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PROOF OF THE BUSEMANN CONJECTURE

FOR G-SPACES

OF NONPOSITIVE CURVATURE

P. D. ANDREEV

Abstract. It is proved that every simply connected Busemann G-space of nonposi-
tive curvature is homeomorphic to R

n for some positive integer n. As a consequence,
the well-known conjecture that every Busemann G-space is a topological manifold
becomes confirmed for the G-spaces of nonpositive curvature.

§1. Introduction

The class ofG-spaces was introduced by Busemann in [1] and [2]. A BusemannG-space
is a finitely compact geodesic space possessing the properties of local extendability and
the uniqueness of extension for segments. A precise definition will be given later; also,
we shall list some elementary properties of G-spaces.

In the book [3], among unsolved problems a conjecture was formulated saying that
every G-space is a topological manifold. In particular, this statement was proved there
for the G-spaces of topological dimension 2. In [4] and [5], this conjecture was proved
in dimensions 3 and 4, respectively. In the case of G-spaces with Aleksandrov curvature
bounded above, the Busemann conjecture was proved in [6] as a consequence of the main
results of that paper.

In the present paper, we prove the Busemann conjecture for Busemann G-spaces of
nonpositive curvature. A geodesic space (X, d) is said to be nonpositively curved in the
sense of Busemann if each point p ∈ X has a neighborhood U(p, r) in which the midline
of an arbitrary triangle does not exceed one half of its base (see [7]). In some papers, the
spaces of nonpositive curvature in the sense of Busemann are called convex spaces. Also,
geodesic spaces in which the above property is fulfilled in the whole are called sometimes
Busemann spaces.

The Alexander–Bishop theorem (see [8]) implies that if X is a complete locally convex

space, then its universal covering rX is globally convex. Therefore, for the solution of the
above problem, it suffices to consider the case of a nonpositively curved simply connected
Busemann G-space.

In the book [3], in the course of the study of G-spaces, the notion of a straight space
was introduced. A G-space X is called a straight space if the axiom of extendability for
segments is fulfilled in X in the whole: for every x, y ∈ X three exists z ∈ X such that y
lies between x and z. Every nonpositively curved simply connected Busemann space is a
straight space. Moreover, for every pair of different points in it, the union of all segments
containing these points is a straight line. In the sequel, only simply connected spaces
will be considered. When talking of a Busemann G-space of nonpositive curvature, we
shall mean a simply connected space nonpositively curved in the sense of Busemann.
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Moreover, the condition to be nonpositively curved is fulfilled in the whole rather than
merely locally. As a consequence, such a space is straight.

The following theorem is the main result of the paper.

Main theorem. Let X be a nonpositively curved Busemann G-space. Then X is home-
omorphic to R

n for some positive integer n.

The layout of the paper is the following. In §2, we present the required preliminary
information concerning the geometry of G-spaces and nonpositively curved spaces in the
sense of Busemann.

The proof of the main theorem involves three stages, to which the next 3 sections are
devoted.

Stage 1. Suppose X satisfies the assumptions of the main theorem. Fixing a marked
point p1 ∈ X, we construct a new metric d∗ on X. The metric space (X, d∗) has the
structure of a cone with vertex p1. This space will be called the tangent cone to X at p1
and will be denoted by K1 = Kp1

X. It turns out that the cone Kp1
X is homeomorphic

to X and also is a straight conic space of nonpositive Busemann curvature. Furthermore,
the group H of positive homotheties with center p1 acts on Kp1

X. The metrics d and
d∗ possess a common family of straight lines passing through p1.

Stage 2. The geometry of the tangent cone is studied for a space K that is of conical
type itself. In particular, the cone K1 is such, and for it we construct the second tangent
cone Kp2

K1. It turns out that Kp2
K1 is homeomorphic to Y2 × R

1, where Y2 is of the
same type as K, i.e., is a straight conic Busemman G-space of nonpositive curvature.
The product Y2 ×R

1 is viewed as a cone K2, and the straight line p1p2 is identified with
the set V2 of its vertices.

The final stage. The chain

(1) X = K0
ϕ1−→ K1

ϕ2−→ K2 −→ . . . ,

of spaces and homeomorphisms is considered, where Ki+1 is a space homeomorphic to a
cone overKi. SinceX is finite-dimensional (see [9] or [10]), it follows that the sequence (1)
drops in a finite number of steps. The last cone Kn+1 in this sequence is homeomorphic
to R

n. This proves the main theorem.

§2. Preliminary information

Definition 1. A metric space (X, d) is called a Busemann G-space if the following
conditions (the axioms of a G-space) are fulfilled.

G1. X is finitely compact, i.e., every infinite bounded subset of X has a limit point.
G2. X is Menger convex, i.e., for every two points x, y ∈ X there is z ∈ X with

d(x, z) + d(z, y) = d(x, y).

G3. For every x ∈ X there exists a positive number r(x) such that the segment
extension property is fulfilled in the open ball U(x, r(x)): if p, q ∈ U(x, r(x)),
then there exists z ∈ U(x, r(x)) such that q lies between p and z.

G4. The segments in X are uniquely expendable, i.e., if x1, x2, y, z ∈ X satisfy y �= z
and

d(x1, y) + d(y, z) = d(x2, y) + d(y, z) = d(x1, z) = d(x2, z),

then x1 = x2.
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Axioms G1–G2 show that every Busemann G-space is a complete locally compact
geodesic space. We remind the reader that a metric space is said to be geodesic if every
two points p, q in it can be joined by the segment [pq]. By a segment in X, we mean the
image of a rectifiable path whose length is equal to the distance between its endpoints.
In the ball U(x, r(x)), the segment [pq] joining two points p, q ∈ U(x, r(x)) is uniquely
determined. Other geometric properties of Bussemann G-spaces can be found in the
survey [10].

Let X be a Busemann G-space. Then for every p ∈ X the quantity ρ(p) is well defined
that is equal to the maximal radius of an open ball centered at p such that G3 is fulfilled
in it. The quantity ρ(p) is either a positive number or +∞. In the latter case, ρ(x) = +∞
for every x ∈ X. A G-space such that ρ(x) = +∞ for all points is said to be straight.

Definition 2. A geodesic space (X, d) is said to be nonpositively curved in the sense
of Busemann if every point x ∈ X possesses a neighborhood U(x, r) with the following
property: if y, p, q ∈ U(x, r), then

(2) d(m,n) ≤ 1

2
d(p, q),

where m is the midpoint of the segment [yp] and n is that of [yq].

For us, it suffices to consider only simply connected spaces, which are Busemann
nonpositively curved globally. This means that (2) is true for every triangle of the space.
The converse is also true: a space that is Busemann nonpositively curved globally must
be simply connected. Also, Definition 2 and the property to be simply connected imply
that two arbitrary points in X are joined by a unique segment.

In the book [11], several reformulation of the property to be Busemann nonpositively
curved can be found. Among them, we mention the convexity of the metric.

Theorem 1. A simply connected geodesic space X is of nonpositive curvature in the
sense of Busemann if and only if its metric is convex, i.e., for every two segments [x1y1]
and [x2, y2] with parametrizations

γi : [0, 1] → X

proportional to natural parametrizations, the function f(s, t) = d(γ1(s), γ2(t)) is convex.

Definition 3. A subspace A ⊂ X in a Busemann nonpositively curved space X is said
to be convex if for every a, b ∈ A the segment [ab] is included in A. If A ⊂ X is a closed
convex subset of a finitely compact nonpositively curved space X, then for every p ∈ X
the point πA(p) closest to A is well defined; πA(p) is called the projection of p to A.

We mention some other notions and statements related to convexity, which will be
used in the sequel (see [12] and [13]).

Definition 4. A geodesic space (X, d) is said to be strictly convex if for every three
pairwize distinct points x, y, z ∈ X we have

d(x,m) < max{d(x, y), d(x, z)},
where m is the midpoint between y and z. If x ∈ X is a strictly convex space, its modulus
of convexity at a point (X, d) is defined to be the following function of two variables r,
μ > 0:

δx(r, μ) = inf
(y,z)∈A(x,r,μ)

{r − d(x,m)};

here A(x, r, μ) ⊂ X ×X is the set of all pairs (y, z) with

max{d(x, y), d(x, z)} ≤ r
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and

d(y, z) ≥ μr.

A strictly convex space (X, d) is said to be weakly uniformly convex if for every x ∈ X,
the modulus of convexity δx is a positive function.

Definition 5. A family of metric spaces (Xα, dα) is said to be unimodularly convex if
all of them are weakly uniformly convex and the exists a positive function m(r, μ) with

δx(r, μ) ≥ m(r, μ)

for all x ∈ Xα and all α.

In what follows, we shall need the notion of Gromov–Hausdorff convergence for metric
spaces.

Definition 6. Let A, B ⊂ X be closed subsets of a metric space (X, d). The Hausdorff
distance between A and B is the quantity

Hd(A,B) = inf{ε > 0 | A ⊂ Nε(B), B ⊂ Nε(A)},
where

Nε(M) = {x ∈ X | ∃m ∈ M,d(m,x) < ε}

Definition 7. The Gromov–Hausdorff distance dGH(X,Y ) between complete bounded
metric spaces (X, dX) and (Y, dY ) is defined by the formula

dGH(X,Y ) = inf
f,g,M

HdM (f(X), g(Y )),

where f : X → M and g : Y → M are isometric embeddings of X and Y into a metric
space M and the infimum is taken over all M , f , and g.

A complete metric space (X, o, d) with marked point o is called the Gromov–Hausdorff
limit of spaces (Xi, oi, di) with marked points oi if for every r > 0 the closed ball B(o, r) ⊂
X is the limit in the Gromov–Hausdorff metric of the closed balls B(oi, r) ⊂ Xi.

The following theorem about convergence in the class of Busemann nonpositively
curved spaces was proved in [13].

Theorem 2. Let (Xn, on, dn) be a unimodularly convex sequence of Busemann nonpos-
itively curved spaces with marked points on, and let this sequence converge to (X, o, d)
in the sense of Gromov and Hausdorff. Then X is also a weakly uniformly convex space
with nonpositive curvature in the sense of Busemann; moreover, its modulus of convexity
is bounded below by the common lower bound for the moduli of convexity for Xn.

We shall also need some facts about the geometry of parallel straight lines in spaces
of nonpositive curvature.

Definition 8. Straight lines a, b ⊂ X in a metric space (X, d) are said to be parallel if

Hd(a, b) < +∞.

The property for two lines to be parallel in a Busemann nonpositively curved spaces
has some important consequences. First, we mention the Rinow lemma about a normed
strip (see [14], [15, Theorem 10.3]). By a normed strip in X, we mean a closed subset
isometric to the strip between two parallel straight lines on the plane endowed with some
strictly convex norm. In particular, a flat strip is a normed strip isometric to the strip
between two parallel straight lines on the Euclidean plane.

Theorem 3. Let (X, d) be a Busemann nonpositively curved space, and let a, b ⊂ X be
two parallel straight lines in X. Then a and b bound a normed strip in X.
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Another result to be used below was proved in [16, Lemma 2.7]. Let a ⊂ X be a
straight line. We denote by (Ya,Hd) the metric space formed by the set Ya of straight
lines in X parallel to a with the Hausdorff metric Hd.

Lemma 1. Let (X, d) be a Busemann nonpositively curved space. Then (Ya,Hd) is also
a Busemann nonpositively curved space.

§3. Construction of the tangent cone and its properties

Let (X, d) be a Busemann G-space of nonpositive curvature. Fix p1 ∈ X. For arbitrary
t > 1, we define a metric dt onX. Given x ∈ X, we denote by xt the point on the segment
[p1x] with d(p1, xt) = d(p1, x)/t. The metric dt is defined by the formula

dt(y, z) = t · d(yt, zt).
Clearly, dt is a metric indeed, moreover, the space (X, dt) is homothetic to (X, d) with
the coefficient t.

Lemma 2. For every y, z ∈ X, the following limit exists:

d∗(x, y) = lim
t→+∞

dt(x, y).

Proof. Since the curvature is nonpositive, we see that the positive function ϕ(x,y)(t) =
dt(x, y) is monotone nonincreasing, and the claim follows. �

Now, as a limit of metrics, the function d∗ is a pseudometric on X. Moreover,

(3) d∗(x, y) ≤ dt(x, y) ≤ d(x, y)

for all x, y ∈ X and all t > 1.

Lemma 3. The pseudometric d∗ is a metric.

Proof. We show that d∗(y, z) > 0 for y �= z. Indeed, if the points p1, y, and z lie on one
and the same line in the sense of the metric d, then for every t we have dt(y, z) = d(y, z).
Thus, in the limit we obtain d∗(y, z) = d(y, z). In particular,

(4) d∗(p1, q) = d(p1, q)

for every q ∈ X.
Suppose that p1, y, and z do not lie on one and the same line. Then the triangle

inequality for d∗ shows that if d∗(y, z) = 0, then

(5) d∗(p1, y) = d∗(p1, z).

Moreover, for every ε > 0 there exists M > 0 such that for all t > M we have
td(yt, zt) < ε. We choose an arbitrary point x on the extension of [yp1] beyond p1.
We have

d(x, z) ≥ t · d(xt, zt) ≥ t · (d(xt, yt)− d(yt, zt)) > d(x, y)− ε.

Consequently, d(x, z) ≥ d(x, y), whence, applying (4) and (5), we obtain

d(x, z) ≤ d(x, p1) + d(p1, z) = d(x, y) ≤ d(x, z).

Therefore, d(x, z) = d(x, p1) + d(p1, z). Since the segment [xp1] is uniquely expendable
beyond p1, we see that y = z. �

Our next objective is to study the metric properties of the space (X, d∗). We mention
at once two obvious fact that follow from the definition of the metrics. First, by (4)
and (3), the metrics d, dt, and d∗ possess one and the same family of straight lines
passing through p1. Second, the metric d∗ admits the action of the groups H of positive
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homotheties hλ with center at p1. The action of hλ on (X, d∗) for λ < 1 is determined
by the condition

hλ(x) = x1/λ,

and for λ > 1 it is determined by the condition

hλ(xλ) = x

(x ∈ X is arbitrary).
The following lemma shows that all metrics on X listed above are topologically equiv-

alent.

Lemma 4. The identity mapping Id : X → X is a homeomorphism of the metric space
(X, d) onto (X, d∗).

Proof. Observe that Id is continuous by (3). Consider its restriction Id |B(p1,r) to the
closed ball B(p1, r). This restriction is a homeomorphism onto its image because the
balls in (X, d) are compact. Letting r tend to infinity, we see that Id is a homeomorphism
globally. �

Corollary 1. The space (X, d∗) is finitely compact.

Proof. By (4), every ball B(p1, r) in the metric d is the ball of the same radius and the
same center p1 in the metric d∗. By Lemma 4, it follows that the balls B(p1, r) in the
metric d∗ are compact. Therefore, all closed balls in the metric d∗ are also compact. �

Lemma 5. For every compact set C ⊂ X, the metrics dt on C × C converge uniformly
to d∗ as t → +∞.

Proof. The functions dt converge pointwise to d
∗ and decrease monotonically as t → +∞.

So, the claim follows from the Dini theorem (see, e.g., [17]). �

Lemma 6. The space (X, d∗) is Busemann nonpositively curved.

Proof. Consider the closed unit ball B(p1, 1) ⊂ X centered at p1. Since the group H
of positive homotheties operators on (H, d∗), it suffices to prove that the curvature is
nonpositive on the subspace(B(p1, 1), d

∗|B(p1,1)) of (X, d∗).
By Lemma 5, the space

(B(p1, 1), d
∗|B(p1,1))

is the uniform limit of the spaces (B(p1, 1), dt|B(p1,1)) as t → +∞. Thus, viewing these
balls as bounded metric spaces, we may apply Theorem 2. It suffices to show that
the family of metrics dt is uniformly unimodularly convex on the set B(p1, 1). Let
B = B(p1, 2) denote the ball of radius 2. We fix r > 0 and 0 < μ < 2 and consider the
compact subset Ar,μ ⊂ B ×B ×B defined by

Ar,μ = {(x, y, z) ∈ B ×B ×B | d(x, y) ≤ r, d(x, z) ≤ r, d(y, z) ≥ μ · r}.
We introduce a function f : X × X × X → R by putting f(x, y, z) = d(sy, z), where
sy ∈ X is the point on the extension of [yx] beyond x such that d(x, sy) = d(x, y). Since
segments are uniquely expendable in (X, d), it follows that the function f is well defined
and continuous. Therefore, it attains it maximal value

Mr,μ = f(x0, y0, z0) = max{f(x, y, z) | (x, y, z) ∈ Ar,μ}
on Ar,μ at some point (x0, y0, z0) ∈ Ar,μ. If z0 does not belong to the extension of [sy0x0]
beyond x0, we have

Mr,μ = d(sy0, z0) < d(sy0, x0) + d(x0, z0) = d(y0, x0) + d(x0, z0) ≤ 2r.
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Otherwise, we clearly have d(sy0, z0) < 2r. Put

m(r, μ) = r − Mr,μ

2
> 0.

We show that m(r, μ) is a common lower bound for the moduli of convexity δx(r, μ) for
arbitrary x ∈ B(p1, 1) and arbitrary metrics dt with t > 1.

The inequality δx(r, μ) ≥ m(r, μ) is fulfilled for the metric d for all x ∈ B(p1, 1) by
the definition of m(r, μ).

Consider the metric dt with t > 1. Let points x, y, z ∈ B(p1, 1) be given such that

dt(x, y), dt(x, z) ≤ r

and

dt(y, z) ≥ μ · r.
Then the points xt, yt, and zt arise in the standard way. We also introduce points y∗,
z∗, and sy∗ by the following rule. The point y∗ ∈ X is determined by the requirements
that

d(xt, y
∗) = dt(x, y) = t · d(xt, yt),

and yt should lie between xt and y∗. The point z∗ is defined similarly. Finally, sy∗ is such
that xt is the midpoint between y∗ and sy∗ in the sense of the metric d. We observe that

d(p1, y
∗) ≤ d(p1, xt) + d(xt, y

∗) ≤ dt(p1, x) + dt(x, y) ≤ 2.

Similarly, d(p1, z
∗) ≤ 2. Moreover,

d(y∗, z∗) ≥ t · d(yt, zt) = dt(y, z) ≥ μ · r.
Therefore, (xt, y

∗, z∗) ∈ Ar,μ. Denote by m the midpoint of [yz] in the sense of the metric
dt. Then mt is the midpoint of [ytzt] in the sense of the metric d. It follows that

dt(x,m) = t · d(xt,mt) ≤
d(sy∗, z∗)

2
≤ Mr,μ

2
,

whence

r − dt(x,m) ≥ m(r, μ).

Now, applying Theorem 2, we obtain the required result for the ball B(p1, 1). Then the
curvature in (X, d∗) is nonpositive globally, because the group of positive homotheties H
acts on X. �

In particular, (X, d∗) is a geodesic space in which any two points are joined by a
unique segment.

Lemma 7. The space (X, d∗) possesses the extendability property for segments.

Proof. For y, z ∈ X and n ∈ N, denote by xn the point that extends the dn-segment
[yz] by a d-distance of 1 beyond the point z, i.e., xn is such that d(xn, z) = 1 and
dn(xn, y) = dn(xn, z) + dn(z, y). Let x be a limit point for the sequence xn. Then
d(x, z) = 1. Furthermore, for every ε > 0 and every N ∈ N there exists n > N such that

(6) d(x, xn) < ε/3

and

dn(x, y)− d∗(x, y) < ε/3.

By (3) and (6), we obtain dn(x, xn) < ε/3. Therefore,

d∗(x, z) + d∗(z, y)− d∗(x, y) < dn(x, z) + dn(z, y)− dn(x, y) + ε/3

< dn(xn, z) + dn(z, y)− dn(xn, y) + ε = ε.
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Since ε > 0 is arbitrary, we have

d∗(x, z) + d∗(z, y) = d∗(x, y),

and the lemma follows. �

Lemma 8. The space (X, d∗) has the property of a unique extendability of the segments.

Proof. First, we note that the segments in (X, d∗) are uniquely expendable beyond p1, be-
cause the metrics d and d∗ have one and the same family of straight lines passing through
p1. In what follows, we shall see that the assumption of a nonunique extendability of
some segment [yz] in (X, d∗) beyond y contradicts this fact.

Suppose that there exist four points x1, x2, y, z ∈ X with

d∗(x1, y) + d∗(y, z) = d∗(x2, y) + d∗(y, z) = d∗(x1, z) = d∗(x2, z),

and x1 �= x2. Then for t > 1 we define certain points (x1)
∗
t , (x2)

∗
t , z∗t ∈ X. Let

the points (x1)t, (x2)t, yt, and zt be defined as before. By definition, (x1)
∗
t belongs

to some extension of the d∗-segment [yt(x1)t] beyond (x1)t and satisfies d∗
(
yt, (x1)

∗
t

)
=

d∗(y, x1) = t · d∗
(
yt, (x1)t

)
. The points (x2)

∗
t and z∗t are defined similarly.

We estimate the distance d∗
(
(x1)

∗
t , d(x2)

∗
t

)
. We have

d∗
(
(x1)

∗
t , d(x2)

∗
t

)
≥ t · d∗

(
(x1)t, (x2)t

)
= d∗(x1, x2).

Moreover,

d∗
(
(x1)

∗
t , z

∗
t

)
≥ t · d∗

(
(x1)t, zt

)
= d∗(x1, z) = d∗(x1, y) + d∗(y, z)

= d∗
(
(x1)

∗
t , yt

)
+ d∗(yt, z

∗
t ) ≥ d∗

(
(x1)

∗
t , z

∗
t

)
.

(7)

Since the first and the last parts in (7) coincide, we have equality throughout. Finally,
we obtain

d∗
(
(x1)

∗
t , z

∗
t

)
= d∗

(
(x1)

∗
t , yt

)
+ d∗(yt, z

∗
t ).

Similarly,

d∗
(
(x2)

∗
t , z

∗
t

)
= d∗

(
(x2)

∗
t , yt

)
+ d∗(yt, z

∗
t ).

As t → +∞, the families (x1)
∗, (x2)

∗, and z∗ have limit points denoted by (x1)
∗
t ,

(x2)
∗
t , and z∗t . These points satisfy the conditions

d∗
(
(x1)

∗, z∗
)
= d∗

(
(x1)

∗, p1
)
+ d∗(p1, z

∗),

d∗
(
(x2)

∗, z∗
)
= d∗

(
(x2)

∗, p1
)
+ d∗(p1, z

∗),

d∗
(
(x1)

∗, p1
)
= d

(
(x1)

∗, p1
)
= d

(
(x2)

∗, p1
)
= d∗

(
(x2)

∗, p1
)

and

d
(
(x1)

∗, (x2)
∗) ≥ d∗(x1, x2) > 0.

We have arrived at a contradiction, as was required. �

The properties of the space (X, d∗) are summarized in the following theorem.

Theorem 4. Let (X, d) be a nonpositively curved Busemann G-space. Then (X, d∗) is
also a nonpositively curved Busemann G-space, and, moreover,

• d∗(y, z) ≤ d(y, z) for every y, z ∈ X;
• the mapping Id : X → X is a homeomorphism of (X, d) onto (X, d∗);
• the family of straight lines in the sense of d∗ that pass through p1 coincides with
a similar family of straight lines in the sense of d, and d = d∗ along every curve
of this sort;

• the group H of positive homotheties with center p1 acts on (X, d∗).
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Definition 9. Let (X, d) be a nonpositively curved Busemann G-space. The space
Kp1

X = (X, d∗) is called the tangent cone over X with vertex p1.

Remark 1. If (X, d) is a Riemann manifold of nonpositive sectional curvature, then
the cone Kp1

X can be viewed as the tangent space Tp1
X at p1. Furthermore, the

homeomorphism Id: X → Kp1
X is the inverse to the exponential expp1

: Tp1
→ X.

Note that the action of the group H on Kp1
X allows us to conclude that Kp1

Kp1
X =

Kp1
X, i.e., the second tangent cone Kp1

Kp1
X with the same vertex p1 coincides with

Kp1
X metrically. So, Kp1

X is a space of conic type in the sense of the following definition.

Definition 10. A nonpositively curved Busenamm G-space (X, d) is called a space of
conic type with vertex p ∈ X if the identity mapping Id: X → KpX is an isometry.

It is easy to prove the following characterization of spaces of conic type in terms of
the action of the group of positive homotheties.

Lemma 9. Let (X, d) be a Busemann space of nonpositive curvature. Then it is a space
of conic type with vertex p ∈ X if and only if the group H of positive homotheties with
center p acts on X.

Proof. The group H acts on KpX by positive homotheties. If X is a space of conic type
with vertex p, then H acts also on X.

Conversely, if H acts on X as the group of positive homotheties with vertex p, then
all metrics dt coincide. This implies that the mapping Id is an isometry. �

In order to prove the main theorem, now we pass to the study of a cone over a space
of conic type, in particular, the cone Kp2

Kp1
X for p2 �= p1.

§4. The case of a space of conic type

In this section, we discuss the case of a tangent cone to a Busemann G-space of
nonpositive curvature and of conic type. The main example is the cone Kp1

X with
p = p1 constructed in the preceding section. Let (K,D) denote the conic space under
study, and let p be its vertex. We define a metric D∗ on K as the metric of the tangent
cone to K with vertex p′ �= p. Clearly, Theorem 4 is applicable to the metric space
(K,D∗). Consequently, this space is again a Busemann G-space of nonpositive curvature
that possesses all other properties listed in the theorem. But the action of the group H
of positive homotheties on (K,D) enables as to considerably refine that theorem.

Lemma 10. For every q ∈ K, there is a straight line in the space (K,D∗) that is parallel
to pp′ and passes through q.

Proof. The claim is obvious if q lies on pp′. Consider the case where q /∈ pp′.
The required straight line will be constructed as the image of R under an isometric

embedding γ : R → K with γ(0) = q.
Let s �= 0, and let 0 < λ < 1. We denote by zλ the point on the segment [p′q] (it is a

segment in the two metrics D and D∗) that lies at the distance

D(p′, zλ) = D∗(p′, zλ) = λD(p′, q)

from p′ (see Figure 1).
Next, we consider points yλ,s and xλ,s defined for small λ in the following way.

The point yλ,s belongs to the ray [pzλ) (in the sense of the metric D) and satisfies
D∗(zλ, yλ,s) = λ|s|; it belongs to the extension of [pzλ] beyond zλ if λ > 0, and to the
segment [pzλ] itself if s > 0. The point xλ,s belongs to the ray [p′yλ,s) and satisfies
D∗(p′, xλ,s) = D∗(p′, yλ,s)/λ. We have D∗(q, xλ,s) = |s|. We estimate the D∗-distance
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from xλ,s to the straight line pp′. For this, consider yet another point vλ,s on the ray
[pp′) such that

D(p, vλ,s)

D(p, p′)
=

D(p, yλ,s)

D(p, zλ)
,

and also a point wλ,s on the ray [p′vλ,s) such that

D∗(p′, wλ,s)

D∗(p′, vλ,s)
=

D∗(p′, xλ,s)

D∗(p′, yλ,s)
.

For s > 0, we obtain

D∗(xλ,s, wλ,s) =
1

λ
D∗(yλ,s, vλ,s) ≤

1

λ
D(yλ,s, vλ,s)

=
D(p, vλ,s)

λD(p, p′)
·D∗(p′, zλ) =

D(p, vλ,s)

D(p, p′)
·D∗(p′, q).

(8)

For s < 0, we simply have

(9) D∗(xλ,s, wλ,s) ≤ D∗(p′, q),

and, since vλ,s → p′ as λ → 0, we arrive at the conclusion that for every s ∈ R and
every sufficiently small λ the distance from xλ,s to the straight line pp′ does not exceed
2D∗(p′, q).

Clearly, for every r, s ∈ R and every admissible λ, the point q belongs to the straight
line xλ,rxλ,s, understood in the sense of the metric D1/λ. Here D1/λ is the metric on
K defined as dt was defined on X for t = 1/λ, but now we use the metric D in the
background and employ p′ as the marked point.

In the set N of natural numbers, we fix a free ultrafilter ω. For every s ∈ R, we define
xs by the formula

xs = lim
ω

x 1
n ,s,

that is, we take the limit of the sequence x 1
n ,s along the ultrafilter ω. Clearly, x0 = q. It

is also clear that this limit is the same in D and in D∗.
We show that

(10) D∗(xr, xs) = |s− r|
for every r, s ∈ R. For r = 0 (and for s = 0), identity (10) is obvious because

(11) D∗(q, xλ,s) = |s|
for every λ. Consider the general case. For definiteness, we assume that r < s and r > 0.
The cases where r < 0 < s or r < s < 0 are treated similarly.
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By the definition of xr and xs, there exist infinitely many numbers n ∈ N with

D∗(xr, x 1
n ,r) < ε/5

and

D∗(xs, x 1
n ,s) < ε/5.

Moreover, there exists δ > 0 such that for every λ < δ we have

0 < D1/λ(q, xr)−D∗(q, xr) < ε/5,

0 < D1/λ(q, xs)−D∗(q, xs) < ε/5,

and

0 < D1/λ(xr, xs)−D∗(xr, xs) < ε/5.

If λ = 1/n satisfies all the above inequalities, then, taking (11) into account, we obtain

D∗(xr, xs)− (s− r)

=
(
D∗(xr, xs)−D∗(x 1

n ,r, x 1
n ,s)

)
+
(
D∗(x 1

n ,r, x 1
n ,s)−Dn(x 1

n ,r, x 1
n ,s)

)

+
(
Dn(q, x 1

n ,s)−D∗(q, x 1
n ,s)

)
−
(
Dn(q, x 1

n ,r)−D∗(q, x 1
n ,r)

)
.

Therefore,

|D∗(xr, xs)− (s− r)| < ε,

which yields (10) because ε is arbitrary.
Together with the property of unique extendability for segments in (K,D∗), this im-

plies that the mapping γ : R → K, γ(s) = xs, determines a straight line in (K,D∗) and
that the definition of the points xs does not depend on the choice of a free ultrafilter ω.
In other words,

xs = lim
λ→0

xλ,s.

Estimates (8) and (9) make it possible to conclude that the straight lines γ and pp′

are parallel in the metric D∗. �

Corollary 2. The metric spaces Kp′K are homeomorphic to the topological product
Y × R

1, where (Y,Hd) is the space of straight lines in Kp′K parallel to pp′ with the
Hausdorff metric Hd.

Proof. Let c : R → K be the natural parametrization of pp′. We define a bijection
Ψ: Kp′K → Y × R

1 by the formula

(12) Ψ(q) = (γq, c
−1(q⊥)),

where γq ∈ Y is the straight line parallel to pp′ and passing through q (and viewed as an
element of Y ), and q⊥ is the projection of q to pp′. The mapping Ψ is an isometry on
every straight line parallel to pp′ in Kp′K, and maps homeomorphically every normalized
strip in Kp′K bounded by a pair of straight lines m and l parallel to pp′ onto the flat
strip in Y × R

1 bounded by the straight lines Ψ(m) and Ψ(l). Together with the finite
compactness of Kp′K, this implies that both Ψ and Ψ−1 are continuous. �

Remark 2. We observe that, in general, Y is not isometrically embeddable in Kp′K. In
particular, Kp′K does not have a structure of the product, similar to Y ×R

1, in which the
first factor has the same properties as K. Next, Y is Busemann nonpositively curved by
Lemma 1. Hence, the homeomorphism Ψ defined by (12) is an indispensable ingredient
of the proof of the main theorem.
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The Rinow lemma and Lemma 10 imply that, besides the action of the group H
of positive homotheties with center p2, the cone Kp admits an action of the group T of
parallel translations, which is isomorphic to R

1. For every t ∈ R
1, the parallel translation

Tt takes an arbitrary point q ∈ Kp′K to the point q′ such that the straight line qq′ is
parallel to pp′, D∗(q, q′) = |t|, and the rays [qq′) and [pp′) are codirectional for t > 0
and are of opposite direction for t < 0. The directions of rays on parallel straight lines
are comported here in accordance with the geometry of the normalized strip bounded by
these straight lines.

Note that the group H also acts by positive homotheties on the factor Y of the product
Y × R

1. Consequently, this factor is a space of conic type whose vertex is the line pp′

viewed as an element of Y .
The results of this section are collected in the following theorem.

Theorem 5. Let (K,D) be a Busemann G-space of nonpositive curvature. Suppose that
it is a space of conic type with vertex p. Let Kp′K be the tangent cone to K at a point
p′ �= p with metric D∗. Then there exists a Busemann G-space (Y, dY ) of nonpositive
curvature and a homeomorphism Ψ: Kp′K → Y × R

1 such that

• a straight line parallel to pp′ passes through an arbitrary point of Kp′K;
• Y is isometric to the set of straight lines in Kp′K parallel pp′ with the Hausdorff
metric;

• the group Γ = H ·T acts on Kp′K, where H is the group of positive homotheties
and T is the group of parallel translations, isomorphic to R

1;
• H acts by positive homotheties on Y and T acts by positive translations on R

1;
• the set of vertices of the cone Kp′K is the line pp′.

The last stage of the proof of the main theorem consists of the construction and study
of the chain (1) of cones and homeomorphisms.

§5. Proof of the main theorem

Let (X, d) be a Busemann G-space of nonpositive curvature. For convenience, X itself
is regarded as the cone of level zero: X = K0. At the preceding stages, we constructed
a cone K1 = Kp1

X and a homeomorphism ϕ1 = id: X = K0 → K1. Viewing K1 as a
space of conic type with vertex p1, we construct in the same way a cone K2 = Kp2

K1

and a homeomorphism ϕ2 = id: K1 → K2. At the same time, K2 is the metric product
Y2 × R

1, where Y2 is a Busemann G-space of nonpositive curvature. The subsequent
cones and homeomorphisms of the chain (1) are easily constructed by induction. Here
are some explicit details.

Suppose that an initial part of the chain has already been constructed:

X = K0
ϕ1−→ K1

ϕ2−→ K2 −→ · · · ϕm−→ Km,

where the cone Km is homeomorphic to Ym × R
m−1. Here Ym is a Busemann G-space

of nonpositive curvature and of conic type with vertex pm. If Ym is not a singleton, we
construct the next level cone Km+1 = Kpm+1

Ym×R
m−1. Here pm+1 ∈ Ym is an arbitrary

point different from pm. The identity mapping Id: Ym → Kpm+1
Ym is a homeomorphism.

Since Ym is of conic type, the cone Kpm+1
Ym is homeomorphic to the product Ym+1×R,

and we have the composition homeomorphism

ϕm+1 : Km = Ym × R
m−1 → Kpm+1

Ym × R
m−1

→ Ym+1 × R× R
m−1 = Ym+1 × R

m,

which extends the chain constructed above.
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Our task is to show that this process will stop in a finite number of steps, i.e., Yn will
turn out to be a singleton at some step. For this, we use the Berestovskĭı theorem that
claims that the locally convex Busemann G-spaces are finite-dimensional.

The basics of the topological dimension theory can be found in [18] or [19]. We use the
inductive dimension Ind(X) defined in [18, Chapter 2]. For us, it suffices to know that the
inductive dimension of a metric space is its topological invariant and that Ind(Rn) = n.
A metric space X is said to have finite topological dimension if Ind(X) is finite.

The question as to whether the BusemannG-spaces are topologically finite-dimensional
was also on the list of problems in [3]. More precisely, this is problem (9) at the end of
the book. In two important particular cases, the problem was solved by Berestovskĭı in
[9], see [10] for a refinement.

We shall employ the statement presented in [9, Theorem 1].

Theorem 6. A Busemann G-space is finite-dimensional if it contains a nonempty open
domain U such that every ball included in U is convex.

In our case, all balls in the Busemann G-space X of nonpositive curvature are convex,
i.e., the entire space X can be taken for the role of U .

So, let Ind(X) = n. The the cone constructed at the (n + 1)st step has the form
of the product Kn+1 = Yn+1 × R

n, where Yn+1 is a geodesic space. If Yn+1 is not a
singleton, it includes a segment joining two different points. Therefore, Kn+1 includes a
subset homeomorphic to I×R

n, i.e., Ind(Kn+1) ≥ n+1. This contradicts the topological
invariance of the inductive dimension Ind.

The proof of the main theorem is complete.

Acknowledgment. The author is greatly indebted to the referee for his or her expert
analysis of the paper, a series of important remarks and corrections, and especially for
the suggestion to use the Berestovskĭı finite-dimensionality theorem at the final stage of
the proof, which made it possible to considerably simplify and shorten the arguments.
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