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ALMOST EVERYWHERE CONVERGENCE OF CONE-LIKE

RESTRICTED TWO-DIMENSIONAL FEJÉR MEANS

WITH RESPECT TO VILENKIN-LIKE SYSTEMS

K. NAGY

Abstract. For the two-dimensional Walsh system, Gát and Weisz proved the a.e.
convergence of the Fejér means σnf of integrable functions, where the set of indices
is inside a positive cone around the identical function, that is, β−1 ≤ n1/n2 ≤ β,
with some fixed parameter β ≥ 1. The result of Gát and Weisz was generalized by
Gát and the author in the way that the indices are inside a cone-like set.

In the present paper, the a.e. convergence is proved for the Fejér means of inte-
grable functions with respect to two-dimensional Vilenkin-like systems provided that
the set of indeces is in a cone-like set. That is, the result of Gát and the author
is generalized to a general orthonormal system, which contains as special cases the
Walsh system, the Vilenkin system, the character system of the group of 2-adic in-
tegers, the UDMD system, and the representative product system of CTD (compact
totally disconnected) groups.

§1. Introduction

For double trigonometric Fourier series, Marcinkiewicz and Zygmund [10, 17] proved
the a.e. convergence of the Fejér means σnf of integrable functions, where the set of
indices is inside a positive cone around the identical function, that is, we have β−1 ≤
n1/n2 ≤ β with some fixed parameter β ≥ 1. Moreover, Jessen, Marcinkiewicz, and
Zygmund [9] also proved the a.e. convergence σnf → f without any restriction on the
indices, but for functions in L log+ L. Recently, Gát gave a common generalization of the
more than 60 year old result of Marcinkiewicz and Zygmund, and the result of Jessen,
Marcinkiewicz and Zygmund above. He gave a necessary and sufficient condition for
cone-like sets in order to preserve this convergence property [4].

For double Walsh–Fourier series, Móricz, Schipp, and Wade [11] proved that the σnf
converge to f a.e. in the Pringsheim sense (that is, with no restrictions on the indices
other than min(n1, n2) → ∞) for all functions f ∈ L log+ L. In the paper [3], Gát
proved that the theorem of Móricz, Schipp, and Wade cannot be sharpened. For double
Walsh system the result of Marcinkiewicz and Zygmund was proved by Gát [2] and by
Weisz [16]. In 2010, a common generalization of the results of Gát and Weisz and the
result of Móricz, Schipp, and Wade (for the Walsh system) was given by Gát and the
author [6].

In the present paper we prove the a.e. convergence of Fejér means of integrable
functions for two-dimensional Vilenkin-like systems provided that the set of indeces is
in a cone-like set. That is, we generalize the result of Gát and the author for a general
orthonormal system defined in [5], which contains as special cases the Walsh system, the
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Vilenkin system, the character system of the group of 2-adic (m-adic) integers, the UDMD
system and the representative product system of CTD (compact totally disconnected)
groups and other systems.

Now, we give a brief introduction, more details can be found in [5]. Also, see [1, 8, 12].
Let m = (mk : k ∈ N) be a sequence of natural numbers, all greater than 1. Let

Gmk
be a set of cardinality mk. We supply each set Gmk

with the discrete topology
and the measure μk defined by μk({i}) = 1/mk for all i ∈ Gmk

(μk(Gmk
) = 1, k ∈ N).

Let Gm be the compact set formed by the complete direct product of the sets Gmk
with

the product measure (μ) and the product topology. Gm is called a Vilenkin space. A
Vilenkin space is a compact totally disconnected space. A Vilenkin space Gm is said to
be bounded if m∗ := sup{mk : k ∈ N} < ∞. Throughout this paper we assume the
boundedness of the Vilenkin space Gm.

The elements of Gm can be represented by a sequence x := (x0, x1, . . . ) with coordi-
nates xk ∈ Gmk

. It is important to note that no operation is defined on the Vilenkin
space.

A base for the neighborhoods of Gm is given by

I0(x) := Gm, In(x) := {y ∈ Gm : y = (x0, x1, . . . , xn−1, yn, yn+1, . . . )}
for x ∈ Gm, n ∈ P. In(x) is called the nth dyadic interval containing the element x.
Denote by An the σ-algebra generated by the sets In(x) (x ∈ Gm) and by En the
conditional expectation operator with respect to An (n ∈ N).

Let M0 := 1 and Mk+1 := Mkmk for k ∈ N; these numbers are called generalized
powers. Each natural number n can be expressed uniquely in the form

n =
∞∑
i=0

niMi,

where ni ∈ {0, . . . ,mi − 1} (i ∈ N). Let the order of n be defined by |n| := max{j ∈ N :
nj �= 0}, that is, M|n| ≤ n < M|n|+1 holds. Set n(k) :=

∑∞
j=k njMj .

The generalized Rademacher functions rnk : Gm → C are given by the following
properties [5].

(i) rnk is Ak+1-measurable, that is, rnk (x) depend only on x0, . . . , xk, r
0
k = 1 for all

k, n ∈ N.
(ii) If Mk is a divisor of n and l, and n(k+1) = l(k+1), then

Ek(r
n
k r

l
k) =

{
1 if nk = lk,

0 if nk �= lk.

(iii) If Mk+1 is a divisor of n, then

mk−1∑
j=0

|rjMk+n
k (x)|2 = mk for all x ∈ Gm.

(iv) There exists δ > 1 for which ‖rnk‖∞ ≤
√
mk/δ.

The generalized Rademacher functions can always be constructed (see [1, 12]) and
they are determined not uniquely (see [12, 15]).

Define the Vilenkin-like system ψ := (ψn : n ∈ N) by

ψn :=

∞∏
k=0

rn
(k)

k .

The Vilenkin-like system is orthonormal [5]. It is a generalization of the Walsh and
Vilenkin system [1, 12], the character system of the group of 2-adic (m-adic) integers [15],
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the representative product system of CTD (compact totally disconnected) groups [7], the
UDMD (unitary dyadic martingale difference) systems and the UCP (universal contrac-
tive projection) system introduced by Schipp [13, 14] and other systems (see [5] for more
details). Moreover, in the paper [5] it was proved that the Fejér means of an integrable
function converge almost everywhere to the function itself.

The Dirichlet and Fejér kernel functions are given by

Dn(y, x) :=

n−1∑
k=0

ψk(y)ψk(x), Kn :=
1

n

n−1∑
k=0

Dk, D0 = K0 := 0.

We note that the Mnth Dirichlet kernel has a closed form [5]

DMn
(y, x) =

{
Mn if y ∈ In(x),

0 otherwise.

For the Walsh and Vilenkin case, see [1, 8, 12]. The Fourier coefficients, the partial sums
of Fourier series, and the Fejér means are defined in the usual way for f ∈ L1. It is
known that

σnf(y) =

∫
Gm

f(x)Kn(y, x) dμ(x).

Denote by Gm×Gm̃ the two-dimensional Vilenkin space, where m̃ is a sequence of natural
numbers whose elements are greater than 1. The normalized measure is denoted by μ,
as in the one-dimensional case. It will not cause any ambiguity. In this paper we also
suppose that m = m̃.

We define the two-dimensional Dirichlet and Fejér kernel functions as the Kronecker
product of one-dimensional functions:

Dn(y, x) := Dn1
(y1, x1)Dn2

(y2, x2), Kn(y, x) := Kn1
(y1, x1)Kn2

(y2, x2),

where y := (y1, y2), x := (x1, x2) ∈ Gm × Gm, and n = (n1, n2) ∈ N
2. The following is

well known:

σnf(y) =

∫
Gm×Gm

f(u1, u2)Kn1
(y1, u1)Kn2

(y2, u2) dμ(u1, u2).

Now, we define a cone-like set. Let α : [1,+∞) → [1,+∞) be a strictly monotone
increasing continuous function such that lim+∞ α = +∞ and α(1) = 1, and let β :
[1,+∞) → [1,+∞) be a monotone increasing function with β(1) > 1.

We define the cone-like restriction sets of N2 as follows [4, 6]:

Nα,β,1 :=
{
n ∈ N

2 :
α(n1)

β(n1)
≤ n2 ≤ α(n1)β(n1)

}
,

Nα,β,2 :=
{
n ∈ N

2 :
α−1(n2)

β(n2)
≤ n1 ≤ α−1(n2)β(n2)

}
.

For α(x) := x, β(x) := β (β ∈ (1,∞)) we get the restriction set Nα,β,1 = Nα,β,2 =
{
n ∈

N2 : 1
β ≤ n2

n1
≤ β

}
used in [2, 10, 16].

Let β(x) = β be a constant function. It is obvious that Nα,β1,1 ⊂ Nα,β2,1 and Nα,β1,2 ⊂
Nα,β2,2 for any β1 ≤ β2.

For i = 1, 2, set

Nα,i := {Nα,β,i : β > 1}.
For a fixed i ∈ {1, 2}, we say that Nα,i is weaker than Nα,3−i if for all L ∈ Nα,i there

exists L̃ ∈ Nα,3−i such that L ⊂ L̃. This will be written as Nα,i ≺ Nα,3−i. If Nα,1 ≺ Nα,2

and Nα,2 ≺ Nα,1, then we say that Nα,1 and Nα,2 are equivalent and write Nα,1 ∼ Nα,2.
We say that the function α is a cone-like restriction function (CRF) if Nα,1 ∼ Nα,2.
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Set Nα := Nα,1∪Nα,2. We say that the cone-like set L ∈ Nα is based on the function α.
We study the a.e. convergence of the double (C, 1)-means σnf of integrable functions

f ∈ L1, where the convergence is restricted to n ∈ L, L ∈ Nα, and α is a CRF, while
∧n → +∞.

The characterization of the properties of a CRF is given in the following statement [4].
A function α is a CRF if and only if there exist ζ, γ1, γ2 > 1 such that

(1) γ1α(x) ≤ α(ζx) ≤ γ2α(x)

for each x ≥ 1.

§2. The main results

Define the maximal operator

σ∗
L := sup

n∈L
|σnf |.

For this maximal operator we shall prove the following result.

Theorem 1. Let α be CRF, and let L ∈ Nα. Then the operator σ∗
L is of weak type (1, 1).

The next theorem is proved by a standard argument.

Theorem 2. Let α be CRF, and let L ∈ Nα. Then for any f ∈ L1 we have

lim
∧n→∞
n∈L

σnf = f a.e.

As a corollary, we immediately get the theorem of Weisz and Gát [2, 16].

Corollary 1. Let f ∈ L1, and let β ≥ 1 be a fixed parameter. Then

lim
∧n→∞

β−1≤n1/n2≤β

σnf = f a.e.

Moreover, we have generalized the theorem of the author and Gát [6] on the two-
dimensional Walsh system. We note that, until the present time the statement of Corol-
lary 1 is unknown for Vilenkin-like systems.

To prove Theorem 1, we need the following Calderón and Zygmund type decomposition
lemma proved in [4] by Gát.

Lemma 1. Let ϕj : [1,+∞) → [1,+∞) be a monotone increasing and continuous
function with lim+∞ ϕj = +∞ (j = 1, 2). Set φj := �ϕj� (j = 1, 2) (where �x� denotes
the lower integral part of x).

Suppose f ∈ L1(Gm × Gm) and λ > ‖f‖1. Then there exists a sequence of integrable
functions (fi) such that

f =

∞∑
i=0

fi,

where ‖f0‖∞ ≤ Cλ, ‖f0‖1 ≤ C‖f‖1, supp fi ⊂ Iki,1(xi
1)× Iki,2(xi

2) =: J i
1×J i

2 ((xi
1, x

i
2) ∈

Gm ×Gm), and

μ(Iki,1(xi
1)) = 1/Mφ1(si), μ(Iki,2(xi

2)) = 1/Mφ2(si)

for some si ≥ 1. Moreover,
∫
Gm×Gm

fi = 0 (i ≥ 1), the sets J i
1 × J i

2 are disjoint, and

with the definition F :=
⋃∞

i=1(Iki,1(xi
1)× Iki,2(xi

2)) we have μ(F ) ≤ C‖f‖1/λ.

In the proofs, C and c denote constants which may depend only on ζ,γ1,γ2,δ, m∗ and
may vary at different occurrences.
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Proof of Theorem 1. The following inequality is the base of our main theorem.
Suppose k, t ∈ N, A > t− c. Then

(2)

∫
It(x)\It+1(x)

sup
n≥MA

|Kn(y, x)| dμ(y) ≤ c(A− t)∗δ(t−A)/2,

where (A− t)∗ = A− t if A > t and (A− t)∗ = δ(t−A)/2 if A ≤ t.
From the proof of Gát in [5, Proposition 11], we conclude that∫

It(x)\It+1(x)

sup
n≥MA

|Kn(y, x)| dμ(y) ≤ c(A− t)δ(t−A)/2

for A > t. Now, let t− c < A ≤ t. Since |Kn| ≤ cn (see [5]), we have∫
It(x)\It+1(x)

sup
n≥MA

|Kn(y, x)| dμ(y)

≤
∫
It(x)\It+1(x)

sup
MA≤n<Mt+1

|Kn(y, x)| dμ(y) +
∫
It(x)\It+1(x)

sup
n≥Mt+1

|Kn(y, x)| dμ(y)

≤ c+ cδ−1/2 ≤ cδt−A.

First, we apply Lemma 1 for functions φ1(s) := |s| and φ2(s) := |α(s)| (that is, φ1(s)
is the order of s, M|s| ≤ s < M|s|+1, and φ2(s) is the order of α(s)), where α is a CRF.
We note that the continuous functions ϕ1, ϕ2 can be constructed. Let L ∈ Nα. Without
loss of generality, we may assume that L = Nα,β,1 for some β > 1.

Suppose f ∈ L1 and supp f ⊂ J1×J2 with μ(Ji) = 1/Mφi(s) for some s ≥ 1 (i = 1, 2).

Set kj := φj(s) for j = 1, 2, i.e., J1 = Ik1(x1) and J2 = Ik2(x2).
Now, we use inequality (2) to show that

(3)

∫
Ik1 (x1)×Ik2 (x2)

sup
n∈L

|σnf | ≤ c‖f‖1.

Set δ := ζ logγ1
(2βm∗)+1. If n1 ≤ Mφ1(s)/δ, then

n2 ≤ βα(n1) ≤ βα
(
Mφ1(s)ζ

− logγ1
(2βm∗)−1

)
≤ β

1

γ
logγ1

2βm∗+1

1

α(Mφ1(s)) ≤
α(s)

2m∗
< Mφ2(s).

Since ζ, γ1, γ2 > 1, we have n1 < Mk1 and n2 < Mk2 . In this case the (k, l)th Fourier
coefficients are equal to zero for k ≤ n1 and l ≤ n2. More precisely,

f̂(k, l) =

∫
Gm×Gm

f( sψk × sψl)

=

∫
Ik1 (x1)×Ik2 (x2)

f( sψk × sψl) = ( sψk × sψl)

∫
Ik1 (x1)×Ik2 (x2)

f = 0.

This gives σnf = 0.
Thus, we may assume that n1 > Mφ1(s)/δ. This implies that

n2 ≥ α(n1)

β
≥

α(Mφ1(s)m∗/δm∗)

β

≥ 1

βγ
logζ m∗+logγ1

2βm∗+1

2

α(Mφ1(s)m∗) ≥
α(s)

δ′
≥ Mφ2

(s)

δ′
.

First, we discuss the integral
∫
Ik1 (x1)×Ik2 (x2)

supn∈L |σnf |.
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We decompose the sets Iki(xi) (i = 1, 2) in the usual way:

Iki(xi) =
ki−1⋃
a=0

(Ia(x
i) \ Ia+1(x

i)).

We introduce the notation

Ja,b := (Ia(x
1) \ Ia+1(x

1))× (Ib(x
2) \ Ib+1(x

2)),

a = 0, 1, . . . , k1 − 1, b = 0, 1, . . . , k2 − 1.

Then

Ik1(x1)× Ik2(x2) =
k1−1⋃
a=0

k2−1⋃
b=0

Ja,b.

Using the Fubini theorem, we get∫
Ja,b

sup
n∈L

∣∣∣∣ ∫
J1×J2

f(u1, u2)Kn1
(y1, u1)Kn2

(y2, u2) dμ(u1, u2)

∣∣∣∣ dμ(y1, y2)
≤

∫
J1×J2

|f(u1, u2)|
∫
Ja,b

sup
n∈L

|Kn1
(y1, u1)Kn2

(y2, u2)| dμ(y1, y2) dμ(u1, u2)

≤
∫
J1×J2

|f(u1, u2)|
∫
Ja,b

sup
n1≥Mk1/δ

|Kn1
(y1, u1)| sup

n2≥Mk2/δ′
|Kn2

(y2, u2)| dμ(y1, y2) dμ(u1, u2).

Inequality (2) and the fact that u1 ∈ Ik1(x1) = J1 (and u2 ∈ Ik2(x2) = J2) imply∫
Ia(x1)\Ia+1(x1)

sup
n1≥Mk1/δ

|Kn1
(y1, u1)| dμ(y1)

≤
∫
Ia(x1)\Ia+1(x1)

sup
n1≥Mk1−c∗

|Kn1
(y1, u1)| dμ(y1) ≤ c(k1 − c∗ − a)∗δ(a−k1+c∗)/2.

Moreover,∫
Ib(x2)\Ib+1(x2)

sup
n2≥Mk2/δ′

|Kn2
(y2, u2)| dμ(y2) ≤ c(k2 − c∗ − b)∗δ(b−k2+c∗)/2

and∫
Ik1 (x1)×Ik2 (x2)

sup
n∈L

|σnf | ≤
k1−1∑
a=0

k2−1∑
b=0

∫
Ja,b

sup
n∈L

|σnf |

≤ c‖f‖1
( k1−c∗−1∑

a=0

(k1 − c∗ − a)δ(a−k1+c∗)/2 +

k1−1∑
a=k1−c∗

δa−k1

)

×
( k2−c∗−1∑

b=0

(k2 − c∗ − b)δ(b−k2+c∗)/2 +

k2−1∑
b=k2−c∗

δb−k2

)
≤ c‖f‖1.

Second, we discuss the integral
∫
Ik1 (x1)×Ik2(x2)

supn∈L |σnf |.
For r ≥ k1 and a fixed x1, we set

ε :=
(
x1
0, x

1
1, . . . , x

1
k1−1, εk1 , . . . , εr, x

1
r+1, x

1
r+2, . . .

)
,

where εi ∈ Gmi
(i = k1, . . . , r).

Then

Ik1(x1) =
⋃

εi∈Gmi

i=k1,...,r

Ir+1(ε).



ALMOST EVERYWHERE CONVERGENCE 611

For every a = k1, . . . , r, b = 0, 1, . . . , k2 − 1 and an arbitrary ε, we define sets Ja,b
ε and

Jb
ε by

Ja,b
ε := (Ia(ε) \ Ia+1(ε))×

(
Ib(x

2) \ Ib+1(x
2)
)

and

Jb
ε := Ir+1(ε)×

(
Ib(x

2) \ Ib+1(x
2)
)
.

We decompose the set Ik1(x1)× Ik2(x2) as the following disjoint union:

Ik1(x1)× Ik2(x2) =
r⋃

a=k1

k2−1⋃
b=0

Ja,b
ε ∪

k2−1⋃
b=0

Jb
ε .

We introduce the following abbreviation:

SL
r := sup

Mr−c≤n1≤Mr+c

n∈L

|σnf |.

It is easily seen that cα(Mr) ≤ n2 ≤ Cα(Mr) for n ∈ L and Mr ≤ n1 ≤ cMr (see
inequality (1)). The Fubini theorem and the decomposition above yield∫

J1×ĎJ2

sup
n∈L

|σnf(y
1, y2)| dμ(y1, y2)

≤
∞∑

r=k1

∫
J1×ĎJ2

SL
r

∣∣∣∣ ∫
J1×J2

f(u1, u2)Kn1
(y1, u1)Kn2

(y2, u2) dμ(u1, u2)

∣∣∣∣ dμ(y1, y2)
≤

∞∑
r=k1

∑
ε

∫
J1×ĎJ2

SL
r

×
∣∣∣∣ ∫

Ir+1(ε)×Ik2 (x2)

f(u1, u2)Kn1
(y1, u1)Kn2

(y2, u2) dμ(u1, u2)

∣∣∣∣ dμ(y1, y2)
≤

∞∑
r=k1

∑
ε

r∑
a=k1

k2−1∑
b=0

∫
Ja,b
ε

SL
r

×
∣∣∣∣ ∫

Ir+1(ε)×Ik2 (x2)

f(u1, u2)Kn1
(y1, u1)Kn2

(y2, u2) dμ(u1, u2)

∣∣∣∣ dμ(y1, y2)
+

∞∑
r=k1

∑
ε

k2−1∑
b=0

∫
Jb
ε

SL
r

×
∣∣∣∣ ∫

Ir+1(ε)×Ik2 (x2)

f(u1, u2)Kn1
(y1, u1)Kn2

(y2, u2) dμ(u1, u2)

∣∣∣∣ dμ(y1, y2)
≤

∞∑
r=k1

∑
ε

r∑
a=k1

k2−1∑
b=0

∫
Ir+1(ε)×Ik2 (x2)

|f(u1, u2)|
∫
Ja,b
ε

sup
Mr−c≤n1

|Kn1
(y1, u1)|

× sup
cα(Mr)≤n2

|Kn2
(y2, u2)| dμ(y1, y2) dμ(u1, u2)

+
∞∑

r=k1

∑
ε

k2−1∑
b=0

∫
Ir+1(ε)×Ik2 (x2)

|f(u1, u2)|
∫
Jb
ε

sup
n1≤Mr+c

|Kn1
(y1, u1)|

× sup
cα(Mr)≤n2

|Kn2
(y2, u2)| dμ(y1, y2) dμ(u1, u2) =:

∑
1 +

∑
2.
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Observe that u2 ∈ Ik2(x2) implies Ib(x
2) \ Ib+1(x

2) = Ib(u
2) \ Ib+1(u

2) for b < k2.
Using (2) and the fact that |Kn| ≤ cn (see [5]), we get

∑
2 ≤ c

∞∑
r=k1

∑
ε

k2−1∑
b=0

∫
Ir+1(ε)×Ik2 (x2)

|f(u1, u2)|(|cα(Mr)| − b)∗δ(b−|cα(Mr)|)/2 dμ(u1, u2)

≤ c‖f‖1
∞∑

r=k1

k2−1∑
b=0

(|cα(Mr)| − b)∗δ(b−|cα(Mr)|)/2.

Moreover,

∞∑
r=k1

k2−1∑
b=0

(|cα(Mr)| − b)∗δ(b−|cα(Mr)|)/2

≤
∞∑

r=k1

k2−c∗<|cα(Mr))|<k2

k2−1∑
b=0

(|cα(Mr)| − b)∗δ(b−|cα(Mr)|)/2

+
∞∑

r=k1

|cα(Mr))|≥k2

k2−1∑
b=0

(|cα(Mr)| − b)∗δ(b−|cα(Mr)|)/2

≤
k1+c∗∑
r=k1

k2−c∗<|cα(Mr))|<k2

( |cα(Mr)|−1∑
b=0

(|cα(Mr)| − b)δ(b−|cα(Mr)|)/2 +
k2−1∑

b=|cα(Mr)|
δb−|cα(Mr)|

)

+

∞∑
r=k1

|cα(Mr))|≥k2

(|cα(Mr)| − k2 + 1)δ(k
2−|cα(Mr)|−1)/2

≤ c+
∞∑

r=k1

|cα(Mr))|≥k2

(|cα(Mr)| − k2 + 1)δ(k
2−|cα(Mr)|−1)/2.

Now, we discuss
∑

1. We use inequality (2) once again:

∑
1 ≤ c‖f‖1

∞∑
r=k1

r∑
a=k1

k2−1∑
b=0

(r − c− a)∗δ(a−r+c)/2(|cα(Mr)| − b)∗δ(b−|cα(Mr)|)/2.

We have
r∑

a=k1

(r − c− a)∗δ(a−r+c)/2 =

r−c−1∑
a=k1

(r − c− a)δ(a−r+c)/2 +

r∑
a=r−c

δa−r+c ≤ c.

Now, we show that
∞∑

r=k1

|cα(Mr))|≥k2

(|cα(Mr)| − k2 + 1)δ(k
2−|cα(Mr)|−1)/2 ≤ c

∞∑
i=1

iδ−i/2 ≤ c.

For this, we write ∣∣cα(Mk12r−k1

)
∣∣ ≤ ∣∣cα(Mr)

∣∣ ≤ ∣∣cα(Mk1mr−k1

∗ )
∣∣

and ∣∣cγ(r−k1) logζ 2

1 α(Mk1)
∣∣ ≤ |cα(Mr)| ≤

∣∣cγ(r−k1) logζ m∗
2 α(Mk1)

∣∣.
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This means that if r is growing, then γ
(r−k1) logζ 2

1 ≥ m∗ and |cα(Mr)| increases at least
by 1 (note that γ1, γ2, ζ > 1). Moreover, |cα(Mr)| takes the value l at most

[ logγ1
m∗

logζ 2

]
times (for l ≥ k2).

Third, we discuss the integral
∫
Ik1 (x1)×Ik2 (x2)

supn∈L |σnf |.
Using the substitutions t = α(s) and s = α−1(t), we write

Iφ1(s)(x
1)× Iφ2(s)(x

2) = I|s|(x1)× I|α(s)|(x
2)

= I|α−1(t)|(x1)× I|t|(x
2) = I

˜φ2(t)
(x1)× I

˜φ1(t)
(x2).

If α is a CRF, then α−1 is also a CRF (see [6]). We have∫
Iφ1(s)(x1)×Iφ2(s)(x2)

sup
n∈L

|σnf | ≤
∫
I
˜φ2(t)(x

1)×I
˜φ1(t)(x

2)

sup
n∈˜L

|σnf |.

The second step above shows that∫
Ik1 (x1)×Ik2 (x2)

sup
n∈L

|σnf | ≤ c‖f‖1.

The operator σ∗
L is of type (∞,∞), which follows from the inequality∫

Gm

|Kn(y, x)| dμ(x) ≤ c for all n ∈ N, y ∈ Gm,

[5, p. 117]. Thus, inequality (3), Lemma 1, and a standard argument imply our theorem.
�

The interpolation theorem of Marcinkiewicz [12] and the fact that the operator σ∗
L is

sublinear show that the following corollary is true.

Corollary 2. Let α be CRF, and let L ∈ Nα. Then the operator σ∗
L is of type (p, p) for

all 1 < p ≤ ∞.
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[16] F. Weisz, Cesàro summability of two-dimensional Walsh-Fourier series, Trans. Amer. Math. Soc.
348 (1996), no. 6, 2169–2181. MR1340180 (96i:42004)

[17] , Summability of multi-dimensional Fourier series and Hardy spaces, Math. Appl., vol. 541,
Kluwer Acad. Publ., Dordrecht, 2002. MR2009144 (2004h:42001)

Institute of Mathematics and Computer Sciences, College of Nýıregyháza, P.O. Box 166,
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