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THE STABLE CALABI–YAU DIMENSION OF THE PREPROJECTIVE

ALGEBRA OF TYPE Ln

S. O. IVANOV

Abstract. It is proved that if the characteristic of the ground field is not equal to 2,
then the stable Calabi–Yau dimension of the preprojective algebra of type Ln is equal
to 5. This result contradicts certain claims by Erdmann and Skowroński related to
the description of algebras whose stable Calabi–Yau dimension is 2.

Introduction

Let k be an algebraically closed field. We denote by kQ the path algebra of a quiver Q.
We write paths from left to right. Let s(α) denote the source of an arrow α and t(α) its
target. We denote by ei the idempotent associated with a vertex i. An algebra of the
form A = kQ/I, where I is an admissible ideal, is called a bound quiver algebra.

The usual approach to the definition of preprojective algebras is the following. Let
Δ be an undirected graph. Denote by QP(Δ) the quiver obtained from Δ by replacing
every original edge of Δ with a pair of arrows pointing in opposite directions. For an
arrow a of QP(Δ), we denote by sa the other arrow associated with the same edge of Δ.
This gives us an involution a �→ sa on the set of arrows of QP(Δ) such that s(sa) = t(a),
t(sa) = s(a). The preprojective algebra associated with Δ is the bound quiver algebra
P(Δ) = kQP(Δ)/IΔ, where IΔ is the ideal generated by the relations

∑

a : s(a)=i

asa, where i is a vertex QΔ.

The algebra P(Δ) is called the preprojective algebra of type Δ.
However, the above definition is not quite convenient for our purposes; instead of it,

we use the following modified construction introduced in [1] and [2]. Namely, instead of
replacing a loop of Δ with a pair of looping arrows, we replace it with a single looping
arrow on which the involution a �→ sa acts trivially. For example, the graph

Ln : • • • . . . • (n ≥ 1 vertices)

corresponds to the quiver

QP(Ln) : 0ε=sε ��

α0 �� 1
sα0

��
α1 �� 2
sα1

�� . . . n− 2
αn−2

�� n− 1
sαn−2

�� ,
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and the ideal ILn
is generated by the following elements:

ε2 + α0sα0,

sαiαi + αi+1sαi+1, where 0 ≤ i ≤ n− 3,

sαn−2αn−2.

Following Bondal and Kapranov [3], we say that a triangulated k-linear hom-finite cat-
egory T has a Serre duality if there is a triangle autoequivalence F : T → T , called
a Serre functor, such that for all objects T and S in T there exists a natural k-linear
isomorphism

HomT (T, S) ∼= DHomT (S, F (T ))

(compatible with the shift functor; see [4]), where D = Homk(−,k). If a Serre functor
exists, it is unique up to isomorphism. Following Kontsevich [5], we say that a trian-
gulated k-linear hom-finite category T is Calabi–Yau if for some n the iterated shift
functor [n] is a Serre functor of T . If so, then the minimal n ≥ 0 having this property
is called the Calabi–Yau dimension of T , and is denoted by CYdim(T ). If T is not
Calabi–Yau, we set CYdim(T ) = ∞.

An important class of triangulated k-linear categories of algebraic nature is formed by
stable module categories mod-A of finite-dimensional selfinjective k-algebras A, where
the shift is given by the inverse Ω−1

A of Heller’s syzygy functor ΩA. In this case, following
Erdmann and Skowroński [2], we define the stable Calabi–Yau dimension of A to be the
Calabi–Yau dimension of mod-A, and we write briefly CY dim(A) = CYdim(mod-A).

As in [6], the graphs An, Dn, E6, E7, E8, and the graph Ln introduced above are
called generalized Dynkin graphs. In [1, 2], Erdmann and Skowroński described the
algebras of stable Calabi–Yau dimension 2. In particular, Proposition 3.4 in [2] asserts
that all preprojective algebras of generalized Dynkin type not equal to A1, A2, or L1

have stable Calabi–Yau dimension 2.
The main result of the present paper is the following theorem, which implies that, in

fact, Proposition 3.4 in [2] is valid only for the ground field of characteristic 2. Specifically,
we prove the following statement.

Theorem 4.2. Let n ≥ 2. Then:

• if char(k) �= 2, then CYdim(P(Ln)) = 5;
• if char(k) = 2, then CYdim(P(Ln)) = 2.

As a preliminary step, we show that the algebra P(Ln) is symmetric and that the
Loewy length of every nonzero projective module is equal to 2n (Proposition 3.1). In
order to obtain this result, we introduce a basis of the algebra P(Ln) (Proposition 5.3).

§1. The stable module category and the stable Calabi–Yau dimension

We fix an algebraically closed field k and assume that all algebras considered in this
section are finite-dimensional k-algebras, and that all modules are finitely generated right
modules. We denote by mod-A the category of finitely generated right A-modules over
an algebra A.

LetM , N beA-modules. We denote by P(M,N) the subset of HomA(M,N) consisting
of homomorphisms of the form M → P → N , where P is a projective module. The
sets P(M,N) form an ideal of the category mod-A. The stable module category of an
algebra A is the quotient category of mod-A by this ideal. We denote the stable module
category by mod-A and the set of morphisms from M to N in the category mod-A by
HomA(M,N). For a morphism f in the category mod-A, let f be the corresponding
morphism in the category mod-A.
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The set P(M,N) can be defined in a different way. In particular, the following propo-
sition holds true.

Proposition 1.1. Let M,N be A-modules, and let f ∈ HomA(M,N). The following
conditions are equivalent:

(1) f ∈ P(M,N);
(2) there exists a homomorphism g : M → PN such that f = σNg, where σN :

PN � N is a projective cover of the module N ;
(3) for any epimorphism h : L � N , there exists g : M → L such that f = hg.

Proof. The equivalence (1) ⇔ (3) was proved in [8, IV, 1.5], and the implications (3) ⇒
(2) ⇒ (1) are obvious. �

Assume that A is a selfinjective algebra. Then it can be proved that the syzygy functor
Ω : mod-A → mod-A is an autoquasiequivalence (see [9]). Moreover, the structure of
a triangulated category can be introduced on mod-A; the shift functor related to this
structure is the inverse to the Heller syzygy functor Ω−1 : mod-A → mod-A, see [10].

The selfinjectivity of the algebra A implies that of the enveloping algebra Ae =
Aop ⊗ A. The category of Ae-modules is isomorphic to the category of A-bimodules.
Hence, we can easily define the stable bimodule category bimod-A with the shift functor
ΩAe : bimod-A → bimod-A. If N is a left-right projective A-bimodule, then the functor
−⊗A N : mod-A → mod-A sends projective modules to projective modules. Therefore,
it induces an endofunctor on the stable module category. This functor will be denoted
by −⊗N : mod-A → mod-A. It is easy to check that Ωn ∼= −⊗ Ωn

Ae(A).
As was said above, the stable Calabi–Yau dimension of an algebra A is the Calabi–Yau

dimension of the category mod-A:

CY dim(A) = CYdim(mod-A).

In [2, Corollary 1.3], Erdmann and Skowroński proved that CY dim(A) = d, where d ≥ 0
is the smallest number such that Ωd+1 ∼= ν−1; here ν−1 : mod-A → mod-A is the functor
induced by the inverse of Nakayama functor. It is well known that for a symmetric algebra
A we have an isomorphism ν ∼= Idmod-A. Consequently, the following statements is true
(see [2, Corollary 1.4]).

Proposition 1.2. Let A be a symmetric algebra. Then CY dim(A) = d if and only if
d ≥ 0 is the smallest number such that there is an isomorphism Ωd+1 ∼= Idmod-A.

Corollary 1.3. Suppose A is a symmetric algebra, d = CYdim(A) < ∞, and Ωn ∼=
Idmod-A. Then d+ 1 divides n.

§2. Socle and radical series of a graded bound quiver algebra

Let kQ be the path algebra of a quiver Q. We view it as a graded algebra, where
|ei| = 0 and |a| = 1 for i ∈ Q0, a ∈ Q1. If I � kQ is a homogeneous ideal, the grading on
kQ induces a grading on the quotient algebra A = kQ/I.

Let M be an A-module. We denote by radk(M) the kth term of the radical series
M = rad0(M) ⊇ rad1(M) ⊇ . . . , and by sock(M) the kth term of the socle series

0 = soc0(M) ⊆ soc1(M) ⊆ . . . . For convenience, we set sock(M) = 0 and radk(M) = M
for k < 0.

The following fact appears to be well known, but since we were unable to find a proper
reference, it will be presented with a proof.
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Proposition 2.1. Let I be a homogeneous admissible ideal of the path algebra kQ, let
A = kQ/I, and let Pi = eiA. Then

radk(Pi) =
⊕

l≥k

eiAl.

Moreover, if A is self-injective and the Loewy length of the module Pi is equal to m, then

sock(Pi) = radm−k(Pi).

Proof. We denote by J := (Q1) the ideal of kQ generated by arrows. It is easily seen
that Jk =

⊕
l≥k kQl, where kQl is the lth homogeneous component of the path algebra.

The image of J in the algebra A coincides with its radical. Therefore, multiplying the
relation radk(A) =

⊕
l≥k Al by ei we obtain the first statement of the proposition.

Since the Loewy length of the module Pi is equal to m, we have radm(Pi) = 0 and

radm−1(Pi) �= 0. It is easy to check that sock(Pi) = {x ∈ Pi | ∀a ∈ Ak xa = 0}. It

follows that radm−k(Pi) ≤ sock(Pi). Since the algebra A is selfinjective, soc(Pi) is a
simple module. Moreover, radm−1(Pi) ≤ soc(Pi), whence soc(Pi) = radm−1(Pi).

Now we use induction on k to show that sock(Pi) = radm−k(Pi). Assuming that

sock(Pi) = radm−k(Pi), we prove that sock+1(Pi) = radm−k−1(Pi). We already know

that radm−k−1(Pi) ≤ sock+1(Pi). We assume that k < m − 1, otherwise the required

relation is obvious. Consider an element x ∈ Pi \ radm−k−1(Pi). In order to complete
the proof, it suffices to show that x /∈ sock+1(Pi). We can present x as x = xl + x>l,

where xl ∈ eiAl \ {0} and x>l ∈ radl+1(Pi), for some l < m− k − 1. Since xl /∈ soc(Pi),
there exists an element a ∈ A1 such that xla �= 0. Consequently, xla ∈ Al+1 \ {0}. Since
l + 1 < m − k, it follows that xla /∈ radm−k(Pi) = sock(Pi). Consequently, there exists
an element b ∈ Ak such that xlab �= 0. Since the elements xlab and x>lab lie in different
direct summands, xlab �= 0 gives us xab = xlab+ x>lab �= 0. Since ab ∈ Ak+1, it follows
that xAk+1 �= 0. Finally, x /∈ sock+1(Pi). �

§3. The preprojective algebra of type Ln

Recall that Ln denotes the following graph.

Ln : • • • . . . • (n ≥ 1 vertices)

In this section we present several results on the preprojective algebra of type Ln. Recall
that it is the bound quiver algebra P(Ln) = kQP(Ln)/ILn

of the following quiver with
relations:

0ε=sε ��

α0 �� 1
sα0

��
α1 �� 2
sα1

�� . . . n− 2
αn−2

�� n− 1
sαn−2

�� ,
sαiαi + αi+1sαi+1 (0 ≤ i ≤ n− 3),
ε2 + α0sα0, sαn−2αn−2.

The proof of the following statement is rather bulky, and we give it separately at the
end of the paper.

Proposition 3.1. P(Ln) is a finite-dimensional symmetric algebra, and the Loewy length
of any nonzero projective P(Ln)-module is equal to 2n.

It is easy to show that the ideal ILn
is a homogeneous ideal of kQP(Ln); consequently,

the algebra P(Ln) has a natural grading.

Corollary 3.2. Let A = P(Ln), and let Al be the lth homogeneous component of A.
Then

radk(Pi) = soc2n−k(Pi) =
⊕

l≥k

eiAl.

Proof. This follows from Propositions 2.1 and 3.1. �
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Let ϕ : A → A be an automorphism of the algebra A. Consider a functor resϕ :
mod-A → mod-A. By definition, it modifies the structure of every right A-module by
the formula m ∗

ϕ
a = mϕ(a). At the same time, it leaves unchanged both the underlying

vector space structure and the set-theoretical structure of every morphism. We denote
Mϕ = resϕ(M). A similar functor resId,ϕ : bimod-A → bimod-A can be defined on the
category of bimodules which only “twists” the right module structure of a bimodule by
the formula resId,ϕ(M) = Mϕ. It is easy to check the isomorphism resϕ ∼= −⊗A Aϕ.

Proposition 3.3. Let A = P(Ln). Then Ω3
Ae(A) ∼= Aτ , where τ : A → A is the

automorphism given by the formulas τ (ei) = ei, τ (a) = −a, for all vertices i and arrows
a of the quiver QP(Ln).

This statement was mentioned without proof in [7, Proposition 2.1]. It fixes an inac-
curacy in the statement of [1, Proposition 2.3]. Nevertheless, the proof of the latter fact
presented in that paper is correct.

§4. The main theorem

Proposition 4.1. If n ≥ 2 and char(k) �= 2, then CYdim(P(Ln)) �= 2.

Proof. We set A = P(Ln). Consider the quotient module M = P0/ rad
2(P0). Since

soc2(M) = M , for any homomorphism g : M → P0 we have the inclusion Im(g) ≤
soc2(P0). Therefore, for n ≥ 2, Corollary 3.2 shows that soc2(P0) = rad2n−2(P0) ≤
rad2(P0). Hence Im(g) ≤ rad2(P0) for any homomorphism g : M → P0, and it follows
that any homomorphism of the form M → P0 � M , where P0 � M denotes the
canonical projection, is zero. Together with Proposition 1.1, this yields P(M,M) = 0,
whence HomA(M,M) ∼= HomA(M,M).

The automorphism τ sends P0 to P0. Consider its restriction τP0
: P0 → (P0)τ .

It is easily seen that τP0
is an isomorphism of modules sending rad2(P0) to rad2(P0)τ .

Therefore, it induces an isomorphism M ∼= Mτ .
Now assume that CY dim(A) = 2, contrary to the claim. Then Propositions 1.2 and

3.1 give an isomorphism of functors Ω3 ∼= Idmod-A. We denote by resτ : mod-A → mod-A

the functor induced by resτ on the stable module category. Since Ω3
Ae(A) ∼= Aτ , it follows

that

resτ
∼= −⊗Aτ

∼= −⊗Ω3
Ae(A) ∼= Ω3

A
∼= Idmod-A .

Therefore, Idmod-A
∼= resτ .

We denote this isomorphism by f : Idmod-A → resτ .
The component fM : M → Mτ of f at M is an isomorphism in the category mod-A.

We choose its representative f ′
M : M → Mτ in the category mod-A. Since P(Mτ ,Mτ ) ∼=

P(M,M) = 0, it follows that f ′
M : M → Mτ is an isomorphism in the category mod-A.

The submodule rad2(P0) is invariant under the endomorphism of multiplication by
the loop ε, which we denote by ε · : P0 → P0. Consequently, this endomorphism induces
an endomorphism on M , still denoted by ε · : M → M . Since f : Idmod-A → resτ is a
natural transformation, the following diagram is commutative in the category mod-A:

M
ε ·

��

fM ∼=
��

M

fM ∼=
��

Mτ

ε ·
�� Mτ
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Since P(M,Mτ ) ∼= P(M,M) = 0, the following diagram is commutative in the category
mod-A:

M
ε · ��

f ′
M

∼=
��

M

f ′
M

∼=
��

Mτ
ε · �� Mτ

We set pe0 := e0+rad2(P0) ∈ M, pε := ε+rad2(P0) ∈ M . Let f ′
M (pe0) = λpe0+r, where

λ ∈ k and r ∈ rad(M). It is easy to check that (ε ·)(r) = 0 and rε = 0. Therefore,

f ′
M (pε) =

(
f ′
M ◦ (ε ·)

)
(pe0) =

(
(ε ·) ◦ f ′

M

)
(pe0) = (ε·)(f ′

M (pe0)) = λpε.

On the other hand,

f ′
M (pε) = f ′

M (pe0) ∗
τ
ε = −f ′

M (pe0)ε = −λpε.

Since char(k) �= 2, the relation λpε = f ′
M (pε) = −λpε shows that λ = 0, which contradicts

the assumption that f ′
M is an isomorphism. �

Theorem 4.2. Let n ≥ 2. Then:

• if char(k) �= 2, then CYdim(P(Ln)) = 5;
• if char(k) = 2, then CYdim(P(Ln)) = 2.

Proof. In [2] it was shown that CY dim(A) = 0 if and only if A is a Nakayama algebra
of Loewy length at most two; and CY dim(A) = 1 if and only if A ∼= Matm

(
k[x]/(xl)

)

where l ≥ 3. Therefore, CY dim(P(Ln)) ≥ 2.
We set A := P(Ln). If char(k) = 2, then τ = IdA. Hence, Proposition 3.3 shows that

Ω3
Ae(A) ∼= A, so that Ω3 ∼= Idmod-A. Then CY dim(P(Ln)) = 2.
If char(k) �= 2, then the inequality CY dim(P(Ln)) ≥ 2 and Proposition 4.1 imply that

CY dim(A) ≥ 3. By Proposition 3.3, we have Ω6
Ae(A) ∼= Aτ2 = A, and it follows that

Ω6 ∼= Idmod-A. Therefore, using Proposition 1.3, we see that CY dim(A) + 1 divides 6.
Since CY dim(A) ≥ 3, we obtain CY dim(A) = 5. �

§5. Proof of Proposition 3.1

In the present section we need the notion of a simple graph. Informally speaking, it is
an undirected graph that has no loops and at most one edge between any pair of vertices.
However, for technical reasons it will be more convenient for us to employ the following
formal definition. Under this approach, a simple graph is not a graph, and we are going
to clearly distinguish between these two concepts. For example, An, Dn, E6, E7, E8,
Ln are graphs, but not simple graphs.

Let X be a set. We denote by F(X) the free k-vector space generated by X, by
∧2(X)

the set of two-element subsets of the set X, and by |X| the cardinality of the set X.

A simple graph is a pair Γ = (Γ0, 
), where Γ0 is a set and 
 ⊆ ∧2(Γ0). We call an
element of Γ0 a vertex of Γ, and an element of 
 an edge of Γ. A simple graph Γ is bipartite
if Γ0 can be presented as a disjoint union Γ0 = U0 �U1 such that a, b ∈ Ui ⇒ {a, b} /∈ 
.
In the latter case we call Ui a part of Γ.

Let π0(Γ) denote the set of connected components of a simple graph Γ, and let [γ] be
the component containing γ ∈ Γ0.

Lemma 5.1. Let Γ = (Γ0, 
) be a bipartite simple graph with parts U0, U1, and let V�

be a subspace of F(Γ0) generated by the set {γ + γ′ | {γ, γ′} ∈ 
}. Then the following
sequence is exact:

0 −→ V� −→ F(Γ0)
θ−→ F(π0(Γ)) −→ 0,
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where the first map is induced by inclusion, and the second map is given by the formula
θ(γ) = (−1)i[γ], for γ ∈ Ui.

Proof. Choose an element ωC ∈ C in any component C ∈ π0(Γ). Let γ ∈ Γ0. We denote
by d(γ) the length of a shortest path from ω[γ] to γ. Let x =

∑
λγγ ∈ F(Γ0), and put

h0(x) = sup{d(γ) | λγ �= 0}, h1(x) =
∣∣{γ | λγ �= 0 ∧ d(γ) = h0(x)}

∣∣.

We set the supremum of the empty set equal to zero. Therefore, we get a map

h : F(Γ0) → N0 × N0, h(x) = (h0(x), h1(x)).

Here N0 = {0, 1, 2, . . . }, and the set N0 × N0 is viewed as a well-ordered set relative to
the lexicographic ordering. It is easy to check that h(x) = (0, 0) if and only if x = 0.

Obviously, θ is an epimorphism and V� ⊆ Ker(θ). Therefore, it suffices to prove that
Ker(θ) ⊆ V�. We consider x ∈ Ker(θ) and choose y ∈ V� such that h(x − y) is the
smallest possible element in the set N0 × N0. We shall prove that y = x. Suppose the
contrary; then 0 �= x− y =

∑
λγγ.

Case 1: h0(x− y) = 0. Then λγ = 0 for all γ �= ω[γ]. It follows that x− y =
∑

λωC
ωC ,

and also λωC
�= 0 for some C, because x−y �= 0. Consequently, θ(x−y) =

∑±λωC
C �= 0,

which contradicts the assumption x− y ∈ Ker(θ).

Case 2: h0(x − y) > 0. Then we consider γ such that d(γ) = h0(x − y) and λγ �= 0.
Since d(γ) > 0, there exists a vertex γ′ connected by an edge with the vertex γ, but lying
closer to the vertex ω[γ], i.e., d(γ

′) < d(γ). Consider y′ = y+λγ(γ+γ′) ∈ V�. It is easily
seen that h(x− y′) < h(x− y), contradicting the assumption. �

Now we consider an auxiliary infinite graph (which is not a simple graph):

L∞ : • • • . . . .

This graph is associated with the infinite-dimensional (not unital) preprojective algebra
P(L∞) = kQP(L∞)/IL∞ , where

QP(L∞) : 0ε=sε ��

α0 �� 1
sα0

��
α1 �� 2
sα1

��
α2 ��

sα2

�� . . .

IL∞ :
ε2 + α0sα0,

sαiαi + αi+1sαi+1 for i ≥ 0.

Denoting by Γ0(L∞) the set of paths of the quiver QP(L∞), we endow this set with a
structure of a bipartite simple graph. The set of edges 
L∞ of this graph consists of the
following two-element sets:

{uε2v, uα0sα0v}, {usαiαiv, uαi+1sαi+1v},

where i ≥ 0 and u, v are some paths. Let U0 be a set of all paths such that the number
of their arrows of the form α2k (k ≥ 0) is even, and let U1 = Γ(L∞)\U0. It is easily seen
that ΓL∞ = (Γ0(L∞), 
L∞) is a bipartite simple graph with parts U0 and U1; moreover,
V�L∞ = IL∞ , whence P(L∞) ∼= F(π0(ΓL∞)).

We set

lk,m := sαk−1sαk−2 . . . sαm if k > m and lk,k := ek,

rm,k := αmαm+1 . . . αk−1 if k > m and rk,k := ek,

lk := lk,0, rk := r0,k.
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Lemma 5.2.

(1) Two paths of the quiver QP(L∞) lie in one and the same connected component
of the simple graph ΓL∞ if and only if their sources, targets, lengths, and the
parities of the numbers of occurrences of ε coincide.

(2) In every component ΓL∞ there is only one path of the form li,jrj,k or liε
trk. In

particular, the images of these paths form a basis in the algebra P(L∞).

Proof. It is easy to show that if two paths of the quiver QP(L∞) are connected by an
edge in the simple graph ΓL∞ , then their sources, targets, lengths and parities of numbers
of occurrences of ε coincide. Consequently, the whole connected component of a path
consists of paths with the same sources, targets, lengths, and the parities of the numbers
of occurrences of ε. It suffices to prove that if the sources, targets, lengths, and parities of
the numbers of occurrences of ε of two paths coincide, then they lie in the same connected
component. In order to prove this, we show that in every connected component of ΓL∞

there is a path of the form li,jrj,k or liε
trk. This will complete the proof, because a path

of the form li,jrj,k or liε
trk is determined by its source, target, length, and the parity of

the number of occurrences of ε.
Consider any path w. From the definition it is clear that we can always replace a

subpath of the form αisαi by the subpath sαi−1αi−1 or ε
2, remaining in the same connected

component. First, we replace the subpaths of this form with the largest possible i, then
we repeat this operation, until we get a path without subpaths of the form αisαi. It is
easy to check that any path without such subpaths is a path of the form li,jrj,k or liε

trk.
Therefore, in any connected component there is a path of the form li,jrj,k or liε

trk. This
completes the proof. �

Proposition 5.3.

(1) The union of the following three sets of paths forms a basis of P(Ln). This basis
will be denoted by Bn.

• lijrjk, where i+ k − j ≤ n− 1, i, k ≥ j ≥ 0;
• liε

2trk, where i+ k + t ≤ n− 1 and i, k ≥ 0, t ≥ 1;
• liε

2t+1rk, where max(i, k) + t ≤ n− 1, i, k, t ≥ 0.
(2) All remaining paths of the form li,jrj,k and liε

trk vanish in P(Ln).
(3) Two paths with the same sources, targets, lengths, and the parities of the numbers

of occurrences of ε are equal up to a sign in P(Ln).

Proof. Consider the ideal In � kQP(L∞) generated by the idempotents ei with i ≥ n.
It is easily seen that P(Ln) ∼= kQP(L∞)/(In + IL∞). Consider the epimorphism θ :
kQP(L∞) � F(π0(ΓL∞)) occurring in Lemma 5.1. It is easy to check that θ(In) =
θ(In+ IL∞) is the vector space generated by the connected components of paths passing
through vertices i ≥ n. Since θ is an epimorphism, it follows that

P(Ln) ∼= kQP(L∞)/(In + IL∞) ∼= F(π0(ΓL∞))/θ(In).

Therefore, Lemma 5.2 implies that two paths with the same source, target, length, and
the parity of the numbers of occurrences of ε are equal up to a sign in P(Ln). Fur-
thermore, using this isomorphism we see that the set of paths of the form li,jrj,k and
liε

trj such that their connected components contain no path passing through a vertex
i ≥ n is a basis of P(Ln). The remaining paths of the form li,jrj,k and liε

trj are equal
to zero in P(Ln). It suffices to check that the paths mentioned in the first statement
of the proposition are all paths of the form li,jrj,k and liε

trj such that their connected
components contain no path passing through a vertex i ≥ n. This technical statement
can be checked with the help of Lemma 5.2. We leave this verification to the reader. �
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We set

ai :=
i∑

l=1

l =
i(i+ 1)

2
.

Lemma 5.4. The following relations hold true in the algebra P(Ln):

• rilik = (−1)ai−akε2(i−k)rk;
• rkili = (−1)ai−ak lkε

2(i−k).

This lemma is proved by double induction on i − k and on i, with the use of the
relations αisαi = −sαi−1αi−1 and α0sα0 = −ε2. We leave this proof to the reader.

Proof of Proposition 3.1. We set A := P(Ln). Let Pi = eiA be a projective indecom-
posable A-module associated with i ∈ Q0. Lemma 5.3 implies that any path of length
at least 2n− 1 vanishes. On the other hand, for any i ∈ {0, . . . , n− 1}, in A there exists
a nonzero path liε

2n−2i−1ri ∈ Pi of length 2n− 1. Consequently, Loewy length of every
projective indecomposable module is equal to 2n. We set si := liε

2n−2i−1ri; then si is a
longest path with the source and target i. Consequently, si ∈ socA(eiA) ∩ socAop(Aei).

We prove that socA(Pi) is a one-dimensional module generated by si. It is easy to
check that for any path w ∈ Bn \ {si | i = 0..n − 1} there exists an arrow α such that
wα �= 0. Consider an element a ∈ Pi \ 〈si〉. We express it as a linear combination of the
basis vectors of Bn and choose any shortest path w in this linear combination. Let i be
the target of w, and let λ �= 0 be its coefficient in the linear combination. It is easy to
check that there is at most one path in Bn starting at i and ending at j with a given

length. Consequently, aej = λw+r, where r ∈ rad|w|+1(A). We consider an arrow α such

that wα �= 0. Then aα = λwα + rα. Therefore, λwα ∈ A|w|+1 and rα ∈ rad|w|+2(A).
Consequently, Proposition 2.1 shows that λwα �= 0 implies aα = λwα+rα �= 0. It follows
that a /∈ soc(Pi), whence soc(Pi) = 〈si〉. By analogy, we prove that socAop(Aei) = 〈si〉.
Hence, the algebra A is self-injective by Theorem 13.4.2 in [11].

Now we prove that A is a symmetric algebra. For this, we construct a symmetric
Frobenius form, i.e., a linear map η : A → k such that the map A ⊗ A → k given by
a⊗ b �→ η(ab) is a symmetric nondegenerate bilinear form. We define η : A → k on the
basis Bn by the formula

η(b) =

®
(−1)ai if b = si,

0 if b �= si for any i.

It is well known and easy to check that, for self-injective bound quiver algebras, if
η|soc(Pi) �= 0 then η is a Frobenius form.

It remains to prove that η is a symmetric bilinear form. We need to check that
η(ab) = η(ba) for every a, b ∈ A. It suffices to check this on the basis. Consider
b1, b2 ∈ Bn. We are only interested in the case where s(b1) = t(b2) and t(b1) = s(b2),
|b1| + |b2| = 2n − 1, and the parities of the number of occurrences of ε in b1 and b2
are different, because otherwise b1b2 and b2b1 are equal up to a sign to paths of the
form lijrjk, liε

trk except si, or zero, and therefore η(b1b2) = 0 = η(b2b1). Suppose
i = s(b1) = t(b2), j = t(b1) = s(b2), |b1| + |b2| = 2n − 1, and the parities of the number
of occurrences of ε in b1 and b2 are different. Since the situation is symmetric, we may
assume that the number of occurrences of ε in b1 is odd, and the number of those in b2
is even. Then only two cases are possible.
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(1) b1 = liε
2t+1rj , b2 = ljkrki, where |b1|+ |b2| = 2(i+ j+ t− k)+1 = 2n− 1. Using

Lemma 5.4, we get

b1b2 = liε
2t+1rj ljkrki = (−1)aj−ak liε

2(t+j−k)+1ri = (−1)aj−aksi,

b2b1 = ljkrkiliε
2t+1rj = (−1)ai−ak ljε

2(t+i−k)+1ri = (−1)ai−aksj .

It follows that η(b1b2) = (−1)aj−ak+ai = η(b2b1).
(2) b1 = liε

2t+1rj , b2 = ljε
2tri, where |b1|+ |b2| = 2(2t+ k + i) + 1 = 2n− 1. Using

Lemma 5.4, we get

b1b2 = liε
2t+1rj ljε

2tri = (−1)aj liε
2(2t+j)+1ri = (−1)ajsi,

b2b1 = ljε
2triliε

2t+1rj = (−1)ai ljε
2(2t+i)+1rj = (−1)aisj .

Consequently, η(b1b2) = (−1)aj+ai = η(b2b1). �

Acknowledgments

I wish to express my sincere gratitude to A. I. Generalov and M. A. Antipov for their
interest in this work and helpful remarks.

References
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