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ON THE ASYMPTOTICS OF POLYNOMIALS

ORTHOGONAL ON A SYSTEM OF CURVES

WITH RESPECT TO A MEASURE WITH DISCRETE PART

V. A. KALYAGIN AND A. A. KONONOVA

Abstract. Consider an absolutely continuous measure on a system of Jordan arcs
and (closed) curves in the complex plane, assuming that this measure satisfies the
Szegő condition on its support and that the support of the measure is the boundary
of some (multiply connected) domain Ω containing infinity. Adding to the measure a
finite number of discrete masses lying in Ω (off the support of the measure), we study
the strong asymptotics of the polynomials orthogonal with respect to the perturbed
measure. For this, we solve an extremal problem in a certain class of multivalued
functions. Our goal is to give an explicit expression for the strong asymptotics on
the support of the perturbed measure, as well as on the domain Ω.

§1. Introduction

Let σ be a positive measure with compact support in the complex plane. We introduce
the sequence of polynomials Qn(z) = zn+ · · · orthogonal with respect to the measure σ:

(Qn, z
k)σ :=

∫
Qn(ζ;σ)ζ

k
dσ = 0, k = 0, 1, 2, . . . , n− 1.

A fundamental problem of the theory of orthogonal polynomials is the study of their
asymptotic behavior as n → ∞.

As usual, by the weak asymptotics of orthogonal polynomials we mean the asymptotics
of |Qn(z;σ)|1/n. The weak asymptotics is closely related to the distribution of zeros of
Qn(z) and is determined by the support of the measure σ and by the regularity properties
of σ on its support. The main tool of the investigation in this case is the logarithmic
potential theory [20].

The ratio asymptotics is that of the ratio Qn+1(z;σ)/Qn(z;σ). This aspect has at-
tracted a lot of attention recently. The main progress was due to the varying weight
approach, developed be G. Lopez Lagomasino and his collaborators [9]. On an interval
of the real line, the ratio asymptotics of the orthogonal polynomials can be exhibited
under various conditions, of which the best by now is due to Rakhmanov : σ′ > 0 almost
everywhere on the interval.

The strong asymptotics problem is the problem of uniform asymptotic behavior of the
polynomials Qn(z) outside of the support of the measure and on this support. In the
classical case where supp(σ) = [−1, 1], the strong asymptotics of orthogonal polynomials
was investigated by S. N. Bernstein and G. Szegő [19]. The Bernstein–Szegő theory
was extended to the case of the measure supported on a finite system of complex arcs
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and curves by H. Widom in his fundamental paper [21]. The main tools in this case
are multivalued functions of a complex variable and Hardy spaces of analytic functions.
Widom’s results were improved by Aptekarev in [1], where explicit formulas for the strong
asymptotics were obtained in terms of Riemann theta functions on the Riemann surface
determined by the geometry of the curves and arcs in question. The main condition
on the measure in this case is the so-called Szegő condition (see below). This condition
makes it possible to construct the Hardy spaces associated with the weight function
and to obtain the asymptotics from the extremal properties of orthogonal polynomials.
Recently, new progress in the study of the asymptotics of orthogonal polynomials has
been achieved by using the matrix Riemann–Hilbert approach (see [15, 10]).

For the first time, the asymptotic properties of polynomials orthogonal with respect
to a measure with discrete masses added was investigated in an implicit form in the
paper [4] by A. Gonchar for the case of one real interval. Rakhmanov [8] considered (also
implicitly) the case of a measure supported on a finite number of disjoint real intervals; he
used the quasiorthogonality property for the associated orthogonal polynomials. Later,
Nikishin studied this problem explicitly for the unit circle; this case is closely related
to the scattering problem for the second order Sturm–Liouville difference operator [6].
Kaliaguine and Benzine [12] and Kaliaguine [11] obtained asymptotic formulas for the
case of one complex curve and one complex arc. Li and Pan [16] proved sharper results
for the case of the unit circle. Marcellán and Maroni [17] developed a perturbation theory
for polynomials obtained by adding a Dirac function to a moment linear functional in the
space of polynomials. Aptekarev [1] used the strong asymptotics for the system of real
intervals with finitely many mass points to obtain an explicit formula for the periodic
motions of Toda lattices. Peherstorfer and Yuditskii [18] considered the case of the Szegő
measure on a real interval with countably many mass points. Later, in [2], Peherstorfer,
Vol′berg, and Yuditskĭı considered the same problem for the unit circle.

In the present paper we study the strong asymptotics problem for the polynomials
orthogonal with respect to a measure supported on a system of arcs and curves with
Szegő condition and on a finite number of mass points off that system. Our main result
is explicit strong asymptotic formulas for the orthogonal polynomials. This paper is
based on the preprint [13] by the authors. The methods and results of the preprint were
used in some papers published after its appearance. The case where infinitely many
discrete masses are added was considered in [14] (see Remark 2 below). In the present
paper we give complete proofs of all statements and correct some inaccuracies of [13].

§2. Preliminaries

2.1. Necessary definitions.

A class of curves and arcs. Let E :=
⋃p

k=1 Ek be a union of complex, mutually exte-
rior, and rectifiable Jordan curves and arcs: Ej ∩ Ek = ∅, j �= k. In what follows
we shall always assume that each Ek is of class C2+; this means that, in the canonical
parametrization z(s) of Ek, the second derivative of the function z(s) satisfies the Lip-
schitz condition with some positive exponent. We denote by E(1) the union of (closed)
curves of E and by E(2) the union of arcs.

A class of measures. Let Ω denote the connected component of C \E such that ∞ ∈ Ω,
and let ρ(ζ) ≥ 0 be a weight function on E with

(1)

∫
E

ρ(ζ) |dζ| < +∞.
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We shall study the strong asymptotics problem for the monic polynomials Qn(z;σ
0)

orthogonal with respect to the measure σ0 = σ + α, where σ is a measure absolutely
continuous on E, dσ = ρ(ζ)|dζ|, and α is a discrete measure with masses λj > 0 at points
zj , j = 1, 2, . . . , l, zj ∈ Ω. Our investigation is based on an extremal property of the
polynomials Qn(z, σ

0).

The set E and the boundary ∂Ω. The boundary ∂Ω of the domain Ω is the set E with
any arc of E taken twice. Any weight function defined on E extends to the boundary
∂Ω in a natural way. We put ρ+(ζ) = ρ−(ζ) = ρ(ζ) in the case of an arc. Below we use
the following notation for an integral over the oriented boundary ∂Ω:∮

E

f(ζ) |dζ| :=
∫
∂Ω

f(ζ) |dζ|.

It is easily seen that condition (1) is equivalent to∮
E

ρ(ζ) |dζ| < +∞.

An extremal property. Let mn(σ
0) := (Qn(ζ, σ

0), Qn(ζ, σ
0))σ0 = ‖Qn(ζ, σ

0)‖2σ0 ; then

mn(σ
0) = min

Pn=zn+···

(∫
E

|Pn(ζ)|2ρ(ζ) |dζ|+
l∑

k=1

λk|Pn(zk)|2
)
.

This property is well known (see, e.g., [20]).
Note that here we cannot replace the integral over E by the integral over ∂Ω (this

leads to a different extremal problem).

The complex Green function. Let g(z, z0) be the real Green function for Ω with singularity
at the point z0; this means that

1) g(z, z0) is harmonic in Ω \ {z0};
2) the function [g(z, z0) − log(1/|z − z0|)] is harmonic near z0 (for z0 = ∞ the

function [g(z)− log |z|] is harmonic near ∞);
3) limz→ζ g(z, z0) = 0 for ζ ∈ ∂Ω a.e. (nontangentially).

For a real harmonic function u(z), we denote by ũ(z) its harmonic conjugate. The
function G(z, z0) = g(z, z0)+ig̃(z, z0) is called the complex Green function of the domain
Ω with pole at z0. We denote by g(z) and G(z) the real and complex Green functions
with pole at infinity (z0 = ∞).

A principal role in our investigation is played by the function Φ(z) = exp[G(z)]. This
function is locally analytic in Ω, has no zeros there, and has a pole at infinity. For the
boundary values of Φ(z) on ∂Ω, we have |Φ(ζ)|ζ∈∂Ω = 1. We shall also employ the
function Φ(z, z0) := exp[G(z, z0)].

If p > 1 (i.e., if Ω is not simply connected), then Φ(z) and Φ(z, z0) are multivalued
in Ω. More precisely, |Φ(z)| = exp(g(z)) (and |Φ(z, z0)| = exp(g(z, z0)) is single-valued,
and arg(Φ(z)) (arg(Φ(z, z0))) is multivalued.

By the Carathéodory theorem [3], the complex derivative Φ′(z) has nontangential limit
values a.e. on E (everywhere except the endpoints of the arcs of E ∈ C2+). It is possible
to calculate the function Φ(z) for the simplest cases; for example, this is possible if p = 1
and E is a real interval, the unit circle, or an arc of the unit circle. Indeed, for p = 1
the domain Ω is simply connected, the function Φ(z) is single-valued and realizes the
conformal mapping of the Ω = Ext(E) onto the exterior of the unit circle.

It is not hard to show that

1) Φ(z) = z in the case of the unit circle;

2) Φ(z) = z +
√
z2 − 1 in the case of the interval [−1, 1];
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3) Φ(z) = −i(1− wcw)/(w − wc), w = u+
√
u2 − 1,

u = (i/c)(z + 1)/(z − 1), c = cot(θ1/2), wc = w(i/c),
in the case of the arc E = {ζ = eiθ, θ1 ≤ θ ≤ 2π − θ1};

4) Φ2(z) = (z2 − 5 +
√
(z2 − 1)(z2 − 9) )/4

for the system of intervals [−3,−1] ∪ [1, 3].

The logarithmic capacity. The logarithmic capacity of the set E is the positive number
C(E) := exp(−γ), where γ is the so-called Robin constant for Ω: γ = limz→∞[g(z) −
log |z|]. If p = 1, we have C(E) = limz→∞[z/Φ(z)]. Thus, the capacity of the interval
[−1, 1] is equal to 1/2, the capacity of the unit circle is equal to 1, and the capacity of
an arc of the unit circle (see above) is equal to cos(θ1/2).

The Szegő condition. We say that a weight function ρ(ζ) satisfies the Szegő condition on
E (see [21]) if

(2)

∮
E

log ρ(ζ)|Φ′(ζ)| |dζ| =
∮
E

log ρ(ζ)
∂g(ζ)

∂nζ
|dζ| > −∞.

For the simplest cases mentioned above, the Szegő condition (2) is equivalent to the
following:

1) E = {|ζ| = 1} :

∫ 2π

0

log ρ(eiθ) dθ > −∞;

2) E = [−1, 1]:

∫ 1

−1

log ρ(x) dx√
1− x2

> −∞;

3) E = {ζ = eiθ, θ1 ≤ θ ≤ 2π − θ1}:
∫ 2π−θ1

θ1

log ρ(eiθ)) sin(θ/2) dθ√
cos2(θ1/2)− cos2(θ/2)

> −∞.

The Szegő function. Suppose that the Szegő condition (2) is satisfied for a weight function
ρ(ζ). Then there exists a real function h(z) harmonic in Ω with the following boundary
condition on E: h(ζ)|ζ∈∂Ω = log(ρ(ζ)) (see [21]). Then, the complex function R(z) =

exp[h(z) + ih̃(z)] is locally analytic in Ω, has nontangential limit values on ∂Ω, and

|R(ζ)|ζ∈∂Ω = ρ(ζ). The function D(z) =
√
R(z) = exp[(1/2)(h+ ih̃)] is usually referred

to as the Szegő function associated with the weight ρ(ζ).

Harmonic measures. The harmonic measure ωk(z), k = 1, . . . , p, is the function harmonic
in Ω including ∞ that has the boundary value 1 at Ek and 0 at Ej , j �= k. By the
definition of ωk(z) and standard formulas of harmonic analysis, we have

ωk(z) =

∮
Ek

∂g(z, ζ)

∂nζ
|dζ|.

We denote by Ωk(z) the following complex modification of the harmonic measure:

Ωk(z) := (1/2)[ωk(z) + iω̃k(z)].

2.2. Results by Widom–Aptekarev.

2.2.1. Hardy spaces of multivalued functions. If Ω is not simply connected (p > 1), then
the functions Φ(z) and R(z) defined above are multivalued. More precisely, their moduli
are single-valued functions and their arguments are multivalued in Ω. Given a multival-
ued function F (z) with single-valued modulus, we define

γk(F ) =
1

2π
∆Ek

argF (mod 1), k = 1, . . . , p.

Let Γ(F ) be the vector with the coordinates γk: Γ(F ) = (γ1, . . . , γp), 0 ≤ γk < 1. Every
such vector determines a class of functions with multivalued argument. We say that two
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functions F1 and F2 belong to the same class if and only if γk(F1) = γk(F2), k = 1, . . . , p.
Note that Γ(F1F2) = Γ(F1) + Γ(F2), and γ(Φ(z, z0)) = (ω1(z0), ω2(z0), . . . , ωp(z0)), be-
cause

γk(Φ(z, z0)) =
1

2π
∆Ek

g̃(z, z0) =
1

2π

∫
Ek

∂g̃(ζ, z0)

∂tζ
|dζ|

=
1

2π

∫
Ek

∂g(ζ, z0)

∂nζ
|dζ| = ωk(z0).

Mostly, we shall consider the classes of multivalued functions associated with the
vector

Γn = Γ(Φ−n(z)) = (−nω1(∞),−nω2(∞), . . . ,−nωp(∞)).

For a given vector Γ, the Hardy space H2(Ω, ρ,Γ) is the space of functions F (z) locally
analytic in Ω with single-valued modulus and multivalued argument, belonging to the
class Γ, and such that |F (z)2R(z)| has a harmonic majorant in Ω. Any function F (z) in
H2(Ω, ρ,Γ) admits nontangential limit values a.e. on E, and

‖F‖2ρ :=

∮
E

|F (ζ)|2ρ(ζ) |dζ| < ∞.

The function VΓ. In [21], Widom defined a canonical function VΓ for any class Γ. This
function is analytic in Ω, has no poles and zeros there, and enjoys the following property:
if we divide some function of class Γ by VΓ, then the quotient is single-valued. This
function is defined by the formula

(3) VΓ(z) = exp

( p∑
k=1

λk[ωk(z) + ω̃k(z)]

)
,

where the numbers λk are uniquely determined by the following system of equations:
p∑

k=1

λk∆Ej
ω̃k = γj ,

p∑
k=1

λk = 0.

2.2.2. Extremal problems in Hardy spaces. In [21], Widom studied the following extremal
problem.

(I) Determine

µ(Ω, ρ,Γ) = inf

∮
E

|F (ζ)|2ρ(ζ) |dζ|

in the class of functions F (z) ∈ H2(Ω, ρ,Γ) satisfying |F (∞)| = 1.

As was shown in [21], the solution of this problem is unique up to an (appropriately
chosen) constant factor of modulus 1. We denote the extremal function for problem (I)
by ψΓ(z).

The reproducing kernel. The function Kρ,n(z, z0) ∈ H2(Ω, ρ,Γn) is determined by the
following reproducing property: for any function f ∈ H2(Ω, ρ,Γn) we have∮

E

f(ζ)Kρ,n(ζ, z0)ρ(ζ) |dζ| = f(z0) for all z0 ∈ Ω.

This function is called the Szegő reproducing kernel. The reproducing kernel Kρ,n(z,∞)
and the extremal function ψn(z) are related to each other by the following formula [21]:

(4) ψn(z) = µ(Ω, ρ,Γn)Kρ,n(z,∞).
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2.2.3. Widom’s results. Let ψn(z) denote the extremal function of problem (I) for the
class Γ = Γn = Γ(Φ−n). Let Qn,ρ(z) be the monic polynomials orthogonal with respect
to the measure σ (dσ(ζ) = ρ(ζ)|dζ| on E). Denote

Ψn(ζ) =

{
Φn(ζ)ψn(ζ) if ζ ∈ E(1),

Φn
+(ζ)ψn+(ζ) + Φn

−(ζ)ψn−(ζ) if ζ ∈ E(2),

where E(1) is the union of the (closed) curves and E(2) is the union of the arcs of E.
Then the following strong asymptotic formula holds.

Theorem 1 ([21, Theorem 12.3]). If E ∈ C2+ and if ρ(ζ) satisfies conditions (1) and
(2) on E, then

(1) mn(σ) ∼ C(E)2nµ(Ω, ρ,Γn) as n → ∞;
(2)

∫
E
|C(E)−nQn(ζ; ρ)−Ψn(ζ)|2ρ(ζ) |dζ| → 0 as n → ∞;

(3) Qn(z; ρ) = C(E)nΦn(z)(ψn(z) + αn) with αn → 0 as n → ∞, uniformly on the
compact subsets of Ω.

2.2.4. Aptekarev’s formulas. The extremal function ψn(z) admits a very interesting ex-
plicit representation given by Aptekarev in [1]. To formulate it, we introduce the Riemann
surface associated with the domain Ω and define the standard Riemann θ-functions on
this surface (see [5]).

The Riemann surface. Consider the surface Ω symmetric to Ω and defined as Ω with all
local parameters replaced by their complex conjugates. We glue Ω and Ω together along
their boundaries E and E obtaining a closed orientable surface �; this is a two-sheeted
Riemann surface of genus (p− 1). The real Green function and the harmonic measures
can be extended to � in the following way:

g(z) =

{
g(z) if z ∈ Ω,

−g(z) if z ∈ Ω,
ωk(z) =

{
ωk(z) if z ∈ Ω,

−ωk(z) if z ∈ Ω.

The differential dΩk(z) of the complex function Ωk(z) can also be extended to the surface

�: dΩk(z) = −dΩk(z), z ∈ Ω. The same is possible for the differential of the complex

Green function: dG(z, z0) = −dG(z, z0), z ∈ Ω.

Riemann θ-functions. For a given symmetric matrix C = (Ci,j) with positive definite
imaginary part, the θ-function in h variables is defined by the relation

(5) θ(u1, u2, . . . , uh) =
∑

n1,n2,...,nh∈Z

exp

(
πi

h∑
µ=1

h∑
ν=1

Cµ,νnµnν + 2πi

h∑
ν=1

nνuν

)
.

To construct the standard Riemann θ-function of the Riemann surface �, we calculate
periods of the Abelian differentials dΩk(z),

(6)

∮
Ej

dΩk(ζ) = iBk,j , Bk,j ∈ R,

and choose an arbitrary complex vector (b1, b2, . . . , bp−1). Then the associated Riemann
θ-function on � is defined as follows:

Θ(w) = θ

(∫ w

z0

dΩ1(ζ)− b1, . . . ,

∫ w

z0

dΩp−1(ζ)− bp−1

)
,

where the function θ has the parameter matrix C = (iBk,j).
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2.2.5. An explicit formula for the extremal function. The following formula is valid (see
[1]):

(7) ψn = χ(z)
D(∞)

D(z)

Θn,ρ(z)

Θn, ρ(∞)
,

where the function χ(z) depends only on Ω (and neither on n nor on ρ), D(z) is the
Szegő function associated with the weight function ρ, and the function Θn,ρ(z) is defined
by the formula

Θn,ρ(z) = θ

([∫ z

z0

dΩj(ζ)

]
− bj,n

)
, j = 1, 2, . . . , p− 1,

θ being the Riemann theta-function with the parameter matrix C = i(Bk,j), and

bν,n = ∆ν − nων(∞) +

p−1∑
j=1

∫ z∗
j

z0

dΩν(ζ) + kν , ν = 1, 2, . . . , p− 1,

where z0 ∈ Ep, the points {z∗j }
p−1
j=1 are the zeros of G′(z), the kν are constants depending

only on Ω (the so-called Riemann constants of the surface �), and

∆ν =
1

4π

∮
Eν

ln ρg(ζ)
∂ων

∂nζ
|dζ|, ρg(ζ) = ρ(ζ)/(∂g/∂nζ).

§3. Extremal problem and mass points

In this section we introduce an extremal problem that plays the same role in the
asymptotics of orthogonal polynomials for a measure with discrete part as problem (I)
does in the case of an absolutely continuous measure. Let H0

2 (Ω, ρ,Γ) be the subspace
of H2(Ω, ρ,Γ) defined by

H0
2 (Ω, ρ,Γ) =

{
f ∈ H2(Ω, ρ,Γ); f(zk) = 0, k = 1, . . . , l

}
.

Consider the following extremal problem.

(II) For all F (z) ∈ H0
2 (Ω, ρ,Γn) satisfying |F (∞)| = 1, determine

µ0(Ω, ρ,Γn) = inf
F

∮
E

|F (ζ)|2ρ(ζ) |dζ|.

We exhibit a solution of problem (II). The function

B(z) =

N∏
k=1

Φ(∞, zk)

Φ(z, zk)

is analytic in Ω and has the following properties:

1) B(zk) = 0;
2) |B(∞)| = 1;

3) |B(ζ)|ζ∈∂Ω| =
∏l

k=1 |Φ(zk)|;
4) γj(B) =

∑l
k=1 ωj(zk), j = 1, 2, . . . , p.

Thus, this function is a multivalued analog of a Blaschke product.
It is possible to reduce any extremal problem (II) to some extremal problem (I). Let

µ0(Ω, ρ,Γ), ψ0
Γ(z) ∈ H0

2 (Ω, ρ,Γ) denote the solution of the extremal problem (II) and

µ(Ω, ρ, Γ̃), ψΓ̃(z) ∈ H2(Ω, ρ, Γ̃) the solution of the extremal problem (I) associated with

the class of multiplicity Γ̃ = Γ− Γ(B).
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Lemma 1. We have

1) ψΓ̃(z)B(z) = ψ0
Γ(z);

2) µ0(Ω, ρ,Γ) = µ(Ω, ρ, Γ̃)
l∏

k=1

|Φ(zk)|2.

Proof. 1) Since ψΓ̃ ∈ H2(Ω, ρ, Γ̃), we have |ψΓ̃(∞)| = 1, Γ(ψΓ̃) = Γ̃. Let f(z) =

ψΓ̃(z)B(z); then f(zk) = 0, k = 1, . . . ,m, |f(∞)| = 1, and Γ(f) = Γ̃ + Γ(B) = Γ.

Thus, f ∈ H0
2 (Ω, ρ,Γ) and

µ0(Ω, ρ,Γ) = ‖ψ0
Γ‖ =

∮
E

|ψ0
Γ(ζ)|2ρ(ζ) |dζ| ≤

∫
E

|ψΓ̃(ζ)B(ζ)|2ρ(ζ) |dζ|

=

l∏
k=1

|Φ(zk)|2
∫
E

|ψΓ̃(ζ)|
2ρ(ζ) |dζ| = µ(Ω, ρ, Γ̃)

l∏
k=1

|Φ(zk)|2.

2) Since ψ0
Γ ∈ H0

2 (Ω, ρ,Γ), we have |ψ0
Γ(∞)| = 1, ψ0(zk) = 0, Γ(ψ0) = Γ. Let

f(z) = ψ0
Γ(z)/B(z); then f(z) is analytic in Ω and |f(∞)| = 1, Γ(f) = Γ(ψ0)−Γ(B) = Γ̃.

Thus, f ∈ H2(Ω, ρ, Γ̃), whence

µ(Ω, ρ, Γ̃) = ‖ψΓ̃‖
2 ≤

∮
E

|f(ζ)|2ρ(ζ) |dζ| =
∮
E

|ψ0(ζ)B−1(ζ)|2ρ(ζ) |dζ|

=
l∏

k=1

|Φ−2(zk)|
∮
E

|ψ0
Γ(ζ)|2ρ(ζ) |dζ|

= µ0(Ω, ρ,Γ)
l∏

k=1

|Φ−2(zk)|. �

Example 1. In the case where Ω is simply connected (p = 1), all the functions un-
der consideration are single-valued. The functions Φ(z, zk) and B(z) are given by the
formulas

Φ(z, zk) =
Φ(z)Φ(zk)− 1

Φ(z)− Φ(zk)
, B(z) =

l∏
k=1

Φ(z)− Φ(zk)

Φ(z)Φ(zk)− 1
Φ(zk),

and Lemma 1 looks like this (see [12]):

ψ(z)B(z) = ψ0(z), µ0(Ω, ρ) = µ(Ω, ρ)

l∏
k=1

|Φ(zk)|2.

There is a different way to reduce the extremal problem (II) to (I). We can change
the weight function instead of the class of multivaluedness (we shall need this in the next
section to prove the asymptotic formula for orthogonal polynomials). Put

H(z) =

l∏
k=1

(z − zk)

C(E)Φ(z)
.

Then H ∈ Γl, |H(∞)| = 1, and H(zk) = 0. We define a new weight function ρ∗(ζ) on E
by the formula

ρ∗(ζ) = ρ(ζ)

l∏
k=1

|ζ − zk|2/C(E)2.

Let µ0(ρ,Γn), ψ
0
n(z) ∈ H0

2 (Ω, ρ,Γn) solve the extremal problem (II), and let µ(ρ∗,Γn−l),
ψ∗
n−l(z) ∈ H2(Ω, ρ

∗,Γn−l) solve the extremal problem (I) associated with the weight
function ρ∗(ζ), in the class Γn−l.
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Lemma 2. We have

1) ψ∗
n−l(z)H(z) = ψ0

n(z);

2) µ0(Ω, ρ,Γn) = µ(Ω, ρ∗,Γn−l).

Proof. 1) Since ψ∗
n−l ∈ H2(Ω, ρ

∗,Γn−l), we have |ψ∗
n−l(∞)| = 1, Γ(ψ∗

n−l) = Γn−l.
Let f(z) = ψ∗

n−lH(z); then f(zk) = 0, k = 1, . . . , l, |f(∞)| = 1, and Γ(f) = Γ(ψn−l)+

Γ(H) = Γn. So, f belongs to H0
2 (Ω, ρ,Γn), and

µ0(Ω, ρ,Γn) ≤
∮
E

|ψ∗
n−l(ζ)H(ζ)|2ρ(ζ) |dζ| =

∮
E

|ψ∗
n−l|2|H(ζ)|2ρ(ζ) |dζ|

=

∮
E

|ψ∗
n−l|2ρ∗(ζ) |dζ| = µ(Ω, ρ∗,Γn−l).

2) We have ψ0
n(z)/H(z) ∈ H2(Ω, ρ

∗,Γn−l). This implies that

µ(ρ∗,Γn−l) ≤
∮
E

∣∣∣∣ψ0
n(ζ)

H(ζ)

∣∣∣∣2 |H(ζ)|2ρ(ζ) |dζ| = µ0(Ω, ρ; Γn). �

§4. Asymptotics of orthogonal polynomials

In this section we obtain strong asymptotic formulas for the polynomials Qn(z, σ
0)

orthogonal with respect to the measure σ0 with discrete part. Our investigation is based
on the extremal property of the polynomials Qn(z, σ

0) and on the reproducing property
of the extremal functions ψn(z). The extremal property in this case reads as follows:

mn(σ
0) = ‖Qn(σ

0)‖2σ0 =

∫
E

|Qn(ζ, σ
0)|2ρ(ζ) |dζ|+

l∑
k=1

λk|Qn(zk, σ
0)|2

= min
Pn=zn+...

(∫
E

|Pn(ζ)|2ρ(ζ) |dζ|+
l∑

k=1

λk|Pn(zk)|2
)
.

Now, we state the main result of the paper.

Theorem 2. Suppose that E ∈ C2+ and ρ(ζ) satisfies conditions (1) and (2). Then:

1) mn(σ
0) ∼ C(E)2nµ0(Ω, ρ,Γn) as n → ∞;

2)

∫
E

|C(E)−nQn(ζ)−Ψ0
n(ζ)|2ρ(ζ) |dζ| → 0;

3) Qn(z) = C(E)nΦn(z)[ψ0
n(z) + εn(z)], where εn → 0 as n → ∞,

uniformly on the compact subsets of Ω \ {z1, z2, . . . , zl}, and

Ψ0
n(ζ) =

{
Φn(ζ)ψ0

n(ζ) if ζ ∈ E(1),

Φn
+(ζ)ψ

0
n+(ζ) + Φn

−(ζ)ψ
0
n− if ζ ∈ E(2),

where E(1) is the union of the (closed) curves in E, and E(2) is the union of the arcs.
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Proof. We start with the proof of 2), which implies 1), and then we prove 3). We split
the integral in 2) into three integrals and evaluate each of them:

In =

∫
E

|C(E)−nQn(ζ)−Ψ0
n(ζ)|2ρ(ζ) |dζ|

=

∫
E

|C(E)−nQn(ζ)|2ρ(ζ) |dζ|+
∫
E

|Ψ0
n(ζ)|2ρ(ζ) |dζ|

− 2Re

∫
E

C(E)−nQn(ζ)Ψ0
n(ζ)ρ(ζ) |dζ|

= I(1)n + I(2)n + I(3)n . �

4.1. The integral I
(1)
n . For the polynomials Qn = Qn(z, σ

0) we have∫
E

|C(E)−nQn(ζ)|2ρ(ζ) |dζ| =
mn(σ

0)

C(E)2n
−

l∑
k=1

λk

∣∣∣Qn(zk)

C(E)n

∣∣∣2 ≤ mn(σ
0)

C(E)2n
.

Consider the weight function ρ∗(ζ) = ρ(ζ)C(E)−2l
∏l

k=1 |ζ − zk|2. Let Qn−l(z, ρ
∗) de-

note the extremal polynomials for mn−l(ρ
∗). Then Qn−l(z, ρ

∗)
∏l

k=1(z − zk) is a monic
polynomial of degree n. Obviously, we have

mn(σ
0)

C(E)2n
≤ ‖Qn−l(z, ρ

∗)
∏
(z − zk)‖2σ0

C(E)2n

=
1

C(E)2n

∫
E

|Qn−l(ζ, ρ
∗)|2

l∏
k=1

|ζ − zk|2ρ(ζ) |dζ|

=
1

C(E)2(n−l)

∫
E

|Qn−l(ζ, ρ
∗)|2ρ∗(ζ) |dζ| = mn−l(ρ

∗)

C(E)2(n−l)
.

Theorem 1 and Lemma 2 show that

mn−l(ρ
∗)

C(E)2(n−l)
∼ µ(Ω, ρ∗,Γn−l) = µ0(Ω, ρ,Γn), n → ∞.

Hence, ∫
E

|C(E)−nQn(ζ)|2ρ(ζ) |dζ| ≤ µ0(Ω, ρ,Γn) + αn, αn → 0.

4.2. The integral I
(2)
n . For the union of curves we have∫
E(1)

|Ψ0
n(ζ)|2ρ(ζ) |dζ| =

∮
E(1)

|ψ0
n(ζ)|2ρ(ζ) |dζ|,

and for the union of arcs we have∫
E(2)

|Ψ0
n(ζ)|2ρ(ζ) |dζ| =

∮
E(2)

|ψ0
n(ζ)|2ρ(ζ) |dζ|

+ 2Re

∫
E(2)

Φn
+(ζ)ψ

0
n+(ζ)Φ

n
−(ζ)ψ

0
n−(ζ)ρ(ζ) |dζ|.

The second integral tends to zero as n → ∞ (see [21], Lemma 12.1). Finally, we obtain∫
E

|Ψ0
n(ζ)|2ρ(ζ) |dζ| = µ0(Ω, ρ,Γn) + βn, βn → 0.
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4.3. The integral I
(3)
n . Since |Φn(ζ)| = 1 for ζ ∈ E, it follows that

2Re

∫
E

C(E)−nQn(ζ)Ψ0
n(ζ)ρ(ζ) |dζ| = 2Re

∮
E

Qn(ζ)

C(E)nΦn(ζ)
ψ0
n(ζ)ρ(ζ) |dζ|.

Let

φn(ζ) =
Qn(ζ)

C(E)nΦn(ζ)
.

By Lemma 2, ψ0
n(z) = ψ∗

n−l(z)H(z). At the same time, the extremal function ψ∗
n−l(z)

is related by (4) with the reproducing kernel Kρ∗,n−l(ζ,∞). Consequently,

2Re

∮
E

φn(ζ)ψ0
n(ζ)ρ(ζ) |dζ| = 2Re

∮
E

φn(ζ)µn−l(ρ∗)Kρ∗,n−l(ζ,∞)H(ζ)ρ(ζ) |dζ|

= 2µ(Ω, ρ∗,Γn−l) Re

∮
E

φn(ζ)

H(ζ)
Kρ∗,n−l(ζ,∞)|H(ζ)|2ρ(ζ) |dζ|

= 2µ(Ω, ρ∗,Γn−l) Re

∮
E

φn(ζ)

H(ζ)
Kρ∗,n−l(ζ,∞)ρ∗(ζ) |dζ|.

The function φn(z)/H(z) does not belong to the space H2(Ω, ρ
∗,Γn−l), because it has

poles at the points zk. Consider the function

Rn(z) =
φn(z)

H(z)VΓn−l
(z)

,

where VΓn−l
(z) is defined by (3); then

φn(z)

H(z)
= Rn(z)VΓn−l

(z). The function Rn(z) is

single-valued, takes the value 1 at infinity, and has poles at the points zk. We have

Rn(z) =

l∑
k=1

φn(zk)
VΓn−l

(zk)

H ′(zk)(z − zk)
+ rn(z).

The function rn is single-valued and rn(∞) = 1.

Lemma 3.
φn(zk)

VΓn−l
(zk)

→ 0 as n → ∞.

Proof. Since |Φ(zk)| > 1, it suffices to prove that the sequences Qn(zk)C(E)−n and
VΓn−l

(zk) are bounded.
1) To prove the boundedness of Qn(zk)C(E)−n, we use the weight function ρ∗(ζ) and

the polynomials Qn−l(z, ρ
∗) orthogonal with respect to ρ∗(ζ) on E. We have

l∑
k=1

λk|Qn(zk)|2
C(E)2n

≤ ‖Qn‖2σ0

C(E)2n
≤ ‖Qn−l

∏l
k=1(z − zk)/C(E)‖2σ0

C(E)2(n−l)
=

mn−l(ρ
∗)

C(E)2(n−l)
.

The sequence on the right is bounded by Theorem 1.
2) Since the function VΓn−l

has neither poles nor zeros in Ω, it attains its maximal
and minimal values on the boundary. We have

|VΓn−l
(z)|Ek

= exp(λk);

hence, it suffices to prove the boundedness of the sequence λk.
Recall that the numbers λk were defined as solutions of some nonhomogeneous system

of linear equations with nonzero determinant. The right-hand sides of these equations
are equal to the numbers γk ∈ [0; 1). Therefore, the solution of the system (the numbers
λk) is also bounded. �
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Using Lemma 3 and the relation∮
E

rn(ζ)VΓn−l
(z)Kρ∗,n−l(ζ,∞)ρ∗(ζ) |dζ| = rn(∞)VΓn−l

(∞) = 1,

we get

2Re

∮
E

C(E)−nQn(ζ)Ψn(ζ)ρ(ζ) |dζ| = 2µ0(Ω, ρ,Γn) + βn, βn → 0.

Finally, we obtain

I =

∫
E

|C(E)−nQn −Ψ0
n|2ρ(ζ) |dζ| ≤ αn − βn → 0, n → ∞.

This completes the proof of items 2) and 1) of the theorem. To prove 3), we use the
reproducing kernel Kρ,n(ζ, z) (to simplify the notation, we write K(z, ζ) from now on):

Qn(z)

C(E)nΦn(z)
=

∮
E

Qn(ζ)

C(E)nΦn(ζ)
K(ζ, z)ρ(ζ) |dζ|

=

∫
E(1)

C(E)−nQn(ζ)Φ
−n(ζ)K(ζ, z)ρ(ζ) |dζ|

+

∫
E(2)

C(E)−nQn(ζ)
(
Φ−n

+ (ζ)K+(ζ, z) + Φ−n
− (ζ)K−(ζ, z)

)
ρ(ζ) |dζ|

=

∫
E(1)

(C(E)−nQn(ζ)−Ψn(ζ))Φ
−n(ζ)K(ζ, z)ρ(ζ) |dζ|

+

∫
E(2)

(
C(E)−nQn(ζ)−Ψn(ζ)

)(
Φ−n

+ (ζ)K+(ζ, z) + Φ−n
− (ζ)K−(ζ, z)

)
ρ(ζ) |dζ|

+

∫
E(1)

Ψ0
n(ζ)Φ

−n(ζ)K(ζ, z)ρ(ζ) |dζ|

+

∫
E(2)

Ψn(ζ)
(
Φ−n

+ (ζ)K+(ζ, z) + Φ−n
− (ζ)K−(ζ, z)

)
ρ(ζ) |dζ|.

The first and second integrals tend to zero (see statement 2 of the theorem). We transform
the last integral:∫

E(2)

Ψn(ζ)
(
Φ−n

+ (ζ)K+(ζ, z) + Φ−n
− (ζ)K−(ζ, z)

)
ρ(ζ) |dζ|

=

∫
E(2)

(
Φn

+(ζ)ψ
0
n+(ζ) + Φn

−(ζ)ψ
0
n−(ζ)

)(
Φ−n

+ (ζ)K+(ζ, z) + Φ−n
− (ζ)K−(ζ, z)

)
ρ(ζ) |dζ|

=

∮
E(2)

ψ0
n(ζ)K(ζ, z)ρ(ζ) |dζ|

+

∫
E(2)

(
Φn

+(ζ)ψ
0
n+(ζ)Φ

−n
− (ζ)K−(ζ, z) + Φn

−(ζ)ψ
0
n−(ζ)Φ

−n
+ K+(ζ, z)

)
ρ(ζ) |dζ|.

In the last expression the second integral tends to zero by Lemma 12.1 in [21]. Finally,
we obtain

Qn(z)

C(E)nΦn(z)
=

∮
E(1)∪E(2)

ψ0
n(ζ)K(ζ, z)ρ(ζ) |dζ| = ψ0

n(z) + θn,

where θn → 0.
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§5. Explicit formulas for extremal functions

Theorem 2, Lemma 1, and Aptekarev’s formulas (7) allow us to calculate the extremal
function ψ0

n(z):

(8) ψ0
n(z) = χ(z)

D(∞)

D(z)

Θ0
n,ρ(z)

Θ0
n,ρ(∞)

l∏
k=1

Φ(∞, zk)

Φ(z, zk)
.

Here χ(z) is the function that depends only on Ω and not on Γ and the weight function
ρ; D(z) denotes the Szegő function associated with ρ,

Θ0
n,ρ(z) = θ

([∫ z

z0

dΩj(ζ)

]
− b0j

)
, j = 1, 2, . . . , p− 1,

where θ is the Riemann theta-function with the parameter matrix C = (iBk,j), and

b0ν = ∆ν − nων(∞) +
l∑

k=1

ων(zk) +

p−1∑
j=1

∫ z∗
j

z0

dΩν(ζ) + kν , ν = 1, 2, . . . , p− 1,

where z0 ∈ Ep, the points {z∗j }
p−1
j=1 are the zeros of the function G′(z), the kν are some

constants depending only on the domain Ω (the Riemann constants of �), and

∆ν =
1

4π

∮
Eν

ln ρg(ζ)
∂ων

∂nζ
|dζ|, ρg(ζ) = ρ(ζ)/(∂g/∂nζ).

So, in the case of a measure with finitely many masses there are two changes in Apte-

karev’s formulas: the parameters bν are replaced by b0ν = bν +
∑l

k=1 ων(zk), and the
extremal function is multiplied by the Blaschke product B(z).

Remark 1. Aptekarev [1] proved similar asymptotic formulas for the polynomials orthog-
onal with respect to a measure supported on a finite number of intervals and points
lying on the real line. The paper [1] contains also the same formulas for the case of
arbitrary curves. The proof employs Rakhmanov’s results [8] based on some properties
of quasiorthogonality; however, these polynomials are quasiorthogonal only in the case
of measures supported on a subset of the real line.

Remark 2. The case of infinitely many mass points added to a measure supported on a
system of curves and arcs was considered in [14]. The authors of [14] dealt with measures
satisfying the following condition:

(9) mn(σN ) ≤
( ∞∏

k=1

|Φ(zk)|
)
mn(α),

where σ = α+
∑∞

k=1 Akδzk and σN = α+
∑N

k=1Akδzk . We do not know of any general
classes of measures for which this condition can be verified. Moreover, the main statement
(Theorem 4.5) of [14] cannot be true in the case of multiply connected domains even when
no point masses are added (see [21]).
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of complex arcs and curves: Szegő condition on and a mass points off the system, Publ. ANO-410,
Univ. Sci. Techn. Lille, 2000.

[14] R. Khaldi and F. Aggoune, On extremal polynomials on a system of curves and arcs, J. Eng. Appl.
Sci. 2 (2007), no. 2, 372–376.

[15] A. B. J. Kuijlaars, K. T.-R. McLaughlin, W. Van Assche, and M. Vanlessen, The Riemann–Hilbert
approach to strong asymptotics for orthogonal polynomials on [−1, 1], Adv. Math. 188 (2004), no.
2, 337–398. MR2087231 (2005i:33011)

[16] X. Li and K. Pan, Asymptotic behavior of orthogonal polynomials corresponding to measure with
discrete part off the unit circle, J. Approx. Theory 79 (1994), 54–71. MR1294320 (96a:42029)

[17] F. Marcellán and P. Maroni, Sur l’adjonction d’une masse de Dirac à une forme régulière et semi-
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