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TOWARD THE THEORY OF ORLICZ–SOBOLEV CLASSES

D. A. KOVTONYUK, V. I. RYAZANOV, R. R. SALIMOV, AND E. A. SEVOST′YANOV

Abstract. It is shown that, under a Calderón type condition on the function ϕ, the

continuous open mappings that belong to the Orlicz–Sobolev classes W 1,ϕ
loc have total

differential almost everywhere; this generalizes the well-known theorems of Gehring–
Lehto–Menchoff in the case of R2 and of Väisälä in Rn, n ≥ 3. Appropriate examples

show that the Calderón type condition is not only sufficient but also necessary. More-
over, under the same condition on ϕ, it is also proved that the continuous mappings of

classW 1,ϕ
loc and, in particular, of classW 1,p

loc for p > n−1 have Lusin’s (N)-property on
a.e. hyperplane. On that basis, it is shown that, under the same condition on ϕ, the

homeomorphisms f with finite distortion of class W 1,ϕ
loc and, in particular, those be-

longing to W 1,p
loc for p > n−1, are what is called lower Q-homeomorphisms, where Q is

equal to their outer dilatation Kf ; also, they are so-called ring Q∗-homeomorphisms

with Q∗ = Kn−1
f . The latter fact makes it possible to fully apply the theory of the

boundary and local behavior of the ring and lower Q-homeomorphisms, as developed
earlier by the authors, to the study of mappings in the Orlicz–Sobolev classes.

Part 1. Differentiability and behavior of Hausdorff’s measures in the
Orlicz–Sobolev classes

§1. Introduction

The theory of mappings with bounded distortion, as developed in the work of academi-
cian Yu. G. Reshetnyak and his school (S. K. Vodop′yanov, V. M. Goldstein and others),
became classics of the mapping theory long ago, see, e.g., the monographs [146, 27] and
[60], and also [28], as well as the relatively recent papers [25, 26]. Recall that a continuous
mapping f : U → R

n of an open set U in R
n, n ≥ 2, is called a mapping with bounded

distortion if f ∈ W 1,n
loc , its Jacobian Jf (x) = det f ′(x) keeps its sign in U , and

(1) ‖f ′(x)‖n ≤ K |Jf (x)| a.e.

for some number K ∈ [1,∞), where f ′(x) is the Jacobi matrix of f , and ‖f ′(x)‖ is
its operator norm: ‖f ′(x)‖ = sup |f ′(x) · h| with the supremum taken over all vector
columns h in R

n of unit length. Such mappings are said to be quasiregular in the foreign
literature, see, e.g., [71, 119] and [150].

During the last decades, a new theory of mappings with finite distortion has been
developed. Recall that a mapping f : U → R

n of an open set U in R
n, n ≥ 2, is said to

have finite distortion if f ∈ W 1,1
loc , Jf ∈ L1

loc, and

(2) ‖f ′(x)‖n ≤ K(x) · Jf (x)
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with an a.e. finite function K. In what follows, we use the notation Kf (x) for the
smallest function K(x) ≥ 1 in (2), i.e., we set Kf (x) = ‖f ′(x)‖n/Jf (x) if Jf (x) �= 0,
Kf (x) = 1 if f ′(x) = 0 and Kf (x) = ∞ at the other points.

This notion was introduced in [82] in the plane case for f ∈ W 1,2
loc . Afterward, this

condition was replaced by the requirement f ∈ W 1,1
loc implying in addition that Jf ∈

L1
loc, see, e.g., the book [80]. In fact, similar mappings were studied long ago in the

framework of the theory of mappings with bounded Dirichlet integral, see, e.g., [112] and
[174, 175, 176], and of mappings quasiconformal in the mean, see [1, 18, 60, 65, 99, 100,
101, 102, 103, 104, 108, 136, 137, 138] and [152].

Note that the above additional condition Jf ∈ L1
loc in the definition of the mappings

with finite distortion can be omitted for homeomorphisms. Indeed, for each homeomor-
phism f between domains D and D′ in R

n having the first partial derivatives a.e. in D,
there is a set E of Lebesgue measure zero such that f satisfies Lusin’s (N)-property on
D \ E, and

(3)

∫
A

Jf (x) dm(x) = |f(A)|

for every Borel set A ⊂ D \ E, see, e.g., 3.1.4, 3.1.8 and 3.2.5 in [50].
Moduli of families of curves and surfaces are the main geometric tool in the mapping

theory. The recent development of the moduli method is closely linked with the modern
classes of mappings, see, e.g., [123], and partial differential equations, see, e.g., [21] and
[64] and also the recent books [13, 47] and [183] on the moduli and capacity theory, as
well as the following papers and monographs: [5, 6, 7, 8, 9, 10, 32, 39, 40, 41, 42, 43, 44,
66, 58, 56, 57, 59, 87, 107, 171, 177, 179, 182, 185], and further references therein.

In the present paper, we show that the theories of mappings satisfying certain modulus
conditions (the so-called lower and ring Q-homeomorphisms), recently developed by us
and published, e.g., in [123], can be applied to a wide range of Orlicz–Sobolev mappings

and, in particular, to the Sobolev classes W 1,p
loc for p > n − 1 in R

n, n ≥ 3. Note that
the corresponding plane case was studied by us earlier, see, e.g., the papers [88, 92, 90]
and [114] where it was established that any homeomorphism f with finite distortion is a
lower and ring Q-homeomorphism with Q(x) = Kf (x).

In what follows, D is a domain in R
n, n ≥ 2, and m is the Lebesgue measure

in R
n. Following Orlicz, see [133] and [134], given a convex monotone increasing function

ϕ : R+ → R
+, ϕ(0) = 0, we denote by Lϕ the space of all functions f : D → R such that

(4)

∫
D

ϕ

(
|f(x)|
λ

)
dm(x) < ∞

for some λ > 0, see also [98]. Lϕ is called the Orlicz space. In other words, Lϕ is the
cone over the class of all functions g : D → R such that

(5)

∫
D

ϕ(|g(x)|) dm(x) < ∞,

which is called the Orlicz class, see [19].

The Orlicz–Sobolev class W 1,ϕ(D) is the class of all functions f ∈ L1(D) having the
first distributional derivatives and with gradient ∇f belonging to the Orlicz class in D.
We write f ∈ W 1,ϕ

loc (D) if f ∈ W 1,ϕ(D∗) for every domain D∗ with compact closure in D.

Note that, by definition, W 1,ϕ
loc ⊆ W 1,1

loc . As usual, we write f ∈ W 1,p
loc if ϕ(t) = tp, p ≥ 1.

It is known that a continuous function f belongs to W 1,p
loc if and only if f ∈ ACLp, i.e., if

f is locally absolutely continuous on a.e. straight line parallel to a coordinate axis and
the first partial derivatives of f are locally integrable with the power p, see, e.g., 1.1.3
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in [128]. The concept of the distributional (generalized) derivative was introduced by
Sobolev [170] in R

n, n ≥ 2, and at present it is developed under wider settings by many
authors, see, e.g., [4, 29, 30, 67, 70, 72, 73, 118, 123] and [148].

In what follows, we also write f ∈ W 1,ϕ
loc for a locally integrable vector-valued function

f = (f1, . . . , fm) of n real variables x1, . . . , xn if fi ∈ W 1,1
loc and

(6)

∫
D

ϕ(|∇f(x)|) dm(x) < ∞,

where

|∇f(x)| =

√√√√ m∑
i=1

n∑
j=1

(
∂fi
∂xj

)2

.

We also use the notation W 1,ϕ
loc in the case of functions ϕ more general than in the Orlicz

classes, always assuming the convexity of ϕ. Note that the Orlicz–Sobolev classes have
been studied intensively in various aspects by many authors, both recently and in the
past, see, e.g., [2, 12, 31, 34, 46, 61, 76, 79, 85, 86, 95, 96, 97, 109, 110, 132, 154, 157,
155, 178] and [184].

§2. Preliminaries

In this paper, we denote by Hk, k ≥ 0, the k-dimensional Hausdorff measure in R
n,

n ≥ 1. More precisely, if A is a set in R
n, then

Hk(A) = sup
ε>0

Hk
ε (A),(7)

Hk
ε (A) = inf

∞∑
i=1

(diam Ai)
k ,(8)

where the infimum in (8) is taken over all coverings of A by sets Ai with diam Ai < ε,
see, e.g., [77] and [127]. It is known that the outer Lebesgue measure m(A) is equal to
Ωn · 2−nHn(A) for sets A in R

n, where Ωn denotes the volume of the unit ball in R
n,

see [166]. Note that Hk is an outer measure in the sense of Caratheodory, i.e.,

(1) Hk(X) ≤ Hk(Y ) whenever X ⊆ Y ,

(2) Hk
(⋃

i Xi

)
≤

∑
i H

k(Xi) for each sequence of sets Xi,

(3) Hk(X ∪ Y ) = Hk(X) +Hk(Y ) whenever dist(X,Y ) > 0.

A set E ⊂ R
n is said to be measurable with respect to Hk if Hk(X) = Hk(X ∩ E) +

Hk(X \ E) for every set X ⊂ R
n. It is well known that every Borel set is measurable

with respect to any outer measure in the sense of Caratheodory, see, e.g., [163, Theorem
II (7.4)]. Moreover, Hk is Borel regular, i.e., for every set X ⊂ R

n, there is a Borel set
B ⊂ R

n such that X ⊂ B and Hk(X) = Hk(B), see, e.g., [163, Theorem II (8.1)] and
[50, Section 2.10.1]. This implies that, for every measurable set E ⊂ R

n, there exist
Borel sets B∗ and B∗ ⊂ R

n such that B∗ ⊂ E ⊂ B∗ and Hk(B∗ \B∗) = 0, see, e.g., [50,
Section 2.2.3]. In particular, Hk(B∗) = Hk(E) = Hk(B∗).

If Hk1(A) < ∞, then Hk2(A) = 0 for every k2 > k1, see, e.g., [77, VII.1.B]. The
quantity

dimH A = sup
Hk(A)>0

k

is called the Hausdorff dimension of A. It was shown in [55] that any set A with
dimH A = p can be transformed into a set B = f(A) with dimH B = q for each pair of
numbers p and q ∈ (0, n) by a quasiconformal mapping f of Rn onto itself, see also [14]
and [20].
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Recall also that a k-dimensional direction Γ in R
n is the equivalence class of all k-

dimensional planes in R
n that can be obtained each from each other by a parallel shift.

Note that each (n − k)-dimensional plane T orthogonal to a k-dimensional plane P in
Γ intersects P at a single point X(P). If E is a subset of Γ, then X(E) denotes the
collection of all points X(P), P ∈ E. It is clear that the (n − k)-dimensional measure
μn−k(E) of the set X(E) does not depend of the choice of the plane T . A property is
said to hold for almost every plane in Γ if μn−k(E) = 0 for the set E of all planes P for
which the property fails.

The following remarkable property of functions f in the Sobolev classes W 1,p
loc was

proved in the monograph [60], see Theorem 5.5 therein, and can be extended to the
Orlicz–Sobolev classes. This statement follows directly from the Fubini theorem and the
known characterization of functions in Sobolev’s class W 1,1

loc in terms of ACL (absolute
continuity on lines), see, e.g., [128, 1.1.3], and the comments in the Introduction.

Proposition 1. Let U be an open set in R
n, and let f : U → R

m, m ≥ 1, be a mapping
in the Orlicz–Sobolev class W 1,ϕ

loc (U) with a monotone increasing function ϕ : [0,∞) →
[0,∞). Then, for every k-dimensional direction Γ and a.e. k-dimensional plane P ∈ Γ,
k = 1, 2, . . . , n−1, the restriction of the function f to the set P ∩U is a function of class
W 1,ϕ

loc (P ∩ U).

Here the class W 1,ϕ
loc is well defined on an almost every k-dimensional plane, because

the partial derivatives are Borel functions and, moreover, Sobolev’s classes are invariant
with respect to quasiisometric transformations of systems of coordinates, in particular,
with respect to rotations, see, e.g., [128, 1.1.7].

Recall the Väisälä–Fadell theorem, see [49] and [181]. With the use of it, the well-
known theorems of Gehring–Lehto–Menchoff in the case of the plane and of Väisälä in
R

n, n ≥ 3, see, e.g., [53, 129] and [181], on the differentiability a.e. of open Sobolev
classes mapping can be extended to the case of open mappings in Orlicz–Sobolev classes
in R

n, n ≥ 3. Recall that a mapping f : Ω → R
n is said to be open if the image of every

open set in Ω under f is an open set in R
n.

Proposition 2. Let f : Ω → R
n be a continuous open mapping given on an open set Ω

in R
n, n ≥ 3. If f has a total differential a.e. on Ω with respect to each collection of

n− 1 variables, then f has a total differential a.e. on Ω with respect to all n variables.

Finally, we recall the following fundamental Calderón result, see [31, p. 28].

Proposition 3. Let ϕ : [0,∞) → [0,∞) be a monotone increasing function such that
ϕ(0) = 0 and

(9) A :=

∫ ∞

0

[
t

ϕ(t)

] 1
k−1

dt < ∞

for a natural number k ≥ 2, and let f : D → R be a continuous function defined on a
domain D ⊂ R

k and belonging to W 1,ϕ(G). Then

(10) diam f(C) ≤ αkA
k−1
k

[ ∫
C

ϕ(|∇f |) dm(x)

] 1
k

for every cube C ⊂ G whose edges are directed along coordinate axes; here αk is a constant
depending only on k.

Note that Lemma 3.2 in [85] is in fact a reformulation of this Calderón result, with no
reference to Calderón’s work. Perhaps, the paper [31] had enough time to be forgotten,
because it was published long ago in a hardly accessible journal.
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Remark 1. The assumption that ϕ is (strictly!) monotone increasing is not essential.
Indeed, let ϕ be only monotone nondecreasing. Passing if necessary to the new function

rϕε(t) := ϕ(t) +
∑
i

ϕ
(ε)
i (t),

where

ϕ
(ε)
i (t) := ε

2−i

(bi − ai)

∫ t

0

χi(t) dt

and the χi denote the characteristic functions of the constancy intervals (ai, bi) of the
function ϕ, we see that ϕ(t) ≤ rϕε(t) ≤ ϕ(t)+ ε, so that condition (6) on the cube C and
condition (9) are fulfilled for the (strictly!) monotone increasing function rϕε. Letting
ε → 0, we obtain estimate (10) with the initial function ϕ, see, e.g., [163, Theorem I.12.1].

The function (t/ϕ(t))1/(k−1) can have a nonintegrable singularity at zero. However,
it is clear that the behavior of ϕ near zero is not essential for estimate (10). Indeed, we
may apply (10) with the replacements A �→ A∗ and ϕ �→ ϕ∗, where

(11) A∗ := t∗

[
1

ϕ(t∗)

] 1
k−1

+

∫ ∞

t∗

[
t

ϕ(t)

] 1
k−1

dt < ∞

and ϕ∗(0) = 0, ϕ∗(t) ≡ ϕ(t∗) for t ∈ (0, t∗) and ϕ∗(t) = ϕ(t) for t ≥ t∗ if ϕ(t∗) > 0.
Hence, in particular, the normalization ϕ(0) = 0 in Proposition 3 evidently does not
matter.

§3. Differentiability of open mappings

We start with the following statement, which is due to Calderón [31], see also [172].
However, here we prefer, in contrast to [31], to prove it on the basis of the classic Stepanov
theorem, see [173] and also [115].

Lemma 1. Let Ω be an open set in R
k, k ≥ 2, and let f : Ω → R be a continuous

mapping of class W 1,ϕ
loc (Ω) with a monotone nondecreasing function ϕ : [0,∞) → [0,∞)

such that, for some t∗ ∈ (0,∞),

(12) A :=

∫ ∞

t∗

[
t

ϕ(t)

] 1
k−1

dt < ∞.

Then f has a total differential a.e. in Ω.

Proof. Given x ∈ Ω, we set

L(x, f) = lim sup
y→x

|f(y)− f(x)|
|y − x| .

By the Stepanov theorem, the proof reduces to checking that L(x, f) < ∞ a.e. in Ω.
Denote by C(x, r) the oriented cube centered at x such that the ball B(x, r) is inscribed

in C(x, r) with r = |x− y|. Then

L(x, f) = lim sup
y→x

|f(x)− f(y)|
|x− y| ≤ lim sup

r→0

d(fB(x, r))

r
≤ lim sup

r→0

d(fC(x, r))

r
.

Using Proposition 3, Remark 1, and the triangle inequality, we get

L(x, f) ≤ mαk A
k−1
k∗ lim sup

r→0

[
1

rk

∫
C(x,r)

ϕ∗(|∇f |) dm(x)

] 1
k

< ∞

for a.e. x ∈ Ω, in view of the Lebesgue theorem on differentiability of indefinite integrals,
see, e.g., [163, Theorem IV.5.4]. The proof is complete. �

Combining Lemma 1 and Proposition 1, we obtain the following statement.
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Corollary 1. Let Ω be an open set in R
n, n ≥ 3, and let f : Ω → R be a continuous

mapping of class W 1,ϕ
loc (Ω) with a monotone nondecreasing function ϕ : (0,∞) → (0,∞)

such that, for some t∗ ∈ (0,∞),

(13)

∫ ∞

t∗

[
t

ϕ(t)

] 1
n−2

dt < ∞.

Then on a.e. hyperplane P parallel to a fixed hyperplane P0, the mapping f
∣∣
P has a total

differential a.e..

Combining Corollary 1 and the Väisälä–Fadell result, see Proposition 2 above, we
obtain the main result of this section.

Theorem 1. Let Ω be an open set in R
n, n ≥ 3, and let f : Ω → R

n be a continuous open
mapping of class W 1,ϕ

loc (Ω) with a monotone nondecreasing function ϕ : (0,∞) → (0,∞)
satisfying (13). Then f has a total differential a.e. in Ω.

Remark 2. In particular, the conclusion of Theorem 1 is valid for continuous open map-
pings f ∈ W 1,p

loc with p > n− 1. This statement is the Väisälä result, see [181, Lemma 3].
Theorem 1 is also an extension to high dimensions of the well-known Gegring–Lehto–
Menchoff result in the plane, see, e.g., [53, 111] and [129].

The corresponding results for weakly monotone mappings f with derivatives in the
Lorentz classes Ln−1,1 can be found in [132]. It was shown in [85] that the functions on
R

k with generalized derivatives in the Lorentz class Lk,1 can be described as functions in
the Orlicz–Sobolev classes W 1,ϕ

loc under the Calderón condition (12) imposed on ϕ. Thus,
for open mappings, the results of [132] follow from the Calderón result on differentiability.

In [31], Calderón proved that condition (12) for the differentiability a.e. of continuous

mappings f ∈ W 1,ϕ
loc is sharp in the case of convex ϕ. However, Theorem 1 shows that

we may use the weaker condition (13) to obtain the differentiability a.e. of continuous
open mappings.

Condition (13) is not only sufficient but also necessary for continuous open mappings

f ∈ W 1,ϕ
loc from R

n into R
n, n ≥ 3, to have total differential a.e. Furthermore, if a

function ϕ : (0,∞) → (0,∞) is monotone increasing, convex, and such that

(14)

∫ ∞

1

[
t

ϕ(t)

] 1
n−2

dt = ∞ ,

then there is a homeomorphism g : Rn → R
n, n ≥ 3, of class W 1,ϕ

loc that does not have
total differential a.e. Indeed, if f : Rn−1 → R is a function in Calderón’s construction for
k = n− 1 and ϕn(t) = ϕ(t+ n), then

(15)

∫ ∞

1

[
t

ϕn(t)

] 1
n−2

dt = ∞,

and g(x, y) = (x, y + f(x)), x ∈ R
n−1, y ∈ R, is the desired example, because |∇g| ≤

n+ |∇f | and the function ϕ is monotone. Thus, condition (13) cannot be relaxed even
for homeomorphisms.

§4. Lusin and Sard properties on surfaces

Theorem 2. Let Ω be an open set in R
k, k ≥ 2, and let f : Ω → R

m, m ≥ 1, be a
continuous mapping of class W 1,ϕ(Ω) with a monotone nondecreasing ϕ : (0,∞) → (0,∞)
such that, for some t∗ ∈ (0,∞), we have

(16) A :=

∫ ∞

t∗

[
t

ϕ(t)

] 1
k−1

dt < ∞.
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Then

(17) Hk(f(E)) ≤ γk,mAk−1
∗

∫
E

ϕ∗(|∇f |) dm(x)

for every measurable set E ⊂ Ω and γk,m = (mαk)
k, where αk is a constant as in (10)

depending only on k, A∗ = A+ 1/[ϕ(t∗)]
1/(k−1), ϕ∗(0) = 0, ϕ∗(t) ≡ ϕ(t∗) for t ∈ (0, t∗),

and ϕ∗(t) = ϕ(t) for t ≥ t∗.

The proof of Theorem 2 is based on the following lemma.

Lemma 2. Let Ω be an open set in R
k, k ≥ 2, and let f : Ω → R

m, m ≥ 1, be a
continuous mapping of class W 1,ϕ(Ω) with a monotone nondecreasing ϕ : (0,∞) → (0,∞)
satisfying (16). Then

(18) diam f(C) ≤ mαk A
k−1
k∗

[ ∫
C

ϕ∗(|∇f |) dm(x)

] 1
k

for every cube C ⊂ Ω whose edges are directed along the coordinate axes; here αk is the
constant occurring in (10) and depending only on k, whereas A∗ and ϕ∗ are as defined
in Theorem 2.

Proof. We prove (18) by induction on m = 1, 2, . . . . Indeed, for m = 1 (18) is true by
Proposition 3 and Remark 1. Assuming that (18) is valid for some m = l, we prove it for

m = l+1. Consider an arbitrary vector
#–

V = (v1, v2, . . . , vl, vl+1) in R
l+1 and the vectors

#–

V 1 = (v1, v2, . . . , vl, 0) and
#–

V 2 = (0, . . . , 0, vl+1). Then
∣∣ #–

V
∣∣ = ∣∣ #–

V 1 +
#–

V 2

∣∣ ≤ ∣∣ #–

V 1

∣∣+ ∣∣ #–

V 2

∣∣.
Thus, denoting by Pr1

#–
V =

#–
V 1 and Pr2

#–
V =

#–
V 2 the projections of vectors in R

l+1 to
the coordinate hyperplane yl+1 = 0 and to the (l+1)st axis in R

l+1, respectively, we see
that diam f(C) ≤ diam Pr1 f(C) + diam Pr2 f(C). Now, applying (18) with m = l and
with m = 1 and using the monotonicity of ϕ, we arrive at inequality (18) with m = l+1.
The proof is complete. �
Proof of Theorem 2. Using the countable additivity of the integral and measure, we may
assume with no loss of generality that E is bounded and sE ⊂ Ω, i.e., sE is a compact set
in Ω. For each ε > 0, there is an open set ω ⊂ Ω such that E ⊂ ω and |ω \ E| < ε, see,
e.g., [163, Theorem III (6.6)]. By the above remark, we may assume that sω is compact,
so that the mapping f is uniformly continuous on ω. Hence, ω can be covered by a
countable collection of closed oriented cubes Ci ⊂ ω with mutually disjoint interiors and
such that diam f(Ci) < δ for any δ > 0 prescribed in advance, and

∣∣⋃∞
i=1 ∂Ci

∣∣ = 0.
Thus, by Lemma 2 we have

Hk
δ (f(E)) ≤ Hk

δ (f(ω)) ≤
∞∑
i=1

[diam f(Ci)]
k ≤ γk,mAk−1

∗

∫
ω

ϕ∗(|∇f |) dm(x).

Finally, by the absolute continuity of the indefinite integral and the arbitrariness of ε
and δ > 0, we obtain (17). �
Corollary 2. Under the assumptions of Theorem 2, the mapping f has the (N)-property
of Lusin, and furthermore, f is absolutely continuous with respect to the k-dimensional
Hausdorff measure.

Remark 3. Note that Hk(Rm) = 0 for m < k, so that (17) is trivial in this case without
condition (16). However, this condition is necessary if m ≥ k. It is known that each

homeomorphism of R
k onto itself belonging to W 1,k

loc has the (N)-property, see [111,
Lemma III.6.1] for k = 2 and [149] for k > 2. The same is true also for continuous open
mappings, see [116]. On the other hand, there exist examples of homeomorphisms of

class W 1,p
loc for all p < k that do not have the (N)-property, see [139]. Moreover, in [33]
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Cezari proved that the continuous plane mappings f : D → R
2 of class ACLp, p > 2,

have the (N)-property and that there exist examples of such mappings in ACL2 without

the (N)-property. The corresponding examples of continuous mappings f ∈ W 1,k
loc in R

k,
k ≥ 3, can be found in [116]. The fact that the continuous mappings f belonging to

the Sobolev classes W 1,p
loc , p > k, in R

k, k ≥ 3, have the (N)-property was established in
[117], see also [23]. The corresponding results for continuous mappings with derivatives
in Lorentz classes can be found in [85].

The following Sard type consequence of Theorem 2 is valid for mappings in the Orlicz–
Sobolev classes, see also [77, Theorem VII.3].

Corollary 3. Under the assumptions of Theorem 2, we have Hk(f(E)) = 0 whenever
|∇f | = 0 on a measurable set E ⊂ Ω; hence, dimH f(E) ≤ k and also dim f(E) ≤ k−1.

Remark 4. For the first time, such a statement was established by Sard in [165] for the
set of critical points of f where Jf (x) = 0, and then similar problems where studied by
many authors for the critical points of rank r where rank f ′(x) ≤ r, and, in particular,
for the supercritical points where the Jacobian matrix f ′(x) is null, see, e.g., [16, 37, 38,
48, 62, 68, 84, 131, 140, 167, 168], and [187]. As a rule, certain smoothness conditions
were imposed on f , without which such statements are not true in general.

In this connection, it should be mentioned that our result on supercritical points,
Corollary 3, is valid without any assumption on the smoothness of f . For instance, this
result holds true for all continuous mappings f of class W 1,p

loc with p > k, see an excellent
survey on Sard type theorems, in particular, for Sobolev mappings in the paper [22].

In what follows, ∇kf denotes the k-dimensional gradient of the restriction of the
mapping f to the k-dimensional plane P . Combining Proposition 1 and Corollary 2, we
obtain the following statement.

Proposition 4. Let k = 2, . . . , n − 1, let U be an open set in R
n, n ≥ 3, and let

f : U → R
m, m ≥ 1, be a continuous mapping of class W 1,ϕ

loc (U) for some monotone
increasing function ϕ : (0,∞) → (0,∞) such that

(19)

∫ ∞

t∗

[
t

ϕ(t)

] 1
k−1

dt < ∞

for some t∗ ∈ (0,∞). Then, for every k-dimensional direction Γ and almost every k-di-
mensional plane P ∈ Γ, the restriction of f to the set P ∩ U has the (N)-property
(furthermore, it is locally absolutely continuous) with respect to the k-dimensional Haus-
dorff measure. Moreover, for a.e. P ∈ Γ, we have Hk(f(E)) = 0 whenever ∇kf = 0 on
a set E ⊂ P.

For us, the most important particular case of Proposition 4 is the following statement.

Theorem 3. Let U be an open set in R
n, n ≥ 3, and let ϕ : (0,∞) → (0,∞) be a

monotone nondecreasing function such that

(20)

∫ ∞

t∗

[
t

ϕ(t)

] 1
n−2

dt < ∞

for some t∗ ∈ (0,∞). Then each continuous mapping f : U → R
m, m ≥ 1, of class W 1,ϕ

loc

has the (N)-property (furthermore, it is locally absolutely continuous) with respect to the
(n − 1)-dimensional Hausdorff measure on a.e. hyperplane P that is parallel to a fixed
hyperplane P0. Moreover, Hn−1(f(E)) = 0 whenever |∇f | = 0 on E ⊂ P for a.e. P of
this type.
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Note that if condition (20) is fulfilled for a monotone nondecreasing function ϕ, then
so it is for the function ϕc = ϕ(ct) with c > 0. Moreover, the Hausdorff measures are
quasiinvariant under quasiisometries.

By the Lindelöf property of Rn, see, e.g., [105, I.5.XI] for the Lindelöf theorem, U \
{x0} can be covered by a countable collection of open segments of spherical annuli in
U\{x0} centered at x0, and each such segment can be mapped onto a rectangular oriented
segment of Rn by some quasiisometry. Thus, applying Theorem 3 piecewise, we obtain
the following conclusion.

Corollary 4. Under condition (20), each continuous mapping f ∈ W 1,ϕ
loc has the (N)-pro-

perty (furthermore, it is locally absolutely continuous) on a.e. sphere S centered at a
prescribed point x0 ∈ R

n. Moreover, Hn−1(f(E)) = 0 whenever |∇f | = 0 on E ⊆ S for
a.e. sphere S of this type.

Remark 5. Note that (20) does not imply the (N)-property of f : U → R
n in U with

respect to the Lebesgue measure in R
n. This follows, in particular, from Ponomarev’s

examples of homeomorphisms f ∈ W 1,p
loc (R

n), for all p < n, without the (N)-property,
see [139].

In particular, (20) is true for the functions ϕ(t) = tp, p > n − 1, i.e., the properties

given in Theorem 3 hold for f ∈ W 1,p
loc , p > n−1. However, this is not true for p < n−1.

Furthermore, this is not true for homeomorphisms f : U → R
n in W 1,p

loc with p < n− 1,
as follows from Ponomarev’s examples. Indeed, if g(x) is such an example in R

n−1, then
the function f(x, y) = (g(x), y), x ∈ R

n−1, y ∈ R, fails to have the (N)-property on every
hyperplane y = const. The case where p = n− 1 was investigated in [36].

If m < n−1, then Hn−1(Rm) = 0 and the (N)-property on a.e. hyperplane is obvious
without condition (20) for the mapping f in Theorem 3. However, if m ≥ n − 1, then
condition (20) is necessary, see Remark 3.

The relationship of estimates of Calderón type (10) with the (N)-property and differ-
entiability was first found in the study of the so-called generalized Lipschitzians in the
sense of Rado, see, e.g., [31] and [141, V.3.6], cf. also the recent papers [15, 85, 143].

Part 2. Description of lower Q-homeomorphisms and their relationship with
the Orlicz–Sobolev classes

§5. Moduli of families of surfaces

As in [123], in what follows a (continuous) mapping S : ω → R
n is called a k-

dimensional surface S in R
n, where ω be an open set in ĎRk, k = 1, . . . , n − 1. The

number of preimages

(21) N(S, y) = cardS−1(y) = card {x ∈ ω : S(x) = y}, y ∈ R
n,

is the multiplicity function of the surface S. In other words, N(S, y) denotes the mul-
tiplicity of covering of the point y by the surface S. It is known that the multiplicity
function is lower semicontinuous, i.e.,

N(S, y) ≥ lim inf
m→∞

N(S, ym)

for every sequence ym ∈ R
n, m = 1, 2, . . . , such that ym → y ∈ R

n as m → ∞; see, e.g.,
[141, p. 160]. Thus, the function N(S, y) is Borel measurable and hence measurable with
respect to every Hausdorff measure Hk; see, e.g., [163, Theorem II(7.6)].
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Recall that a k-dimensional Hausdorff area in R
n (or simply area) associated with a

surface S : ω → R
n is given by

(22) AS(B) = Ak
S(B) :=

∫
B

N(S, y) dHky

for every Borel set B ⊆ R
n and, more generally, for an arbitrary set that is measurable

with respect to Hk in R
n, see [50, 3.2.1]. The surface S is said to be rectifiable if

AS(R
n) < ∞, see [123, 9.2].

If � : Rn → ĎR+ is a Borel function, then its integral over S is defined by the formula

(23)

∫
S

� dA :=

∫
Rn

�(y)N(S, y) dHky.

Given a family Γ of k-dimensional surfaces S, we say that a Borel function � : Rn → ĎR+

is admissible for Γ and write � ∈ admΓ if

(24)

∫
S

�k dA ≥ 1

for every S ∈ Γ. For p ∈ (0,∞), the p-modulus of Γ is the quantity

(25) Mp(Γ) = inf
�∈admΓ

∫
Rn

�p(x) dm(x).

We also set

(26) M(Γ) = Mn(Γ)

and call the quantityM(Γ) themodulus of the family Γ. The modulus is an outer measure
on the space of all k-dimensional surfaces.

We say that Γ2 is minorized by Γ1 and write Γ2 > Γ1 if every S ⊂ Γ2 has a subsurface
that belongs to Γ1. It is known that Mp(Γ1) ≥ Mp(Γ2), see [51, p. 176–178]. We also
say that a property P is fulfilled for p-a.e. k-dimensional surface S in a family Γ if the
subfamily of all surfaces of Γ for which P fails has the p-modulus zero. If 0 < q < p,
then P also occurs for q-a.e. S, see [51, Theorem 3]. In the case where p = n, we write
simply a.e. (almost every).

Remark 6. The definition of the modulus immediately implies that, for every p ∈ (0,∞)
and k = 1, . . . , n− 1,

(1) p-a.e. k-dimensional surface in R
n is rectifiable;

(2) given a Borel set B in R
n of (Lebesgue) measure zero, we have

(27) AS(B) = 0

for p-a.e. k-dimensional surface S in R
n.

The following lemma was first proved in [92, Lemma 2.3], see also [123, Lemma 9.1].

Lemma 3. Suppose k = 1, . . . , n − 1, p ∈ [k,∞), and C is an open cube in R
n, n ≥

2, whose edges are parallel to coordinate axis. If a property P is fulfilled for p-a.e.
k-dimensional surface S in C, then P is also fulfilled for a.e. k-dimensional plane in C
parallel to a k-dimensional coordinate plane H.

The last a.e. is relative to the Lebesgue measure in the corresponding (n− k)-dimen-
sional coordinate plane H⊥ perpendicular to H.

The following statement, see [93, Theorem 2.11] or [123, Theorem 9.1], is an analog of
the Fubini theorem, cf., e.g. [163, Theorem III(8.1)]. It extends Theorem 33.1 in [182],
cf. also Theorem 3 in [51], Lemma 2.13 in [120], and Lemma 8.1 in [123].
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Theorem 4. Let k = 1, . . . , n − 1, let p ∈ [k,∞), and let E be a subset in an open set
Ω ⊂ R

n, n ≥ 2. Then E is Lebesgue measurable in R
n if and only if E is measurable

with respect to area on p-a.e. k-dimensional surface S in Ω. Moreover, |E| = 0 if and
only if

(28) AS(E) = 0

on p-a.e. k-dimensional surface S in Ω.

Remark 7. The Lusin theorem, see, e.g., [50, Section 2.3.5], implies that, for every
measurable function � : Rn → ĎR+, there is a Borel function �∗ : Rn → ĎR+ with �∗ = �
a.e. in R

n. Thus, by Remark 6 and Theorem 4, � is measurable on p-a.e. k-dimensional
surface S in R

n for every p ∈ (0,∞) and k = 1, . . . , n− 1.

We say that a Lebesgue measurable function � : Rn → ĎR+ is p-extensively admissible
for a family Γ of k-dimensional surfaces S in R

n and write � ∈ extp admΓ if

(29)

∫
S

�k dA ≥ 1

for p-a.e. S ∈ Γ. The p-extensive modulus ĎMp(Γ) of Γ is the quantity

(30) ĎMp(Γ) = inf

∫
Rn

�p(x) dm(x),

where the infimum is taken over all � ∈ extp admΓ. For p = n, we use the notation
ĎM(Γ) and write � ∈ ext admΓ. For every p ∈ (0,∞) and k = 1, . . . , n− 1, we have

(31) ĎMp(Γ) = Mp(Γ)

for every family Γ of k-dimensional surfaces in R
n.

§6. Lower and ring Q-homeomorphisms

The mappings that we start to study in this section are not only of interest themselves
but also necessary for us as a tool to derive important statements about the Orlicz–
Sobolev classes. In [52, Section 13, F], Gehring defined a K-quasiconformal mapping
as a homeomorphism changing the modulus of ring domains by at most K times. The
following concept is motivated by the Gehring ring definition of quasiconformal mappings.

Given domains D and D′ in ĎRn = R
n ∪ {∞}, n ≥ 2, and a measurable function

Q : D → (0,∞), we say that a homeomorphism f : D → D′ is a lower Q-homeomorphism
at a point x0 ∈ sD \ {∞} if

(32) M(fΣε) ≥ inf
�∈ext admΣε

∫
D∩Rε

�n(x)

Q(x)
dm(x)

for every ring

Rε = {x ∈ R
n : ε < |x− x0| < ε0}, ε ∈ (0, ε0), ε0 ∈ (0, d0),

where

(33) d0 = sup
x∈D

|x− x0| ,

and Σε denotes the family of all intersections of the spheres

S(x0, r) = {x ∈ R
n : |x− x0| = r}, r ∈ (ε, ε0),

with D. This notion can be extended to the case of x0 = ∞ ∈ sD by applying the
inversion T with respect to the unit sphere in ĎRn, T (x) = x/|x|2, T (∞) = 0, T (0) = ∞.
Namely, a homeomorphism f : D → D′ is called a lower Q-homeomorphism at ∞ ∈ sD if
F = f ◦ T is a lower Q∗-homeomorphism at 0 for Q∗ = Q ◦ T .
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Finally, we say that a homeomorphism f : D → ĎRn is a lower Q-homeomorphism in
D if f is a lower Q-homeomorphism at every point x0 ∈ sD.

Recall a criterion for homeomorphisms in R
n to be lower Q-homeomorphisms, see [92,

Theorem 2.1] or [123, Theorem 9.2].

Proposition 5. Let D and D′ be domains in ĎRn, n ≥ 2, let x0 ∈ sD \ {∞}, and let
Q : D → (0,∞) be a measurable function. A homeomorphism f : D → D′ is a lower
Q-homeomorphism at x0 if and only if

(34) M(fΣε) ≥
∫ ε0

ε

dr

‖Q‖n−1(r)
for all ε ∈ (0, ε0) , ε0 ∈ (0, d0),

where

(35) ‖Q‖n−1(r) =

(∫
D(x0,r)

Qn−1(x) dA
) 1

n−1

is the Ln−1-norm of Q over D(x0, r) = D ∩ S(x0, r) = {x ∈ D : |x− x0| = r}.

Note that the infimum on the right-hand side in (32) is attained at the function

ρ0(x) =
Q(x)

‖Q‖n−1(|x− x0|)
.

In what follows, as usual, for sets A, B, and C in ĎRn, we denote by Γ(A,B,C) the
family of all paths joining A and B in C.

Now, let D ⊂ R
n and D′ ⊂ ĎRn be two domains, n ≥ 2, and let Q : D → [0,∞] be a

measurable function. Let Si := S(x0, ri). A homeomorphism f : D → D′ is called a ring
Q-homeomorphism at a point x0 ∈ sD if

(36) M(f(Γ(S1, S2, D))) ≤
∫
A∩D

Q(x) · ηn(|x− x0|) dm(x)

for every ring A = A(x0, r1, r2), 0 < r1 < r2 < d0 = dist(x0, ∂D), and for every
measurable function η : (r1, r2) → [0,∞] such that

(37)

∫ r2

r1

η(r) dr ≥ 1.

The notion of a ring Q-homeomorphism can be extended to ∞ in a standard way, as in
the case of a lower Q-homeomorphism above.

The notion of a ring Q-homeomorphism was first introduced for inner points of a
domain in [158] in connection with the study of Beltrami equations on the plane; then
it was extended to the space case in [155], see also the book [123]. This notion was
extended to boundary points in the papers [113] and [160, 161, 162], see also [64].

Corollary 5. In R
n with n ≥ 2, any lower Q-homeomorphism f : D → D′ at a

point x0 ∈ sD with Q integrable in the power n − 1 in a neighborhood of x0, is a ring
Q∗-homeomorphism at x0 with Q∗ = Qn−1.

Proof. Indeed, let 0 < r1 < r2 < d(x0, ∂D), and let Si = S(x0, ri), i = 1, 2. By the
identities of Hesse and Ziemer, see, e.g., [75, 188] and also [123, Supplements A3 and
A6], we have

(38) M
(
f(Γ(S1, S2, D))

)
≤ M1−n(f(Σ))

because f(Σ) ⊂ Σ
(
f(S1), f(S2), f(D)

)
, where Σ denotes the collection of all spheres

centered at x0 and located between the spheres S1 and S2, and Σ
(
f(S1), f(S2), f(D)

)
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consists of all (n − 1)-dimensional surfaces in f(D) separating f(S1) and f(S2). By
Proposition 5, from (38) we obtain

(39) M
(
f
(
Γ(S1, S2, D)

))
≤ I1−n,

where the integral I is defined as in (34). However, by [155, Lemma 3.7], see also [123,
Lemma 7.4], we have

(40) I1−n ≤
∫
A∩D

Q(x) · ηn(|x− x0|) dm(x)

for every Lebesgue measurable function η : (r1, r2) → [0,∞] satisfying condition (37),
where A is the ring A(x0, r1, r2). Finally, we deduce the conclusion of Corollary 5 from
(39) and (40). �

Corollary 6. For n = 2, every lower Q-homeomorphism f : D → D′ at a point x0 ∈ sD,
with Q integrable in a neighborhood of x0, is a ring Q-homeomorphism at x0.

Remark 8. Inequality (40) and, consequently, the conclusions of Corollaries 5 and 6 are
valid if the function Q is integrable in the power n−1 on almost all spheres of sufficiently
small radius centered at the point x0.

Note also that, in the definitions of lower and ring Q-homeomorphisms, it suffices that
the function Q be given only in the domain D or be extended by zero outside of D.

In the preprint [88], see also [89, 90, 114], it was proved that every homeomorphism
f with finite distortion on the plane is a lower and ring Q-homeomorphism with Q(x) =
Kf (x). In the next section we show that a similar statement is true for homeomorphisms

f with finite distortion in R
n, n ≥ 3, belonging to the Orlicz–Sobolev classes W 1,ϕ

loc

provided the function ϕ satisfies the Calderón type condition (20).

§7. Lower Q-homeomorphisms and Orlicz–Sobolev classes

Recall first that a map ϕ : X → Y between metric spaces X and Y is said to be
Lipschitz if dist(ϕ(x1), ϕ(x2)) ≤ M ·dist(x1, x2) for some M < ∞ and all x1 and x2 ∈ X.
The map ϕ is bi-Lipschitz if it is Lipschitz and M∗ dist(x1, x2) ≤ dist(ϕ(x1), ϕ(x2)) for
some M∗ > 0 and all x1, x2 ∈ X.

The following statement plays a key role in our further research.

Theorem 5. Let D and D′ be domains in R
n, n ≥ 3, and let ϕ : (0,∞) → (0,∞) be a

monotone nondecreasing function such that

(41)

∫ ∞

t∗

[
t

ϕ(t)

] 1
n−2

dt < ∞

for some t∗ ∈ (0,∞). Then each finite distortion homeomorphism f : D → D′ of class

W 1,ϕ
loc is a lower Q-homeomorphism at every point x0 ∈ sD with Q(x) = Kf (x).

Proof. Let B be the (Borel) set of all points x ∈ D where f has total differential f ′(x) and
Jf (x) �= 0. Then, applying Kirszbraun’s theorem and the uniqueness of the approximate
differential, see, e.g., [50, Section 2.10.43 and Theorem 3.1.2], we see that B is the union
of a countable collection of Borel sets Bl, l = 1, 2, . . . , such that the fl = f |Bl

are bi-
Lipschitz homeomorphisms, see, e.g., [50, Lemma 3.2.2 and Theorems 3.1.4 and 3.1.8].
With no loss of generality, we may assume that the Bl are mutually disjoint. Also we
denote by B∗ the remaining set of all points x ∈ D where f has total differential but
f ′(x) = 0.

By construction, the set B0 := D\(B∪B∗) has Lebesgue measure zero, see Theorem 1.
Hence, by Theorem, 4 AS(B0) = 0 for a.e. hypersurface S in R

n and, in particular, for
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a.e. sphere Sr := S(x0, r) centered at a prescribed point x0 ∈ sD. Thus, by Corollary 4,
AS∗

r
(f(B0)) = 0 and AS∗

r
(f(B∗)) = 0 for a.e. Sr, where S∗

r = f(Sr).
Let Γ be the family of all intersections of the spheres Sr, r ∈ (ε, ε0), ε0 < d0 =

supx∈D |x − x0|, with the domain D. Given �∗ ∈ adm f(Γ) with �∗ ≡ 0 outside f(D),
we set � ≡ 0 outside D and on B0,

�(x) := �∗(f(x))‖f ′(x)‖ for x ∈ D \B0.

Arguing piecewise on Bl, l = 1, 2, . . . , and using [50, Section 1.7.6 and Lemma 3.2.2]
we get ∫

Sr

�n−1 dA ≥
∫
Sr
∗

�n−1
∗ dA ≥ 1

for a.e. Sr, so that � ∈ ext admΓ.
A change of variables on each Bl, l = 1, 2, . . . , see, e.g., [50, Theorem 3.2.5], and the

countable additivity of integrals give the estimate∫
D

�n(x)

Kf (x)
dm(x) ≤

∫
f(D)

�n∗ (x) dm(x),

completing the proof. �

Corollary 7. Each homeomorphism f of finite distortion in R
n, n ≥ 3, belonging to

the class W 1,p
loc for p > n − 1 is a lower Q-homeomorphism at every point x0 ∈ sD with

Q(x) = Kf (x).

Corollary 8. In particular, each homeomorphism f ∈ W 1,1
loc in R

n, n ≥ 3, such that
Kf ∈ Lq

loc for q > n − 1 is a lower Q-homeomorphism at every point x0 ∈ sD with
Q(x) = Kf (x).

Proof. Applying the Hölder inequality and (3), on every compact set C ⊂ D we obtain
the following estimate for the norms of the first partial derivatives:

‖∂if‖p ≤ ‖K1/n
f ‖s · ‖J1/n

f ‖n ≤ ‖Kf‖1/nq · |f(C)|1/n < ∞

where 1
p = 1

s+
1
n and s = qn, i.e., 1

p = 1
n

(
1
q+1

)
, and if q > n−1, then also p > n−1. Thus,

we have f ∈ W 1,p
loc with p = nq/(1 + q) > n− 1, and it remains to use Corollary 7. �

Combining Theorem 5 and Corollaries 5 and 8, we also obtain the following conclusion.

Corollary 9. Each homeomorphism f ∈ W 1,ϕ
loc satisfying condition (41) for the function

ϕ, and, in particular, each homeomorphism f ∈ W 1,p
loc with p > n − 1 and with Kf ∈

Ln−1(D), is a ring Q∗-homeomorphism at every point x0 ∈ sD with Q∗(x) = [Kf (x)]
n−1.

In particular, this is true for each homeomorphism f ∈ W 1,1
loc with dilatation Kf ∈ Lq(D)

for q > n− 1.

Remark 9. In view of Remark 8, the condition Kf ∈ Ln−1(D) in Corollary 9 can be
replaced by the condition of integrability of Kf in the power n − 1 on almost every
sphere of sufficiently small radius centered at points x0 ∈ sD.
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Part 3. On equicontinuous and compact Orlicz–Sobolev classes

§8. On the compactness of Orlicz–Sobolev classes

First, we recall some general facts on normal families of mappings in metric spaces.
Let (X, d) and (X ′, d′) be metric spaces with distances d and d′, respectively. A family
F of continuous mappings f : X → X ′ is said to be normal if every sequence of mappings
fm ∈ F has a subsequence fmk

converging uniformly on each compact set C ⊂ X to a
continuous mapping. The family F is compact if F is normal and closed with respect to
the locally uniform convergence.

Normality is known to be closely related to the following. A family F of mappings
f : X → X ′ is said to be equicontinuous at a point x0 ∈ X if for every ε > 0 there is
δ > 0 such that d′(f(x), f(x0)) < ε for all f ∈ F and all x ∈ X with d(x, x0) < δ. The
family F is equicontinuous if F is equicontinuous at every point x0 ∈ X.

Given a domain D in R
n, n ≥ 2, a monotone nondecreasing function ϕ : [0,∞) →

[0,∞), a number M ∈ [0,∞), and a point x0 ∈ D, we denote by F
ϕ
M the family of all

continuous mappings f : D → R
m, m ≥ 1, of class W 1,1

loc such that f(x0) = 0 and

(42)

∫
D

ϕ
(
|∇f |

)
dm(x) ≤ M.

We use the notation F
p
M for the case of the function ϕ(t) = tp, p ∈ [1,∞).

Using Proposition 3, Remark 1, and the Arzela–Ascoli theorem, see, e.g., [45, Theo-
rem IV.6.7], we obtain the following statement, cf. [79, Theorem 8.1].

Theorem 6. Let ϕ : [0,∞) → [0,∞) be a nonconstant, continuous, monotone nonde-
creasing, and convex function such that

(43)

∫ ∞

t∗

(
t

ϕ(t)

) 1
n−1

dt < ∞

for some t∗ ∈ (0,∞). Then the class F
ϕα

M with α > 1 is equicontinuous and locally
bounded, and, consequently, is a normal family of mappings. If, moreover, ϕ is convex,

then the class F
ϕα

M is also closed relative to the locally uniform convergence, i.e., it is
compact.

Proof. First, we show that the mappings in F
ϕα

M are equicontinuous. Let z0 and z be arbi-
trary points in D such that z ∈ C(z0, δ), δ > 0, where C(z0, δ) denotes the n-dimensional
open cube centered at the point z0 with edges of length δ parallel to coordinate axes.
Fix ε > 0. Since the function τα with α > 1 is strictly convex, the integral of ϕ(|∇f |)
over C(z0, δ) ⊂ D is arbitrarily small for sufficiently small δ > 0 for all f ∈ F

ϕα

M , see, e.g.,
[151, Theorem III.3.1.2]. Thus, by Lemma 2 applied to rϕ, we have |f(z)− f(z0)| < ε for
all z ∈ C(z0, δ) with some δ = δ(ε) > 0.

Now, we show that the family F
ϕα

M is uniformly bounded on compact sets. Indeed,
let K be a compact set in D. With no loss of generality we may assume that K is a

connected set that contains the point x0 occurring in the definition of Fϕα

M , see, e.g., [169,
Lemma 1]. We cover K by the collection of cubes C(z, δz), z ∈ K, where δz corresponds
to ε := 1 as in the first part of the proof. Since K is compact, we can find a finite number

of cubes Ci = C(zi, δ(zi)), i = 1, 2, . . . ,m, that cover K. Note that D∗ :=
⋃N

i=1 Ci is a
subdomain of D because K is connected. Consequently, each point z∗ ∈ K can be joined
with x0 in D∗ by a polygonal curve with vertices at points x0, x1, . . . , xk, z∗ lying, in this
order, in the cubes with numbers i1, . . . , ik, k ≤ m, z ∈ C(zi1 , δ(zi1)), x0 ∈ C(zik , δ(zik)),
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and xl ∈ Cil ∩ Cil+1
, l = 1, . . . , k − 1. By the triangle inequality,

|f(z)| ≤ |f(z)− f(zi1)|+
k−1∑
l=2

|f(zil)− f(zil+1
)|+ |f(zik)− f(x0)|+ |f(x0)| ≤ m.

Since m depends on the compact set K only, it follows that Fϕα

M is uniformly bounded on
compact sets and, consequently, is normal by the Arzela–Ascoli theorem, see, e.g., [45,
IV.6.7].

Finally, we show that the class F
ϕα

M is closed provided ϕ is convex. Note that ϕα is
strictly convex for any α ∈ (1,∞). By [151, Theorem III.3.1.2], for every ε > 0 there

exists δ = δ(ε) > 0 such that
∫
E
|∇f | dm(x) ≤ ε for all f ∈ F

ϕα

M whenever m(E) < δ.

Suppose fj ∈ F
ϕα

M and fj → f locally uniformly as j → ∞. Then, by [159, Lemma 2.1]

we have f ∈ W 1,1
loc . By [146, Theorem 3.3 Chapter III, § 3.4], we have

(44)

∫
D

ϕα(|∇f |) dm(x) ≤ M,

i.e., Fϕα

M is closed. Thus, the class Fϕ
M is compact. �

Corollary 10. The class F
p
M is compact with respect to the locally uniform convergence

for each p ∈ (n,∞).

Proof. Indeed, tp = (tp∗)α, where α = p/p∗ > 1, for an arbitrary p∗ ∈ (n, p). �

§9. On functions in the classes BMO, VMO, and FMO

Recall that a real-valued function ϕ ∈ L1
loc(D) is said to have bounded mean oscillation

in D ⊂ R
n (we write ϕ ∈ BMO(D) or simply ϕ ∈ BMO) if

(45) ‖ϕ‖∗ = sup
B⊂D

−
∫
B

|ϕ(z)− ϕB| dm(z) < ∞,

where the supremum is taken over all balls B in D, and

(46) ϕB = −
∫
B

ϕ(z) dm(z) =
1

|B|

∫
B

ϕ(z) dm(z)

is the mean value of the function ϕ over B.

The space BMO, introduced by John and Nirenberg in [83], is at present one of
the most important concepts of harmonic analysis, complex analysis, partial differential
equations and relevant areas, see, e.g., [71] and [145].

A function ψ in BMO is said to have vanishing mean oscillation, ψ ∈ VMO, if the
supremum in (45) taken over all balls B in D with |B| < ε converges to 0 as ε → 0. The
space VMO was introduced by Sarason in [164]. There are numerous papers devoted to
the study of partial differential equations with coefficients in VMO, see, e.g., [35, 81, 124,
135, 142].

As in [78], we say that a function ϕ : D → R has finite mean oscillation at a point
z0 ∈ D and write ϕ ∈ FMO(x0) if

(47) lim sup
ε→0

−
∫
B(z0,ε)

|ϕ(z)− rϕε(z0)| dm(z) < ∞,

where

(48) rϕε(z0) = −
∫
B(z0,ε)

ϕ(z) dm(z)
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is the mean value of ϕ(z) over the ball B(z0, ε). Condition (47) includes the assumption
that ϕ is integrable in some neighborhood of z0. We also say that a function ϕ is of finite
mean oscillation in the domain D and write ϕ ∈ FMO(D) or simply ϕ ∈ FMO if this
property is fulfilled at every point x0 ∈ D.

Recall that a point z0 ∈ D is called a Lebesgue point of a function ϕ : D → R if ϕ is
integrable in a neighborhood of z0 and

(49) lim
ε→0

−
∫
B(z0,ε)

|ϕ(z)− ϕ(z0)| dm(z) = 0.

It is known that, for every function ϕ ∈ L1(D), almost every point in D is its Lebesgue
point and, thus, ϕ has finite mean oscillation.

It is also known that L∞(D) ⊂ BMO(D) ⊂ Lp
loc(D) for all 1 ≤ p < ∞, see, e.g.,

[83] and [145]. However, FMO(D) is not a subclass of Lp
loc(D) for any p > 1, although

FMO(D) ⊂ L1
loc(D), see the corresponding example in [123, Section 11.2]. Thus, FMO

is substantially wider than BMOloc.

The following facts about the functions of finite mean oscillation are taken from [78].

Proposition 6. If for some collection of numbers ϕε ∈ R, ε ∈ (0, ε0], we have

(50) lim sup
ε→0

−
∫
B(z0,ε)

|ϕ(z)− ϕε| dm(z) < ∞,

then ϕ has finite mean oscillation at z0.

Corollary 11. If for a point z0 ∈ D we have

(51) lim sup
ε→0

−
∫
B(z0,ε)

|ϕ(z)| dm(z) < ∞,

then ϕ has finite mean oscillation at z0.

The next lemma has a key significance for our further applications.

Lemma 4. Let D be a domain in R
n, n ≥ 2, and let ϕ : D → R be a nonnegative

function of finite mean oscillation at the point 0 ∈ D. Then

(52)

∫
ε<|x|<ε0

ϕ(x) dm(x)

(|x| log 1
|x| )

n
= O

(
log log

1

ε

)

as ε → 0 for a positive number ε0 < dist (0, ∂D).

§10. Equicontinuous and normal families

In this section we present certain statements about homeomorphisms in the Orlicz–
Sobolev classes W 1,ϕ

loc with the Calderón type condition (54), which is, generally speaking,
weaker than condition (43). No uniform (even local in the domain) restrictions of the form
(42) will be imposed. Here we assume everywhere that the function ϕ : (0,∞) → (0,∞)
is monotone nondecreasing.

In what follows, we use the spherical (chordal) metric h(x, y) = |π(x)− π(y)| in ĎRn =
R

n ∪ {∞}, where π is the stereographic projection of ĎRn onto the sphere Sn
(
1
2en+1,

1
2

)
in R

n+1, i.e.,

h(x,∞) =
1√

1 + |x|2
, h(x, y) =

|x− y|√
1 + |x|2

√
1 + |y|2

, x �= ∞ �= y.
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It is clear that ĎRn is homeomorphic to the unit sphere Sn in R
n+1. The spherical (chordal)

diameter of a set E ⊂ ĎRn is

(53) h(E) = sup
x,y∈E

h(x, y).

In the sequel we shall use the following Arzela–Ascoli type statement, see, e.g., [123,
Corollary 7.5].

Proposition 7. If (X, d) is a separable metric space and (X ′, d′) is a compact metric
space, then a family F of mappings f : X → X ′ is normal if and only if F is equicontin-
uous.

Combining Corollary 9, see also Remark 9, with the results of [155] on equicontinuous
and normal families of ring Q-homeomorphisms, see also [123, Chapter 7], we arrive at
the following statements.

Theorem 7. Let D and D′ be domains in R
n, n ≥ 3, and let ϕ : (0,∞) → (0,∞) be a

monotone increasing function such that

(54)

∫ ∞

t∗

[
t

ϕ(t)

] 1
n−2

dt < ∞

for some t∗ ∈ (0,∞). Let f : D → D′ be a finite distortion homeomorphism in the

Orlicz–Sobolev class W 1,ϕ
loc such that h(ĎRn \ f(D)) ≥ Δ > 0. Then, for every x0 ∈ D and

x ∈ B(x0, ε(x0)), ε(x0) < d(x0) = dist(x0, ∂D), we have

(55) h(f(x), f(x0)) ≤
αn

Δ
exp

{
−
∫ ε(x0)

|x−x0|

dr

rk
1

n−1
x0 (r)

}
,

where αn is some constant depending only on n, and kx0
(r) is the average of [Kf (x)]

n−1

over the sphere S(x0, r).

Remark 10. Estimate (55) can be written in the form

(56) h(f(x), f(x0)) ≤
αn

Δ
exp

{
−ω

1
n−1

n−1

∫ ε(x0)

|x−x0|

dr

‖Kf‖n−1(x0, r)

}
,

where ‖Kf‖n−1(x0, r) is the norm of Kf in the space Ln−1 over the sphere |x− x0| = r,
and ωn−1 is the area of the unit sphere in R

n.

Corollary 12. In particular, these estimates hold true for finite distortion homeomor-
phisms f such that Kf ∈ Lq

loc with q > n− 1.

Corollary 13. Let f : D → D′ be a homeomorphism of class W 1,1
loc , and let

(57) kx0
(r) ≤

[
log

1

r

]n−1

for r < ε(x0) < min{e−1, d(x0)}. Then

(58) h(f(x), f(x0)) ≤
αn

Δ

log 1
ε(x0)

log 1
|x−x0|

for all x ∈ B(x0, ε(x0)).

Corollary 14. In particular, if

(59) Kf (x) ≤ log
1

|x− x0|
, x ∈ B(x0, ε(x0)) ,

for some ε(x0) < min{e−1, d(x0)}, then (58) is true in the ball B(x0, ε(x0)).
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Remark 11. If instead of conditions (57) and (59) we require, respectively, the conditions

(60) kx0
(r) ≤ c ·

[
log

1

r

]n−1

and

(61) Kf (x) ≤ c · log 1

|x− x0|
,

then

(62) h(f(x), f(x0)) ≤
αn

Δ

[
log 1

ε(x0)

log 1
|x−x0|

]1/c
1

n−1

.

Theorem 8. Let f : Bn → B
n, f(0) = 0, be a finite distortion homeomorphism of class

W 1,ϕ
loc satisfying condition (54) and such that

(63)

∫
ε<|x|<1

Kn−1
f (x)

dm(x)

|x|n ≤ c log
1

ε
, ε ∈ (0, 1).

Then

(64) |f(x)| ≤ γn · |x|βn

where the constant γn depends only on n, and βn = (ωn−1/c)
1

n−1 , ωn−1 is the area of the
unit sphere in R

n.

Theorem 9. Let D and D′ be domains in R
n, n ≥ 3, and let ϕ : (0,∞) → (0,∞) be a

monotone increasing function satisfying (54). Suppose f : D → D′ is a finite distortion

homeomorphism of class W 1,ϕ
loc such that h(ĎRn \ f(D)) ≥ Δ > 0 and Kf (x) ≤ Q(x),

where Qn−1 ∈ FMO(x0). Then

(65) h(f(x), f(x0)) ≤
αn

Δ

{
log 1

ε0

log 1
|x−x0|

}β

for all x ∈ B(x0, ε0),

where ε0 < dist(x0, ∂D), αn depends only on n, and β depends on the function Q.

Corollary 15. In particular, estimate (65) is true if

(66) lim sup
ε→0

−
∫
B(x0,ε)

Qn−1(x) dm(x) < ∞.

Next, let D be a domain in R
n, n ≥ 3, let ϕ : (0,∞) → (0,∞) be a monotone

increasing function, and let Q : D → (0,∞) be a measurable function. Let Oϕ
Q,Δ be

the class of all finite distortion homeomorphisms in the Orlicz–Sobolev class W 1,ϕ
loc such

that h
(

ĎRn \ f(D)
)
≥ Δ > 0 and Kf (x) ≤ Q(x) a.e. Moreover, let Sp

Q,Δ, p ≥ 1, denote

the classes Oϕ
Q,Δ with ϕ(t) = tp. Finally, let Kp

Q,Δ be the class of all finite distortion

homeomorphisms such that Kf ∈ Lp
loc, p ≥ 1, Kf (x) ≤ Q(x) a.e., and h

(
ĎRn \ f(D)

)
≥

Δ > 0.

By Proposition 7, the above estimates for distortion yield the following.

Theorem 10. Let ϕ : (0,∞) → (0,∞) be a monotone increasing function satisfying (54).
If Qn−1 ∈ FMO, then Oϕ

Q,Δ is a normal family.

Corollary 16. Under condition (54), the class Oϕ
Q,Δ is normal if

(67) lim sup
ε→0

−
∫
B(x0,ε)

Qn−1(x) dm(x) < ∞ for all x0 ∈ D.
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Corollary 17. In particular, the classes Sp
Q,Δ and Kp

Q,Δ are normal for p > n − 1 if

either Qn−1 ∈ FMO or (67) is true.

Theorem 11. Let Δ > 0, and let Q : D → (0,∞) be a measurable function such that

(68)

∫ ε(x0)

0

dr

‖Q‖n−1(x0, r)
= ∞ for all x0 ∈ D,

where ε(x0) < dist(x0, ∂D) and ‖Q‖n−1(x0, r) denotes the norm of Q in Ln−1 over the
sphere |x − x0| = r. Then the classes Oϕ

Q,Δ, Sp
Q,Δ, Kp

Q,Δ form normal families if ϕ

satisfies condition (54) or, respectively, p > n− 1.

Corollary 18. The classes Oϕ
Q,Δ, S

p
Q,Δ, K

p
Q,Δ form normal families if ϕ satisfies (54)

or, respectively, p > n− 1, and Q(x) has singularities only of logarithmic type.

Let D be a fixed domain in the extended space ĎRn = R
n ∪ {∞}, n ≥ 3, and let

ϕ : (0,∞) → (0,∞) be a monotone increasing function. Given a function Φ: [0,∞] →
[0,∞] and numbers M > 0, Δ > 0, we denote by OΦ,ϕ

M,Δ the collection of all finite

distortion homeomorphisms in the Orlicz–Sobolev class W 1,ϕ
loc such that h

(
ĎRn \ f(D)

)
≥

Δ > 0 and

(69)

∫
D

Φ
(
[Kf (x)]

n−1
) dm(x)

(1 + |x|2)n ≤ M.

Similarly, SΦ,p
M,Δ, p ≥ 1, denotes the class OΦ,ϕ

M,Δ with ϕ(t) = tp. Finally, let KΦ,p
M,Δ, p ≥ 1,

be the class of all finite distortion homeomorphisms such that Kf ∈ Lp
loc, p ≥ 1, (69) is

true for Kf , and h
(

ĎRn \ f(D)
)
≥ Δ > 0.

Combining Theorem 5, Corollaries 7–9, and also [156, Theorem 4.1], we get the fol-
lowing statement.

Theorem 12. Let Φ: [0,∞] → [0,∞] be a monotone increasing convex function such
that

(70)

∫ ∞

δ0

dτ

τ
[
Φ−1(τ )

] 1
n−1

= ∞

for some δ0 > Φ(0). Then the classes OΦ,ϕ
M,Δ under condition (54) and the classes SΦ,p

M,Δ

and KΦ,p
M,Δ under the condition p > n − 1 are equicontinuous and, consequently, form

normal families of mappings for every M ∈ (0,∞) and Δ ∈ (0, 1).

Remark 12. The results of [156] show that condition (70) is not only sufficient but also
necessary for these classes to be normal.

Part 4. On the boundary behavior of the Orlicz–Sobolev classes

§11. On domains with regular boundaries

Recall that a domain D ⊂ R
n, n ≥ 2, is said to be locally connected at a point x0 ∈ ∂D

if for every neighborhood U of x0, there is a neighborhood V ⊂ U of x0 such that V ∩D
is connected. Note that every Jordan domain D in R

n is locally connected at each point
of ∂D, see, e.g., [186, p. 66].
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D∂
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V

x0

Figure 1

We say that ∂D is weakly flat at a point x0 ∈ ∂D if for every neighborhood U of x0

and every number P > 0 there is a neighborhood V ⊂ U of x0 such that

(71) M(Γ(E,F,D)) ≥ P

for all continua E and F in D intersecting ∂U and ∂V . We say that the boundary ∂D
is weakly flat if it is weakly flat at every point in ∂D.

x0

∂D
F

D
E

X
V U

Figure 2

We also say that a point x0 ∈ ∂D is strongly accessible if for every neighborhood U of
x0 there exists a compact set E in D, a neighborhood V ⊂ U of x0, and a number δ > 0
such that

(72) M(Γ(E,F,D)) ≥ δ

for all continua F in D intersecting ∂U and ∂V . We say that the boundary ∂D is strongly
accessible if every point x0 ∈ ∂D is strongly accessible.

Here, in the definitions of strongly accessible and weakly flat boundaries, for the role
of neighborhoods U and V of x0 we can take balls (closed or open) centered at x0 or
the sets in any other fundamental system of neighborhoods of x0. These concepts can
also be extended in a natural way to the case of ĎRn and x0 = ∞. Then we must use the
corresponding neighborhoods of ∞.

It is easily seen that if a domain D in R
n is weakly flat at a point x0 ∈ ∂D, then the

point x0 is strongly accessible fromD. Moreover, in [92, Lemma 5.1] or [123, Lemma 3.15]
it was proved that if a domain D in R

n is weakly flat at a point x0 ∈ ∂D, then D is
locally connected at x0.

The notions of strong accessibility and weak flatness at boundary points of a domain
in R

n, as defined in [91], see also [92, 94, 123, 153], are localizations and generalizations
of the corresponding notions introduced in [121, 122], compare with the properties P1

and P2 introduced by Väisälä in [182] and also with the quasiconformal accessibility and
the quasiconformal flatness introduced by Näkki in [130]. Many theorems on homeomor-
phic extension to the boundary for quasiconformal mappings and their generalizations
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are valid under the condition of weak flatness for boundaries. The condition of strong
accessibility plays a similar role for continuous extension of mappings to the boundary.

Below we present some significant results obtained by us in this direction, see, e.g.,
[92, Theorem 10.1 and Lemma 6.1] and also [123, Theorem 9.8 and Lemmas 9.4 and 6.5].
Namely, the following auxiliary result is basic for the proof of the principal statements
in the next sections.

Proposition 8. Let D and D′ be bounded domains in R
n, n ≥ 2, let Q : D → (0,∞) be a

measurable function, and let f : D → D′ be a lower Q-homeomorphism on ∂D. Suppose
that the domain D is locally connected on ∂D and that the domain D′ has a (strongly
accessible) weakly flat boundary. If

(73)

∫ δ(x0)

0

dr

‖Q‖n−1(x0, r)
= ∞ for all x0 ∈ ∂D

with some δ(x0) ∈ (0, d(x0)), where d(x0) = supx∈D |x− x0| and ‖Q‖n−1(x0, r) is given

by (35), then f admits a (continuous) homeomorphic extension sf to sD that maps sD
(into) onto ĎD′.

A domain D ⊂ R
n is called a quasiextremal distance domain (in short, QED-domain),

see [54], if

(74) M(Γ(E,F, ĎRn) ≤ K ·M(Γ(E,F,D))

for some K ≥ 1 and all pairs of nonintersecting continua E and F in D.

It is well known, see, e.g., [182, Theorem 10.12], that

(75) M(Γ(E,F,Rn)) ≥ cn log
R

r

for any sets E and F in R
n, n ≥ 2, intersecting all the circles S(x0, ρ), ρ ∈ (r, R). Con-

sequently, a QED-domain has a weakly flat boundary. An example in [123, Section 3.8]
shows that the converse is not true even in the class of simply connected plane domains.

A domain D ⊂ R
n, n ≥ 2, is called a uniform domain if each pair of points x1 and

x2 ∈ D can be joined with a rectifiable curve γ in D such that

(76) s(γ) ≤ a · |x1 − x2|

and

(77) min
i=1,2

s(γ(xi, x)) ≤ b · d(x, ∂D)

for all x ∈ γ, where γ(xi, x) is the portion of γ bounded by xi and x, see [125]. It is known
that every uniform domain is a QED-domain, but there exist QED-domains that are not
uniform, see, e.g., [54]. Bounded convex domains and bounded domains with smooth
boundaries are simple examples of uniform domains and, consequently, QED-domains as
well as domains with weakly flat boundaries.

In the mapping theory and in the theory of differential equations, we often meet the
so-called Lipschitz boundaries. A domain D in R

n is said to be Lipschitz if every point
x0 ∈ ∂D has a neighborhood U that can be mapped by a bi-Lipschitz homeomorphism ϕ
onto the unit ball Bn ⊂ R

n in such a way that ϕ(∂D∩U) is the intersection of Bn with a
coordinate hyperplane. Note that a bi-Lipschitz homeomorphism is quasiconformal and
that the modulus is a quasiinvariant under such mappings. Hence, the Lipschitz domains
have weakly flat boundaries.
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Recall that a closed set X ⊂ R
n, n ≥ 2, is called a null-set for extremal distances (in

short, a NED-set), if

(78) M(Γ(E,F,Rn)) = M(Γ(E,F,Rn \X))

for any two nonintersecting continua E and F ⊂ R
n \X.

Remark 13. It is known that if X ⊂ R
n, n ≥ 2, is a NED-set, then

(79) |X| = 0

and X does not split Rn locally, i.e., see [77],

(80) dim X ≤ n− 2 ,

and, conversely, if a set X ⊂ R
n is closed and

(81) Hn−1(X) = 0,

then X is a NED-set, see [181].

Note also that the complement of a NED-set in R
n is a particular case of a QED-

domain.

§12. Continuous extension to boundaries

In this section we always assume that ϕ : (0,∞) → (0,∞) is a monotone nondecreasing
function.

Using Theorem 5 and [92, Theorem 6.1], see also [123, Lemma 9.4], we get the following
statement.

Lemma 5. Let D and D′ be bounded domains in R
n, n ≥ 3, let x0 ∈ ∂D, and let

(82)

∫ ∞

t∗

[
t

ϕ(t)

] 1
n−2

dt < ∞

for some t∗ ∈ (0,∞). Suppose that the domain D is locally connected at a point x0 ∈ ∂D
and that the domain D′ is strongly accessible. Let f : D → D′ be a finite distortion
homeomorphism of class W 1,ϕ

loc . If

(83)

∫ ε0

0

dr

‖Kf‖n−1(r)
= ∞,

where 0 < ε0 < d0 = supx∈D |x− x0| and

(84) ‖Kf‖n−1(r) = ‖Kf‖n−1(x0, r) =

(∫
D∩S(x0,r)

Kn−1
f (x) dA

) 1
n−1

,

then the mapping f admits extension to the point x0 by continuity in R
n.

Since the bounded convex, smooth, and Lipschitz domains are particular cases of
domains with weakly flat boundaries, Lemma 5 shows that the following is true.

Corollary 19. Let D and D′ be bounded convex, smooth, or Lipschitz domains in R
n,

n ≥ 3, let x0 ∈ ∂D, and let f : D → D′ be a finite distortion homeomorphism of class
W 1,ϕ

loc satisfying (82) and (83). Then the mapping f admits extension to the point x0 by
continuity.

In particular, Lemma 5 implies also the following theorem.
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Theorem 13. Let D and D′ be bounded domains in R
n, n ≥ 3. Suppose that D is

locally connected at a point x0 ∈ ∂D, and that ∂D′ is strongly accessible. Let f : D → D′

be a finite distortion homeomorphism of class W 1,ϕ
loc satisfying (82). If

(85) kx0
(r) = O

([
log

1

r

]n−1)

as r → 0, where kx0
(r) is the mean value of Kn−1

f over the sphere |x − x0| = r, then f
admits extension to the point x0 by continuity in R

n.

Let Φ: [0,∞] → [0,∞] be a monotone nondecreasing convex function, and let δ >
Φ(0). Since the conditions of the form

(86)

∫
D

Φ
(
Kn−1

f (x)
)
dm(x) < ∞

and

(87)

∫ ∞

δ

dτ

τ [Φ−1(τ )]
1

n−1

= ∞

imply the divergence of the integral in (83), see, e.g., [155, Theorem 3.1], we have the
following important consequence of Lemma 5.

Theorem 14. Let D and D′ be bounded domains in R
n, n ≥ 3. Suppose D is locally

connected at a point x0 ∈ ∂D and ∂D′ is strongly accessible. Let f : D → D′ be a finite
distortion homeomorphism of class W 1,ϕ

loc satisfying (82). If conditions (86) and (87)
are fulfilled for a monotone nondecreasing convex function Φ: [0,∞] → [0,∞] for some
δ > Φ(0), then f has a continuous extension sf : sD → ĎD′.

Condition (87) is not only sufficient but also necessary for a mapping f satisfying
integral restrictions of the form (86) to admit continuous extension to the boundary; see,
e.g., [94, Remark 5.1].

Now, Corollary 9 allows us to obtain the following lemma as a consequence of Lemma
1 in [113] for ring Q-homeomorphisms.

Lemma 6. Let D and D′ be bounded domains in R
n, n ≥ 3, let D be locally connected

at a point x0 ∈ ∂D, and let f : D → D′ be a finite distortion homeomorphism of class
W 1,ϕ

loc satisfying (82) and such that ∂D′ is strongly accessible at at least at one point of
the cluster set C(x0, f). Suppose that

(88)

∫
D(x0,ε)

Kn−1
f (x) · ψn(|x− x0|) dm(x) = o

(
In(ε, ε0)

)
as ε → 0 for some ε0 = ε(x0) > 0, where D(x0, ε) = {x ∈ D : ε < |x − x0| < ε0} and
ψ(t) is a nonnegative measurable function on (0,∞) such that

0 < I(ε, ε0) =

∫ ε0

ε

ψ(t) dt < ∞ for all ε ∈ (0, ε0).

Then f has a continuous extension to the point x0.

Note that Lemma 6 is also an immediate consequence of Lemma 5 if we use [155,
Lemma 3.7], see also [123, Lemma 7.4], and extend Kf by zero outside of D.

Remark 14. Note also that (88) is fulfilled, in particular, if

(89)

∫
|x−x0|<ε0

Kn−1
f (x) · ψn(|x− x0|) dm(x) < ∞
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for some ε0 > 0 and I(ε, ε0) → ∞ as ε → 0. In other words, for f to extend by continuity
to the point x0 ∈ ∂D, it suffices that the integral (89) converge for a nonnegative function
ψ(t) that is locally integrable on (0, ε0] but has a nonintegrable singularity at zero.

The following statements are special cases of Lemma 6. For example, choosing ψ(t) :=
1

t log 1/t in Lemma 6 and using Lemma 4, we obtain the following result.

Theorem 15. Let D and D′ be bounded domains in R
n, n ≥ 3. Suppose D is locally

connected at a point x0 ∈ ∂D and ∂D′ is strongly accessible. Let f : D → D′ be a finite
distortion homeomorphism of class W 1,ϕ

loc satisfying (82). If Kn−1
f (x) has finite mean

oscillation at the point x0, then f extends to x0 by continuity in R
n.

Corollary 20. In particular, the conclusion of Theorem 15 is valid if

(90) lim sup
ε→0

−
∫
B(x0,ε)

Kn−1
f (x) dm(x) < ∞.

Here we assume that Kf is extended by zero outside of D.

The following theorem also follows from Lemma 6 with ψ(t) = 1/t.

Theorem 16. Let D and D′ be bounded domains in R
n, n ≥ 3. Suppose D is locally

connected at a point x0 ∈ ∂D and ∂D′ is strongly accessible. Let f : D → D′ be a finite
distortion homeomorphism of class W 1,ϕ

loc satisfying (82). If

(91)

∫
ε<|x−x0|<ε0

Q(x)
dm(x)

|x− x0|n
= o

([
log

1

ε

]n)
as ε → 0, then f extends to x0 by continuity.

Remark 15. Choosing in Lemma 6 the function ψ(t) = 1/(t log 1/t) instead of ψ(t) = 1/t,
we are able to replace (91) by the weaker condition

(92)

∫
ε<|x−x0|<ε0

Q(x) dm(x)(
|x− x0| log 1

|x−x0|
)n = o

([
log log

1

ε

]n)

and (85) by the condition

(93) kx0
(r) = o

([
log

1

r
log log

1

r

]n−1)
.

In general, here we could give a whole scale of the corresponding logarithmic type con-
ditions using the corresponding functions ψ(t).

The following result concerns resolvability of singularities for mappings in the Orlicz–
Sobolev classes W 1,ϕ

loc , see, e.g., [92, Theorem 8.1], [123, Theorem 9.5], and also Theo-
rem 5, Proposition 8, and Remark 13.

Theorem 17. Let D be a domain in R
n, n ≥ 3, let X ⊂ D, and let f : D \ X → R

n

be a finite distortion homeomorphism of class W 1,ϕ
loc satisfying (82). If X and C(X, f)

are NED-sets, x0 ∈ X, and condition (83) is fulfilled, then f extends to x0 by continuity
in ĎRn.

Here and in the sequel we denote by C(X, f) the cluster set of the mapping f : D → ĎRn

for a set X ⊂ sD,

(94) C(X, f) :=
{
y ∈ ĎRn : y = lim

k→∞
f(xk), xk → x0 ∈ X, xk ∈ D

}
.

Note that C(∂D, f) ⊆ ∂D′ for every homeomorphism f : D → D′, see, e.g., [123, Propo-
sition 13.5].
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§13. Extension of inverse mappings to boundaries

The following lemma on the cluster sets is a base for the proof of the theorem on
extension to the boundary of inverse homeomorphisms with finite distortion. This lemma
follows from Lemma 9.1 in [92] (see also [123, Lemma 9.5]) and also from Theorem 5.

Lemma 7. Let D and D′ be domains in R
n, n ≥ 2, let z1 and z2 distinct points in ∂D,

z1 �= ∞, and let f be a homeomorphism of the domain D onto D′ belonging to W 1,ϕ
loc

and satisfying (82). Suppose that the function Kf is integrable in the power n− 1 on the
surfaces

(95) D(r) = {x ∈ D : |x− z1| = r} = D ∩ S(z1, r)

for some set E of numbers r < | z1 − z2| of positive linear measure. If D is locally
connected at z1 and z2 and ∂D′ is weakly flat, then

(96) C(z1, f) ∩ C(z2, f) = ∅.

The next statement follows immediately from Lemma 7.

Theorem 18. Let D and D′ be domains in R
n, n ≥ 3. Suppose that D is locally

connected on its boundary and that the boundary of D′ is weakly flat. Let f : D → D′ be
a homeomorphism of class W 1,ϕ

loc satisfying (82) and such that Kf ∈ Ln−1(D). Then the
mapping f−1 extends to the closure of the domain ĎD′ by continuity in ĎRn.

Proof. Indeed, the Fubini theorem implies that the set

(97) E =
{
r ∈ R : Kf

∣∣
D(r)

∈ Ln−1(D(r))
}

has positive Lebesgue measure because Kf ∈ Ln−1(D). �

Remark 16. The above proof shows that, to apply Lemma 7, it suffices to assume in
Theorem 18 that the function Kf is integrable in the power n− 1 in a neighborhood of
the domain D.

Moreover, using Theorem 5 and [92, Theorem 9.2], see also [123, Theorem 9.7], we
obtain the following statement.

Theorem 19. Let D and D′ be domains in R
n, n ≥ 3, let D be locally connected on its

boundary, and let the boundary of D′ be weakly flat. Suppose that f : D → D′ is a finite
distortion homeomorphism of class f ∈ W 1,ϕ

loc satisfying (82) and that, moreover,

(98)

∫ δ(x0)

0

dr

‖Kf‖n−1(x0, r)
= ∞ for all x0 ∈ ∂D

with some δ(x0) < d(x0) = supx∈D |x−x0|, where ‖Kf‖n−1(x0, r) is the quantity defined
in (84). Then the mapping f−1 extends to the closure of the domain D′ by continuity
in ĎRn.

§14. Homeomorphic extension to the boundary

Combining the results of the last two sections, we arrive at the following statements.

Lemma 8. Let D and D′ be bounded domains in R
n, n ≥ 3. Suppose D is locally

connected on its boundary and ∂D′ is weakly flat. Let f : D → D′ be a finite distortion
homeomorphism of class W 1,ϕ

loc satisfying (82). Suppose that

(99)

∫
D(x0,ε)

Kn−1
f (x) · ψn(|x− x0|) dm(x) = o

(
In(ε, ε0)

)
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as ε → 0 for some ε0 = ε(x0) > 0, where D(x0, ε) = {x ∈ D : ε < |x − x0| < ε0} and
ψ(t) is a nonnegative measurable function on (0,∞) such that

0 < I(ε, ε0) =

∫ ε0

ε

ψ(t) dt < ∞ for any ε ∈ (0, ε0).

Then f has a homeomorphic extension sf : sD → ĎD′.

Theorem 20. Let D and D′ be bounded domains in R
n, n ≥ 3. Suppose D is locally

connected at ∂D and ∂D′ is weakly flat. Let f : D → D′ be a finite distortion homeo-
morphism of class W 1,ϕ

loc satisfying (82). If Kn−1
f (x) ≤ Q(x) a.e., where Q ∈ FMO(∂D),

then f has a homeomorphic extension sf : sD → ĎD′.

Corollary 21. In particular, the conclusion of Theorem 20 is valid if

(100) lim sup
ε→0

−
∫
B(x0,ε)

Kn−1
f (x) dm(x) < ∞ for all x0 ∈ ∂D.

Theorem 21. Let D and D′ be bounded domains in R
n, n ≥ 3, with D locally con-

nected on its boundary and ∂D′ weakly flat, and let f : D → D′ be a finite distortion
homeomorphism of class W 1,ϕ

loc satisfying (82). Suppose that

(101)

∫ δ(x0)

0

dr

‖Kf‖n−1(x0, r)
= ∞ for all x0 ∈ ∂D

with some δ(x0) < d(x0) = supx∈D |x− x0|, where ‖Kf‖n−1(x0, r) is defined as in (84).
Then the mapping f has a homeomorphic extension sf : sD → ĎD′.

As a consequence of Theorem 21, we obtain the following generalization of the well-
known theorems of Gehring–Martio and Martio–Vuorinen on homeomorphic extension
to the boundary of quasiconformal mappings between QED domains, see [54] and [126].

Corollary 22. Let D and D′ be bounded domains in R
n, n ≥ 3, with weakly flat bound-

aries, and let f : D → D′ be a finite distortion homeomorphism of class W 1,ϕ
loc satisfying

(82). If condition (101) is fulfilled, then f has a homeomorphic extension sf : sD → ĎD′.

Theorem 5 implies the next result, see, e.g., [92, Theorem 10.3], and also [123, Theorem
9.10].

Theorem 22. Let D be a bounded domain in R
n, n ≥ 3, and let X and C(X, f) be

NED-sets, where f : D \ {X} → ĎRn is a finite distortion homeomorphism of class W 1,ϕ
loc

satisfying (82) and such that condition (101) is fulfilled at every point x0 ∈ X with
δ(x0) < dist(x0, ∂D) and

(102) ‖Kf‖n−1(x0, r) =

(∫
S(x0,r)

Kn−1
f (x) dA

) 1
n−1

.

Then f has a homeomorphic extension to D.

Remark 17. In particular, the conclusion of Theorem 22 is valid if X is a closed set and

(103) Hn−1(X) = 0 = Hn−1(C(X, f)).

Moreover, condition (101) can be replaced by the condition Kn−1
f (x) ≤ Q(x) a.e. with a

function Q : Rn → (0,∞) of class FMO(X), or by the condition

(104) lim sup
ε→0

−
∫
B(x0,ε)

Kn−1
f (x) dm(x) < ∞ for all x0 ∈ X.
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Theorem 23. Let D and D′ be bounded domains in R
n, n ≥ 3. Suppose that D is

locally connected on ∂D and that D′ has weakly flat boundary. Let f : D \ {X} → D′ be

a finite distortion homeomorphism of class W 1,ϕ
loc satisfying (82). If

(105)

∫
D

Φ
(
Kn−1

f (x)
)
dm(x) < ∞

for a monotone nondecreasing convex function Φ: [0,∞] → [0,∞] such that

(106)

∫ ∞

δ

dτ

τ [Φ−1(τ )]
1

n−1

= ∞

for some δ > Φ(0), then f has a homeomorphic extension sf : sD → ĎD′.

Note that condition (106) is not only sufficient but also necessary for f with integral
constraints of the form (105) to admit continuous extension to the boundary, see, e.g.,
[94, Theorem 5.1 and Remark 5.1]. Note also that all results of this section are valid, in
particular, for bounded convex, smooth, and Lipschitz domains.
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[55] F. W. Gehring and J. Väisälä, Hausdorff dimension and quasiconformal mappings, J. London
Math. Soc. (2) 6 (1973), no. 2, 504–512. MR0324028 (48:2380)

[56] A. Golberg, Homeomorphisms with integrally restricted moduli, Contemp. Math., vol. 553, Amer.
Math. Soc., Providence, RI, 2011, 83–98. MR2868590

[57] , Directional dilatations in space, Complex Var. Elliptic Equ. 55 (2010), no. 1-3, 13–29.
MR2599608 (2011a:30062)

[58] , Homeomorphisms with finite mean dilatations, Contemp. Math., vol. 382, Amer. Math.
Soc., Providence, RI, 2005, pp. 177–186. MR2175886 (2007b:30020)

[59] A. Golberg and V. Ya. Gutlyanskii, On Lipschitz continuity of quasiconformal mappings in space,
J. Anal. Math. 109 (2009), 233–251. MR2585395 (2011f:30045)

[60] V. M. Gol′dshtein and Yu. G. Reshetnyak, Introduction to the theory of functions with generalized
derivatives and quasiconformal mappings, Nauka, Moscow, 1983; English transl., Quasiconformal
mappings and Sobolev speaces, Kluwer, Dordrecht, 1990. MR738784 (85m:46031a)

[61] J.-P. Gossez and V. Mustonen, Variational inequalities in Orlicz–Sobolev spaces, Nonlinear Anal.
11 (1987), no. 3, 379–392. MR881725 (88g:35094)

[62] E. L. Grinberg, On the smoothness hypothesis in Sard’s theorem, Amer. Math. Monthly 92 (1985),
no. 10, 733–734. MR820057 (87m:58020)

[63] V. Ya. Gutlyanskii ana V. I. Ryazanov, Geometric and topological theory of functions and map-
pings, Naukova Dumka, Kiev, 2011. (Russian)

[64] V. Ya. Gutlyanskii, V. I. Ryazanov, U. Srebro, and E. Yakubov, The Beltrami equation: A geo-
metric approach, Developments Math., vol. 26, Springer, New York, 2012. MR2917642

[65] V. A. Zorich, Admissible order of growth of the characteristic of quasiconformality in M. A. Lav-
rent′ev’s theorem, Dokl. Akad. Nauk SSSR 181 (1968), no. 3, 530–533. (Russian) MR0229816
(37:5382)

[66] Quasiconformal mappings and the asymptotic geometry of manifolds, Uspekhi Mat. Nauk
57 (2002), no. 3, 3–28; English transl. Russian Math. Surveys 57 (2002), no. 3, 437–264.
MR1918854 (2003i:30035)

[67] P. Hajlasz, Sobolev spaces on an arbitrary metric space, Potential Anal. 5 (1996), no. 4, 403–415.
MR1401074 (97f:46050)

[68] , Whitney’s example by way of Assouad’s embedding, Proc. Amer. Math. Soc. 131 (2003),
no. 11, 3463–3467. MR1991757 (2004c:26013)

[69] G. H. Hardy, J. E. Littlewood, and G. Polia, Inequalities, 2nd ed., Cambridge Univ. Press, Cam-
bridge, 1952. MR0046395 (13:727e)

[70] J. Heinonen, Lectures on analysis on metric spaces, Springer, New York etc., 2000. MR1800917
(2002c:30028)

http://www.ams.org/mathscinet-getitem?mr=2320912
http://www.ams.org/mathscinet-getitem?mr=2320912
http://www.ams.org/mathscinet-getitem?mr=0117523
http://www.ams.org/mathscinet-getitem?mr=0117523
http://www.ams.org/mathscinet-getitem?mr=0298472
http://www.ams.org/mathscinet-getitem?mr=0298472
http://www.ams.org/mathscinet-getitem?mr=0094424
http://www.ams.org/mathscinet-getitem?mr=0094424
http://www.ams.org/mathscinet-getitem?mr=0367132
http://www.ams.org/mathscinet-getitem?mr=0367132
http://www.ams.org/mathscinet-getitem?mr=0257325
http://www.ams.org/mathscinet-getitem?mr=0257325
http://www.ams.org/mathscinet-getitem?mr=0097720
http://www.ams.org/mathscinet-getitem?mr=0097720
http://www.ams.org/mathscinet-getitem?mr=0139735
http://www.ams.org/mathscinet-getitem?mr=0139735
http://www.ams.org/mathscinet-getitem?mr=0124487
http://www.ams.org/mathscinet-getitem?mr=0124487
http://www.ams.org/mathscinet-getitem?mr=833411
http://www.ams.org/mathscinet-getitem?mr=833411
http://www.ams.org/mathscinet-getitem?mr=0324028
http://www.ams.org/mathscinet-getitem?mr=0324028
http://www.ams.org/mathscinet-getitem?mr=2868590
http://www.ams.org/mathscinet-getitem?mr=2599608
http://www.ams.org/mathscinet-getitem?mr=2599608
http://www.ams.org/mathscinet-getitem?mr=2175886
http://www.ams.org/mathscinet-getitem?mr=2175886
http://www.ams.org/mathscinet-getitem?mr=2585395
http://www.ams.org/mathscinet-getitem?mr=2585395
http://www.ams.org/mathscinet-getitem?mr=738784
http://www.ams.org/mathscinet-getitem?mr=738784
http://www.ams.org/mathscinet-getitem?mr=881725
http://www.ams.org/mathscinet-getitem?mr=881725
http://www.ams.org/mathscinet-getitem?mr=820057
http://www.ams.org/mathscinet-getitem?mr=820057
http://www.ams.org/mathscinet-getitem?mr=2917642
http://www.ams.org/mathscinet-getitem?mr=0229816
http://www.ams.org/mathscinet-getitem?mr=0229816
http://www.ams.org/mathscinet-getitem?mr=1918854
http://www.ams.org/mathscinet-getitem?mr=1918854
http://www.ams.org/mathscinet-getitem?mr=1401074
http://www.ams.org/mathscinet-getitem?mr=1401074
http://www.ams.org/mathscinet-getitem?mr=1991757
http://www.ams.org/mathscinet-getitem?mr=1991757
http://www.ams.org/mathscinet-getitem?mr=0046395
http://www.ams.org/mathscinet-getitem?mr=0046395
http://www.ams.org/mathscinet-getitem?mr=1800917
http://www.ams.org/mathscinet-getitem?mr=1800917


TOWARD THE THEORY OF ORLICZ–SOBOLEV CLASSES 959

[71] J. Heinonen, T. Kilpelainen, and O. Martio, Nonlinear potential theory of degenerate elliptic equa-
tions, Oxford Math. Monogr., Clarendon Press, Oxford Univ. Press, New York, 1993. MR1207810
(94e:31003)

[72] J. Heinonen and P. Koskela, Quasiconformal maps in metric spaces with controlled geometry, Acta
Math. 181 (1998), no. 1, 1–41. MR1654771 (99j:30025)

[73] J. Heinonen, P. Koskela, P. Shanmugalingam, and J. T. Tyson, Sobolev spaces of Banach space-
valued functions and quasiconformal mappings, J. Anal. Math. 85 (2001), 87–139. MR1869604
(2002k:46090)

[74] D. A. Herron and P. Koskela, Locally uniform domains and quasiconformal mappings, Ann. Acad.
Sci. Fenn. Math. 20 (1995), no. 1, 187–206. MR1304117 (96h:30037)

[75] J. Hesse, A p-extremal length and p-capacity equality, Ark. Mat. 13 (1975), 131–144. MR0379871
(52:776)

[76] M. Hsini, Existence of solutions to a semilinear elliptic system through generalized Orlicz–Sobolev
spaces, J. Partial Differ. Equ. 23 (2010), no. 2, 168–193. MR2667757 (2011e:35030)

[77] W. Hurewicz and H. Wallman, Dimension theory, Princeton Univ. Press, Princeton, N.J., 1941.
MR0006493 (3:312b)

[78] A. A. Ignat′ev and V. I. Ryasanov, Finite mean oscillation in mapping theory, Ukr. Mat. Visn.

2 (2005), no. 3, 395–417; English transl., Ukr. Math. Bull. 2 (2005), no. 3, 403–424. MR2325895
(2008b:30036)

[79] T. Iwaniec, P. Koskela, and J. Onninen, Mappings of finite distortion: compactness, Ann. Acad.
Sci. Fenn. Math. 27 (2002), no. 2, 391–417. MR1922197 (2004b:30045)

[80] T. Iwaniec and G. Martin, Geometrical function theory and non-linear analysis, Oxford Math.
Monogr., Clarendon Press, Oxford Univ. Press, New York, 2001. MR1859913 (2003c:30001)

[81] T. Iwaniec and C. Sbordone, Riesz transforms and elliptic PDEs with VMO coefficients, J. Anal.
Math. 74 (1998), 183–212. MR1631658 (99e:35034)

[82] T. Iwaniec and V. Sverák, On mappings with integrable dilatation, Proc. Amer. Math. Soc. 118
(1993), no. 1, 181–188. MR1160301 (93k:30023)

[83] F. John and L. Nirenberg, On functions of bounded mean oscillation, Comm. Pure Appl. Math.
14 (1961), 415–426. MR0131498 (24:A1348)

[84] R. Kaufman, A singular map of a cube onto a square, J. Differential Geom. 14 (1979), no. 4,
593–594. MR600614 (82a:26013)

[85] J. Kauhanen, P. Koskela, and J. Maly, On functions with derivatives in a Lorentz space,
Manuscripta Math. 10 (1999), no. 1, 87–101. MR1714456 (2000j:46064)

[86] E. Ya. Khruslov and L. S. Pankratov, Homogenization of the Dirichlet variational problems in
Orlicz–Sobolev spaces, Operator Theory Appl.; Fields Inst. Commun., vol. 25, Amer. Math. Soc.,
Providence, RI, 2000, pp. 345–366. MR1759552 (2001g:35023)

[87] L. V. Kovalev, Monotonicity of a generalized reduced modulus, Zap. Nauchn. Sem. S.-Petersburg.
Otdel. Mat. Inst. Steklov. (POMI) 276 (2001), 219–236; English transl., J. Math. Sci. (N.Y.) 118
(2003), no. 1, 4861–4870. MR1850369 (2002h:31007)

[88] D. A. Kovtonyuk, I. Petkov, and V. I. Ryazanov, On homeomorphisms with finite distortion in

the plane, arXiv:1011.3310v2 [math.CV], 18 Nov., 2010, 1–16.
[89] On the boundary behaviour of solutions to the Beltrami equations, Complex Var. Elliptic

Equ. 58 (2013), no. 5, 647–663. MR3170649
[90] D. A. Kovtonyuk, I. Petkov, V. I. Ryazanov, and R. R. Salimov, The boundary behaviour and

the Dirichlet problem for the Beltrami equations, Algebra i Analiz 25 (2013), no. 4. 101–124.
MR3184618

[91] D. A. Kovtonyuk and V. I. Ryazanov, On boundaries of space domains, Proc. Inst. Appl. Math.
Mech., vol. 13, NAN Ukraini Inst. Prikl. Mat. Mech., Donetsk 2006, pp. 110–120 (Russian).
MR2467526 (2009m:30040)

[92] , On the theory of lower Q-homeomorphisms, Ukr. Mat. Visn. 5 (2008), no. 2, 159–184;
English transl., Ukr. Math. Bull. 5 (2008), no. 2, 157–181. MR2559832 (2010k:30022)

[93] , On the theory of mappings with finite area distortion, J. Anal. Math. 104 (2008), no. 2,
291–306. MR2403438 (2009e:30042)

[94] , On the boundary behavior of generalized quasi-isometries, J. Anal. Math. 115 (2011),
103-120. MR2855035

[95] D. A. Kovtonyuk, V. I. Ryazanov, R. R. Salimov, and E. A. Sevost′yanov, On mappings in the
Orlicz–Sobolev classes, arXiv:1012.5010v4 [math.CV], 12 Jan., 2011, 1–42.

[96] , On mappings in the Orlicz–Sobolev classes, Ann. Univ. Buchar. Math. Ser. 3(LXI) (2012),
no. 1, 67–78. MR3034963

http://www.ams.org/mathscinet-getitem?mr=1207810
http://www.ams.org/mathscinet-getitem?mr=1207810
http://www.ams.org/mathscinet-getitem?mr=1654771
http://www.ams.org/mathscinet-getitem?mr=1654771
http://www.ams.org/mathscinet-getitem?mr=1869604
http://www.ams.org/mathscinet-getitem?mr=1869604
http://www.ams.org/mathscinet-getitem?mr=1304117
http://www.ams.org/mathscinet-getitem?mr=1304117
http://www.ams.org/mathscinet-getitem?mr=0379871
http://www.ams.org/mathscinet-getitem?mr=0379871
http://www.ams.org/mathscinet-getitem?mr=2667757
http://www.ams.org/mathscinet-getitem?mr=2667757
http://www.ams.org/mathscinet-getitem?mr=0006493
http://www.ams.org/mathscinet-getitem?mr=0006493
http://www.ams.org/mathscinet-getitem?mr=2325895
http://www.ams.org/mathscinet-getitem?mr=2325895
http://www.ams.org/mathscinet-getitem?mr=1922197
http://www.ams.org/mathscinet-getitem?mr=1922197
http://www.ams.org/mathscinet-getitem?mr=1859913
http://www.ams.org/mathscinet-getitem?mr=1859913
http://www.ams.org/mathscinet-getitem?mr=1631658
http://www.ams.org/mathscinet-getitem?mr=1631658
http://www.ams.org/mathscinet-getitem?mr=1160301
http://www.ams.org/mathscinet-getitem?mr=1160301
http://www.ams.org/mathscinet-getitem?mr=0131498
http://www.ams.org/mathscinet-getitem?mr=0131498
http://www.ams.org/mathscinet-getitem?mr=600614
http://www.ams.org/mathscinet-getitem?mr=600614
http://www.ams.org/mathscinet-getitem?mr=1714456
http://www.ams.org/mathscinet-getitem?mr=1714456
http://www.ams.org/mathscinet-getitem?mr=1759552
http://www.ams.org/mathscinet-getitem?mr=1759552
http://www.ams.org/mathscinet-getitem?mr=1850369
http://www.ams.org/mathscinet-getitem?mr=1850369
http://www.ams.org/mathscinet-getitem?mr=3170649
http://www.ams.org/mathscinet-getitem?mr=3184618
http://www.ams.org/mathscinet-getitem?mr=2467526
http://www.ams.org/mathscinet-getitem?mr=2467526
http://www.ams.org/mathscinet-getitem?mr=2559832
http://www.ams.org/mathscinet-getitem?mr=2559832
http://www.ams.org/mathscinet-getitem?mr=2403438
http://www.ams.org/mathscinet-getitem?mr=2403438
http://www.ams.org/mathscinet-getitem?mr=2855035
http://www.ams.org/mathscinet-getitem?mr=3034963


960 D. A. KOVTONYUK, V. I. RYAZANOV, R. R. SALIMOV, AND E. A. SEVOST′YANOV

[97] J. D. Koronel, Continuity and k-th order differentiability in Orlicz–Sobolev spaces: WkL′′
A, Israel

J. Math. 24 (1976), no. 2, 119–138. MR0428030 (55:1060)
[98] M. A. Krasnosel′skii and Ja. B. Rutickii, Convex functions and Orlicz spaces, Gosudarstv. Izdat.

Fiz.-Mat. Lit., Moscow, 1958; English transl., Noordhoff, 1961. MR0126722 (23 #A4016)
[99] V. I. Kruglikov, Capacities of condensers and quasiconformal in the mean mappings in space,

Mat. Sb. (N.S.) 130 (1986), no. 2, 185–206. (Russian) MR854971 (88d:30028)
[100] S. L. Krushkal′, On mappings quasiconformal in the mean, Dokl. Akad. Nauk SSSR 157 (1964),

no. 3, 517–519. (Russian) MR0176067 (31:342)
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