ |) and depends on the norms ‖ω+‖L∞ ,

‖ω−1
+ ‖L∞ , ‖ω−‖L∞ , ‖ω−1

− ‖L∞ and on the parameters of the lattice. Of course, estimate
(17.12) could be derived from the pair of estimates (17.10±) and from the decomposition
of problem (17.11) in two scalar problems (17.8±). The difference v×,ε − v×,0 satisfies
an estimate of the form (14.3) with |τ | = ε−α, 0 < α < 1. Statement 2◦ of Theorem 14.1
is also true.

17.3. Definition and factorization of the two-dimensional Pauli operator. (See
[BSu2, Chapter 6, Subsection 2.1].) Suppose that the magnetic potential A = {A1, A2}
is a Γ-periodic real vector-valued function on R2 such that

(17.13) A ∈ Lρ(Ω;C
2), ρ > 2.

We recall the standard notation for the Pauli matrices

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.

In L2(R
2;C2), we consider the operator

(17.14) D := (D1 −A1)σ1 + (D2 −A2)σ2, DomD = H1(R2;C2).

By definition, the Pauli operator P is the square of the operator D:

(17.15) P := D2 =

(
P− 0
0 P+

)
.
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The precise definition of the operator P is given in terms of the quadratic form

‖Du‖2L2(R2), u ∈ H1(R2;C2),

which is closed in L2(R
2;C2). If the potential A is sufficiently smooth, then the blocks

P± of the operator (17.15) are given by

(17.16) P± = (D−A(x))2 ±B(x), B := ∂1A2 − ∂2A1.

The expression B(x) corresponds to the strength of the magnetic field.
We use a well-known factorization for the operators (17.14) and (17.15). A gauge

transformation allows us to assume that the potential A is subject to the conditions

(17.17) divA = 0,

∫
Ω

A dx = 0,

and still satisfies (17.13). Under conditions (17.13) and (17.17), there exists a (unique)
real-valued Γ-periodic function ϕ such that

(17.18) ∇ϕ = {A2,−A1},
∫
Ω

ϕ(x) dx = 0.

From (17.13) and (17.18) it follows that

(17.19) ϕ ∈ W̃ 1
ρ (Ω) ⊂ Lip σ, σ = 1− 2ρ−1.

Here W̃ 1
ρ (Ω) is the subspace of the Sobolev class W 1

ρ (Ω) that consists of functions whose

Γ-periodic extension belongs to W 1
ρ,loc(R

2).
We put

(17.20) ω±(x) := e±ϕ(x)

and use the notation (17.4) (with ω± as in (17.20)) and also the notation

(17.21) f× := g
1/2
× = diag {ω+, ω−}.

By (17.19), we have ω± ∈ W̃ 1
ρ (Ω) and

(17.22) ω−(x)ω+(x) = 1, x ∈ R
2.

The operators (17.14) and (17.15) can be written as follows:

D = f×(x)b×(D)f×(x),(17.23)

P = f×(x)b×(D)g×(x)b×(D)f×(x).(17.24)

The blocks P± of the operator (17.24) look like this:

(17.25) P+ = ω−∂+ω
2
+∂−ω−, P− = ω+∂−ω

2
−∂+ω+.

Thus, P+ = Y ∗Y , P− = Y Y ∗, where Y := ω+∂−ω−. It is convenient to view the
expressions (17.23)–(17.25) as the definition of the operatorsD, P, and P±, assuming that
ω± are arbitrary Γ-periodic functions satisfying (17.1) and also (17.22). More precisely,
the operator D is given by (17.23) on the domain

DomD = {u ∈ L2(R
2;C2) : f×u ∈ H1(R2;C2)}.

The operator P is defined via the quadratic form ‖Du‖2L2(R2), u ∈ DomD. The blocks

P± are defined via the quadratic forms

‖ω±∂∓ω∓u‖2L2(R2), ω∓u ∈ H1(R2).

At the same time, the expression for the magnetic field strength in (17.16) has no direct
meaning.
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Clearly, KerY = KerY ∗ = {0}. Therefore, the operators P+ = Y ∗Y and P− = Y Y ∗

are unitarily equivalent. Obviously, the study of the operator P reduces to that of the
blocks P±.

17.4. The effective characteristics for the two-dimensional Pauli operator.
The operators P± and P are of the form (4.6). We start with the operators P±. Now
d = 2 and m = n = 1. Formulas (17.25) give representations of the operators P± in
the form A(g, f) (see (4.6)) with b(D) = D1 ∓ iD2, g = ω2

±, and f = ω∓. Herewith,

the operator Â(g) corresponding to P± is B± (see (17.2±)). By (17.5) and (17.22), the
effective constants g0± are defined as follows:

(17.26±) g0± =

(
|Ω|−1

∫
Ω

ω2
∓ dx

)−1

=: ω2
±,0.

The role of Q(x) (see (8.1)) for the operator P± is played by the function Q± = ω2
±.

Then, by (17.26±), we have Q± = (ω2
±) = (g0∓)

−1 = (ω∓,0)
−2. The role of f0 (see (8.2))

for P± is played by the constant (Q±)
−1/2 = (g0∓)

1/2 = ω∓,0. Accordingly, the role of
the operator A0 (see (8.5)) for P+ is played by P 0

+ = ω−,0∂+g
0
+∂−ω−,0 = −γ∆, and for

P− the role of A0 is played by P 0
− = ω+,0∂−g

0
−∂+ω+,0 = −γ∆. Here

(17.27) γ := g0+g
0
− = |Ω|2‖ω+‖−2

L2(Ω)‖ω−‖−2
L2(Ω).

Thus,

(17.28) P 0
+ = P 0

− = −γ∆.

Now we briefly describe the operator P. Here m = n = d = 2. Formula (17.24) gives
a representation of the operator P in the form A(g, f) (see (4.6)), where b(D) = b×(D),
g = g×, and f = f× are defined by (17.4) and (17.21). The role of the corresponding

operator Â(g) is played by the operator B× defined by (17.3). The effective matrix g0×
is given by (17.5), and the effective operator B0

× is defined by (17.6). The role of the
matrix Q(x) (see (8.1)) for the operator P is played by the matrix

Q× = f−2
× = g−1

× = diag {ω2
−, ω

2
+}.

Then, by (17.26±), we have

Q× = diag {(g0+)−1, (g0−)
−1}.

The role of f0 (see (8.2)) for P is played by the matrix

(17.29) f×,0 = (Q×)
−1/2 = diag {ω+,0, ω−,0}.

Accordingly, the role of the operator A0 (see (8.5)) for P is played by the operator

(17.30) P0 = f×,0B0
×f×,0 =

(
−γ∆ 0
0 −γ∆

)
,

where γ is the number (17.27).

17.5. Homogenization of the Cauchy problem for the two-dimensional Pauli
equation. Now we introduce the operators

P+,ε = ωε
−∂+(ω

ε
+)

2∂−ω
ε
−, P−,ε = ωε

+∂−(ω
ε
−)

2∂+ω
ε
+,(17.31)

Pε = fε
×(x)b×(D)gε×(x)b×(D)fε

×(x) =

(
P−,ε 0
0 P+,ε

)
,(17.32)

whose coefficients oscillate rapidly for small ε.
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If the potential A is sufficiently smooth, the operators (17.31) can be rewritten in the
form

P±,ε = (D− ε−1Aε)2 ± ε−2Bε.

Consider the following Cauchy problems for the scalar-valued functions u±,ε(x, τ ):

(17.33±) i
∂u±,ε

∂τ
= P±,εu±,ε, ωε

∓(x)u±,ε(x, 0) = φ±(x),

where φ± ∈ L2(R
2) are given functions. Theorem 14.3 is applicable to problems (17.33±).

The corresponding homogenized problems are of the form (see (17.28))

(17.34±) i
∂u±,0

∂τ
= −γ∆u±,0, ω∓,0u±,0(x, 0) = φ±(x),

where γ is the number (17.27), and the numbers ω±,0 are defined by (17.26±).
By Theorem 14.3, if φ± ∈ Hs(R2), 0 < s ≤ 3, then as ε → 0 the product ωε

∓u±,ε

tends to ω∓,0u±,0 in L2(R
2) for a fixed τ ∈ R. We have

(17.35±)
‖ωε

∓u±,ε(·, τ )− ω∓,0u±,0(·, τ )‖L2(R2) ≤ εs/3C±,s(τ )‖φ±‖Hs(R2),

τ ∈ R, 0 < ε ≤ 1.

The constants C±,s(τ ) are of order O(|τ |s/3) (for large |τ |) and depend on the norms
‖ω+‖L∞ , ‖ω−‖L∞ and on the parameters of the lattice. Under condition (17.13), these
constants are controlled in terms of the norm ‖A‖Lρ(Ω) and the parameters of the lattice.

The difference ωε
∓u±,ε −ω∓,0u±,0 satisfies an estimate of the form (14.11) for |τ | = ε−α,

0 < α < 1. The statements about strong convergence (statement 2◦ of Theorem 14.3)
are true.

Also, nonhomogeneous Cauchy problems of the form (14.15) with operators (17.31)
can be considered. Theorem 14.5 applies to such problems.

Finally, we consider the Cauchy problem for the Pauli equation

(17.36) i
∂uε

∂τ
= Pεuε, fε

×(x)uε(x, 0) = φ(x),

where φ ∈ L2(R
2;C2) is a given function. Here the operator Pε is defined by (17.32),

and fε
× = diag {ωε

+, ω
ε
−}. Let φ = col{φ−, φ+}. Clearly, uε = col{u−,ε, u+,ε}, where

u±,ε are solutions of problems (17.33±).
We can apply Theorem 14.3 to problem (17.36). The corresponding homogenized

problem is of the form (see (17.30))

i
∂u0

∂τ
= −γ∆u0, f×,0u0(x, 0) = φ(x),

where γ is as in (17.27), and the matrix f×,0 is defined by (17.29). Clearly, u0 =
col{u−,0, u+,0}, where u±,0 are solutions of (17.34±).

By Theorem 14.3, if φ ∈ Hs(R2;C2), 0 < s ≤ 3, then

(17.37) ‖fε
×uε(·, τ )− f×,0u0(·, τ )‖L2(R2) ≤ εs/3C×,s(τ )‖φ‖Hs(R2), τ ∈ R, 0 < ε ≤ 1.

The constant C×,s(τ ) is O(|τ |s/3) (for large |τ |) and depends on the norms ‖ω+‖L∞ ,
‖ω−‖L∞ and the parameters of the lattice. Obviously, estimate (17.37) could be derived
from the pair of estimates (17.35±) and from the decomposition of problem (17.36) in
two scalar problems (17.33±). The difference fε

×uε − f×,0u0 satisfies an estimate of the
form (14.11) for |τ | = ε−α, 0 < α < 1. Statement 2◦ of Theorem 14.3 is also true.

Theorem 14.5 can be applied to the Cauchy problem of the form (14.15) for the Pauli
equation with nontrivial right-hand side.
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§18. Hyperbolic problems. The acoustics equation and the system

of elasticity theory

18.1. The acoustics equation. In L2(R
d), we consider the operator Â = D∗g(x)D

(see (16.1)) with periodic matrix g(x) satisfying condition (16.2). The operator Â de-
scribes a periodic acoustical medium. The effective matrix g0 is defined in accordance

with (16.4) and (16.5), and the effective operator is given by Â0 = D∗g0D. Let Q(x) be
a Γ-periodic function on Rd such that

Q(x) > 0, Q,Q−1 ∈ L∞.

The function Q(x) describes the density of the medium. Consider the operator Âε =
D∗gε(x)D, whose coefficients oscillate rapidly for small ε.

We consider the Cauchy problem for the acoustics equation in the medium with rapidly
oscillating characteristics:

(18.1)
Qε(x)

∂2zε(x, τ )

∂τ2
= −Âεzε(x, τ ), x ∈ R

d, τ ∈ R,

zε(x, 0) = φ(x),
∂zε
∂τ

(x, 0) = ψ(x),

where φ, ψ ∈ L2(R
d) are given functions.

Problem (18.1) is of the form (15.10). Therefore, Theorem 15.4 is applicable. The
homogenized problem (see (15.11)) takes the form

Q
∂2z0(x, τ )

∂τ2
= −Â0z0(x, τ ), z0(x, 0) = φ(x),

∂z0
∂τ

(x, 0) = ψ(x).

By Theorem 15.4, if φ, ψ ∈ Hs(Rd), 0 < s ≤ 2, then as ε → 0 the solution zε tends to z0
in L2(R

d) for τ ∈ R fixed. We have

‖zε(·, τ )− z0(·, τ )‖L2(Rd) ≤ εs/2
(
Cs(τ )‖φ‖Hs(Rd) + C

′
s(τ )‖ψ‖Hs(Rd)

)
,

τ ∈ R, 0 < ε ≤ 1.

Here Cs(τ ) is O(|τ |s/2) and C′
s(τ ) is O(|τ |1+s/2) for large values of |τ |; Cs(τ ) and C′

s(τ )
depend on the norms ‖g‖L∞ , ‖g−1‖L∞ , ‖Q‖L∞ , ‖Q−1‖L∞ , and on the parameters of the
lattice Γ. For τ = ±ε−α we have

‖zε(·,±ε−α)− z0(·,±ε−α)‖L2(Rd) ≤ εs(1−α)/2
(
Cs(1)‖φ‖Hs(Rd) + ε−α

C
′
s(1)‖ψ‖Hs(R2)

)
,

0 < ε ≤ 1.

Here 0 < α < s(s+ 2)−1 for ψ �= 0, and 0 < α < 1 for ψ = 0.
If it is only known that φ, ψ ∈ L2(R

d), then as ε → 0 the solution zε tends to z0
strongly in L2(R

d) for τ ∈ R fixed. If φ ∈ L2(R
d) and ψ = 0, then the difference

zε(·,±ε−α)− z0(·,±ε−α) tends to zero strongly in L2(R
d) for 0 < α < 1.

For the operator Âε = D∗gε(x)D, we can also consider a problem of the form (15.14)
with nontrivial right-hand side in the equation. Theorem 15.6 is applicable to this prob-
lem.

18.2. The operator of elasticity theory. Let d ≥ 2. We represent the operator of
elasticity theory in the form used in [BSu2, Chapter 5, §2]. Let ζ be an orthogonal second
rank tensor in Rd; in the standard orthonormal basis in Rd, it can be represented by a
matrix ζ = {ζjl}dj,l=1. We shall consider symmetric tensors ζ, which will be identified

with vectors ζ∗ ∈ Cm, 2m = d(d+ 1), by the following rule. The vector ζ∗ is formed by
all components ζjl, j ≤ l, and the pairs (j, l) are put in order in some fixed way.
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For the displacement vector u ∈ H1(Rd;Cd), we introduce the deformation tensor

e(u) =
1

2

{
∂uj

∂xl
+

∂ul

∂xj

}
.

Let e∗(u) be the vector corresponding to the tensor e(u) in accordance with the rule
described above. The relation

b(D)u = −ie∗(u)

determines an (m × d)-matrix homogeneous DO b(D) uniquely; the symbol of this DO
is a matrix with real entries. For instance, with an appropriate ordering, we have

b(ξ) =

⎛
⎝ ξ1 0

1
2ξ

2 1
2ξ

1

0 ξ2

⎞
⎠ , d = 2, b(ξ) =

⎛
⎜⎜⎜⎜⎜⎜⎝

ξ1 0 0
1
2ξ

2 1
2ξ

1 0
0 ξ2 0
0 1

2ξ
3 1

2ξ
2

0 0 ξ3
1
2ξ

3 0 1
2ξ

1

⎞
⎟⎟⎟⎟⎟⎟⎠

, d = 3.

Let σ(u) be the stress tensor, and let σ∗(u) be the corresponding vector. In the
adopted way of writing, the Hooke law about proportionality of stresses and deformations
can be expressed by the relation

σ∗(u) := g(x)e∗(u),

where g(x) is an (m×m)-matrix (which gives a “concise” description of the Hooke tensor).
The matrix g(x) characterizes the parameters of the elastic (in general, anisotropic)
medium under study. We assume that the matrix-valued function g(x) is Γ-periodic and
that g(x) > 0, g, g−1 ∈ L∞.

The energy of elastic deformations is given by the quadratic form

(18.2)
w[u,u] =

1

2

∫
Rd

〈σ∗(u), e∗(u)〉Cm dx =
1

2

∫
Rd

〈g(x)b(D)u, b(D)u〉Cm dx,

u ∈ H1(Rd;Cd).

The operator W generated by this form is the operator of elasticity theory. Thus,

2W = b(D)∗gb(D) = Â(g).

Now n = d and m = d(d+ 1)/2.
In the case of an isotropic medium, the matrix g(x) depends only on two functional

Lamé parameters λ(x) and µ(x). The parameter µ is the shear modulus. Often, another
parameter K(x) is introduced instead of λ(x); K(x) is called the modulus of volume
compression. We shall need yet another modulus β(x). Here are the relations:

K(x) = λ(x) +
2µ(x)

d
, β(x) = µ(x) +

λ(x)

2
.

The modulus λ(x) may be negative. In the isotropic case, the conditions that ensure the
positive definiteness of the matrix g(x) are as follows: µ(x) ≥ µ0 > 0, K(x) ≥ K0 > 0.
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As an example, we write out the matrix g in the isotropic case for d = 2, 3:

gµ,K(x) =

⎛
⎝K + µ 0 K − µ

0 4µ 0
K − µ 0 K + µ

⎞
⎠ , d = 2,

gµ,K(x) =
1

3

⎛
⎜⎜⎜⎜⎜⎜⎝

3K + 4µ 0 3K − 2µ 0 3K − 2µ 0
0 12µ 0 0 0 0

3K − 2µ 0 3K + 4µ 0 3K − 2µ 0
0 0 0 12µ 0 0

3K − 2µ 0 3K − 2µ 0 3K + 4µ 0
0 0 0 0 0 12µ

⎞
⎟⎟⎟⎟⎟⎟⎠

, d = 3.

18.3. Homogenization of the Cauchy problem for the elasticity equations. We

consider the operator Wε = 1
2Â(gε) with rapidly oscillating coefficients. The effective

matrix g0 and the effective operator W0 = 1
2Â0 are constructed in accordance with the

general rules (see (6.5), (6.6), and (6.8)).
Let Q(x) be a Γ-periodic (d× d)-matrix such that

Q(x) > 0, Q,Q−1 ∈ L∞.

Usually, Q(x) is a scalar-valued function describing the density of the medium. We
assume that Q(x) is a matrix-valued function, in order to take possible anisotropy into
account. Let Qε(x) = Q(ε−1x).

We consider the following Cauchy problem for the system of elasticity theory:

(18.3) Qε(x)
∂2uε(x, τ )

∂τ2
= −Wεuε(x, τ ), uε(x, 0) = φ(x),

∂uε

∂τ
(x, 0) = ψ(x),

where φ,ψ ∈ L2(R
d;Cd) are given functions.

Problem (18.3) is of the form (15.10). Theorem 15.4 is applicable to this problem.
The homogenized problem takes the form

(18.4) Q
∂2u0(x, τ )

∂τ2
= −W0u0(x, τ ), u0(x, 0) = φ(x),

∂u0

∂τ
(x, 0) = ψ(x).

By Theorem 15.4, if φ,ψ ∈ Hs(Rd;Cd), 0 < s ≤ 2, then as ε → 0 the solution uε

tends to u0 in L2(R
d;Cd) for τ ∈ R fixed. We have

‖uε(·, τ )− u0(·, τ )‖L2(Rd) ≤ εs/2
(
Cs(τ )‖φ‖Hs(Rd) + C

′
s(τ )‖ψ‖Hs(Rd)

)
,

τ ∈ R, 0 < ε ≤ 1.

Here Cs(τ ) is O(|τ |s/2), and C′
s(τ ) is O(|τ |1+s/2) for large |τ |; Cs(τ ) and C′

s(τ ) depend
on the norms ‖g‖L∞ , ‖g−1‖L∞ , ‖Q‖L∞ , ‖Q−1‖L∞ , and on the parameters of the lattice
Γ. For τ = ±ε−α, we have

‖uε(·,±ε−α)− u0(·,±ε−α)‖L2(Rd) ≤ εs(1−α)/2
(
Cs(1)‖φ‖Hs(Rd) + ε−α

C
′
s(1)‖ψ‖Hs(Rd)

)
,

0 < ε ≤ 1.

Here 0 < α < s(s+ 2)−1 for ψ �= 0, and 0 < α < 1 for ψ = 0.
If it is only known that φ,ψ ∈ L2(R

d;Cd), then as ε → 0 the solution uε tends to u0

strongly in L2(R
d;Cd) for τ ∈ R fixed. If φ ∈ L2(R

d;Cd) and ψ = 0, then the difference
uε(·,±ε−α)− u0(·,±ε−α) tends to zero strongly in L2(R

d;Cd) for 0 < α < 1.
For the operatorWε, we can also consider a problem of the form (15.14) with nontrivial

right-hand side in the equation. Theorem 15.6 is applicable to this problem.

18.4. The Hill body. In mechanics (see, e.g., [ZhKO]), an elastic isotropic medium
with constant shear modulus µ(x) = µ0 = const is called a Hill body. In this case, a
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simpler factorization for the operator W is possible (see [BSu2, Chapter 5, Subsection
2.3]). Now the energy form (18.2) can be written as

(18.5) w[u,u] =

∫
Rd

〈g∧b∧(D)u, b∧(D)u〉Cm∧ dx.

Here m∧ = 1+ d(d− 1)/2. The (m∧ × d)-matrix b∧(ξ) can be described as follows. The
first row in b∧(ξ) is (ξ1, ξ2, . . . , ξd). The other rows correspond to (different) pairs of
indices (j, l), 1 ≤ j < l ≤ d. The element in the (j, l)th row and the jth column is ξl,
and the element in the (j, l)th row and the lth column is (−ξj); all other elements of the
(j, l)th row are zero. The order of the rows is irrelevant. Finally,

g∧(x) = diag{β(x), µ0/2, µ0/2, . . . , µ0/2}.
Thus, by (18.5), we have

W = b∧(D)∗g∧(x)b∧(D).

In [BSu2, Chapter 5, Subsection 2.3], it was shown that the effective matrix g0∧ coincides
with g∧:

(18.6) g0∧ = g∧ = diag {β, µ0/2, µ0/2, . . . , µ0/2}.
The effective operator can be written as

(18.7) W0 = b∧(D)∗g0∧b∧(D).

For the chosen factorization of the operator Wε = b∧(D)∗gε∧(x)b∧(D), the Cauchy
problem (18.3) remains the same. In the homogenized problem (18.4), the effective
operator W0 is defined by (18.7) and is calculated explicitly, due to relation (18.6).
In the case of the Hill body, the solutions of problem (18.3) satisfy all the statements
formulated in Subsection 18.3.

§19. Appendix

19.1. In conclusion, we demonstrate a trick that gives simple proofs of some weaker
versions of Theorems 12.1 and 12.2. We start with the following abstract lemma.

Lemma 19.1. Let B0 and B1 be selfadjoint nonnegative operators in a Hilbert space H.
Let Gj := (Bj + I)−1, j = 0, 1, and L := G1 −G0. Then

(19.1) ‖(e−iB1τ − e−iB0τ )G2
0‖H→H ≤ (|τ |+ 2)‖L‖H→H, τ ∈ R.

Proof. We denote E(τ ) := e−iB1τG1G0e
iB0τ . Then

dE(τ )
dτ

= ie−iB1τ (−B1G1G0 +G1G0B0)e
iB0τ

= ie−iB1τ (−(B1 + I)G1G0 +G1G0(B0 + I))eiB0τ = ie−iB1τLeiB0τ .

Hence,

(19.2) E(τ )− E(0) = e−iB1τG1G0e
iB0τ −G1G0 = i

∫ τ

0

e−iB1ρLeiB0ρ dρ.

We multiply (19.2) by e−iB0τ from the right:

(19.3) e−iB1τG1G0 −G1G0e
−iB0τ = i

∫ τ

0

e−iB1ρLeiB0(ρ−τ) dρ.

We have G1G0 = (G0 + L)G0 = G2
0 + LG0. Then the left-hand side of (19.3) can be

transformed to

(19.4) e−iB1τG1G0 −G1G0e
−iB0τ = (e−iB1τ − e−iB0τ )G2

0 + e−iB1τLG0 − LG0e
−iB0τ .
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Relations (19.3) and (19.4) imply the identity

(e−iB1τ − e−iB0τ )G2
0 = −e−iB1τLG0 + LG0e

−iB0τ + i

∫ τ

0

e−iB1ρLeiB0(ρ−τ) dρ,

which yields estimate (19.1). �

19.2. Now we apply Lemma 19.1 with H = L2(R
d;Cn), B1 = Âε, and B0 = Â0. Here

Âε is the operator (11.1), and Â0 is the corresponding effective operator (6.8). Then∥∥( exp(−iÂετ )− exp(−iÂ0τ )
)
(Â0 + I)−2

∥∥
L2(Rd)→L2(Rd)

≤ (|τ |+ 2)‖(Âε + I)−1 − (Â0 + I)−1‖L2(Rd)→L2(Rd).

Applying estimate (0.5) for the difference of resolvents, we obtain the following statement.

Proposition 19.2. Let Âε be the operator (11.1) and let Â0 be the corresponding effective
operator (6.8). Then

(19.5)

∥∥∥(exp(−iÂετ )− exp(−iÂ0τ )
)
(Â0 + I)−2

∥∥∥
L2(Rd)→L2(Rd)

≤ C(|τ |+ 2)ε,

τ ∈ R, 0 < ε ≤ 1.

In the same way as Theorem 12.2 was deduced from Theorem 12.1, relation (19.5)
implies the following statement.

Proposition 19.3. Under the conditions of Proposition 19.2, for 0 ≤ s ≤ 4 we have

(19.6)

∥∥ exp(−iÂετ )− exp(−iÂ0τ )
∥∥
Hs(Rd)→L2(Rd)

≤ Cs(|τ |+ 2)s/4εs/4,

τ ∈ R, 0 < ε ≤ 1.

Though we have succeeded in deducing Proposition 19.3 directly from the “elliptic”
estimate (0.5), the result is weaker than the result of Theorem 12.2. For instance, in
Theorem 12.2, an estimate of order of ε is proved for s = 3, while here such an estimate
is proved only for s = 4.
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