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ON INDEPENDENCE OF SOME PSEUDOCHARACTERS

ON BRAID GROUPS

I. A. DYNNIKOV AND V. A. SHASTIN

Abstract. It is proved that the pseudocharacter defined on the braid group by the
signature of braid closures is linearly independent of all pseudocharacters obtained
from the twist number via the Malyutin operators, provided that the number of
strands is greater than 4. This pseudocharacter is shown to have a nontrivial kernel
part. It is observed that the operators I and R defined by Malyutin on the space of
pseudocharacters satisfy the Heisenberg relation, and that some of Malyutin’s results
are standard consequences of this fact.

§1. Pseudocharacters

Definition 1. A quasicharacter on a group G is a map χ : G → R such that the quantity

Cχ = sup
g,h∈G

|χ(gh)− χ(g)− χ(h)|,

called the defect of χ, is finite. A quasicharacter χ is called a pseudocharacter if

χ(gk) = k · χ(g)
for all g ∈ G, k ∈ Z.

Trivially, each bounded function on a group is a quasicharacter. Since adding a
bounded function to a quasicharacter yields a quasicharacter, it is natural to consider
quasicharacters up to addition of bounded functions. By a result of [1], this is equivalent
to the consideration of pseudocharacters only. Namely, the following is true.

Theorem 1 (see [1]). Every quasicharacter on an arbitrary group G admits a unique
presentation as the sum of a pseudocharacter and a function bounded in absolute value
by the defect Cχ.

Thus, for any quasicharacter χ there is a unique pseudocharacter, which we denote
by sχ, that differs from χ by a bounded function, and C

sχ ≤ 4Cχ. Its uniqueness follows
from the obvious relation

(1) sχ(g) = lim
k→∞

χ(gk)

k
.

Obviously, each pseudocharacter is constant on every conjugacy class. Also, we men-
tion the following fact.

Theorem 2 (see [2]). Let H be a normal subgroup of finite index in a group G, and let
χ be a pseudocharacter on H such that

(2) χ(ghg−1) = χ(h) for all g ∈ G, h ∈ H.
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Then χ extends uniquely to a pseudocharacter on the entire group G.

The uniqueness of extension is a consequence of the fact that the kth power of any
element g ∈ G, where k = |G/H|, lies in H, and upon extension we should have

χ(g) =
χ(gk)

k
.

Note that if on a normal subgroup H ⊂ G of finite index we have a pseudocharacter χ
for which condition (2) fails, then we can act as follows to get a pseudocharacter χ
satisfying (2): take g1, . . . , gk ∈ G, where k = |G/H| so that the cosets giH are pairwise
distinct and average χ by conjugating by the elements gi:

(3) χ′(g) =
k∑

i=1

χ(gigg
−1
i ).

In the present paper we shall consider the Artin braid group Bn on n strands; the
above theorem will be applied to the case where H = Pn, the pure braid subgroup. Thus,
if some pseudocharacter is already defined for pure braids on n strands and condition (2)
is satisfied, then we tacitly assume it to be extended to the entire braid group.

All pseudocharacters on a fixed group form a vector space over R; in the case of the
braid group Bn this vector space will be denoted by Xn. The results of [3, 4] show that
for n ≥ 3 this space Xn is infinite-dimensional.

It is clear that, for two groups G1 and G2, the composition of any pseudocharacter χ
on G2 with an arbitrary group homomorphism ϕ : G1 → G2 is a pseudocharacter on G1.

In [5], Malyutin proposed to construct pseudocharacters on Bn, starting with those
on Bn−1, with the help of the strand removal procedure. This construction yields a linear
homomorphism R from Xn−1 to Xn and can be described as follows.

Let χ be a pseudocharacter on the group Bn−1. For an arbitrary pure braid β ∈ Pn,
let deli β denote the braid obtained from β by removing the ith strand. Put

(Rχ)(β) =

n∑
i=1

χ(deli(β)).

Since deli is a homomorphism of Pn to Pn−1, the operator R takes pseudocharacters to
pseudocharacters. Summation over all strands ensures condition (2). Then the pseu-
docharacter Rχ extends to the entire group Bn in the standard way.

We denote by ιn−1 the standard embedding Bn−1 → Bn that takes the Artin gener-
ators σ1, . . . , σn−2 of Bn−1 to the similar generators of Bn. The embedding ιn−1 gives
rise to an operator I : Xn → Xn−1. The value taken by the image I(χ) of a pseudochar-
acter χ at an arbitrary braid β ∈ Bn−1 is calculated by the formula

I(χ)(β) = χ(ιn−1(β)).

Definition 2. A pseudocharacter χ on Bn is said to be kernel if χ(β) = 0 for every
β ∈ ιn−1(Bn−1).

In other words, a pseudocharacter χ on Bn is kernel if I(χ) = 0. The subspace of
kernel pseudocharacters in Xn will be denoted by Yn.

In [2], Malyutin showed how kernel pseudocharacters can be used for proving that
some Markov type operations cannot be applied to a braid.

In [5], Malyutin noticed a number of facts about the spaces Xn and the operators I
and R that are standard consequences of the following observation, missed in [5].
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Theorem 3. The Malyutin operators I and R on the space

X =

∞⊕
n=2

Xn

of all pseudocharacters on the braid groups satisfy the Heisenberg relation

IR−RI = 1.

Proof. Let χ ∈ Xn be an arbitrary pseudocharacter on Bn and β ∈ Pn an arbitrary pure
braid. Then

((IR)χ)(β) = (Rχ)(ιn(β)) =
n+1∑
i=1

χ(deli(ιn(β)))

=

n∑
i=1

χ(ιn−1(deli(β))) + χ(β) = ((RI)χ)(β) + χ(β). �

Since, obviously, In−1χ = 0 for all χ ∈ Xn, we immediately obtain the following
statement.

Corollary 1. The space X of all pseudocharacters on braid groups carries the structure
of a module over the Weyl algebra; this module is isomorphic to

R[x]⊗
( ∞⊕

n=2

Yn

)
,

and on R ⊗
(⊕∞

n=2 Yn

)
=

⊕∞
n=2 Yn ⊂ X the isomorphism can be taken identical; if

this is done, the operator R converts to multiplication by x and the operator I to the
differentiation d/dx. In particular, we have

Xn = Yn ⊕R(Yn−1)⊕R2(Yn−2)⊕ · · · ⊕Rn−2(Y2),

the operator R is injective, and I is surjective.

Thus, the space Xn splits into a direct sum of the subspace Yn of kernel pseudochar-
acters and the subspace R(Xn−1), and for each pseudocharacter χ on Bn we can define
its kernel part χker, namely, the projection of χ to Yn along R(Xn−1).

Corollary 2. The kernel part of an arbitrary pseudocharacter χ on Bn is equal to

(4) χker =
n−2∑
k=0

(−1)k

k!
RkIkχ.

Proof. Since

X ∼= R[x]⊗
( ∞⊕

n=2

Yn

)

(isomorphism of modules over Weyl′s algebra), we can check formula (4) replacing χ with
a polynomial f ∈ R[x] of degree n− 2, the operator R with x, and I with d/dx:

n−2∑
k=0

(−1)k

k!
xk dkf(x)

dxk
= f(x− x) = f(0).

The constant term f(0) of the polynomial f is precisely its “kernel part”. �
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Note that the operator Ik takesXn toXn−k for each n, and coincides with the operator
of restriction to a subgroup under the standard embedding Bn−k ↪→ Bn. It is easily seen
that the operator Rk acts on χ ∈ Xn as follows:

(5) (Rkχ)(β) = k!
∑

{i1,...,ik}⊂{1,2,...,n+k},
i1<···<ik

χ(deli1,...,ik(β)),

where β ∈ Pn+k is a pure braid, and deli1,...,ik means that the strands with numbers
i1, . . . , ik are removed from β. Thus, Corollary 2 is a reformulation of Theorem 2 in [2].

We proceed to the definition of the pseudocharacters to be studied.

1.1. Exponent sum.

Definition 3. The exponent sum exp(β) of a braid β ∈ Bn is the image of β under the
homomorphism Bn → Z that takes each Artin generator σi to 1.

The exponent sum is not only a pseudocharacter, but in fact a group homomorphism
from Bn to Z. It is easily seen that, for n > 2,

(6) R(expn−1) = (n− 2) expn, I(expn) = expn−1,

where expn denotes the exponent sum on Bn, and expn−1 – on Bn−1. Thus, we cannot
obtain new pseudocharacters from exp by applying the operators I and R.

1.2. Twist number. The braid group Bn admits left-invariant orderings, the first of
which was invented by Dehornoy [6] and is defined as follows. A braid β ∈ Bn is positive
in the Dehornoy order if, for some i = 1, . . . , n−1, it can be represented by a word in the
Artin generators such that σi occurs in this word at least once, but neither σ−1

i , nor σj

with j < i occur in it. We write β1 < β2 if the braid β−1
1 β2 is positive in the Dehornoy

order. For our purposes, any Thurston type ordering will fit.

Definition 4. The Dehornoy floor [β]D of a braid β ∈ Bn is the largest integer k such
that β ≥ Δ2k

n , where Δn is the Garside element, the square of which equals

Δ2
n = (σ1σ2 . . . σn−1)

n.

The following statement can be proved by using the fact that Δ2
n is a central element

of the group Bn.

Proposition 1 (see [8]). The Dehornoy floor is a quasicharacter with defect 1.

Definition 5. For a braid β ∈ Bn, the quantity

(7) ω(β) = lim
k→∞

[βk]D
k

is called the twist number of β.

In accordance with Theorem 1 and formula (7), the function ω is well defined on Bn

and is a pseudocharacter. The properties of the Dehornoy ordering imply the following
statement (see [8]).

Proposition 2. The pseudocharacter ω is kernel.

In the sequel, the twist number viewed as a function on Bn will sometimes be denoted
by ωn. The next statement is a consequence of Proposition 2 and the already established
structure of X as a module over the Weyl algebra.

Corollary 3. The pseudocharacters ωn, Rωn−1, . . . , R
n−2ω2 ∈ Xn are linearly inde-

pendent.
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Observe that the pseudocharacter ω2 coincides with 1
2 exp2; together with (6) this

yields the formula
Rn−2ω2 =

(n− 2)!

2
expn .

1.3. Pseudocharacters of twist type. Yet another way to obtain new pseudochar-
acters was communicated to us by A. Malyutin. This construction is similar to applying
the operator R, but employs another homomorphism from Pn to Pn−1, which arose in
[9] and is defined as follows. Let β ∈ Pn be a pure braid. It can be represented in the
form

β = β1σ
±2
n−1β2σ

±2
n−1β3 . . . ,

where β1, β2, . . .∈ ιn−1(Bn−1). In this representation, we replace each occurrence of σ±2
n−1

with (σn−2σn−3 . . . σ1σ1σ2 . . . σn−2)
∓1 and then remove the last strand. The resulting

braid is denoted by J(β) (see Figure 1).

β1 β1

β2 β2

β3 β3

�J

Figure 1. The homomorphism J .

Proposition 3 (see [9]). The map J : Pn → Pn−1 defined above is well defined and is
a group homomorphism.

Let β1, β2, . . . , βn! be arbitrary representatives of the cosets of the group Pn in Bn.
We define an operator S : Xn−1 → Xn by the formula

(Sχ)(β) =
1

(n− 1)!

n!∑
i=1

(χ ◦ J)(βiββ
−1
i ), χ ∈ Xn−1.

This formula is a particular case of (3) (up to a factor). The resulting pseudocharacter
extends to Bn in the standard way. It is not hard to show that the pseudocharacter χ◦J
on Pn is invariant under conjugation by all braids from ιn−1(Bn−1), which implies that
Sχ can be calculated by a simple formula:

(8) (Sχ)(β) =
n−1∑
i=0

(χ ◦ J)(γi
nβγ

−i
n ), £ γn = σ1σ2 . . . σn−1.
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Here, the braids γi may be replaced with arbitrary representatives of the left cosets of
the subgroup generated by ιn−1(Bn−1) ∪ Pn in Bn.

Definition 6. By the pseudocharacters of twist type we mean the twist numbers ωn,
n = 2, 3, . . . and all pseudocharacters obtained from them by application of the operators
S, R, and I, all their products, and all linear combinations of such products.

It has been mentioned above that the pseudocharacter ω is kernel. However, ap-
plying S to ω yields a nonkernel pseudocharacter. For example, (Sω2)(σ

2
1) = −1 and

(Sω3)(σ
2
1) = −2. In particular, this example shows that ISωn �= Sωn−1. Thus, from the

pseudocharacter Sωn we can obtain new pseudocharacters not only via the operator R,
but also with the help of I. However, shortly we shall see that the repeated application
of I or R cannot yield new pseudocharacters.

Proposition 4. For any k, n ≥ 2 we have

IkSωn+k−1 − ISωn = −ωn.

Proof. We employ (8). Let β ∈ Pn be an arbitrary pure braid. We denote by β′ and
β′′ the braids ιn(β) ∈ Bn+1 and (ιn+k−1 ◦ · · · ◦ ιn)(β) ∈ Bn+k, respectively. For i =
0, . . . , k − 1, the braid γi

n+kβ
′′γ−i

n+k coincides with the braid β with i strands added on

the left and k − i strands added on the right. Therefore, the braid J(γi
n+kβ

′′γ−i
n+k),

obtained from γi
n+kβ

′′γ−i
n+k by removing the last strand, unlinked with the others, will

be split, and its twist number will be zero.

For i = 1, 2, . . . , n, the braid γk−1+i
n+k β′′γ

−(k−1+i)
n+k is obtained from γi

n+1β
′γ−i

n+1 by
replacing the ith strand with k parallel strands. The same is true for the braids

J(γk−1+i
n+k β′′γ

−(k−1+i)
n+k ) and J(γi

n+1β
′γ−i

n+1). Observe that the twist number does not
change if in a braid on n ≥ 2 strands we replace one strand with several parallel strands
(or even with any braid). Therefore,

(ω ◦ J)
(
γk−1+i
n+k β′′γ

−(k−1+i)
n+k

)
= (ω ◦ J)(γi

n+1β
′γ−i

n+1).

Finally, the braid J(β′) coincides with β, whence (ω ◦ J)(β′) = ω(β). Thus, we have

(Sωn)(β
′) = (Sωn+k−1)(β

′′) + ω(β),

as required. �

We see that no pseudocharacters of the form = IkSωn are of interest for k ≥ 2. The
next statement shows that iterations of the operator (8) are also of no interest.

Proposition 5. For any χ ∈ Xn−2, we have

S2χ = RSχ+ 4χ(Δn−2) expn .

Proof. This follows from the fact that a two-fold application of J to a braid β ∈ Pn yields
the same result as the following chain of actions: removal of the last strand; application
of J ; multiplication by Δ2k

n−2, where k is the algebraic number of intersections of the
last two strands in β. In its turn, this fact is established directly from the definition of
the operation J for β represented as a product of braids in Pn−1 and braids of the form

σ2j
n−1, j ∈ Z. �

Also, nothing new results from applying the operator (8) to the pseudocharacter ISω;
this is seen from the next claim.

Proposition 6. For any χ ∈ Xn−1, we have

SISχ = nSχ+ 4χ(Δn−1) expn .
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Proof. This follows from the fact that for any j = 0, 1, 2, . . . , n − 1 and any pure braid
β ∈ Pn we have

J
(
γjιn−1(J(β))γ

−j
)
= J(γjβγ−j)Δ2k

n−1,

where k is the algebraic number of intersections of the (n− j)th and jth strands if j > 0,
and k = 0 if j = 0.

For the generators of the group Pn the above identity can be checked directly, and for
the other elements it is valid because both its sides determine homomorphisms from Pn

to Pn−1. �
Finally, it is easily seen that J commutes with the operation of removing the first

strand. This implies the following statement.

Proposition 7. The operators S and R commute.

Summarizing Propositions 4–7, we see that the following is true.

Theorem 4. The space of pseudocharacters of the twist type on Bn is generated by ωn,
Sωn−1, ISωn and pseudocharacters of the form Rχ, where χ is a twist type pseudochar-
acter on Bn−1.

Proof. Let Tn be the subspace in Xn defined recursively as follows:

T2 = X2 = 〈exp2〉, Tn = R(Tn−1) + 〈ωn, Sωn−1, ISωn〉, n = 3, 4, . . . .

By construction, Tn only contains pseudocharacters of twist type. To prove the theorem,
it suffices to show that the direct sum of all Tn, n = 2, 3, . . . , is invariant under R, I
and S.

For R it is true by construction. For S and I, we use induction on n to check that
S(Tn) ⊂ Tn+1, I(Tn) ⊂ Tn−1 (this is obvious for n = 2):

S(Tn) = SR(Tn−1) + 〈Sωn, S
2ωn−1, SISωn〉

= RS(Tn−1) + 〈Sωn, S
2ωn−1, SISωn〉 ⊂ RTn + 〈Sωn, RSωn−1, expn+1〉 ⊂ Tn+1,

I(Tn) = IR(Tn−1) + 〈Iωn, ISωn−1, I
2Sωn〉

⊂ RI(Tn−1) + Tn−1 + 〈ISωn−1, ωn−1〉 ⊂ R(Tn−2) + Tn−1 ⊂ Tn−1. �

1.4. Signature. We define the signature sign(β) of a braid β as the signature of the
oriented link represented by β. The definition of the signature of a link can be found,
e.g., in [10]. The following result was obtained by Gambaudo and Ghis in [11].

Theorem 5. The function sign on the group Bn is a quasicharacter with defect not
exceeding 2n.

The pseudocharacter on Bn that corresponds to the signature will be denoted by sign.
The results of [11, 12] imply the following statement.

Theorem 6. On the group B3, the pseudocharacter sign is a linear combination of the
twist number and the exponent sum:

sign(β) = 2 · ω(β)− exp3(β).

In [5], the question was posed about the relationship between this pseudocharacter
and the twist numbers for arbitrary n. Below, we prove the following two facts.

Theorem 7. The pseudocharacter sign on Bn has a nontrivial kernel part.

Theorem 8. For n ≥ 5, the pseudocharacter signn is linearly independent of all pseu-
docharacters of twist type. Moreover, for n = 5 this pseudocharacter is independent of all
pseudocharacters of twist type and all other ones obtained by application of the Malyutin
operator R to the pseudocharacters on B4.
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§2. Geometric meaning and calculation of twist numbers

Here we give a geometric interpretation of twist numbers and present a way to calculate
them. This interpretation is based on a relationship between the Dehornoy ordering and
topology, observed for the first time in [13]. A survey of results on this and similar
orderings can be found in [14].

Let β be a braid. It is well known that braids can be regarded as homeomorphisms
of n-punctured two-dimensional disk, fixed at the boundary and viewed up to homotopy
in the class of such homeomorphisms. As the disk we take a disk D in R2 centered
at the origin, the punctures being n distinct points P1, . . . , Pn lying on the horizontal
diameter and enumerated from left to right; we denote D \ {P1, . . . , Pn} by Dn. Let
ϕβ be a homeomorphism of Dn corresponding to the braid β. Let δ denote the part
of the horizontal diameter of D from the leftmost point to P1; consider the image of δ
under ϕβ. The freedom in the choice of ϕβ allows us to assume that the arc ϕβ(δ) has
the smallest possible number of intersections with the horizontal axis among all paths
homotopic to this arc and avoiding the punctures. The Dehornoy floor is responsible for
the number of full turns made by the curve ϕβ(δ) around the segment [P1, Pn] before
crossing it. More precisely, let δ1 be the part of the curve ϕβ(δ) from the leftmost point
to the first intersection with [P1, Pn], and let δ2 be the curve obtained from δ by a small
deformation such that the left end is shifted down along the boundary of the disk Dn.
Suppose that P1 is not an end of the curve δ1. Then the intersection index ind(δ2, δ1) is
precisely the Dehornoy floor [β]D.

Otherwise, if δ1 ends at P1 (this is possible only if ϕβ(δ) does not intersect the interior
of [P1, Pn]) then, deforming δ1 or δ2 slightly, we get two values of ind(δ2, δ1) that differ
by 1. One of them is always equal to [β]D.

δ P1 P2 P3

ϕβ−→

ϕβ(δ) δ1

δ2

β = (σ1σ2)
7σ2

1 [β]D = ind(δ2, δ1) = 2

Figure 2. The Dehornoy floor.

The following statement was proved in [8].

Theorem 9. The twist number of a braid on n strands is a rational number whose
denominator does not exceed n.

Proof. Not going into details, we describe the idea of the proof; this idea is fairly visual.
By the result of Thurston [16], for each nontrivial braid β on n strands, one of the
following statements is true.

(1) Raised to some power q, the braid β coincides with Δ2p. Such braids are said to
be periodic.

(2) The braid β is pseudo-Anosov. This means that, in the corresponding mapping
class of the n+1 times punctured sphere (obtained by contracting the boundary of Dn to
a point), there is a homeomorphism for which there exists a pair of invariant, mutually
transversal, and measurable foliations with singularities (called stable and unstable ones).



ON INDEPENDENCE OF SOME PSEUDOCHARACTERS 871

(3) The braid β is reducible, i.e., in the punctured disk Dn there is a nonempty and
nontrivial family of circles the isotopy class of which is invariant under the homeomor-
phism ϕβ. Nontriviality means that the circles are not homotopic to the boundary of
Dn, and inside the disk bounded by each circle there are at least two punctures.

It is well known (see [17] and the references therein) that every periodic braid in Bn

is conjugate to some power of one of the braids

σ1σ2 . . . σn−1 or σ2
1σ2σ3 . . . σn−1.

The first of these is the nth root of Δ2, and the second is (n− 1)st root of Δ2. It follows
that q divides n or n − 1. For a periodic braid β with βq = Δ2p, obviously, the twist
number is equal to p/q.

If β is a pseudo-Anosov braid, then the structure of its stable foliation can be given
with the help of an invariant train track [18], which, by definition, is a graph T embedded
in Dn and satisfying the following conditions. The edges of T are smooth arcs, all edges
that emanate from one vertex have a common tangent line, and for each vertex there
are two edges going from it in opposite directions. Each component of Dn \ (T ∪ ∂D)
should have one or several “cusps”, i.e., subdomains lying in small neighborhoods of the
vertices of T and bounded in these neighborhoods by two tangent segments of edges of T .
Under an appropriate choice of the homeomorphism ϕβ, the graph T should stay in its
small neighborhood under the action of ϕβ , and the ϕβ-images of C1-smooth paths in
T should go “parallel” to smooth paths in T , i.e., should have no local “foldings”. The
idea is illustrated in Figure 3.

ϕβ−→

Figure 3. The twist number of the braid β = σ2
3σ2σ3σ2σ1 is equal to

p/q with p = 1, q = 2.

Now, in the component Ω of the set Dn \T that contains ∂D, we draw arcs connecting
∂D with each “cusp” (one arc for each “cusp”; marked by dashed lines in Figure 3).
Then the twist number of β will be equal to p/q, where q is the number of “cusps”, and p
is the difference between the total numbers of full turns about the segment [P1P2] made
by the chosen arcs before and after the action of ϕβ . Thus, the denominator of the twist
number is dominated by the number of “cusps” in the domain Ω, which is not greater
than n− 2, for reasons related to calculation of the Euler characteristic of the disk Dn.

If the braid β in question is reducible, then, contracting to a point each of the disks
bounded by the circles of the invariant family, we get a homeomorphism of the disk
with a smaller number of punctures. The twist number of the braid that corresponds
to the new homeomorphism will be the same as for the initial braid. Thus, the twist
number of a reducible braid is equal to that of some other braid with a smaller number
of strands. �
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To calculate the twist number, we can use the algorithm of determining the geometric
type of a braid and finding, in the pseudo-Anosov case, an invariant train-track, as
described in [18]. Also, we can apply Theorem 11 and Proposition 1, which imply the
following statement.

Proposition 8. The twist number of a braid β ∈ Bn is equal to the rational number p/q

with |q| ≤ n closest to [β2n2

]D/(2n
2).

A visual interpretation can also be given for the pseudocharacter ηn = ISωn − ωn,
which can naturally be called the internal twist number. Let β be a pure braid on n
strands. Replace its jth strand with two parallel strands that do not intersect each other
in projection. Let βj be the resulting braid, let ϕj be the corresponding homeomorphism
of the punctured disk D\{P1, . . . , Pn+1}, and let δj be the part of the horizontal diameter
of D from its leftmost point to the jth puncture Pj . We denote by dj(β) the algebraic
number of full turns made by ϕj(δj) about the pair of punctures Pj , Pj+1 after going
from Pj and up to intersecting some segment [Pk, Pk+1] with |k − j| > 1 (the number of
intersections of ϕj(δj) with the horizontal diameter is assumed to be minimized).

It is easy to show that, after the due refinement of the definition, the number −dj(β)

coincides with the Dehornoy floor of the braid J(γn−j
n+1ιn(β)γ

j−n
n+1), so that it is a qua-

sicharacter on Pn. The corresponding pseudocharacter dj measures the “twist of the
braid β around its jth strand”, and the pseudocharacter ηn measures the total twist of
the braid around all its strands. The subtraction of ωn in the definition of ηn is due to
the fact that J(ιn(β)) = β.

§3. Calculating sign

We present a handy way to calculate sign(β). Let β be an arbitrary braid, and let w
be a word representing β in the Artin generators σi: w = σε1

i1
σε2
i2
. . . σεm

im
, ε1, . . . , εm ∈

{−1, 1}.
Put (ik+2m, εk+2m) = (ik+m, εk+m) = (ik, εk) for all k = 1, . . . ,m For each k =

1, . . . , 2m, denote by k′ the smallest integer such that ik′ = ik, k
′ > k. We compose a

matrix Aw = (akl)k,l=1,...,2m by the rule

akl =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 if l ≤ m, k = l′, εk = 1,

1 if k = l ≤ m, εk = εk′ = −1,

1 if k ≤ m, k < l < k′ < l′, ik = il + 1,

−1 if k ≤ m, l = k′, εl = −1,

−1 if k = l ≤ m, εk = εk′ = 1,

−1 if l ≤ m, l < k < l′ < k′, ik = il + 1,

0 otherwise.

Next, we put

Bw(t) =

(
1m

1

t
· 1m

)
Aw

(
1m

t · 1m

)
,

where 1m stands for the identity matrix of size m×m and

Sw(t) = Bw(t) +Bw(1/t)
T.

Obviously, the matrix Sw(t) is Hermitian for t ∈ C, |t| = 1. Let sign(Sw(t)) denote its
signature, i.e., the difference between the positive and negative inertia indices.
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Proposition 9. With the above notation, we have

sign(βs) =
∑
ts=1

sign(Sw(t)), sign(β) =
1

2π

∫ 2π

0

sign(Sw(e
iφ)) dφ.

Proof. The second identity follows from the first, because on the circle |t| = 1 the function
sign(Sw(t)) is piecewise constant and has finitely many discontinuity points. We prove
the first identity. Let Sw(t) = tS+

w + 1
tS

−
w + S0

w, where S+
w , S−

w , and S0
w are numerical

matrices. Then the matrix

(9) T ⊗ S+
w + T−1 ⊗ S−

w + 1s ⊗ S0
w,

where

T =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 . . . . . . 0
...

. . . 1
. . .

...
...

. . .
. . .

. . .
...

...
. . .

. . . 0
0 . . . . . . . . . 0 1
1 0 . . . . . . . . . 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

is the matrix of cyclic permutation of length s, and ⊗ means the Kronecker product, is
the Zeifert matrix for the link represented by the braid βs, under an appropriate choice
of the Zeifert surface and a generating system of cycles. Namely, the Zeifert surface
is built via a standard procedure (see, e.g., [10]) from disks whose number equals the
number of strands (precisely this will be the number of the Zeifert circles), and from strips
connecting these disks, the number of strips being equal to the number of intersections
on the braid’s diagram. The role of generating cycles is played by curves going around
the domains into which the braid closure diagram splits the plane (except for the central
and outer domain, see the right drawing in Figure 4). The cycles are enumerated in
accordance with the order of intersections at their “summit” (see the left drawing in
Figure 4).

1
2

3 4

5

6
7

8 9

10

6
7

8
10

Figure 4. Cycles on the standard Zeifert surface.

These cycles do not form a basis in the first homologies of the Zeifert surface, but
they generate them. Linear dependence of the cycles does not affect the signature of the
intersection matrix.
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Replacing the matrix T by the diagonal matrix⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 0 . . . . . . 0

0 e2πi/s
. . .

...
...

. . . e4πi/s
. . .

...
...

. . .
. . . 0

0 . . . . . . 0 e2(s−1)πi/s

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

similar to T does not change the signature of the matrix (9), reducing it to the form of
the direct sum of the matrices Sw(1), Sw(e

2πi/s), . . . , Sw(e
2(s−1)πi/s), and the required

claim follows. �

We present an example of calculating the signature of a braid on five strands. Let a
braid β be represented by the word w = σ1σ2σ3σ

−2
4 . Then

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1 0 0 0 0 0 0 0 0 0
−1 −1 0 0 0 1 0 0 0 0
0 −1 −1 0 0 0 1 0 0 0
0 0 0 1 −1 0 0 0 0 0
0 0 −1 0 1 0 0 1 −1 0
1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

B =

⎛
⎜⎜⎜⎜⎝
−1 + 1

t 0 0 0 0
−1 + t −1 + 1

t 0 0 0
0 −1 + t −1 + 1

t 0 0
0 0 0 1 −1
0 0 −1 + t −t 1

⎞
⎟⎟⎟⎟⎠ ,

S =

⎛
⎜⎜⎜⎜⎝
−2 + 1

t + t −1 + 1
t 0 0 0

−1 + t −2 + 1
t + t −1 + 1

t 0 0
0 −1 + t −2 + 1

t + t 0 −1 + 1
t

0 0 0 2 −1− 1
t

0 0 −1 + t −1− t 2

⎞
⎟⎟⎟⎟⎠ .

The signature of the matrix Sw(e
iφ) is equal to

signSw(e
iφ) =

⎧⎪⎨
⎪⎩
1 if φ ∈

[
0,

π − arccos(2(
√
2− 1))

2

)
∪
(3π + arccos(2(

√
2− 1))

2
, 2π

]
,

−1 if φ ∈
(π − arccos(2(

√
2− 1))

2
,
3π + arccos(2(

√
2− 1))

2

)
.

Therefore,

sign(β) = −arccos(2(
√
2− 1))

π
.

The above example shows that, unlike twist numbers, the pseudocharacter sign fails
to take only rational values, which suggests that sign should be independent of them.
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§4. Proofs of theorems on sign

Proof of Theorem 7. It suffices to show that the kernel part of the pseudocharacter sign
is nonzero at some braid. We shall show that Δ2

n ∈ Bn fits for that. For n = 2,
the pseudocharacter sign coincides up to a sign with the exponent sum and is kernel,
sign(Δ2

2) = −2. In the sequel we assume that n > 2.
The link represented by the braid Δ2k

n is the (n, kn)-torus link. The signatures of all
torus links were calculated in [19], where the following answer was given for the case of
our interest:

sign(Δ2k
n ) =

⎧⎪⎨
⎪⎩
1− n2 if k = 2,

sign(Δ2k−4
n ) + 1− n2 if k > 2, n is odd,

sign(Δ2k−4
n )− n2 if k > 2, n is even.

It follows immediately that

sign(Δ2
n) =

{
1−n2

2 if n is odd,
−n2

2 if n is even.

Removing any k strands from Δ2
n yields the braid Δ2

n−k. On the other hand, given a
braid, we shall not change the signature of its closure by adding strands not intersecting
the others. Therefore, using formulas (4) and (5), we obtain

signker(Δ
2
n) =

n−2∑
k=0

(−1)k
(
n

k

)
sign(Δ2

n−k) =
n∑

k=0

(−1)k
(
n

k

)
sign(Δ2

n−k)

=
n∑

k=0

(−1)n−k

(
n

k

)
sign(Δ2

k) =
n∑

k=0

(−1)n−k

(
n

k

)
−k2

2
− (−1)n

2

[n−1
2 ]∑

j=0

(
n

2j + 1

)

= 0− (−1)n

2
2n−1 = −(−2)n−2 �= 0. �

Proof of Theorem 8. Consider the following braids β1, β2, β3 ∈ B5:

β1 = σ2
3(σ2σ

−1
1 )2σ2σ

−1
3 σ2σ3σ

−1
2 (σ4σ

−1
3 )3σ2σ

−1
3 σ−1

2 σ3σ
−1
2 (σ1σ

−1
2 )2σ1σ

−2
3

× σ2σ3(σ3σ
−1
4 )3σ−1

3 σ−1
2 σ−1

1 ,

β2 = σ2σ
−1
3 σ−1

4 σ2σ
−1
1 σ−1

3 σ−1
4 σ2σ3σ

2
4σ

−1
3 σ−1

2 σ4σ3σ1σ
−1
2 σ3σ

−1
2 σ3σ1σ

−1
2 σ−1

4 σ3σ
−2
4 σ−1

3 σ4

× σ4σ2σ
−1
3 σ−1

3 σ2σ4σ
−1
3 σ2

4σ3σ1σ
−1
2 σ−1

4 σ3σ
−1
4 σ3σ

−1
2 σ−1

4 σ3σ
−2
4 σ−1

3 σ4σ2σ
−1
3 σ−1

1 ,

β3 = σ−1
4 σ−1

3 σ2
1σ2σ

−2
3 σ−1

2 σ3σ
−2
4 σ−1

3 σ1σ
2
2σ

−1
1 σ3σ

2
4σ

−1
3 σ2σ

2
3σ

−1
2 σ3σ

−2
4 σ−1

3 σ1σ
−2
2

× σ3σ
4
4σ

−1
3 σ2

2σ
−1
1 σ−1

3 σ−2
2 σ3σ1σ

−1
2 σ1σ

−1
2 σ2

3σ
−1
2 σ−1

1 σ−1
2 σ−1

1 σ3σ
−1
4 .

It is not difficult to check that these braids are Brunnian, i.e., each of them becomes
a trivial braid after removal of any strand. Therefore, all pseudocharacters belonging to
R(X4) vanish at these braids. The values of the remaining pseudocharacters of interest,
calculated with the help of the procedures described above, are presented in the table

ω5 Sω4 ISω5 sign
β1 0 3 2 0
β2 0 −1 −1 −2
β3 0 −4 −4 −2

,

which shows that sign is linearly independent of these remaining pseudocharacters. This
proves the claim for n = 5.

To prove it for n > 5, observe that the operator I takes signn to signn−1, and the
pseudocharacters of twist type to those of twist type. Therefore, a linear expression of
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signn with n > 5 in terms of twist type pseudocharacters would imply such an expression
for n = 5, which is impossible, see above. �

The authors are deeply grateful to Andrĕı Malyutin for reviewing this paper and
pointing several possible improvements of the initial text.
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