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A THIRD ORDER OPERATOR WITH PERIODIC COEFFICIENTS

ON THE REAL LINE

A. V. BADANIN AND E. L. KOROTYAEV

Abstract. The operator i∂3+i∂p+ip∂+q with 1-periodic coefficients p, q ∈ L1
loc(R)

is considered on the real line. The following results are obtained: 1) the spectrum of
this operator is absolutely continuous, covers the entire real line, and has multiplicity
one or three; 2) the spectrum of multiplicity three is bounded and expressed in terms
of real zeros of a certain entire function; 3) the Lyapunov function, analytic on a
3-sheeted Riemann surface, is constructed and investigated.

§1. Introduction and main results

1.1. The operator H. In the Hilbert space L2(R), we consider a third order differential
operator

(1.1) H = i∂3 + i∂p+ ip∂ + q,

where the real 1-periodic coefficients p and q belong to L1(T), T = R/Z. The domain of
H is the set

(1.2) D(H) =
{
f ∈ L2(R) : i(f ′′ + pf)′ + ipf ′ + qf ∈ L2(R), f ′′, (f ′′ + pf)′ ∈ L1

loc(R)
}
.

This operator is selfadjoint (see Lemma 5.1, iii). The operator H occurs in the inverse
problem method of integration for the nonlinear evolution Boussinesq equation on the
circle (“bad Boussinesq”, see [29]):

(1.3) p̈ = ∂2
(4
3
p2 +

1

3
∂2p

)
, ṗ = ∂q.

Namely, for the Boussinesq equation (1.3) there exists an L -A Lax pair, where the
L-operator in this pair is equal to H.

Note that the “good Boussinesq” equation (with the sign “−” on the right-hand side
in (1.3)) leads to the nonselfadjoint operator −∂3 + ∂p + p∂ + q. Such an operator
was considered in the paper [29] by McKean in the case of smooth periodic p and q.
In [29], in the case of sufficiently small p and q and a nonselfadjoint operator, deep
results concerning the inverse spectral problem were obtained among other things. At
the same time, in McKean’s opinion, the spectral analysis for the selfadjoint operator is,
in a sense, much more complicated than that in the nonselfadjoint case, and it was not
considered.
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1.2. The main results of the paper. Our prime goal in the present paper is to
describe the spectrum in terms of the Lyapunov function given on a 3-sheeted Riemann
surface. Moreover, it turns out that, as in the case of the Hill operator, to describe the
spectrum it suffices to know one entire function ρ(λ), equal to the discriminant of the
characteristic polynomial of the monodromy matrix (see (1.9)). We obtain the following
results.

1) The values of the three branches of the Lyapunov function on the real axis determine
the spectrum in the same way as in the case of the fourth order operator and periodic
systems (Theorem 5.3).

2) The spectrum covers the real line and has multiplicity 1 or 3. The spectrum of
multiplicity 3 consists of a finite number of nondegenerate intervals and coincides with
the subset of the real line on which the function ρ is nonpositive.

3) The endpoints of the spectral intervals with spectrum of multiplicity 3 are branch
points of the Lyapunov function and, simultaneously, are zeros of the function ρ.

4) We find the asymptotics of the Lyapunov function as |λ| → ∞ (Proposition 3.4).

1.3. The main theorem. Consider the equation

(1.4) i(y′′ + py)′ + ipy′ + qy = λy, λ ∈ C.

Generally speaking, under the condition p, q ∈ L1
loc(R) the second derivative y′′ of a solu-

tion y of this equation may fail to be well defined. For this reason, we cannot introduce
the fundamental matrix in the usual way. We introduce the modified fundamental matrix
by the formula

(1.5) M(t, λ) =

⎛
⎝ ϕ1 ϕ2 ϕ3

ϕ′
1 ϕ′

2 ϕ′
3

ϕ′′
1 + pϕ1 ϕ′′

2 + pϕ2 ϕ′′
3 + pϕ3

⎞
⎠ (t, λ), (t, λ) ∈ R× C.

Here, ϕ1, ϕ2, and ϕ3 are fundamental solutions of equation (1.4) satisfying the condition

(1.6) M(0, λ) = �3, λ ∈ C,

where �3 is the identity (3 × 3)-matrix. We call the matrix M(1, λ) the modified mon-
odromy matrix. Its characteristic polynomial has the form

(1.7) D(τ, λ) = det(M(1, λ)− τ�3), (τ, λ) ∈ C
2.

An eigenvalue of the matrixM(1, λ) is called amultiplier. Each (3×3)-matrixM(1, λ),
λ ∈ C, has precisely 3 (counted with multiplicities) mutipliers τ1(λ), τ2(λ), and τ3(λ). In
Proposition 3.4, we show that the τj are three branches of one and the same function τ
analytic on a certain connected 3-sheeted Riemann surface.

Introduce the Lyapunov functions

(1.8) Δj =
1

2
(τj + τ−1

j ), j = 1, 2, 3.

These functions are branches of a function Δ analytic on a certain connected 3-sheeted
Riemann surface R. Note that in our case, contrary to the case of periodic systems
(see [7]), the surface R does not split into connected components.

We define the discriminant ρ(λ), λ ∈ C, of the polynomial D( · , λ) by the relation

(1.9) ρ = (τ1 − τ2)
2(τ1 − τ3)

2(τ2 − τ3)
2.

The zeros of the function ρ determine the branch points of the function τ and, thus, the
branch points of the Lyapunov function (see the remark to Proposition 3.4).
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Theorem 1.1. i) The function ρ is entire, ρ is real on R, and for all λ ∈ R we have

(1.10) ρ(λ) = |T (λ)|4 − 8ReT 3(λ) + 18|T (λ)|2 − 27,

where

T (λ) = TrM(1, λ), λ ∈ C.

ii) The spectrum σ(H) of the operator H is absolutely continuous and covers the entire
real line.

iii) The spectrum σ(H) has multiplicity 1 or 3; the spectrum S3 of multiplicity 3 is
bounded, consists of a finite number of nondegenerate intervals, and is equal to

(1.11) S3 = {λ ∈ R : ρ(λ) ≤ 0}.

Remark 1.2. 1) The proof of the absolute continuity of the spectrum is based on the
decomposition of the operator H into the direct integral of operators H(k) and on the
analyticity of the eigenvalues of the operators H(k) with respect to k. Largely, our
proof follows a standard line of arguments (see [12, 30, 34]), but demands considerable
modifications caused by the nonsmoothness of the coefficients (see Remarks 3.1 and 4.1).

2) Relation (1.11) shows that the multiplicity of the spectrum of H is fully deter-
mined by the values of the entire function ρ. For the fourth order differential operator,
we can also introduce the discriminant of the characteristic polynomial for the mon-
odromy matrix. But this does not provide complete information about the spectrum.
The discriminant describes well the spectrum of multiplicity 2, but it does not distinguish
the spectrum of multiplicity 4 from lacunas.

3) The endpoints of the spectral intervals with spectrum of multiplicity 3 are zeros of
the function ρ, and ρ changes its sign at these points. For this reason, they are branch
points of the Lyapunov function. The periodic and antiperiodic eigenvalues are zeros of
one of the functions Δ2

j − 1 (see the remark to Lemma 4.3) and, generally speaking, are
in no way related to the multiplicity of the spectrum.

4) All the zeros of the function ρ except finitely many are nonreal and have the

asymptotics i
(
2πn√

3

)3
(1 + O(n−2)) as n → ±∞, and the eigenvalues of the periodic and

antiperiodic problems are all real and have the asymptotics (πn)3(1+O(n−2)) as n → ±∞
(see [4]).

5) For a nonselfadjoint differential third-order operator with smooth coefficients, the
function ρ was analyzed by McKean in [29]. In this case, all the zeros of ρ, except for a
finite number, are real and are the spectral data for the inverse problem. This simplifies
the analysis of the problem. In his paper, McKean considered the inverse problem only
in the case of small coefficients, because in this case the function ρ has at most 2 nonreal
zeros.

6) The Lyapunov function, the function ρ, and the spectrum S3 of multiplicity 3 are
sketched in Figure 1.

1.4. Review of the literature. Many papers were devoted to direct and inverse spec-
tral problems for the Schrödinger operator −y′′+qy on L2(R) with a periodic potential q:
J. Garnett and E. Trubowitz [16], B. A. Dubrovin [8], A. P. Its and N. B. Matveev [18],
P. Kargaev and E. Korotyaev [19], V. A. Marchenko and I. V. Ostrovskĭı [28], etc. Ko-
rotyaev [23] extended the results of [28, 16, 19] to the case of periodic distributions, i.e.,
to the equation −y′′ + q′y with q ∈ L2

loc(R). The spectral problem for periodic systems
is much more complicated than that for the scalar operator, and there are many papers
devoted only to the direct spectral problem for periodic systems of the first and second
order: I. M. Gelfand and V. B. Lidskĭı [13], F. Gesztesy et al. [6], R. Carlson [5], E. Ko-
rtyaev and D. Chelkak [7], M. G. Krein [26], etc. In particular, the following results
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Figure 1. The function ρ, the Lyapunov function Δ, and the spectrum
S3 of multiplicity 3.

were obtained in [7, 21, 22] for operators of the first and second order with periodic
matrix-valued potentials:

1) the many-sheeted Lyapunov function was constructed and studied;

2) a conformal mapping generalizing the Marchenko–Ostrovskĭı mapping [28], known
in the theory of the Hill operator, was constructed, and the main properties of it were
studied;

3) trace formulas (similar to those in the scalar case) were obtained;

4) estimates for the lengths of the spectral gaps were found in terms of the norm of
the potential;

5) the asymptotics of eigenvalues of the periodic and antiperiodic problems and of
branch points of the Lyapunov function were derived;

6) it was shown that the endpoints of the gaps are periodic or antiperiodic eigenvalues
or are branch points of the Lyapunov function.

A similar analysis for periodic systems of difference equations was performed in the
papers [24, 25] by Korotyaev and Kutsenko.

The spectral analysis of operators of order ν ≥ 3 with periodic coefficients is consider-
ably more complicated than that for operators of the second order. This is caused by the
fact that the monodromy matrix contains both elements like cosλ

1
ν , which are bounded

for large real values of the spectral parameter, and increasing elements like coshλ
1
ν . The

conformal Marchenko–Ostrovskĭı mapping has not yet been constructed for higher order
operators. Operators of even (≥ 4) order with periodic coefficients were considered in
recent papers: Badanin and Korotyaev [1, 2, 3], Papanicolaou [31, 32], Tkachenko [35]
(see also the references in those papers).

The selfadjoint operator of odd order at least 3 with periodic coefficients is far less
investigated. In the case of smooth coefficients, this operator was considered in the book
of Dunford and Schwartz [9, Chapter XIII.7] and in the paper [30] by McGarvey, where
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it was shown that the spectrum is absolutely continuous and covers the real line. Most
likely, no operators with nonsmooth coefficients have been considered so far.

In [4], where we substantially used the results obtained in the present paper, we found
the asymptotics for the branch points of the Riemann surface and for eigenvalues of the
periodic and antiperiodic problems.

In particular, in [4] it was shown that in the case of generic coefficients p and q, the
Riemann surface of the Lyapunov function has infinite genus. Moreover, the case of small
p, q → 0 was studied. We show that in this case the entire spectrum of the operator H
has multiplicity 0, with the possible exception of a small interval in a neighborhood of
zero where the spectrum has multiplicity 3. We obtain explicit conditions on p and q
under which such an interval is absent, as well as conditions under which it exists, and
find its asymptotics.

1.5. Description of the paper. Since we are not aware of any results concerning
the operators of odd order with nonsmooth periodic coefficients, in our paper we pay
attention to the proof of the selfadjointness of the operator H and the absolute continuity
of the spectrum under the condition p, q ∈ L1

loc(R).
Note that, in the case of smooth coefficients, the questions of selfadjointness and the

absolute continuity of the spectrum do not arise. At the same time, a direct applica-
tion of the methods of [9] and [30] to the case of nonsmooth coefficients meets some
difficulties. In particular, we cannot use the monodromy matrix in the form given in
those papers and in our paper in (3.1), because, generally speaking, the functions in the
domain of the operator may fail to be twice differentiable. For this reason, we define a
modified monodromy matrix. In the case of smooth coefficients, the monodromy matrix
and the modified monodromy matrix are related to each other by a simple similarity
transformation (see Theorem 3.2, iii), so that their eigenvalues and, thus, the Lyapunov
functions coincide.

In §2, we study the properties of the monodromy matrix. In §3, we study the Lyapunov
function and the discriminant of the characteristic polynomial of the monodromy matrix.
§4 is devoted to the description of the decomposition of the operator H into a direct
integral of the operators H(k) in a layer. In §5, we describe the spectrum of the operator
H and prove Theorem 1.1.

§2. Estimates for the monodromy matrix

In this section we obtain estimates for the monodromy matrix M(1, λ). We write
equation (1.4) in the vector form:

(2.1) Y ′ − P (λ)Y = Q(t)Y, (t, λ) ∈ R× C,

where the vector-valued function Y and the (3 × 3)-matrix-valued functions P and Q
have the form

(2.2) Y =

⎛
⎝y1
y2
y3

⎞
⎠ =

⎛
⎝ y

y′

y′′ + py

⎞
⎠ , P =

⎛
⎝ 0 1 0

0 0 1
−iλ 0 0

⎞
⎠ , Q =

⎛
⎝ 0 0 0
−p 0 0
iq −p 0

⎞
⎠ .

Note that the (3 × 3)-matrix-valued function M(t, λ) given by (1.5) is a solution of the
initial problem

(2.3) M ′ − P (λ)M = Q(t)M, M(0, λ) = �3.
In the nonperturbed case where p = q = 0, the solution M0 of problem (2.3) is of the

form M0 = etP (λ). The function M0(t, λ) is entire in λ for each t ∈ R. The eigenvalues
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of the matrix P (λ) are equal to izωj , j = 0, 1, 2, where

(2.4) ω = ei
2π
3 , z = x+ iy = λ

1
3 , arg λ ∈

(
−π

2
, 3

π

2

]
, arg z ∈

(
−π

6
,
π

2

]
.

The matrix M0(t, λ) has eigenvalues eizω
jt, j = 0, 1, 2. From condition (2.4) we get

x ≥ max{0,−y
√
3}. Then the relations

Re(iz) = −y, Re(izω) =
y −

√
3x

2
, Re(izω2) =

y +
√
3x

2

imply that, for all λ ∈ C,

(2.5) max{Re(iz),Re(izω)} ≤ z0 = Re(izω2).

The estimates |eizωjt| ≤ ez0|t| yield

(2.6) |M0(t, λ)| ≤ ez0|t| for all (t, λ) ∈ R× C.

Henceforth we use the following norm for a matrix A:

|A| = max{
√
h : h is an eigenvalue of the matrix A∗A}.

For λ �= 0, the relation

(2.7) P = (ZU)(izB)(ZU)−1

is valid, where

(2.8) U =
1√
3

⎛
⎝1 1 1
� ω ω2

� ω2 ω

⎞
⎠ = (U∗)−1, B =

⎛
⎝1 0 0
0 ω 0
0 0 ω2

⎞
⎠ , Z =

⎛
⎝1 0 0
0 iz 0
0 0 (iz)2

⎞
⎠ .

Applying the similarity transformation (2.7) to the two sides of (2.3), we get

(2.9) M′ − izBM = Q(t, λ)M, M(0, λ) = �3,
where

(2.10) M = (ZU)−1M(ZU), Q = (ZU)−1Q(ZU) =
1

iz
U−1

⎛
⎝ 0 0 0
−p 0 0
q
z −p 0

⎞
⎠U.

Equation (2.9) is convenient for estimating of the monodromy matrix for large |λ|, be-
cause the coefficient on the left-hand side is a diagonal matrix constant in t, and the
coefficient on the right-hand side decays as |λ| → ∞.

Recall that T = TrM(1, · ), and put T0 = TrM0(1, · ) in the nonpertubed case.

Lemma 2.1. The matrix-valued function M(1, · ) is entire. We have

|T (λ)| ≤ 3ez0+κ for all λ ∈ C,(2.11)

|M(1, λ)− eizB | ≤ κ

|z|e
z0+κ ,(2.12)

|T (λ)− T0(λ)| ≤
3κ

|z| e
z0+κ(2.13)

for all |λ| ≥ 1, where κ =
∫ 1

0
(|p(t)|+ |q(t)|) dt and z0 = Re(izω2).

Proof. From (2.3) it follows that the function M(t, λ) satisfies the integral equation

(2.14) M(t, λ) = M0(t, λ) +

∫ t

0

M0(t− s, λ)Q(s)M(s, λ) ds.



A THIRD ORDER OPERATOR 719

Iterating, we get

(2.15) M(t, λ) =
∑
n≥0

Mn(t, λ), Mn(t, λ) =

∫ t

0

M0(t− s, λ)Q(s)Mn−1(s, λ) ds.

From (2.15) it follows that
(2.16)

Mn(t, λ) =

∫
0<t1<···<tn<tn+1=t

n∏
k=1

(
M0(tk+1 − tk, λ)Q(tk)

)
M0(t1, λ) dt1 dt2 . . . dtn,

(t, λ) ∈ R+ × C, the factors in the product are ordered from right to left. Substituting
estimates (2.6) in (2.16), we see that

(2.17) |Mn(t, λ)| ≤
ez0t

n!

(∫ t

0

|Q(s)| ds
)n

for all (n, t, λ) ∈ N× R+ × C.

These estimates show that the formal series (2.15) converges absolutely and uniformly
on any bounded subset in R+ × C. Each term of this series is an entire function of the
variable λ. The sum also possesses this property. Inequalities (2.17) and |Q| ≤ |p| + |q|
provide the estimates

|TrMn(1, λ)| ≤ 3|Mn(1, λ)| ≤
3κn

n!
ez0 for all (n, t, λ) ∈ N× R+ × C.

This implies that

|TrM(1, λ)| =
∣∣∣∣

∞∑
0

TrMn(1, λ)

∣∣∣∣ ≤ 3ez0
∞∑
0

κn

n!
,

which yields (2.11).
The solutions M(t, λ) of problem (2.9) satisfy the integral equation

M(t, λ) = eiztB +

∫ t

0

eiz(t−s)BQ(s)M(s, λ) ds,

whence

(2.18) M(t, λ) =
∑
n≥0

Mn(t, λ), Mn(t, λ) =

∫ t

0

eiz(t−s)BQ(s)Mn−1(s, λ) ds.

From (2.18) we get

Mn(t, λ) =

∫
0<t1<···<tn<tn+1=t

n∏
k=1

(
eiz(tk+1−tk)BQ(tk)

)
eizt1B dt1 dt2 . . . dtn,

whence

|Mn(t, λ)| ≤
ez0t

n!

(∫ t

0

|Q(s)| ds
)n

for all (n, t, λ) ∈ N× R+ × C.

These estimates show that the formal series (2.18) converges absolutely and uniformly

on any bounded subset of R+ × C. By (2.10), the estimate
∫ 1

0
|Q| ds ≤ κ

|z| is true for all

|z| ≥ 1. Summing the majorants and using this estimate, we arrive at inequalities (2.12)
and (2.13). �
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§3. Analysis of the monodromy matrix

In this section we analyze the monodromy matrix and functions associated with it,
namely, multipliers, the Lyapunov function, and the discriminant.

We begin with the following remark.

Remark 3.1. In the case where the coefficients p, p′, and q belong to L1(T), we define
the fundamental matrix for equation (1.4):

ĂM(t, λ) = (rϕ
(k−1)
j (t, λ))3k,j=1, (t, λ) ∈ R× C,

where the rϕj are solutions of equation (1.4) satisfying the initial conditions ĂM(0, λ) = �3,
and we introduce the monodromy matrix

(3.1) ĂM(λ) = ĂM(1, λ)

(for example, see [9, Chapter XIII.7]). If p ∈ L1(T) and p′ /∈ L1(T), then the monodromy
matrix is not well defined, because the derivative y′′ may fail to exist. For this reason,
a modification is needed, and we define the modified monodromy matrix M(1, λ) by
formula (1.5).

Theorem 3.2. i) The matrix-valued function M(1, · ) defined by formula (1.5) is entire,
and for all τ , λ ∈ C we have:

M∗(1, sλ)JM(1, λ) = J, where J =

⎛
⎝0 0 i
0 −i 0
i 0 0

⎞
⎠ ,(3.2)

D(τ, λ) = det(M(1, λ)− τ�3) = −τ3 + τ2T (λ)− τ sT (sλ) + 1,(3.3)

detM(1, λ) = 1.(3.4)

ii) Let λ ∈ R. If τ (λ) is a multiplier, then τ̄−1(λ) is also a multiplier. Only two cases
may occur:

a) all three multipliers lie on the unit circle;
b) exactly one (simple) multiplier lies on the unit circle.

Moreover, in case b) the multipliers take the form

(3.5) eik, eik̄, e−i2Re k for some k ∈ C with Im k �= 0.

iii) Let p, p′, q ∈ L1(T). Then the modified monodromy matrix M and the standard

monodromy matrix ĂM are related by the formula

(3.6) M(1, · ) = S−1
ĂM( · )S, where S =

⎛
⎝ 1 0 0

0 1 0
−p(0) 0 1

⎞
⎠ .

Proof. i) From (2.3) it follows that JM ′ = VM , where

V = J(P +Q) = i

⎛
⎝0 0 1
0 −1 0
� 0 0

⎞
⎠

⎛
⎝ 0 1 0

−p 0 1
−iλ+ iq −p 0

⎞
⎠ =

⎛
⎝λ− q −ip 0

ip 0 −i
0 i 0

⎞
⎠ ,

and J is defined by (3.2). Then −(M∗)′J = M∗V for λ ∈ R and

(M∗JM)′ = (M∗)′JM +M∗JM ′ = −M∗VM +M∗VM = 0,

which implies (M∗JM)(t, λ) = (M∗JM)(0, λ) = J for all (t, λ) ∈ R × C, so that (3.2)
is true. Relation (3.4) follows from the Liouville formula. Next, immediate calculations
show that

D(τ, λ) = det(M(1, λ)− τ�3) = −τ3 + τ2 TrM(1, λ) +B(λ)τ − 1 for all (τ, λ) ∈ C
2,
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where B(λ) = ∂τD(0, λ). A formula known from the matrix theory (see, e.g., [15, IV.1.3])
shows that

∂τD(τ, λ) = −D(τ, λ) Tr(M(1, λ)− τ�3)−1.

Using relation D(0, λ) = 1, we obtain B(λ) = −TrM−1(1, λ). Relation (3.2) gives
M−1(1, λ) = −JM∗(1, sλ)J , which implies that TrM−1(1, λ) = TrM∗(1, sλ) for all λ ∈ C.
Then B(λ) = −TrM∗(1, sλ), and (3.3) follows.

ii) From relation (3.3) we have

(3.7) D(τ, λ) = −τ3 sD(τ̄−1, λ) for all (τ, λ) ∈ C× R, τ �= 0.

Thus, if τ (λ) is a root of D(τ, λ) for some λ ∈ R, then τ̄−1(λ) is also a root. Since
τ1τ2τ3 = detM(1, · ) = 1, we obtain the required statements.

iii) Since the rϕj , j = 1, 2, 3, are fundamental solutions of equation (1.4) and the ϕj are
also its solutions, all the ϕj are linear combinations of rϕj . The initial conditions (1.6)
yield

ϕ1(t, λ) = rϕ1(t, λ)− p(0)rϕ3(t, λ), ϕ2(t, λ) = rϕ2(t, λ), ϕ3(t, λ) = rϕ3(t, λ),

for all (t, λ) ∈ R× C, whence we obtain⎛
⎝ϕ1 ϕ2 ϕ3

ϕ′
1 ϕ′

2 ϕ′
3

ϕ′′
1 ϕ′′

2 ϕ′′
3

⎞
⎠ (t, λ) =

⎛
⎝ rϕ1 − p(0)rϕ3 rϕ2 rϕ3

rϕ′
1 − p(0)rϕ′

3 rϕ′
2 rϕ′

3

rϕ′′
1 − p(0)rϕ′

3 rϕ′′
2 rϕ′′

3

⎞
⎠ (t, λ) = ĂM(t, λ)S,

(t, λ) ∈ R× C.

(3.8)

Since S−1 =

⎛
⎝ 1 0 0

0 1 0
ψ(0) 0 1

⎞
⎠, relation (1.5) yields

(3.9) M(t, λ) = S−1

⎛
⎝ϕ1 ϕ2 ϕ3

ϕ′
1 ϕ′

2 ϕ′
3

ϕ′′
1 ϕ′′

2 ϕ′′
3

⎞
⎠ (t, λ) for all (t, λ) ∈ R× C.

Formulas (3.8) and (3.9) imply (3.6). �

Remark 3.3. 1) Relation (3.6) shows that for smooth coefficients p and q, the eigenvalues

of the matrices M(1, λ) and ĂM(λ) coincide, i.e., the multipliers can be determined as
eigenvalues of any one of these matrices.

2) In our opinion, even in the case of smooth coefficients the modified matrix M is

more convenient for the analysis of the operator H than the matrix ĂM . In particular,
the symplecticity relation (3.2) for the matrix M has a simpler form compared to the

similar relation for ĂM .
3) A typical location of multipliers on the complex plane in the case of real λ is shown

in Figure 2.

The coefficients of the polynomial D are entire functions of the variable λ. It is known
(see, e.g., [11, Chapter 8]) that the roots τj(λ), j = 1, 2, 3, of D form one or several
branches of one or several analytic functions having only algebraic singularities in C.

Consider the case where p = q = 0. The multipliers are of the form

τ0j (λ) = eiω
j−1z, λ ∈ C, j = 1, 2, 3,

where

ω = ei
2π
3 , z = λ

1
3 , arg λ ∈

(
−π

2
,
3π

2

]
, arg z ∈

(
−π

6
,
π

2

]
.
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�

�

�

�
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�
0

�

�

�

11

a) b)

Figure 2. Typical location of multipliers on the complex plane in the
case of real λ (the multipliers are marked with black circles): a) λ �∈ S3;
b) λ ∈ S3.

The Lyapunov function Δ0, its branches Δ0
j , and the discriminant ρ0 are as follows:

Δ0 = cosλ
1
3 , Δ0

j = cos zωj−1, j = 1, 2, 3,

ρ0 = 64 sinh2
√
3z

2
sinh2

√
3ωz

2
sinh2

√
3ω2z

2
.

The asymptotic behavior of the fundamental solutions for t = 1 for the second order
operator is expressed in terms of the functions cos

√
λ and sin

√
λ, which are bounded on

the real axis. The asymptotics of the fundamental solutions for the operators of order at

least 3 is expressed in terms of the functions eiλ
1
3 , eiωλ

1
3 , eiω

2λ
1
3 , unbounded on the real

axis. This gives rise to certain difficulties in computing spectral asymptotics. For the
third order operator, in computing the asymptotics of multipliers, these difficulties can
be overcome as follows. We find the asymptotics of the multiplier τ3(λ), which has the
most rapid growth as |λ| → ∞ in all directions except for the imaginary axis. Next, from
Theorem 3.2 ii) it follows that, knowing one of the multipliers, we can find the other
two. Then from the asymptotics of τ3(λ) we can deduce the asymptotics of τ1(λ) and
τ2(λ). Moreover, for large |λ|, the multiplier τ3(λ) controls the position of eigenvalues
for periodic and antiperiodic problems, as well as the zeros of the function ρ, so that
the asymptotics of these quantities can also be found (see [4]). Note that, in the case of
operators of order at least 4, this method does not work and other approaches are needed
(see [1, 2, 3]).

Proposition 3.4. i) The functions τj, j = 1, 2, 3, are branches of a function τ analytic
on a certain 3-sheeted Riemann surface, and the following asymptotics is valid:

(3.10) τj(λ) = eizω
j−1

(1 +O(z−1)) as |λ| → ∞, where ω = ei
2π
3 .

ii) The functions Δj, j = 1, 2, 3, are branches of a function Δ analytic on a certain
connected 3-sheeted Riemann surface, and the following asymptotics is valid:

(3.11) Δj(λ) = cos(zωj−1) +O

(
e| Im(zωj−1)|

|z|

)
as |λ| → ∞.

Proof. i) Denote by τ0j = eiω
j−1z, j = 1, 2, 3, the eigenvalues of the matrix eizB . By a

well-known theorem of the matrix theory (see, e.g., [17, Corollary 6.3.4]), from (2.12) it
follows that, for each |λ| > 1, the matrix M(1, λ) (and, thus, the matrix M(1, λ)) has at
least one eigenvalue τj(λ) in each disk with center τ0j (λ), j = 1, 2, 3, and radius κ

|z|e
z0+κ .

In particular, for j = 3 we obtain

(3.12)
∣∣τ3(λ)− eiω

2z
∣∣ < κ

|z|e
z0+κ for all |λ| > 1,
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whence |τ3(λ)e−iω2z − 1| < κ

|z|e
κ for all |λ| > 1. This yields the asymptotics (3.10) for

j = 3. Using the relations τ2 = τ̄−1
3 and τ1 = (τ2τ3)

−1, we get (3.10) for j = 1, 2.
Moreover, the asymptotics (3.10) shows that the functions τj(λ), j = 1, 2, 3, are

distinct. Assume that any one of the functions τj(λ) is an entire function of the variable λ.
The asymptotics (3.10) shows that it is an entire function of order 1

3 ; thus, it has infinitely
many zeros (see, e.g., [27, Chapter I.10]). This contradicts relation (3.4): detM(1, · ) =
τ1τ2τ3 = 1. Thus, none of the functions τj is entire, and then the τj are three branches
of one and the same function τ analytic on a connected 3-sheeted Riemann surface.

ii) The asymptotics (3.10) implies (3.11), which shows that the functions Δj , j =
1, 2, 3, are distinct. Assume that some of the functions Δj is entire. Then τj = Δj +√
Δ2

j − 1 is an analytic function on a 2-sheeted Riemann surface, which contradicts

statement i). Therefore, none of the functions Δj is entire, and then the Δj are the three
branches of one and the same function Δ analytic on a connected 3-sheeted Riemann
surface. �

Concluding this section, we prove Theorem 1.1, i).

Proof of Theorem 1.1, i). The function ρ is the discriminant of the cubic polynomial
(3.4) with integral coefficients; therefore, ρ is an entire function. The standard formula
for the discriminant d of the cubic polynomial −τ3+aτ2−bτ+1 gives d = (ab)2−4(a3+
b3) + 18ab− 27, whence (1.10) follows. �

Remark 3.5. 1) The simple zeros of the function ρ are branch points of the function τ ,
and, thus, of the Lyaponov function. A zero of multiplicity at least 2 of the function ρ
may fail to be a branch point, but under small perturbations of the coefficients p and
q in (1.4), it splits into several simple zeros, thus generating several branch points. For
this reason, we call the zeros of the function ρ of any multiplicity the branch points of
the Lyapunov function.

2) Observe the asymptotics ρ(λ) = ρ0(λ)
(
1 +O(|z|−1)

)
as |λ| → ∞ (see [4]); it shows

that ρ is not equal to zero identically.

§4. The operator in a layer

It is known that if p, q ∈ C∞(T), then the selfadjoint operator H can be defined as
the closure of the corresponding minimal operator. Moreover, the spectrum σ(H) of the
operatorH is absolutely continuous and covers the entire axis (see, e.g., [9, Chapter XIII],
[30]). Our aim is to define the selfadjoint operator H for a wider class of coefficients p,
q ∈ L1(T) and to describe the spectrum in terms of the Lyapunov function.

To obtain the direct integral expansion of the operator H, we introduce the Hilbert
spaces

(4.1) H ′ = L2([0, 1], dt), H =

∫ ⊕

[0,2π)

H ′ dk

2π

and the operators

H(k) = i∂3 + i∂p+ ip∂ + q, k ∈ [0, 2π),

which act in H ′ = L2(0, 1) and are selfadjoint on the domain

D(H(k)) =
{
f ∈ L2(0, 1) : i(f ′′ + pf)′ + ipf ′ + qf ∈ L2(0, 1),

f ′′, (f ′′ + pf)′ ∈ L1(0, 1), fj(1) = eikfj(0)

for all j = 1, 2, 3, where f1 = f, f2 = f ′, f3 = f ′′ + pf
}(4.2)
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(see Lemma 4.3). In the expression i(f ′′ + pf)′ + ipf ′ + qf in (4.2), each term belongs
to L1(0, 1), but the sum lies in L2(0, 1).

Remark 4.1. In analyzing the direct integral expansion, some difficulties with nonsmooth
coefficients emerge. Namely, applying the standard unitary transformation U−1H(k)U ,
where U is the operator of multiplication by eikt, we cannot make the domain (4.2) of the
operator H(k) independent of k. Nevertheless (see Lemma 4.5), the operator function
H(k) is analytic in Kato’s sense (in terms of the resolvent), and this turns out to be
sufficient for the proof of the absolute continuity of the spectrum.

If p = q = 0, then each operator H0(k) = i∂3, k ∈ [0, 2π), acting in L2(0, 1), is
selfadjoint on the domain

D(H0(k)) =
{
f, f ′′′ ∈ L2(0, 1) : f (j)(1) = eikf (j)(0) for all j = 0, 1, 2

}
.

The eigenvalues of the operator H0(k), k ∈ [0, 2π), are all simple and are equal to
λ0
n(k) = (2πn+ k)3, n ∈ Z. The corresponding eigenfunctions ψ0

n,k = ei(2πn+k)t form an

orthonormal basis in L2(0, 1).
We need the following properties of the entire functions D(eik, · ), k ∈ [0, 2π).

Lemma 4.2. i) Each of the functions D(eik, λ), k ∈ [0, 2π), has the asymptotics

(4.3) D(eik, λ) = D0(e
ik, λ)

(
1 + O(|z|−1)

)
as |λ| → ∞

if |z − k − 2πn| ≥ π
2 , |zω − k + 2πn| ≥ π

2 for all n ∈ N, where

(4.4) D0(τ, λ) = −τ3 + τ2T0(λ)− τ sT0(sλ) + 1.

ii) There exists n0 ≥ 1 such that for every integer N > n0 the following is true:
a) for all k ∈ [0, π

2 ) ∪ ( 3π2 , 2π), the function D(eik, · ) has precisely 2N + 1 zeros,

counted with multiplicities, in the disk {λ : |λ| < (π(2N + 1))3};
b) for all k ∈ [π2 ,

3π
2 ], the function D(eik, · ) has precisely 2N zeros, counted with

multiplicities, in the disk {λ : |λ| < (2πN)3}.
Moreover, for every n > N and for all k ∈ [0, 2π), the function D(eik, · ) has precisely

one simple zero in every domain {λ : |z − k − 2πn| < π
2 }, {λ : |zω − k + 2πn| < π

2 }.
This function has no other zeros.

Proof. i) Let k ∈ [0, 2π). By (3.3) and (4.4), we have

|D(eik, λ)−D0(e
ik, λ)| = |eik(T (λ)− T0(λ))− sT (sλ) + sT0(sλ)| for all λ ∈ C.

Estimates (2.13) imply |T (λ)− T0(λ)| ≤ 3κ
|z| e

z0+κ, and then

(4.5) |D(eik, λ)−D0(e
ik, λ)| ≤ 6κ

|z| e
z0+κ for all |λ| ≥ 1.

Assume that

(4.6) |D0(1, λ)| ≥
ez0

8

for all λ lying in the set{
|λ| > R : |z − k − 2πn| ≥ π

2
, |zω − k + 2πn| ≥ π

2
for all n ∈ N

}
for some sufficiently large R > 0. Estimates (4.5) and (4.6) yield (4.3).

We prove (4.6). Using the identity

D0(τ, λ) = −(τ − eiz)(τ − eiωz)(τ − eiω
2z),
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we obtain

D0(e
ik, λ) = −(eik − eiz)(eik − eiωz)(eik − eiω

2z)

= −i8ei
3k
2 sin

z − k

2
sin

zω − k

2
sin

zω2 − k

2

for all λ ∈ C. With the help of the standard estimate | sin z| > 1
4e

| Im z| for |z − πn| ≥ π
4

for all n ∈ Z (see [33, Lemma 2.1]), we get

|D0(e
ik, λ)| > 1

8
e

1
2 (| Im z|+| Im zω|+| Im zω2|) ≥ ez0

8

for all λ ∈ C such that |zωj − k − 2πn| > 1, j = 0, 1, 2, n ∈ N. Since the inequalities
|zω2 − k ± 2πn| > 1, |z − k + 2πn| ≥ π

2 , |zω − k − 2πn| ≥ π
2 , n ∈ N, are fulfilled for all

sufficiently large |λ|, we get (4.6).
ii) Consider k ∈ [0, π

2 ). The proof for other values of k is similar. Let N ≥ 1 be
sufficiently large, and let N ′ > N be any integer. Consider the contours Cα(r) = {λ :
|z − α| = r}, r > 0, α ≥ 0. Let λ belong to one of the contours

C0(π(2N + 1)), C0(π(2N
′ + 1)), Ck+2πn

(π
2

)
, C(k−2πn)ω2

(π
2

)
, n > N.

The asymptotics (4.3) gives

|D(eik, λ)−D0(e
ik, λ)| = |D0(e

ik, λ)|
∣∣∣ D(eik, λ)

D0(eik, λ)
− 1

∣∣∣
= |D0(e

ik, λ)|O(|z|−1) < |D0(e
ik, λ)|

on each contour. By the Rouché theorem, D(eik, · ) has as many zeros as D0(e
ik, · ) in

each of the bounded domains and in the remaining unbounded domain. Since D0(e
ik, · )

has one simple zero at every point (2πn+k)3, n ∈ Z, and N ′ > N can be taken arbitrarily
large, we arrive at the required result. �

Now we study properties of the operator H(k) in a layer. In particular, we prove
that it is selfadjoint, compute its resolvent, and show that it depends on the variable k
analytically.

Lemma 4.3. i) Each operator H(k), k ∈ [0, 2π), is selfadjoint.
ii) The operator H(k), k ∈ [0, 2π), has discrete spectrum

(4.7) σ(H(k)) = {λ ∈ R : eik is an eigenvalue of M(1, λ)}.
Its resolvent (H(k)− λ)−1, λ ∈ C \ σ(H(k)), is a Hilbert–Schmidt operator and has the
form

(4.8)
(
(H(k)− λ)−1f

)
(t) = −i

∫ 1

0

Rk,13(t, s, λ)f(s) ds, t ∈ [0, 1],

where

Rk(t, s, λ) =
(
Rk,jk(t, s, λ)

)3
j,k=1

= M(t, λ)
(
χ(t− s)�3 − (M(1, λ)− eik�3)−1M(1, λ)

)
M−1(s, λ),

χ(t) =

{
1, t ≥ 0

0, t < 0.

(4.9)

Moreover, for sufficiently large α > 0, the resolvent (H(k)−iα)−1 is an analytic operator-
valued function of the variable k in a neighborhood of the interval [0, 2π] in C.

iii) The eigenfunctions ψn,k, n ∈ Z, of the operator H(k), k ∈ [0, 2π), with eigenvalues
λn(k) form an orthonormal basis in L2(0, 1). The eigenvalues λn(k) that are large in
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modulus are simple. We enumerate the λn(k) in the increasing order: . . . ≤ λ−1(k) ≤
λ0(k) ≤ λ1(k) ≤ λ2(k) ≤ . . . with regard to multiplicities. The following asymptotics is
valid:

(4.10) λn(k) =
(
2πn+ k

)3(
1 +O(n−1)

)
as n → ±∞

uniformly in k.

Proof. i) Introduce the following operator in L2(0, 1):

H+ = i∂3 + i∂p+ ip∂ + q,

D(H+) =
{
y ∈ L2(0, 1) : i(y′′ + py)′ + ipy′ + qy ∈ L2(0, 1), y′′, (y′′ + py)′ ∈ L1([0, 1])

}
,

and let H− be the restriction of H+ to the domain

D(H−) =
{
y ∈ D(H+) : y(0) = y(1) = y′(0) = y′(1) = (y′′+py)(0) = (y′′+py)(1) = 0

}
.

The operator H− is a densely defined symmetric operator with defect index (3, 3), and
H+ = H∗

−, H− = H∗
+ (see [14]). We introduce linear maps Γ1,Γ2 : D(H+) → C3 by the

relations

(4.11) Γ1y =

⎛
⎝ i(y′′ + py)(1)
−i(y′′ + py)(0)
y′(1)− iy′(0)

⎞
⎠ , Γ2y =

⎛
⎝ y(1)

y(0)
2+i
2 y′(1)− 1+2i

2 y′(0)

⎞
⎠ .

A straightforward calculation yields

(H+y, z)− (y,H+z) = (Γ1y,Γ2z)− (Γ2y,Γ1z) for all y, z ∈ D(H+).

We shall need the following result from [14].
1) Let A be a unitary operator in C3. Then the restriction of the operator H+ to the

set of functions y in D(H+) satisfying the condition

(4.12) (A− �3)Γ1y + i(A+ �3)Γ2y = 0,

is a selfadjoint extension HA of the operator H−.

2) For every selfadjoint extension rH of H−, there exists a unitary operator A in C3

such that rH = HA.
3) The correspondence between the set {A} of unitary operators in C

3 and the set
{hA} of selfadjoint extensions of H− is a bijection.

We shall choose a unitary operator A so that conditions (4.12) for the operator HA

imply conditions (4.2) for the operator H(k). Let k ∈ [0, 2π), and let A be of the form

(4.13) A =

⎛
⎝ 0 −eik 0
−e−ik 0 0

0 0 ia+b
ia−b

⎞
⎠ , a = ieik + 1, b =

2i− 1

2
eik +

2− i

2
.

The relation
(
ia+b
ia−b

)−1
= Ğ

(
ia+b
ia−b

)
shows that A is a unitary operator. Substituting (4.13)

and (4.11) in (4.12), we obtain⎛
⎝ −1 −eik 0
−e−ik −1 0

0 0 2b
ia−b

⎞
⎠
⎛
⎝ i(y′′ + py)(1)
−i(y′′ + py)(0)
y′(1)− iy′(0)

⎞
⎠+

⎛
⎝ 1 −eik 0
−e−ik 1 0

0 0 i2a
ia−b

⎞
⎠
⎛
⎝ iy(1)

iy(0)
2i−1
2 y′(1) + 2−i

2 y′(0)

⎞
⎠=0,

which is equivalent to

(4.14)

⎛
⎝ y

y′

y′′ + py

⎞
⎠ (1) = eik

⎛
⎝ y

y′

y′′ + py

⎞
⎠ (0).

Comparing (4.14) with (4.2), we conclude that HA = H(k), where A is defined by (4.13).
Since A is unitary, HA and, with it, H(k) are selfadjoint.
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ii) The solutions of the equation iy′′′ + (py)′ + py′ + (q − λ)y = f satisfy the relation

Y (t) = M(t, λ)Y (0) +M(t, λ)

∫ t

0

M−1(s, λ)F (s) ds,

Y =

⎛
⎝ y

y′

y′′ + py

⎞
⎠ , F =

⎛
⎝ 0

0
−if

⎞
⎠ ,

(4.15)

where (t, λ) ∈ R× C. Conditions (4.14) yield

(4.16) M(1, λ)Y (0) +M(1, λ)

∫ 1

0

M−1(s, λ)F (s) ds = eikY (0).

Suppose the operator (M(1, λ)− eik�3)−1 is bounded for some λ ∈ C. Then, by (4.16),
we have

Y (0) = −
(
M(1, λ)− eik�3)−1

M(1, iα)

∫ 1

0

M−1(s, λ)F (s) ds.

Substituting this in (4.15), we get

(4.17) Y (t) =

∫ 1

0

Rk(t, s, λ)F (s) ds for all t ∈ R,

which implies (4.8).
The matrix-valued function M is absolutely continuous in t. Since detM(t, λ) = 1,

the function M−1 is also absolutely continuous. Then relations (4.8), (4.9) show that the
resolvent of the operator H(k) is a Hilbert–Schmidt operator. Therefore, the spectrum
of H(k) is discrete.

Let λ be an eigenvalue of H(k). Then

eik

⎛
⎝ y

y′

y′′ + py

⎞
⎠ (0) =

⎛
⎝ y

y′

y′′ + py

⎞
⎠ (1) = M(1, λ)

⎛
⎝ y

y′

y′′ + py

⎞
⎠ (0).

Consequently, λ is a zero of the function D(eik, λ) = det(M(1, λ)− eik�3). Conversely,
let λ be a zero of D(eik, λ). Then the matrix M(1, λ) has an eigenvector (x1, x2, x3)

�

corresponding to the eigenvalue eik. A solution y of equation (1.4) that satisfies the
initial conditions y(j−1)(0) = xj , j = 1, 2, 3, provides an eigenfunction of the operator
H(k). Thus, λ is an eigenvalue of H(k), which implies (4.7).

Let λ = iα with a sufficiently large α > 0. Then z = ei
π
6 α

1
3 , α

1
3 > 0, whence

Re iz = Re iωz = −α
1
3

2
, Re iω2z = α

1
3 .

The asymptotics (3.10) show that

τj(λ) = e−
12
α

1
3 (1 +O(α− 1

3 )), j = 1, 2,

τ3(λ) = eα
1
3 (1 +O(α− 1

3 )) as α → +∞.

Thus, for α > 0 sufficiently large, the eigenvalues τj(iα), j = 1, 2, 3, of the matrix
M(1, iα) lie far from the unit circle. Then the operator (M(1, iα) − eik�3)−1 depends
analytically on k in a neighborhood of the interval [0, 2π]. From (4.8) it follows that the
resolvent (H(k)− iα)−1 is an analytic operator-valued function of the variable k in this
neighborhood.

iii) The resolvent of H(k) is a compact operator, so that its eigenfunctions form an
orthonormal basis.
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The relation T = τ1 + τ2 + τ3 and the asymptotics (3.10) imply the formulas

T (λ) = eiω
2z
(
1 +O(z−1)

)
as λ → ±∞,

sT (λ) =
(
1 +O(z−1)

){e−iωz as λ → +∞,

e−iz as λ → −∞.

From (3.3) we deduce that

D(eik, λ) = ei2keiω
2z
(
1 +O(z−1)

)
− eike−iωz

(
1 +O(z−1)

)
= 2iei

3
2k+

√
3z
(
sin

k − z

2
+O(z−1)

)(4.18)

as λ → +∞, and

D(eik, λ) = ei2keiω
2z
(
1 +O(z−1)

)
− eike−iz

(
1 +O(z−1)

)
= 2iei

3
2k+

√
3|z|

(
sin

k + |z|
2

+O(z−1)
)(4.19)

as λ → −∞, uniformly with respect to k ∈ [0, 2π]. The eigenvalues λn(k) of the oper-
ator H(k) are real and coincide with the set of zeros of the functionD(eik, · ). Lemma
4.2 ii) implies that the zeros of D(eik, · ) that are large in modulus are simple. More-
over, λn(k) = (2πn + k + δn)

3, |δn| < π
2 for all sufficiently large |n|. Substituting

z = λn(k)
1
3 = 2πn+ k + δn in (4.18) and (4.19), we see that δn = O(n−1) as n → ±∞,

which provides (4.10). �
Remark 4.4. Relation (4.2) shows that the operator H(0) is given on a circle. Conse-
quently, the eigenvalues of this operator are eigenvalues of a periodic problem. Similarly,
the eigenvalues of the operator H(π) are eigenvalues of an antiperiodic problem. From
(4.7) it follows that λ is an eigenvalue of the periodic problem if and only if one of the
multipliers τj(λ) = 1 is equal to 1 or, what is the same, one of the Lyapunov functions
Δj(λ) = 1 is equal to 1 (for the antiperiodic problem, τj(λ) = −1 or Δj(λ) = −1).

In the following lemma we show that the eigenvalues and eigenfunctions of the oper-
ator H(k) depend on k analytically and the λn( · ), n ∈ Z, cannot be constant. These
statements are basic for proving the absolute continuity of the spectrum of the opera-
tor H.

Lemma 4.5. i) The operator-valued function H( · ) is real-analytic in Kato’s sense in a
neighborhood of the interval [0, 2π] in C. Moreover, H(k) and H(2π−k) are antiunitarily
equivalent with respect to the usual complex conjugation. In particular, their eigenvalues
are equal and the corresponding eigenfunctions are complex conjugate.

ii) For k ∈ (0, 2π), the eigenvalues of the operator H(k) have multiplicity 1 or 2.
Moreover, for every n ∈ Z there exists a finite number mn ≥ 0 of values k� ∈ (0, 2π),
� = 1, . . . ,mn, such that λn(k�) is an eigenvalue of multiplicity 2 of the operator H(k�).
Every function λn( · ), n ∈ Z, is continuous on [0, 2π) and analytic and nonconstant on
each of the intervals (0, k1), (kmn

, 2π), (k�, k�+1), � = 1, . . . ,mn − 1.
iii) Let n ∈ Z. Then the L2(0, 1)-valued function ψn,k is continuous in k on [0, 2π) and

real-analytic in k on each of the intervals (0, k1), (kmn
, 2π), (k�, k�+1), � = 1, . . . ,mn − 1.

Proof. i) For sufficiently large α > 0, the resolvent (H(k)− iα)−1 is an analytic operator-
valued function of the variable k in a neighborhood of the interval [0, 2π] in C. Conse-
quently, the operators H(k) form a Kato analytic family in this neighborhood (see [34,
Chapter XII.2]). The definition (4.2) of the operatorH(k) shows thatH(k) andH(2π−k)
are antiunitarily equivalent.

ii) Recall the following known result (see [20, Theorem VII.1.8]).
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If a family of operators A(k) is (Kato) analytic in a neighborhood of zero, then any
finite system of eigenvalues of A(k) is represented by branches of one or several analytic
functions, which have at most algebraic singularities at zero.

By Lemma 4.2 ii), there exists a number N ≥ 1 independent of k and such that all
the eigenvalues λn(k), k ∈ [0, 2π), |n| > N , are simple. This implies that every function
λn( · ) with |n| > N is analytic on [0, 2π). Applying the above result to the finite system
λn(k), |n| ≤ N , of eigenvalues of the operator H(k), k ∈ [0, 2π), we deduce that every
function λn( · ), |n| ≤ N , is continuous and piecewise analytic on [0, 2π).

We show that any eigenvalue λn(k), n ∈ N, is simple for all k ∈ (0, 2π) except for a
finite number of values of k. Recall that the number of distinct eigenvalues of M(1, λ)
is equal to 3 independently of λ, with the exception of some special points λ ∈ C. Each
compact subset in C can contain only finitely many such exceptional points. If λ is a
degenerate eigenvalue of H(k), then eik is a multiple eigenvalue of the matrix M(1, λ)
and λ is an exceptional point.

Suppose there are infinitely many values k� ∈ (0, 2π) such that λn(k�) (with a fixed
n ∈ Z) is a degenerate eigenvalue. Then the set {k�, � ∈ N} has at least one limit point
k = lim�→∞ k� ∈ [0, 2π], and either a) lim�→∞ λn(k�) = ∞, or b) the set {λn(k�), � ∈ N}
has a finite limit. The asymptotics (4.10) shows that a) is impossible. Since in every
compact subset in C there are only finitely many exceptional values, b) is also impossible.
Thus, there are a finite number mn ≥ 0 of values k� ∈ (0, 2π) such that λn(k�) is a
degenerate eigenvalue of the operator H(k�). The function λn( · ) is continuous on [0, 2π)
and analytic on each of the intervals (0, k1), (k�, k�+1), (kmn

, 2π).
If λ is an eigenvalue of H(k) of multiplicity 3, then the multiplier τ = eik has mul-

tiplicity 3. Relation (3.4) shows that in this case we have τ = 1, which implies that
k = 0.

Assume that, for some n ∈ Z, λn(k) = c = const on a nonempty interval (α, β) ⊂
[0, 2π), and let A = T (c). Then, (3.3) implies the relation

(4.20) −ei3k + ei2kA− eik sA+ 1 = 0 for all k ∈ (α, β).

Using the Cardano formulas to express eik, we get k = const, i.e., (4.20) cannot be
fulfilled for all k ∈ (α, β). This contradiction proves the claim.

iii) The result follows from i), ii), and the Kato–Rellich theorem (see [34, Theo-
rem XII.8]). �

Remark 4.6. In our proof of the continuity of the spectrum of H, an important role is
played by the fact that the zeros of the functionD(eik, · ) cannot be constant with respect
to k ∈ [0, 2π). This immediately implies the absence of the point spectrum. However,
the absence of the point spectrum can be proved with the help of the approach used
in [9]. The idea of such a proof is that, by the periodicity of the operator, the spectrum
contains no eigenvalues of finite multiplicity; moreover, it contains no eigenvalues of
infinite multiplicity, because the number of linearly independent solutions of equation
(1.4) is finite for each fixed λ ∈ R.

§5. The spectrum of H

Denote by C∞
0 (R) the set of smooth functions on R with bounded support; this set is

dense in L2(R). Define a unitary operator U : L2(R) → H by the relation

(5.1) (Uf)k(t) =
∑
n∈Z

e−inkf(t+ n), (k, t) ∈ [0, 2π)× [0, 1].

Here, H =
∫ ⊕
[0,2π)

H ′ dk
2π , product ( · , · )0 and the norm ‖ · ‖0 in the Hilbert space H ′.



730 A. V. BADANIN AND E. L. KOROTYAEV

Lemma 5.1. i) We extend ψn,k, (n, k) ∈ Z × [0, 2π) from [0, 1] to R by the formula
ψn,k(t+ 1) = eikψn,k(t). For f ∈ C∞

0 (R), consider

(5.2) rfn(k) =

∫
R

f(t)ψn,k(t) dt.

Then
(5.3)

‖f‖2 =
1

2π

∑
n∈Z

∫ 2π

0

| rfn(k)|2 dk, f(t) =
1

2π

∑
n∈Z

∫ 2π

0

rfn(k)ψn,k(t) dk, t ∈ R.

ii) The operator H1 = U−1
∫ ⊕
[0,2π)

H(k) dk2π U is selfadjoint on the domain D(H1) =

D(H), where D(H) is as in (1.2). Moreover, the operator H1 satisfies

(5.4) ( ĄH1f)n(k) = λn(k) rfn(k) for all (n, k) ∈ Z× [0, 2π), f ∈ D(H1),

where the operation r is assumed to be extended to L2(R) by continuity.
iii) The operator H defined in (1.1), (1.2) is selfadjoint and satisfies

(5.5) UHU−1 =

∫ ⊕

[0,2π)

H(k)
dk

2π
.

Proof. i) For f ∈ C∞
0 (R), the sum in (5.1) is finite, and uk satisfies

(5.6) uk(t+ 1) = e−ikuk(t), f(t) =
1

2π

∫ 2π

0

uk(t) dk for all t ∈ R.

Moreover,

rfn(k) =

∫ 1

0

∑
�∈Z

f(t+ �)ψn,k(t+ �) dt

=

∫ 1

0

∑
�∈Z

e−ik�f(t+ �)ψn,k(t) dt =

∫ 1

0

uk(t)ψn,k(t) dt.

Since the ψn,k form an orthonormal basis in L2(0, 1), we have

(5.7)
∑
n∈Z

| rfn(k)|2 =

∫ 1

0

|uk(t)|2 dt, uk(t) =
∑
n∈Z

rfn(k)ψn,k(t) for all t ∈ [0, 1].

Since U is unitary, we obtain ‖f‖2 = ‖u‖2H = 1
2π

∫ 2π

0
dk

∫ 1

0
|uk(t)|2 dt. This and the first

relation in (5.7) imply the first identity in (5.3). Substituting the second formula in (5.7)
in the second relation of (5.6), we obtain the second relation of (5.3).

ii) The operator A =
∫ ⊕
[0,2π)

H(k) dk2π on the domain

D(A) =

{
u ∈ H : uk ∈ D(H(k)) for all k ∈ [0, 2π),

∫ 2π

0

‖H(k)uk‖20 dk < ∞
}

is selfadjoint (see [34, Theorem XIII.85]). Then H1 = U−1AU is selfadjoint on the
domain D(H1) = U−1D(A).

We show that D(H1) = D(H), where D(H) is the domain given by (1.2). Let f∈D(H).
Since (5.1), it follows that uk = (Uf)(k) ∈ D(H(k)) for all k ∈ [0, 2π). Moreover, we have

huk = (U(hf))(k), where h = i(∂2 + p)∂ + i∂p+ q. Then 1
2π

∫ 2π

0
‖H(k)uk‖20 dk = ‖hf‖2.

From hf ∈ L2(R) it follows that
∫ 2π

0
‖H(k)uk‖20 dk < ∞. Thus, u = Uf ∈ D(A),

implying that UD(H) ⊂ D(A), whence D(H) ⊂ U−1D(A) = D(H1). Conversely, let

u ∈ D(A). Then uk ∈ D(H(k)) for all k ∈ [0, 2π), and the relation f(t) = 1
2π

∫ 2π

0
uk(t) dk

shows that f ′, f ′′ + pf ∈ AC(R). Moreover,
∫ 2π

0
‖H(k)uk‖20 dk < ∞. Since U is unitary,
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we have ‖hf‖2 = 1
2π

∫ 2π

0
‖H(k)uk‖20 dk < ∞, which means that hf ∈ L2(R). Thus,

f = U−1A ∈ D(H), and U−1D(A) = D(H1) ⊂ D(H). Consequently, D(H1) = D(H).
We prove (5.4). Let f ∈ D(H1)∩C∞

0 (R). It is known that the set D(H1)∩C∞
0 (R) is

dense in L2(R) (see, e.g., [10, Appendix A]). Relations (5.2) and (5.1) yield

( ĄH1f)n(k) =

∫
R

(H1f)(t)ψn,k(t) dt

=
∑
�∈Z

∫ 1

0

(H1f)(t+ �)ψn,k(t)e
−i�k dt = ((UH1f)(k), ψn,k)0,

(5.8)

and this identity extends by continuity to the set of all f ∈ D(H1). From the definition
of H1 it follows that (UH1f)(k) = (AUf)(k) = H(k)uk. Substituting this in (5.8), we
obtain

( ĄH1f)n(k) =
(
H(k)uk, ψn,k

)
0
= λn(k)(uk, ψn,k)0, f ∈ D(H1).

The second formula in (5.7) implies (uk, ψn,k)0 = rfn(k), which gives (5.4).
iii) Let f ∈ D(H1) = D(H). Integration by parts yields

(ĄHf)n(k) =

∫
R

(Hf)(t)ψn,k(t) dt

=

∫
R

f(t)
(
(i∂3 + ip∂ + i∂p+ q) sψn,k

)
(t) dt = λn(k) rfn(k)

(5.9)

for all (n, k) ∈ Z × [0, 2π). Relations (5.4) and (5.9) show that ( Č(H−H1)f)n(k) = 0 for
all (n, k) ∈ Z× [0, 2π). Then from (5.3) we have (H−H1)f = 0 for all f ∈ D(H), whence
H = H1. Lemma 5.1 ii) implies the selfadjointness of H and relation (5.5). �

Remark 5.2. (1) The functions ψn,k, (n, k) ∈ Z × [0, 2π), extended to all t ∈ R by the
formula ψn,k(t+1) = eikψn,k(t) are Floquet solutions for the operator H. Relations (5.3)
provide an expansion of the function f in an integral of Floquet solutions, together
with the Parseval relation for this expansion. Relation (5.4) shows the existence of an
expansion in eigenfunctions for H.

(2) Results similar to Lemma 5.1 are well known for the second order operator (see,
e.g., [12] and [34, Chapter XIII.16]). For operators of an arbitrary even order with
smooth coefficients, pertinent results can be found in [35]. In our case, the operator
has coefficients in L1(0, 1), so that its domain is more complicated than that of an
operator with smooth coefficients. Moreover, our operator has an odd order and is not
semibounded from below. This case requires additional analysis.

In the following theorem we describe the spectrum of H is terms of multipliers and
the Lyapunov function.

Theorem 5.3. The spectrum σ(H) of the operator H is absolutely continuous and is
equal to

σ(H) =
⋃
n∈Z

λn([0, 2π]) =
{
λ ∈ R : |τj(λ)| = 1 for j = 1, 2, or 3

}
=

{
λ ∈ R : Δj(λ) ∈ [−1, 1] for j = 1, 2, or 3

}
.

(5.10)

Moreover, the multiplicity of the spectrum is equal to the number of branches of the
function τ (λ) (or Δ(λ)) that satisfy (5.10).

Proof. We use the following known results (see [34, Theorem XIII.85,86]).
Let A =

∫
[0,2π)

H(k) dk2π , and let H(k) be a selfadjoint operator in L2(0, 1) for each

k ∈ [0, 2π). Assume we are given L2(0, 1)-valued functions {ψn( · )}n∈Z on [0, 2π] that are
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continuous on [0, 2π) and piecewise real-analytic on (0, 2π), and complex-valued functions
λn( · ) continuous on [0, 2π) and piecewise analytic on [0, 2π) such that

a) every function λn( · ) is nonconstant on any subinterval in [0, 2π);
b) H(k)ψn(k) = λn(k)ψn(k) for all (n, k) ∈ Z× [0, 2π);
c) for every k ∈ [0, 2π), the collection {ψn(k)}n∈Z forms an orthonormal basis in the

space L2(0, 1).

Then A has a purely absolutely continuous spectrum, and σ(A) =
⋃

k∈[0,2π) σ(H(k)).

From these results and Lemmas 4.3 and 4.5, it follows that the spectrum of the operator
H is purely absolutely continuous and satisfies the first and the second identity in (5.10).
Since Δj =

1
2 (τj + τ−1

j ), j = 1, 2, 3, we have the third identity in (5.10). �

Remark 5.4. The asymptotics (3.11) and identity (5.10) show that, at high energy, ex-
actly one branch of the Lyapunov function contributes to the spectrum, and the other
two branches take nonreal values.

Proof of Theorem 1.1 ii), iii). Theorem 3.2 ii) shows that σ(H) = R and for any λ ∈
σ(H) only two possibilities occur: a) precisely one multiplier τ (λ) lies on the unit circle;

b) all three multipliers lie on the unit circle.
Consider case a): precisely one multiplier τ (λ) lies on the unit circle for all λ ∈ (α, β)

with some α < β. Then (α, β) ∈ σ(H) and (5.4) shows that the spectral projection
χ(α,β)(H) is unitarily equivalent to the operator of multiplication by λ ∈ (α, β). There-
fore, the spectrum of H in the interval (α, β) has multiplicity 1.

Consider case b): all three multipliers lie on the unit circle for all λ ∈ (α, β) with some
α < β. Then the spectral projection χ(α,β)(H) is unitarily equivalent to the operator of
multiplication by λ�3, λ ∈ (α, β). Therefore, the spectrum of H in the interval (α, β)
has multiplicity 3.

The asymptotics (3.10) shows that precisely one multiplier satisfies (5.10) for λ ∈
R \ [−R,R] if R > 0 is sufficiently large; therefore, the spectrum has multiplicity 1 for
such λ.

Let τj = eikj for all j = 1, 2, 3. By Proposition 3.4 i), all kj(λ), j = 1, 2, 3, are distinct
for all λ ∈ C apart from some exceptional values of λ, and the number of such exceptional
values is finite in each finite domain. Since ei(k1+k2+k3) = 1, formula (1.9) yields

ρ = (eik1 − eik2)2(eik1 − eik3)2(eik2 − eik3)2

= −64 sin2
k1 − k2

2
sin2

k1 − k3
2

sin2
k2 − k3

2
.

(5.11)

If the spectrum has multiplicity 3 at a point λ, then, by Theorem 3.2 iii), kj(λ) ∈ R for
all j = 1, 2, 3 and (5.11) shows that ρ(λ) ≤ 0. If the spectrum has multiplicity 1 at a
point λ, then precisely one of the kj , say k1, is real and k2 = sk3 are not real. From (5.11)
it follows that ρ(λ) > 0, which yields (1.11). The function ρ has finitely many zeros on
any bounded interval of the real line; thus, the spectrum of multiplicity 3 consists of a
finite number of intervals. �

In conclusion, we prove the following property of the Lyapunov function.

Proposition 5.5. If Δj(λ) ∈ (−1, 1) for some (j, λ) ∈ {1, 2, 3}×R and λ is not a branch
point of the function Δj , then Δ′

j(λ) �= 0.

Proof. The proof is standard, and we present it for completeness. Suppose λ0 ∈ R

satisfies the following conditions: Δj(λ0) ∈ (−1, 1) for some j = 1, 2, 3, λ0 is not a branch
point of the function Δj , and Δ′

j(λ0) = 0. Then Δj(λ) = Δj(λ0) +
1
2Δ

′′
j (λ0)(λ− λ0)

2 +

O((λ− λ0)
3) as λ− λ0 → 0. Consider the mapping λ → Δj(λ) in a neighborhood of the

point λ0. Any angle formed by two lines starting at the point λ0 is carried by this mapping
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to an angle that is two or more times larger. Then the segment [Δj(λ0)−δ,Δj(λ0)+δ] ⊂
[−1, 1] for some sufficiently small δ > 0 has a preimage that cannot lie entirely on the
real line. From (5.10) it follows that H has a nonreal spectrum, which contradicts the
fact that H is selfadjoint. Thus, Δ′

j(λ0) �= 0, which proves the claim. �
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