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CAUCHY-TYPE INTEGRALS AND SINGULAR MEASURES

V. V. KAPUSTIN

Abstract. In an earlier paper by the author it was shown that, in the case of
rank-two commutators the problem of existence of an averaged wave operator for a
pair of unitary operators whose spectral measures are singular with respect to the
Lebesgue measure can be rewritten in terms of Cauchy-type integrals. The approach
to the problem presented in the paper is based upon truncated Toeplitz operators,
convergence is analyzed in terms of their symbols, and the results obtained are applied
to the boundary behavior of functions belonging to ∗-invariant subspaces of the Hardy
class H2.

§1. Introduction

For a finite singular Borel measure μ on the unit circle and for f ∈ L2(μ), we study
the behavior of the functions Hrf ∈ L2(μ) defined by

(Hrf)(z) =

∫
f(z)− f(ξ)

1− rsξz
dμ(ξ),

where r ∈ (0, 1). The limit of the functions Hrf as r ↗ 1, whenever it exists, can
be regarded as the Hilbert transform of f . Denote by B(μ) the subclass of L2(μ) that
consists of all functions f such that the norms of the operators

(1) h �→
∫

f(z)− f(ξ)

1− rsξz
h(ξ) dμ(ξ), h ∈ L2(μ),

are bounded uniformly for r ∈ (0, 1). In particular, if f ∈ B(μ), then the norms of the
functions Hrf are bounded uniformly on (0, 1). In accordance with Proposition 4.1 in [1],
f ∈ B(μ) if and only if there exists an operator X on L2(μ) for which

(2) XU − UX = (·, sf)1− (·, 1)f,
where U is the unitary operator of multiplication by the independent variable on L2(μ).

Let C(μ) be the subset of B(μ) that consists of all functions f ∈ B(μ) such that the
functionsHrf have a weak limit as r ↗ 1. If f ∈ B(μ) andX is an operator satisfying (2),
then f ∈ C(μ) if and only if the limit of the Abel means of the sequence (UnXU−n)n≥0

exists in the weak operator topology (see [1, Proposition 4.2]). By [1, Theorem 4.3],
for any singular measure μ without atoms, there exist functions f ∈ B(μ) such that
f /∈ C(μ). This leads us naturally to the question about describing the functions of class
C(μ), which will be discussed in §4.

We will need truncated Toeplitz operators on the space Kθ = H2 � θH2, where H2

is the Hardy space, and θ is an inner function in the unit disk, that is, θ ∈ H2 and
|θ| = 1 almost everywhere on the unit circle. The spaces Kθ are invariant under the

backward shift operator h �→ h−h(0)
z , which is the operator adjoint to the shift h �→ zh
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on H2. These spaces play an important role in operator theory, they are used substan-
tially in the functional model theory for contractions on Hilbert spaces. The theory of
the model operator on Kθ was presented in the book [2]. Like the Toeplitz operators
on H2, truncated Toeplitz operators on Kθ act as the superposition of multiplication by
a function called the symbol, and the orthogonal projection onto Kθ. In Theorem 3.2 it
will be shown that f ∈ B(μ) if and only if f is associated with some truncated Toeplitz
operator. Thus, the class B(μ) turns out to be rather broad, which looks somewhat
surprising, and the demonstration of this fact is one of our main purposes in this paper;
see the discussion in the last paragraph of §3.

If a function f is sufficiently smooth, then the limit in L2(μ) of the functions Hrf as

r ↗ 1 exists and has the form
∫ f(z)−f(ξ)

1−sξz
dμ(ξ). In Lemma 4.1 it will be shown that the

functions f associated with truncated Toeplitz operators whose symbols are continuous
belong to the class C(μ). A wider sufficient condition will be established in Theorem 4.3.
On the other hand, all bounded measurable functions on the unit circle are symbols of
bounded truncated Toeplitz operators, and for some truncated Toeplitz operators with
bounded symbols the convergence in question fails (see Theorem 4.4). Therefore, it
would be natural to study this convergence in terms of continuity properties of symbols
of truncated Toeplitz operators.

In §5 we touch on the unitary equivalence of operators realized by a wave operator,
provided it exists. The results of the preceding sections show that in some situations
the weak averaged wave operator may fail to exist, but nevertheless, some parts of the
unitary operators under consideration turn out to be unitarily equivalent. From this
viewpoint, the situation where the wave operator fails to exist is “better” than the case
where it exists and equals zero.

Finally, §6 is devoted to some consequences of our results related to the boundary
behavior of functions in Kθ. For an inner function θ and complex numbers α, |α| = 1,
consider the family of singular Clark measures σα on the unit circle, determined by the
relation

(3)
1− |θ(z)|2
|1− sαθ(z)|2 =

∫
1− |z|2
|ξ − z|2 dσα(ξ).

(The expression on the left is a positive harmonic function in the unit disk, so that it
can be represented as the Poisson transform of a nonnegative Borel measure σα on the
unit circle. Since θ is an inner function, the boundary values of the left-hand side vanish
almost everywhere with respect to the Lebesgue measure; therefore, σα is a singular
measure.) Since θ has nontangential limits equal to α at σα-almost all points of the unit
circle, we can consider the operator that takes functions belonging to a dense subset
of Kθ to their boundary functions in L2(σα). Clark [3] showed that this operator can
be extended by continuity to a unitary operator. Poltoratski [4] proved that angular
boundary values exist σα-almost everywhere for all functions in Kθ. More precisely, if
ϕ ∈ Kθ and ϕr(z) = ϕ(rz), then the functions ϕr have a limit in L2(σα) as r ↗ 1, and
moreover, the angular limits of ϕ exist at σα-almost all points. This result allows us to
consider the values of ϕ at the points of the unit circle where the limit exists. A natural
problem arises: to estimate the difference ϕ− ϕr. We introduce the functions gr,

(4) gr(z) =
ϕ(z)− ϕ(rz)

θ(z)− θ(rz)
,

take α = 1, and denote by μ the Clark measure σ1 of the inner function θ. Let f ∈ L2(μ)
be the function such that ϕ = f μ-almost everywhere. It turns out that, viewed as
elements of the space L2(μ), the functions gr coincide with Hrf (see §6), and this allows
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us to apply our results about the uniform boundedness of norms and the convergence of
the functions Hrf to the question about the boundary behavior of functions of class Kθ.

§2. Functions of unitary operators on Kθ

Before working with the class of all truncated Toeplitz operators, consider the impor-
tant subclass that consists of functions of certain natural unitary operators Uα on Kθ.

Let θ be an inner function in the unit disk, θ(0) = 0, and let α be a unimodular
complex number. Then relation (3) is equivalent to the following:

(5)
1 + sαθ(z)

1− sαθ(z)
=

∫
1 + sξz

1− sξz
dσα(ξ).

Indeed, formula (3) can be obtained by taking the real parts in (5). Therefore, if (3) is
fulfilled, the expressions in (5) may differ only by a pure imaginary constant, but taking
z = 0 shows that this constant is zero. The substitution of z = 0 in (5) also shows that
σα is a probability measure.

We define unitary operators Uα on Kθ by

(6) Uαh = Pθzh+ α(h, szθ)1,

where Pθ stands for the orthogonal projection onto Kθ. The fact that all functions of
Uα are truncated Toeplitz operators, was established in §12 of [5].

The operators Uα are unitarily equivalent to the operators of multiplication by z on
L2(σα) (see [3]); the unitary equivalence is realized by the embedding

Kθ ↪→ L2(σα)

defined via the angular boundary values of functions in Kθ (see [4]). Here and in what
follows the term embedding means a mapping that takes functions belonging to the initial
space Kθ to their values regarded as elements of another L2-space.

The values of functions of class Kθ inside the unit disk can be recovered by their values
σα-almost everywhere with the help of the formula

(7) ϕ(z) = (1− sαθ(z))

∫
ϕ(ξ) dσα(ξ)

1− sξz
.

If q ∈ L∞(σα), the operator q(Uα) multiplies the boundary values of functions in Kθ

on the set where θ = α by q; more precisely, for h ∈ Kθ, q(Uα)h is the function in Kθ

whose boundary values are equal σα-almost everywhere to those of h multiplied by q.
Let ϕ ∈ Kθ be the function determined by the condition that ϕ equals q σα-almost
everywhere. Comparing the values of functions σα-almost everywhere, we obtain ϕ =
q(Uα)1; similarly, the relation q(Uα)

∗
szθ = szθsϕ is a consequence of the fact that szθsϕ is

the function in Kθ whose values are equal σα-almost everywhere to the values of sq · szθ.
Since the operator q(Uα) commutes with Uα and U1 = Uα + (1− α)(·, szθ)1, we obtain

q(Uα)U1 − U1q(Uα) = (1− α)((·, szθ)q(Uα)1− (·, q(Uα)
∗
szθ)1)

= (1− α)((·, szθ)ϕ− (·, szθsϕ)1).
(8)

Now we take a singular probability measure μ on the unit circle and construct an
inner function θ by formula (5) with α = 1 and μ = σ1:

(9)
1 + θ(z)

1− θ(z)
=

∫
1 + sξz

1− sξz
dμ(ξ).

Let V be the unitary embedding

V : Kθ ↪→ L2(μ) = L2(σ1).
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Denote by U the operator of multiplication by the independent variable on L2(μ); we
have

V U1V
∗ = U.

For q ∈ L∞(σα), we introduce the operator X : L2(μ) → L2(μ) by the formula

(10) X =
1

1− α
V q(Uα)V

−1.

From (8), we can easily obtain the following formula for the commutator:

(11) K = XU − UX = (·, sz)f − (·, sz sf)1,

where f = V ϕ ∈ L2(μ), i.e., ϕ = f μ-almost everywhere. For nonnegative integers n we
have

(12) X − Un+1XU−(n+1) =
n∑

m=0

UmKU−(m+1).

Let Br denote the Abel means of the sequence (12):

(13) Br = X − (1− r)

∞∑
n=0

rnUn+1XU−(n+1) =

∞∑
m=0

rmUmKU−(m+1).

Formula (11) can be rewritten as (Kh)(z) =
∫
(f(z)− f(ξ))ξh(ξ) dμ(ξ), whence by (13)

we obtain

(14) (Brh)(z) =

∞∑
m=0

rmzm
∫

(f(z)− f(ξ))ξ−mh(ξ) dμ(ξ) =

∫
f(z)− f(ξ)

1− rsξz
h(ξ) dμ(ξ).

Thus, the Br coincide with the operators (1). Since the set of all vectors h ∈ L2(μ) for
which Brh converge as r ↗ 1 is a subspace reducing U , convergence for h ≡ 1 yields
convergence for all h ∈ L2(μ). Therefore, for the operator X defined by (10), the Abel
means of the sequence of the operators UnXU−n have a limit if and only if the functions
Hrf converge.

§3. Averaged wave operators

and truncated Toeplitz operators

Taking an inner function θ with θ(0) = 0, we consider Kθ = H2�θH2. For a function
ψ ∈ L2, the truncated Toeplitz operator Aψ on Kθ is defined by

Aψh = Pθψh, h ∈ Kθ.

This operator is defined initially on the dense subset of all bounded functions in Kθ, and
the symbol ψ is assumed to be such that Aψ is a bounded operator, thus defined on the
entire space. The basic properties of truncated Toeplitz operators were studied in [5].

Let μ be the Clark measure σ1 of θ, as defined by (9). Since θ(0) = 0, μ is a
probability measure. Take an operator X on L2(μ) and assume that formula (11) is
fulfilled: XU − UX = (·, sz)f − (·, sz sf)1 for some f ∈ L2(μ). Construct ϕ ∈ Kθ so that
ϕ = f μ-almost everywhere; set

A = V ∗XV,

where V is the unitary embedding Kθ ↪→ L2(μ). Define U1 by formula (6) with α = 1.
Since V U1 = UV , for the commutator we have the formula

AU1 − U1A = V ∗XV U1 − U1V
∗XV = V ∗(XU − UX)V

= (·, V ∗
sz)V ∗f − (·, V ∗(sz sf))V ∗1.
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The boundary values of the functions szθ, ϕ, szθsϕ, 1 ∈ Kθ coincide μ-almost everywhere
with the functions sz, f , sz sf , 1, respectively. Therefore,

(15) AU1 − U1A = (·, szθ)ϕ− (·, szθsϕ)1.

Theorem 3.1. An operator A on Kθ is a truncated Toeplitz operator if and only if
relation (15) is fulfilled for some function ϕ ∈ Kθ.

Proof. Theorem 8.1 in [5] says that A is a truncated Toeplitz operator if and only if for
any pairs of vectors f, g ∈ Kθ with zf, zg ∈ Kθ we have (Azf, zg) = (Af, g). For f ∈ Kθ,
the property zf ∈ Kθ means that (f, szθ) = 0. The fact that h ∈ Kθ has the form h = zg
for g ∈ Kθ is equivalent to the condition (h, 1) = 0. Therefore, A is a truncated Toeplitz
operator if and only if the relations (f, szθ) = 0, (h, 1) = 0 imply (Azf, h) = (Af, szh), or
equivalently, ((AU1 − U1A)f, h) = 0. Obviously, this is the case if (15) is fulfilled.

Conversely, if A is a truncated Toeplitz operator, then, as was shown above, the
relations (f, szθ) = 0, (h, 1) = 0 imply ((AU1 − U1A)f, h) = 0. Hence, the operator
AU1 − U1A can be written in the form

(16) AU1 − U1A = (·, szθ)ϕ+ (·, γ)1
for some ϕ, γ ∈ Kθ. For the operator X = V AV ∗ on L2(μ), the commutator XU − UX
is a rank-two operator on L2(μ), the formula for which can be obtained from the right-
hand side of (16) if we replace the functions belonging to Kθ by their boundary values
μ-almost everywhere. Theorem 6.1 in [6] says that if μ is a singular measure on the unit
circle and X is an operator on L2(μ) such that the commutator XU −UX is a finite sum∑

(·, suk)vk, then
∑

ukvk = 0 μ-almost everywhere. Therefore, zsθϕ+ sγ = 0 at μ-almost
all points. Hence, γ is the function of class Kθ whose values μ-almost everywhere are
equal to the values of the function −szθsϕ. Since szθsϕ ∈ Kθ, we obtain γ = −szθsϕ, and
relation (15) follows. �

For a truncated Toeplitz operator A, define ϕ ∈ Kθ by formula (15), and let f ∈ L2(μ)
be the function for which ϕ = f μ-almost everywhere. We say that f is associated with A.
Notice that the functions ϕ and f are determined up to an additive constant; indeed,
for a constant function ϕ we obtain zero on the right-hand side of (15). The standard
choice of ϕ can be determined by the condition ϕ(0) = 0.

Theorem 3.2. Let μ be a singular Borel probability measure on the unit circle. A
function f ∈ L2(μ) belongs to the class B(μ) if and only if f is associated with some
bounded truncated Toeplitz operator on Kθ, where θ is defined by formula (9).

Proof. By Proposition 4.1 of the paper [1], the norms of the operators (1) are bounded
uniformly in r if and only if there exists an operator X on L2(μ) for which XU − UX =
(·, sf)1 − (·, 1)f , or, if X is replaced by −XU , XU − UX = (·, sz)f − (·, sz sf)1. For A =
V ∗XV , this is equivalent to (15), which means that f is associated with A. �

Now we discuss how the function ϕ occurring in the expression for the commutator
(15) can be found from the symbol ψ of a truncated Toeplitz operator. Obviously, the

symbols in θH2 + θH2 yield the zero operator, so one can consider only symbols ψ that
belong to Kθ +Kθ. For ψ ∈ Kθ +Kθ, write

ψ+ = P+ψ = A1 ∈ Kθ, ψ− = P−ψ ∈ Kθ, ψ0 = (ψ, 1) = (A1, 1) = (A(szθ), szθ).

Also we have
(ψ−, 1) = 0, A(szθ) = (ψ− + ψ0)szθ.

For the symbol ψ we obtain

(17) ψ = ψ+ + ψ− = A1 + (zsθ ·A(szθ)− ψ0) = A1 + zsθ ·A(szθ)− (A1, 1).
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Proposition 3.3. 1. If A is a truncated Toeplitz operator on Kθ with ψ0 = (A1, 1) = 0,
then

(18) ϕ = A1− zA(szθ)

up to an additive constant.
2. If A = Aψ with ψ ∈ Kθ +Kθ, then

(19) ϕ = ψ+ − θψ−

(also up to an additive constant); the operator Aψ commutes with U1 if and only if
ϕ = ψ+ − θψ− ≡ const.

From relation (19) it follows that if ψ ∈ Kθ +Kθ, then ϕ is the function in Kθ that
coincides with ψ σ−1-almost everywhere.

Proof. 1. Take a function ϕ with ϕ(0) = 0 and apply (15) to the vector szθ:

(AU1 − U1A)(szθ) = (szθ, szθ)ϕ− (szθ, szθsϕ)1 = ϕ− ϕ(0) = ϕ.

On the other hand, since U1(szθ) = 1, we have

(AU1 − U1A)(szθ) = A1− U1A(szθ) = A1− zA(szθ),

where the relation U1A(szθ) = zA(szθ) is a consequence of the assumption (A(szθ), (szθ)) =
ψ0 = 0. Comparing the right-hand sides, we obtain formula (18).

2. The case where ψ is a constant function is trivial; without loss of generality we
may assume that ψ0 = 0. By property (18) for A = Aψ with ψ ∈ Kθ +Kθ, we have

ϕ = Aψ1− zAψ(szθ) = ψ+ − z(ψ− + ψ0)szθ = ψ+ − θψ−,

and formula (19) is proved. �

Take q ∈ L∞(σα), |α| = 1. The fact that q(Uα) is a truncated Toeplitz operator was
proved in [5, §12]; this also follows directly from Theorem 3.1 and formula (8).

The symbol of the truncated Toeplitz operator q(Uα) is the function (1+αsθ)ϕ, where
ϕ ∈ Kθ, ϕ = q σα-almost everywhere. Indeed, this formula is obvious if q is a constant.
Hence we may assume that 0 =

∫
q dσα = ϕ(0), and, thus, szϕ ∈ Kθ. The operator q(Uα)

multiplies the boundary values at σα-almost all points by the function q. Therefore,
q(Uα)1 is the function equal to q at σα-almost all points, that is, q(Uα)1 = ϕ. Simi-
larly, the values of the function szθ coincide with αsz σα-almost everywhere; hence the
values of the function q(Uα)(szθ) are equal σα-almost everywhere to q ·αsz, and we obtain
q(Uα)(szθ) = α · szϕ. By formula (17) with A = q(Uα), we have

ψ = q(Uα)1 + zsθ · q(Uα)(szθ)− (q(Uα)1, 1) = ϕ+ zsθ · α szϕ−
∫

q dσα = (1 + αsθ)ϕ,

as required.
To obtain the function f ∈ L2(μ) associated with the truncated Toeplitz operator

A = 1
1−αq(Uα), we should take the μ-almost all boundary values for the function ϕ ∈ Kθ

whose values coincide with q σα-almost everywhere. Since the operators that take func-
tions from Kθ to their boundary functions in L2(σα) and in L2(μ) = L2(σ1) are unitary,
the operator sending q ∈ L∞(σα) to f ∈ L2(μ) extends by continuity to a unitary op-
erator L2(σα) → L2(μ). Therefore, by Theorem 3.2, the class B(μ) contains the image
of L∞(σα). Thus, the class B(μ) contains the “unitary copies” of the spaces L∞(σα)
for any unimodular α �= 1; in this sense this class is very wide. However, the class
L∞(μ) = L∞(σ1) itself is not a subset of B(μ); namely, there exist continuous (and
hence bounded) functions on the unit circle that, being viewed as elements of the space
L∞(μ), do not belong to B(μ) (see [7]). One can compare this result with the following
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consequence of Lemma 4.1 below: if q is a continuous function viewed as an element of
the space L∞(σα) with α �= 1, then the corresponding function f belongs to C(μ).

§4. Convergence conditions

As usual, μ is a probability singular measure on the unit circle, θ is the inner function
determined by relation (9). Now we study sequences (UnXU−n) of operators on L2(μ),
where X is an operator for which the commutator XU − UX has the form (11) for
some function f ∈ L2(μ). By Theorems 3.1 and 3.2, this is equivalent to the relation
X = V AV ∗, where A is a truncated Toeplitz operator on Kθ, and then f ∈ B(μ) is
associated with A; the weak convergence of the Abel means of the sequence (UnXU−n)
is equivalent to that f ∈ C(μ).

Sufficient conditions for the averaged convergence of the operators UnXU−n can be
stated in terms of the continuity of the symbols of truncated Toeplitz operators and of
functions applied to the unitary operators Uα. Recall that V : Kθ ↪→ L2(μ) is the
unitary embedding.

Lemma 4.1. Let q be a continuous function on the unit circle. Assume that either
X = V TqV

∗, where Tq is a truncated Toeplitz operator with symbol q, or X = V q(Uα)V
∗,

where Uα is the unitary operator defined by formula (6). Then the Cesàro means of the
sequence of operators (UnXU−n)n≥0 have a limit in the strong operator topology. The
limit operator commutes with U and coincides with q(U) on the orthogonal complement
to all eigenvectors of U .

Proof. The operator Tq − q(Uα) is compact if |α| = 1 and q is a continuous function on
the unit circle. Indeed, for q(z) = zn, Tq − q(Uα) is a finite-rank operator: if n ≥ 0, then
Tzn = Tn

z , and since Tz − Uα is a rank-one operator, we see that rank(Tn
z − Un

α ) ≤ n;
similarly, rank(T

sz−U∗
α) = 1, and for n < 0 we have Tzn = T−n

sz and rank(Tn
z −Un

α ) ≤ −n.
Therefore, if q is a trigonometric polynomial, then Tq − q(Uα) is a finite-rank operator.
Any continuous function can be uniformly approximated by polynomials, and the limit
in norm of finite-rank operators is a compact operator.

Thus, in both cases V ∗XV −q(U1) is a compact operator, and since V q(U1)V
∗ = q(U),

the operator X − q(U) is also compact.
First, we consider eigenvectors of the operator U . Suppose that Uh = ωh, |ω| = 1.

For L = (·, a)b we have UnLU−nh = sωn(h, a)Unb; the convergence in question follows
from the fact that the Cesàro means of the sequence sωnUnb tend to the projection of the
vector b to the eigensubspace of U corresponding to the eigenvalue ω. If the operator
L is compact, it belongs to the closure in norm of all linear combinations of rank-one
operators, and we get convergence on the subspace generated by all eigenvectors of U .

Now consider the Cesàro means of the restrictions of (UnLU−n)n≥0 to the subspace
orthogonal to all eigenvectors of U , where L is a compact operator. It is well known that
these Cesàro means converge to zero in the strong operator topology; the author was not
able to find a reference to the original source; the proof can be found, e.g., in §2 of [1].

Set L = X − q(U), then UnXU−n = q(U) + UnLU−n, and the claim follows. �

Corollary 4.2. Let θ be an inner function with θ(0) = 0, and assume that the measure
σ1 has no atoms. Take a truncated Toeplitz operator A on Kθ, and let the function
ϕ ∈ Kθ be defined by formula (15). If ϕ coincides with a continuous function q σα-almost
everywhere for some unimodular α �= 1, then the strong limit of the sequence of the Cesàro
means of the operators Un

1 AU−n
1 exists and is equal to A− 1

1−α (q(Uα)− q(U1)).
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Proof. From formula (8) it follows that the operator A− 1
1−αq(Uα) commutes with U1.

Hence,

Un
1 AU−n

1 = Un
1

(
A− 1

1− α
q(Uα)

)
U−n
1 + Un

1 · 1

1− α
q(Uα)U

−n
1

=
(
A− 1

1− α
q(Uα)

)
+

1

1− α
V ∗ Un(V q(Uα)V

∗)U−n V.

By Lemma 4.1, the Cesàro means of the second summand in the last expression tend to
1

1−αV
∗q(U)V = 1

1−αq(U1), and the proof is complete. �

Now we show that weak convergence survives if we allow some discontinuities. For
simplicity, it is convenient to assume that the measure μ has no atoms. This assumption
is not too restrictive because on the subspace of eigenvectors we always have strong con-
vergence of the Cesàro means, and also because this condition is imposed when studying
convergence of the functions Hr.

Theorem 4.3. Let μ be a singular probability measure on the unit circle. Suppose
that μ has no point masses and construct the inner function θ for which μ is the Clark
measure σ1. Let q be a bounded function continuous on an open set the complement e
of which satisfies μe = 0, and assume that either X = V TqV

∗, where Tq is a truncated
Toeplitz operator with symbol q, or X = q(Uα), where α �= 1 and Uα is the unitary
operator defined by formula (6). Then the Cesàro means of the sequence (UnXU−n)n≥0

tend to the operator q(U) in the weak operator topology.

If we allow μ to have atoms, the result remains valid with the conclusion as in
Lemma 4.1.

Proof. Take an arbitrary function h ∈ Kθ; it suffices to show that the Cesàro means of
the sequence whose elements have the form

(UnXU−nh, h) = (V ∗XV V ∗U−nh, V ∗U−nh) =

∫
q · |V ∗U−nh|2 dν

converge to (q(U)h, h) =
∫
q |h|2 dμ, where ν is either Lebesgue measure in the case of

truncated Toeplitz operators, or ν = σα in the case where X = q(Uα). The Cesàro means
of (UnXU−nh, h) can be written as

∫
q wn dν, where the wn are the Cesàro means of

the functions |V ∗U−nh|2. If u is a continuous function on the entire unit circle, then by
Lemma 4.1 we have

∫
uwn dν →

∫
u drμ, where drμ = |h|2 dμ.

From the assumption it follows that for any ε > 0 there exists a continuous func-
tion u on the unit circle with values on the segment [0, 1] and such that u = 1 on e,
rμ({u �= 0}) < ε. We may assume that |q| ≤ 1 everywhere. Write q = q1 + q2, where
q1 = (1− u)q is a continuous function, so that

∫
q1 wn dν tends to

∫
q1 drμ; the function

q2 = uq satisfies |q2| ≤ u, and moreover,∫
u drμ ≤ rμ({u �= 0}) < ε.

We have
∣∣∫ q2 wn dν

∣∣ ≤ ∫
uwn dν; the right-hand side tends to

∫
u drμ < ε. Therefore,∫

q2 wn dν becomes small for large n, whence the required convergence follows easily. �
Now we show that sometimes the convergence in question may fail.

Theorem 4.4. Let θ be an inner function with θ(0) = 0, assume that μ = σ1 has no
atoms and let U denote the operator of multiplication by z on L2(μ).

1) There exists a truncated Toeplitz operator Tq on Kθ with bounded symbol q such
that the Abel means of the sequence of operators (UnXU−n), where X = V TqV

∗, have
no limit in the weak operator topology.
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2) For any unimodular complex number α �= 1, there exist functions q ∈ L∞(σα) such
that the Abel means of the sequence of operators (UnXU−n) with X = V q(Uα)V

∗ have
no limit in the weak operator topology.

The second part of this theorem is equivalent to Lemma 3.1 in [1].
In both cases the commutatorXU−UX has the form (11) for some function f ∈ L2(μ).

If convergence fails, we obtain f ∈ B(μ) \ C(μ).

Proof. Suppose that, conversely, the Abel means always converge, and in particular, the
Abel means of the numbers

(UnXU−n1, 1) = (V ∗XV V ∗U−n1, V ∗U−n1) =

∫
q · |V ∗U−n1|2 dν

have a limit for any function u ∈ L∞(ν), where ν is the normalized Lebesgue measure
on the unit circle in the first case, and ν = σα in the second case. Then, since the
space L1(ν) is weakly sequentially complete, the Abel means of the functions |V ∗U−n1|2
must have a limit s ∈ L1(ν). On the other hand, from Lemma 4.1 it follows that for
any continuous function q, the Cesàro means of the numbers (UnXU−n1, 1) tend to
(q(U)1, 1) =

∫
q dμ. Hence, μ = s · ν, but this is impossible because the measures μ and

ν are mutually singular. The contradiction obtained proves the theorem. �

Now we discuss the construction of functions f ∈ B(μ) \ C(μ). Such a function f
will be constructed as a function associated with a truncated Toeplitz operator either in
terms of its symbol, or in terms of q ∈ L∞(σα) for the operator q(Uα); moreover, our
construction starts with objects (e.g., weights wn) whose formulas cannot be explicitly
written in a simple form. Thus, it would be of interest to find more clear examples.
Nevertheless, our construction seems to shed some light on the phenomenon where the
limit in question fails to exist.

Moreover, the same arguments work not only for the Abel summation method, but
also for any summation method described in §5 of [1]; namely, the existence of a stronger
matrix summation method is required, which is also stronger than the Cesàro arithmetical
means method.

For any sequence, the convergence of its Cesàro means implies that of the Abel means.
Since the sequence of the operators (UnXU−n) is bounded, the converse is also true for
it (see [8]).

In the proofs of Theorems 4.3 and 4.4 we construct a sequence of nonnegative functions
wn ∈ L1(ν) that are averages of the functions |U−n

1 V ∗1|2, where either ν is the Lebesgue
measure, or ν = σα for some α �= 1. Then

∫
wn dν = 1 for any n, and wnν → μ

∗-weakly:
∫
qwn dν →

∫
q dμ for any continuous function q. Since the measures μ and

ν are mutually singular, there exist functions q ∈ L∞(ν) for which convergence fails.
Take the truncated Toeplitz operator with symbol q in the case where ν is the Lebesgue
measure, or the operator q(Uα) if ν = σα. Then the associated function f ∈ L2(μ)
satisfies f ∈ B(μ) \ C(μ).

To understand the behavior of the sequence (UnXU−n1, 1) in the case where con-
vergence fails, consider the construction of the corresponding function q ∈ L∞(ν). The
properties of the measures μ, ν and the weights wn described above imply that there
exists an increasing sequence of indices (nk) and a sequence (ek) of mutually disjoint
subsets of the unit circle for which ∫

ek

wnk
dν ≥ 3

4
.

This can be proved by arguments used in the proof of Theorem 6 in [9] (see also the
proof of Lemma 5 in [10]), to which S. V. Kisliakov kindly drew the author’s attention.
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Assuming that the union of the sets (ek) coincides with the entire circle, we define a
function q by the formula

q =
∑
k

(−1)kχek ,

where χek stands for the indicator of the set ek. We have∣∣∣∣(−1)k
∫
T

qwnk
dν −

∫
ek

wnk
dν

∣∣∣∣ ≤
∣∣∣∣
∫
T\ek

qwnk
dν

∣∣∣∣ ≤
∫
T\ek

wnk
dν ≤ 1

4
.

Therefore,

(−1)k ·
∫
T

qwnk
dν ≥ 1

2
,

whence we see that the subsequence (
∫
qwnk

) has no limit.

§5. Wave operators and unitary equivalence

The construction of the wave operator involves a pair of unitary (or selfadjoint) oper-
ators acting, in general, in two different spaces, and the “identification operator” acting
from the first space to the second. If U1 : H1 → H1, U2 : H2 → H2 are unitary op-
erators and X : H1 → H2 is a bounded operator, then the wave operator is a limit of
the sequence Un

2 XU−n
1 ; one can also consider averaged wave operators corresponding to

various summation methods. In the classic pattern of scattering theory, X is an isometric
operator; then the wave operator Y , which is a strong limit of isometric operators, is also
isometric and intertwines the operators U1 and U2: Y U1 = U2Y . Hence, the restriction
of U2 to the image of Y turns out to be unitarily equivalent to U1.

In many more general situations the intertwining relation Y U1 = U2Y remains valid,
although Y may fail to be an isometry; moreover, Y may have nonzero kernel. Consider
the polar decomposition Y = VY ·|Y |, where |Y | = (Y ∗Y )1/2 and VY is a partial isometry,
i.e., an operator acting as an isometry on the orthogonal complement to its kernel. Then
VY U1 = U2VY , and the restriction of U1 to the orthogonal complement of the kernel of Y
turns out to be unitarily equivalent to the restriction of U2 to the closed range of Y .

It would be of interest to look from this point of view at the situation where the
averaged wave operator does not exist. Our central idea here is that the absence of
the limit that defines the wave operator can nevertheless give us nontrivial intertwining
relations. This case is, for instance, more informative than the case where the limit exists
but is equal to the zero operator.

Spectral measures of two unitary operators are said to be mutually singular if there
exist two disjoint Borel sets on which they are supported; and we say that they are
mutually absolutely continuous if the collections of Borel sets for which the corresponding
spectral projections vanish coincide for both operators. The following lemma contains
arguments similar to those used in [1] and generalizes Theorem 5.1 of [6], where the
commutator XU1 − U2X was assumed to have finite rank.

Lemma 5.1. Assume that the spectral measures of unitary operators U1, U2 are mutually
singular. Then for any bounded operator X, the Cesàro means of the operators Un

2 XU−n
1

tend to the zero operator in the weak operator topology.

Proof. The Cesàro means of the sequence U2(U
n
2 XU−n

1 )− (Un
2 XU−n

1 )U1 are of the form
1
n (U

n+1
2 XU−n

1 − U2X); hence, they tend to the zero operator in norm. Therefore, con-

vergence of any subsequence for the Cesàro means of the sequence (Un
2 XU−n

1 h) to some
vector k is equivalent to the fact that the subsequence with the same indices of the Cesàro
means of the vectors (Un

2 XU−n
1 )(U1h) tends to U2k.
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Suppose that for some vector h0 �= 0 the Cesàro means of the sequence (Un
2 XU−n

1 h0)
do not tend weakly to zero. Since the sequence is bounded, we can find its subsequence
that tends to a nonzero vector. The set of vectors h for which the limit of the Cesàro
means of the vectors (Un

2 XU−n
1 h) exists along this subsequence, is a nontrivial closed

subspace reducing U1. The corresponding limits give rise to a nonzero operator on
this reducing subspace, and we get a nonzero operator intertwining a reducing part of U1

with U2. Hence, a nontrivial reducing part of U1 is unitarily equivalent to a reducing part
of U2. But this contradicts the assumption that the spectral measures of the operators
U1, U2 are mutually singular. �

As a straightforward consequence of this lemma, we obtain the following result.

Theorem 5.2. Let U1 : H1 → H1, U2 : H2 → H2 be unitary operators, and X : H1 → H2

a bounded operator. Denote by Cn the Cesàro means of the sequence (Un
2 XU−n

1 ). Con-
sider the subspaces

{h ∈ H1 : (Cnh, k) → 0 ∀k ∈ H2} and {k ∈ H2 : (Cnh, k) → 0 ∀h ∈ H1};
they reduce the operators U1, U2, respectively. Then the spectral measures of the restric-
tions of U1, U2 to the orthogonal complements of these subspaces are mutually absolutely
continuous.

Proof. By Lemma 5.1, all parts of the operator U1 whose spectral measures are singular
with respect to the spectral measure of U2, are contained in the subspace on which the
operators Cn tend weakly to zero. To get a similar fact for the parts of U2 with spectral
measures singular with respect to the spectral measure of U1, we can apply the same
argument to the adjoint operators. �

Observe that the situation described by the theorem covers the cases where the aver-
aged wave operator fails to exist. An interesting open question remains about conditions
that guarantee unitary equivalence, which means that the spectral measures are not only
mutually absolutely continuous, but also the functions that describe the local spectral
multiplicities coincide. Note that, in the paper [1], pairs of unitary operators with rank-
two difference for which the averaged wave operator does not exist were constructed so
that the operators is the pairs were unitarily equivalent to each other.

§6. Boundary behavior of functions in Kθ

As above, θ is an inner function, but we also consider the case where θ(0) �= 0;
Kθ = H2 � θH2. The Clark measures σα are defined by formula (3). For a function

ϕ ∈ Kθ, we define gr by formula (4): gr(z) =
ϕ(z)−ϕ(rz)
θ(z)−θ(rz) . If ϕ = f μ-almost everywhere,

by formula (7) for μ-almost all z we have

gr(z) =
ϕ(z)− ϕ(rz)

1− θ(rz)
= ϕ(z) · 1

1− θ(rz)
− ϕ(rz)

1− θ(rz)

= f(z) ·
∫

dμ(ξ)

1− sξ · rz
−
∫

f(ξ) dμ(ξ)

1− sξ · rz
= (Hrf)(z),

which by (14) is equal to Brh with h ≡ 1:

(20) gr = Br1.

In this section we study consequences of the fact that the functions gr and Hrf coincide.

Theorem 6.1. Let ϕ ∈ Kθ, and let α1, α2 be distinct unimodular complex numbers.
Assume that ϕ coincides with a bounded function q σα1

-almost everywhere. Then the
norms of gr in L2(σα2

) are bounded uniformly in r.
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We have the following sufficient condition for gr to have a limit at a point of the unit
circle.

Theorem 6.2. Under the conditions of Theorem 6.1, if σα2
has an atom at a point ω,

then gr(ω) has a limit as r ↗ 1,

(21) lim gr(ω) = −σα2
({ω})(sα2 − sα1)

∫
q(z)dσα1

(z)

|1− szω|2 − sα1

∫
q(z) dσα1

(z)

1− szω
.

The convergence of the integrals in (21) is guaranteed by the property
∫ dσα(z)

|1−szω|2 < ∞
(see Proposition 4 in [11]); for completeness of the presentation it will be checked below
when proving the theorem.

Since the norms of gr in L2(σα2
) are bounded by Theorem 6.1, the pointwise conver-

gence established in Theorem 6.2 implies L2-convergence on the part of the space L2(σα2
)

corresponding to point masses of the measure σα2
. To get convergence on the entire space

L2(σα2
), we replace the boundedness assumption in Theorem 6.1 by continuity.

Theorem 6.3. Under conditions of Theorem 6.1, if ϕ coincides σα1
-almost everywhere

with a continuous function q, then the limit of the functions gr as r ↗ 1 exists in L2(σα2
)

and coincides with the function ϕ−q
α2−α1

almost everywhere with respect to the continuous
part of σα2

.

This result can be compared with formula (2.1) in [12], where stronger assumptions
were imposed on a function on the real line. Both formulas connect extension by continu-
ity, the Hilbert transform, and the mapping that takes the boundary values of a function
in Kθ corresponding to the measure σα1

to the boundary values of the same function
σα2

-almost everywhere.
The continuity property of the function q can be relaxed in the light of Theorem 4.3.
If α1 = α2, the assertion of Theorem 6.3 is no longer true; moreover, even the con-

clusion of Theorem 6.1 fails. Namely, as an example in [7] shows, ϕ can coincide with
a continuous function σ1-almost everywhere, but the norms of gr in L2(σ1) can be un-
bounded.

Apparently, if a point ω with σα2
(ω) > 0 lies in the support of the measure σα1

, the
limit of gr(ω) exists by Theorem 6.2, but its value may fail to coincide with the value
computed in accordance with Theorem 6.3.

Without loss of generality we may assume that α2 = 1. Indeed, otherwise we can
consider the inner function sα2θ in place of θ and the unimodular number α = α1sα2 in
place of α1. Thus, fix α, α �= 1; we shall use the notation μ = σ1; for μ-almost all z we
have θ(z) = 1. The angular boundary function of ϕ on the subset of the circle where
θ = 1 is denoted by f : f ∈ L2(μ), ϕ = f μ-almost everywhere.

Proof of Theorem 6.1. The case where θ(0) = 0. Then μ = σ1 is a probability measure.
Let ϕ ∈ Kθ coincide σα-almost everywhere with a function q ∈ L∞(σα). By (20),
gr = Br1. By construction we have ‖Br‖ ≤ 2 ‖X‖, so that the norms of gr in L2(μ) are
bounded uniformly in r.

The case where θ(0) �= 0 will be reduced to the preceding case. Set λ = θ(0), define

θλ = 1−sλ
1−λ · θ−λ

1−sλθ
. Then θλ(0) = 0, and it can be checked that

1 + θ

1− θ
=

1− |λ|2
|1− λ|2 · 1 + θλ

1− θλ
+ 2i

Imλ

|1− λ|2 .

Therefore, taking the real parts, we see that the measure σ1 of the function θ and the

corresponding measure of the function θλ differ only by a constant factor of 1−|λ|2
|1−λ|2 .
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Take ϕ ∈ Kθ and define ϕλ = ϕ
1−sλθ

∈ Kθλ . The values of ϕλ differ σα-almost

everywhere from the values of ϕ by the factor 1 − sλα, the assumption that ϕ coincides
σα-almost everywhere with a bounded function is equivalent to the same property of the
function ϕλ. Then the already proved part of the theorem shows that the norms of the

functions ϕλ−(ϕλ)r
1−(θλ)r

in L2(μ) are bounded, μ = σ1. At μ-almost all points we have θ = 1,

and

ϕλ − (ϕλ)r
1− (θλ)r

=

ϕ
1−sλ

− ϕr

1−sλθr

1− 1−sλ
1−λ · θr−λ

1−sλθr

=
1− λ

1− |λ|2 · ϕ− ϕr

1− θr
+

1− λ

1− sλ
·

sλ

1− |λ|2 · ϕ.

By this relation, the norms of the functions gr = ϕ−ϕr

1−θr
in L2(μ) are also bounded. �

Proof of Theorem 6.2. Set α = α1sα2 and consider the pair α, 1 in place of α1, α2. Assume
that σ1({ω}) > 0 and that, for ϕ ∈ Kθ, we have ϕ = q σα-almost everywhere, with
q ∈ L∞(σα), α �= 1. We must prove that gr(ω) tends to the limit (21) as r ↗ 1.

If λ is a point of the open unit disk, then the reproducing kernel kλ for the space Kθ

has the form

kλ(z) =
1− θ(λ)θ(z)

1− sλz
;

for ϕ ∈ Kθ we have ϕ(λ) = (ϕ, kλ).
We use the results of [13] rewritten in terms of reproducing kernels. The fact that

σ1({ω}) > 0 means that the functional ϕ �→ ϕ(ω) is bounded on Kθ. Then the repro-
ducing kernel kλ is also well defined for λ = ω by the same formula, and kω ∈ Kθ.
Hence, the boundary function of kω belongs to L2(σα), namely,

∫
|kω(z)|2 dσα < ∞.

Since θ(z) = α �= 1 σα-almost everywhere and θ(ω) = 1, for σα-almost all z we have
kω(z) =

1−α
1−sωz , whence

(22)

∫
dσα(z)

|1− sωz|2 < ∞.

Now it is easily seen that the integrals in (21) converge.
Moreover, it is well known that then the radial derivative

θ′(ω) = lim
θ(ω)− θ(rω)

ω − rω

exists, and

θ′(ω) =
1

ωσ1({ω})
�= 0.

Thus, the existence of the limit of gr at ω is equivalent to the existence of the radial
derivative of ϕ at ω, and

lim
r↗1

gr(ω) =
ϕ′(ω)

θ′(ω)
= ωσ1({ω})ϕ′(ω).

(From [13] it follows that the fact that ϕ′(ω) exists for all ϕ ∈ Kθ is stronger than the
existence of values at ω. Therefore, in the general case, if σ1({ω}) > 0, then there may
exist functions ϕ ∈ Kθ for which the derivative ϕ′(ω) does not exist.)

We have

ωϕ′(ω) = ω · lim
r↗1

ϕ(ω)− ϕ(rω)

ω − rω
= lim

r↗1

(ϕ, kω)− (ϕ, krω)

1− r
.

Since the embedding Kθ ↪→ L2(σα) is a unitary operator, the scalar product of functions
of class Kθ can be rewritten as the scalar product in L2(σα):

(23) ωϕ′(ω) = lim
r↗1

∫
ϕskω dσα −

∫
ϕskrω dσα

1− r
= lim

r↗1

∫
q ·

skω − skrω
1− r

dσα.
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For σα-almost all z we have θ(z) = α; thus, by the formulas for the reproducing kernels

at such points we obtain kω(z) =
1−α
1−sωz , krω(z) =

1−θ(rω)α
1−rsωz . Therefore,

kω(z)− krω(z)

1− r
=

1

1− r
·
(

1− sα

1− ωsz
− 1− θ(rω)sα

1− rωsz

)

= − 1− sα

(1− sωz)(1− rωsz)
− 1− θ(rω)

1− r
· sα

1− rωsz
.

(24)

Since the function θ has radial derivative at the point ω, we see that the function 1−θ(rω)
1−r

is bounded, and the absolute value of the right-hand side of (24) can be estimated by
const

|1−sωz|2 uniformly in r. By (22), to show that the integral in (23) converges, it suffices to

establish the convergence of
skω−skrω

1−r σα-almost everywhere. Thus,

(25) lim
r↗1

gr(ω) = σ1({ω}) · ωϕ′(ω) = σ1({ω}) ·
∫

q · lim
r↗1

skω − skrω
1− r

dσα.

From (24) we obtain

lim
r↗1

kω(z)− krω(z)

1− r
= − 1− sα

(1− sωz)(1− ωsz)
− ωθ′(ω) · sα

1− ωsz

= − 1− sα

|1− sωz|2 − sα

σ1({ω}) · (1− ωsz)

for σα-almost all z. If we plug this in (25), we obtain (21) with α1 = α, α2 = 1. �

Proof of Theorem 6.3. As above, we assume that α2 = 1 (the general case can be reduced
to this by the consideration of α = α1sα2 in place of α1). First, we consider the case
where θ(0) = 0.

Suppose ϕ ∈ Kθ, μ = σ1, and let f ∈ L2(μ) be the boundary function of ϕ : ϕ = f
μ-almost everywhere. The functions gr are defined by formula (4), and gr coincides with
Hrf as an element of the space L2(μ). By assumption, the function ϕ ∈ Kθ coincides
σα-almost everywhere with a continuous function q for some α �= 1. We must prove that
gr have a limit in L2(μ) and that

gr → f − q

1− α
in L2(μc) as r ↗ 1,

where μc is the continuous part of μ. Convergence on the atomic part of μ is a consequence
of Theorem 6.2 if we recall Theorem 6.1, by which the norms of the gr in L2(μ) are
bounded.

By Theorem 4.1, the Cesàro means, and hence also the Abel means, of the operators

Un
1

q(Uα)
1−α U−n

1 have a strong limit, and on the orthogonal complementK to all eigenvectors

of U1 this limit coincides with q(U1)
1−α . Thus, the limit of the operators Br defined in §2

exists and coincides on K with X − q(U)
1−α . Applying this convergence to the vector

h ≡ 1 ∈ L2(μ) and using the fact that Br1 = gr, we conclude that the functions gr
have a limit that coincides μc-almost everywhere with

(
X − q(U)

1−α

)
1. In its turn, this

coincides with the boundary values μc-almost everywhere (recall that μ = σ1) of the

function
( q(Uα)

1−α − q(U1)
1−α

)
1 ∈ Kθ. Comparing the boundary values σα-almost everywhere,

we obtain q(Uα)1 = ϕ. Since ϕ = f and q(U1)1 = q μ-almost everywhere, we see that

limr↗1 gr = f−q
1−α μc-almost everywhere, as required.

The reduction of the case where θ(0) �= 0 to the case analyzed above is similar to that
in the proof of Theorem 6.1. �
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[9] M. I. Kadec and A. Pe�lczyński, Bases, lacunary sequences and complemented subspaces in the
spaces Lp, Studia Math. 21 (1961/1962), 161–176. MR0152879 (27:2851)

[10] S. V. Kisliakov, What is needed for a 0-absolutely summing operator to be nuclear? Complex
Analysis and Spectral Theory (Leningrad, 1979/1980), Lecture Notes in Math., vol. 864, Springer,
Berlin–New York, 1981, pp. 336–364. MR643385 (83c:47035)

[11] A. B. Aleksandrov, Multiplicity of boundary values of inner functions, Izv. Akad. Nauk Armyan.
SSR Ser. Mat. 22 (1987), no. 5, 490–503. (Russian) MR931885 (89e:30058)

[12] C. Liaw and S. Treil, Rank one perturbations and singular integral operators, J. Funct. Anal. 257
(2009), no. 6, 1947–1975. MR2540995 (2010m:42031)

[13] P. R. Ahern and D. N. Clark, Radial limits and invariant subspaces, Amer. J. Math. 92 (1970),
no. 2, 332–342. MR0262511 (41:7117)

St. Petersburg Branch, Steklov Mathematical Institute, Russian Academy of Sciences

Fontanka 27, Saint Petersburg 191023, Russia

E-mail address: kapustin@pdmi.ras.ru

Received 1/MAR/2012

Translated by THE AUTHOR

http://www.ams.org/mathscinet-getitem?mr=2977898
http://www.ams.org/mathscinet-getitem?mr=0575166
http://www.ams.org/mathscinet-getitem?mr=0575166
http://www.ams.org/mathscinet-getitem?mr=0827223
http://www.ams.org/mathscinet-getitem?mr=0827223
http://www.ams.org/mathscinet-getitem?mr=0301534
http://www.ams.org/mathscinet-getitem?mr=0301534
http://www.ams.org/mathscinet-getitem?mr=1223178
http://www.ams.org/mathscinet-getitem?mr=1223178
http://www.ams.org/mathscinet-getitem?mr=2363975
http://www.ams.org/mathscinet-getitem?mr=2363975
http://www.ams.org/mathscinet-getitem?mr=2749285
http://www.ams.org/mathscinet-getitem?mr=2749285
http://www.ams.org/mathscinet-getitem?mr=2822526
http://www.ams.org/mathscinet-getitem?mr=2822526
http://www.ams.org/mathscinet-getitem?mr=1545168
http://www.ams.org/mathscinet-getitem?mr=0152879
http://www.ams.org/mathscinet-getitem?mr=0152879
http://www.ams.org/mathscinet-getitem?mr=643385
http://www.ams.org/mathscinet-getitem?mr=643385
http://www.ams.org/mathscinet-getitem?mr=931885
http://www.ams.org/mathscinet-getitem?mr=931885
http://www.ams.org/mathscinet-getitem?mr=2540995
http://www.ams.org/mathscinet-getitem?mr=2540995
http://www.ams.org/mathscinet-getitem?mr=0262511
http://www.ams.org/mathscinet-getitem?mr=0262511

	1. Introduction
	2. Functions of unitary operators on 𝐾_{𝜃}
	3. Averaged wave operators  and truncated Toeplitz operators
	4. Convergence conditions
	5. Wave operators and unitary equivalence
	6. Boundary behavior of functions in 𝐾_{𝜃}
	References

