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HOMOGENIZATION OF ELLIPTIC SYSTEMS

WITH PERIODIC COEFFICIENTS:

OPERATOR ERROR ESTIMATES IN L2(R
d)

WITH CORRECTOR TAKEN INTO ACCOUNT

T. A. SUSLINA

Abstract. A matrix elliptic selfadjoint second order differential operator (DO) Bε

with rapidly oscillating coefficients is considered in L2(Rd;Cn). The principal part
b(D)∗g(ε−1x)b(D) of this operator is given in a factorized form, where g is a periodic,

bounded, and positive definite matrix-valued function and b(D) is a matrix first order
DO whose symbol is a matrix of maximal rank. The operator Bε also includes first
and zero order terms with unbounded coefficients. The problem of homogenization in
the small period limit is studied. For the generalized resolvent of Bε, approximation
in the L2(Rd;Cn)-operator norm with an error O(ε2) is obtained. The principal term
of this approximation is given by the generalized resolvent of the effective operator
B0 with constant coefficients. The first order corrector is taken into account. The
error estimate obtained is order sharp; the constants in estimates are controlled in
terms of the problem data. General results are applied to homogenization problems
for the Schrödinger operator and the two-dimensional Pauli operator with singular
rapidly oscillating potentials.

Introduction

The paper concerns homogenization theory of periodic differential operators (DOs).
A broad literature is devoted to this field; at the first place, we mention the books
[BeLP, BaPa, ZhKO].

0.1. Statement of the problem. Main results. We study matrix elliptic DOs in R
d.

Let Γ be a lattice in Rd, and let Ω be the elementary cell of the lattice Γ. For Γ-periodic
functions on Rd, we denote ϕε(x) := ϕ(ε−1x), ε > 0; ϕ := |Ω|−1

∫
Ω
ϕ(x) dx.

Consider a selfadjoint DO Bε acting in L2(R
d;Cn) and formally defined by

(0.1) Bε = b(D)∗gε(x)b(D) +

d∑
j=1

(
aεj(x)Dj +Dj(a

ε
j(x))

∗)+Qε(x).

(The precise definition is given in terms of quadratic forms.) Here the principal term
Aε = b(D)∗gεb(D) is presented in a factorized form, where g(x) is a Γ-periodic, bounded,
and positive definite matrix-valued function, and b(D) is a matrix homogeneous first order
DO with constant coefficients. (The precise assumptions on g and b(D) are listed below
in §3.) Homogenization problems for the operator Aε have been studied in detail in
[BSu1, BSu2, BSu3, BSu4]. The coefficients aj(x) in (0.1) are Γ-periodic matrix-valued
functions; in general, they are unbounded. In general, Q(x) is a distribution generated
by some periodic measure (with values in the class of Hermitian matrices). The precise
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assumptions on the coefficients are formulated in §3. The coefficients of the operator
(0.1) oscillate rapidly as ε → 0.

A typical homogenization problem for the operator (0.1) is to approximate the resolvent
(Bε+λI)−1 or the generalized resolvent (Bε+λQε

0)
−1 for small ε. HereQ0(x) is a bounded

and positive definite Γ-periodic matrix-valued function. The parameter λ is subject to
some restriction ensuring the positive definiteness of the operator Bλ,ε := Bε + λQε

0.
Before, the homogenization problem for Bε was studied by D. I. Borisov [Bo] (in the
case of sufficiently smooth coefficients) and by the author [Su1, Su2]. It was shown that,
as ε → 0, the operator B−1

λ,ε converges in the L2(R
d;Cn)-operator norm to the operator

(B0
λ)

−1, where B0
λ = B0 + λQ0 is the effective operator with constant coefficients. The

following sharp order estimate was obtained:

(0.2)
∥∥B−1

λ,ε − (B0
λ)

−1
∥∥
L2(Rd)→L2(Rd)

≤ Cε, 0 < ε ≤ 1.

The effective operator is given by

(0.3) B0 = b(D)∗g0b(D)− b(D)∗V − V ∗b(D) +

d∑
j=1

(aj + a∗j )Dj +Q−W.

Here g0 is the so-called effective matrix (see the definition in §4). Note that the op-
erator (0.3) involves nontrivial lower order terms (the constant matrices V and W are
defined below in §5).

Besides estimate (0.2), in [Bo] and [Su2] approximation of the operator B−1
λ,ε in the

norm of operators acting from L2(R
d;Cn) to the Sobolev space H1(Rd;Cn) was found,

and the following sharp order error estimate was obtained:

(0.4)
∥∥B−1

λ,ε − (B0
λ)

−1 − εK1,ε

∥∥
L2(Rd)→H1(Rd)

≤ Cε, 0 < ε ≤ 1.

Here the corrector K1,ε defined by

(0.5) K1,ε = (Λεb(D) + rΛε)Πε(B0
λ)

−1

is taken into account. The periodic matrix-valued functions Λ and rΛ are described below
in §4 as solutions of some boundary value problems on the cell Ω; Πε is an auxiliary
smoothing operator. The corrector (0.5) differs from the standard corrector of the ho-
mogenization theory only by the operator Πε.

In the present paper, we obtain approximation of the operator B−1
λ,ε in the L2(R

d;Cn)-

operator norm with error O(ε2). Our main result is the following sharp order estimate:

(0.6)
∥∥B−1

λ,ε − (B0
λ)

−1 − εKε

∥∥
L2(Rd)→L2(Rd)

≤ Cε2, 0 < ε ≤ 1.

The constant C is controlled in terms of the problem data. The structure of the corrector
Kε is more complicated than the structure of the corrector (0.5), which is the first term
of the new corrector. Namely, we have

(0.7) Kε = K1,ε +K∗
1,ε +K3.

The third term in (0.7) does not depend on ε and has the form K3 = −(B0
λ)

−1N (B0
λ)

−1,
where N is a selfadjoint third order operator with constant coefficients; see §7. The
expression for N that we have found is rather bulky, before it was known only in the
absence of lower order terms (see [BSu3]).

Comparison of estimates (0.4) and (0.6) does not lead to a contradiction. As was
shown in [BSu4] for the operator Aε, estimate (0.4) remains true if K1,ε is replaced
by Kε; only the constant in the estimate will change under such a replacement. This
means that the second and third terms of the corrector (0.7) are of order of O(1) in the
(L2 → H1)-operator norm, and so they “move to the error term”. At the same time,
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these terms should be taken into account when we approximate the operator B−1
λ,ε in the

L2-operator norm with error O(ε2).
In general, the first two terms of the corrector (0.7) involve the smoothing operator Πε,

which arises necessarily in the corrector because the functions Λ and rΛ are not sufficiently
regular. We trace the cases where it is possible to get rid of Πε.

Note that the operator

(0.8) Bε = Aε + ε−1vε +Qε

with a singular potential ε−1vε can be represented in the form (0.1) (see §8). Here v(x)
is a Hermitian periodic matrix-valued function with zero mean value. In general, the
corresponding effective operator has nontrivial first order terms.

We consider some applications of the general results. In §9, we study a homogeniza-
tion problem for the Schrödinger operator with rapidly oscillating metric gε, magnetic
potential Aε, and electric potential ε−2

qvε + ε−1vε + Vε involving singular summands.
In §10, the general results are applied to the two-dimensional Pauli operator with the

magnetic potential ε−1
qAε+Aε (with a singular summand) perturbed by a matrix electric

potential ε−1vε + Vε.

0.2. Estimates of the form (0.2), (0.4), and (0.6) are called operator error estimates in
homogenization theory. In the case where Bε = Aε (i.e., in the absence of lower order
terms), an estimate of the form (0.2) was obtained for the first time in [BSu1] by a
spectral method. Estimates (0.4) and (0.6) for the operator Aε were obtained in [BSu4]
and [BSu3], respectively.

By a different method suggested by V. V. Zhikov, estimates of the form (0.2) and (0.4)
were obtained in [Zh, ZhPas] for the acoustics and elasticity operators (in the absence of
lower order terms and for Q0 = I).

In the presence of the first and zero order terms, the homogenization problem for the
operator Bε was studied in [Bo], where estimates (0.2) and (0.4) were obtained. Moreover,
it was assumed that the coefficients depend not only on the rapid variable but also on
the slow variable. However, in [Bo] the coefficients of the operator were assumed to be
sufficiently smooth, and the constants in estimates depended on “smooth” norms of the
coefficients.

In [Su1], estimate (0.2) was proved in the case where the coefficients aj and Q were
bounded. In [Su2] this restriction was relaxed, and estimates (0.2) and (0.4) were proved
under mild assumptions on the coefficients (the same as in the present paper).

In the absence of the lower order terms, estimate (0.6) was obtained in [BSu3], where
it was found out that the corrector in estimate (0.6) differs from the standard one and
has a three-terms structure like in (0.7).

0.3. Our method is a further development of the operator-theoretic approach in the
homogenization theory. This method was suggested and developed in the papers [BSu1,
BSu2, BSu3, BSu4], where the operator Aε was studied, and was modified in [Su1, Su2]
as applied to Bε.

By a scaling transformation, the problem is reduced to the study of the pencil of
selfadjoint operators

(0.9) Bλ(ε) = b(D)∗g(x)b(D) + ε
d∑

j=1

(aj(x)Dj +Djaj(x)
∗) + ε2Q(x) + λε2Q0(x),

acting in L2(R
d;Cn) and depending on the parameter ε. Here the coefficients depend

on x (but not on ε−1x). We need to approximate the operator Bλ(ε)
−1 with error O(1).

Next, by the Floquet-Bloch theory the operator (0.9) is decomposed in the direct integral
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of the operators Bλ(k, ε) acting in L2(Ω;C
n) and depending on the parameter k ∈ Rd

(the quasimomentum). The operator Bλ(k, ε) is defined by the expression

(0.10) Bλ(k, ε) = b(D+k)∗gb(D+k)+ε

d∑
j=1

(
aj(Dj + kj) + (Dj + kj)a

∗
j

)
+ε2Q+λε2Q0

with periodic boundary conditions. The problem is reduced to approximation of the
operator Bλ(k, ε)

−1 in the L2(Ω;C
n)-operator norm with error O(1) uniformly with re-

spect to the quasimomentum. The operator Bλ(k, ε) is an elliptic operator in a bounded
domain; its spectrum is discrete. The family (0.10) is a quadratic function of the multi-
dimensional parameter (k, ε). For k = 0 and ε = 0, the point λ0 = 0 is an eigenvalue of
this operator of multiplicity n (and is the bottom of its spectrum). For approximation of
the operator Bλ(k, ε)

−1, only a small spectral interval [0, δ] is important. In order to find
the required approximation, we apply methods of the analytic perturbation theory and
study (0.10) as an analytic operator family with respect to the one-dimensional parame-
ter τ = (|k|2 + ε2)1/2. Here, a good deal of constructions can be done in the framework
of an abstract operator-theoretic approach. The corresponding abstract considerations
were made in advance in [Su3]; the required approximation of the operator Bλ(k, ε)

−1 is
deduced from the results of [Su3].

0.4. The plan of the paper. The paper consists of 10 sections. In §1, the results of
the abstract operator-theoretic method, as obtained in [Su3], are presented. Chapter 1
(§§2–6) is devoted to the study of the operator family (0.9). In §2, some preliminar-
ies about lattices and the Gelfand transformation are given. §3 contains the definition
of the operator Bλ(ε) and the direct integral expansion for this operator. In §4, the
operator pencil Bλ(k, ε) is studied, and the objects of the abstract approach are real-
ized as applied to this pencil. In §5, approximation of the operator Bλ(k, ε)

−1 in the
L2(Ω;C

n)-operator norm with error O(1) is obtained on the basis of the abstract results.
In §6, we use the results of §5 and the direct integral expansion to deduce approximation
of the operator Bλ(ε)

−1 in the L2(R
d;Cn)-operator norm with error O(1). A separate

attention is paid to the conditions that allow one to get rid of the smoothing operator
in the corrector. Chapter 2 (§§7–10) is devoted to the homogenization problem for the
operator Bλ,ε. §7 contains the statement of the problem and the main result: by a scal-
ing transformation, estimate (0.6) is deduced from the results of §6. In §8, we consider
the homogenization problem for the operator (0.8) with a singular potential, and also

obtain approximation of the generalized resolvent of the operator rBε = (fε)∗Bεf
ε (which

is interesting for applications). In §9 and §10, the general results are applied to the
specific operators of mathematical physics, namely, to the Schrödinger operator and the
two-dimensional Pauli operator with singular rapidly oscillating potentials.

0.5. Notation. Let H and H∗ be separable complex Hilbert spaces. The symbols (·, ·)H
and ‖ · ‖H stand for the inner product and the norm in H; the symbol ‖ · ‖H→H∗ stands
for the norm of a continuous linear operator acting from H to H∗. Sometimes, we omit
the indices if this does not lead to confusion. If A : H → H∗ is a linear operator, then
DomA denotes its domain. If N is a subspace in H, then N⊥ denotes its orthogonal
complement.

The symbols 〈 · , · 〉 and | · | stand for the standard inner product and the norm in Cn;
1 = 1n is the identity (n×n)-matrix. For z ∈ C, by z∗ we denote the complex conjugate
number; we use this nonstandard notation because an overline is reserved to denote the
mean value of a periodic function. If a is an (m×n)-matrix, then |a| denotes the norm of
this matrix viewed as a linear operator from Cn to Cm; at denotes the transpose matrix,
and a∗ stands for the adjoint (n×m)-matrix.
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The Lp-classes of C
n-valued functions in a domain O ⊂ Rd are denoted by Lp(O;Cn),

1 ≤ p ≤ ∞. The Sobolev classes of Cn-valued functions in a domain O ⊂ Rd of order s
and with integrability index p are denoted by W s

p (O;Cn). For p = 2 we use the notation
Hs(O;Cn). If n = 1, we write simply Lp(O), W s

p (O), Hs(O), etc., but often we use such
abbreviated notation also for spaces of vector-valued or matrix-valued functions.

Next, x = (x1, . . . , xd) ∈ Rd, iDj = ∂j = ∂/∂xj , j = 1, . . . , d, ∇ = (∂1, . . . , ∂d),
D = −i∇ = (D1, . . . , Dd).

Various constants in estimates are denoted by C, c, C (probably, with indices and
marks).

§1. Abstract operator-theoretic method

Our approach to the study of homogenization problems is based on an abstract
operator-theoretic method. In this section, we briefly describe the corresponding results
obtained in [Su3].

We study the family of operators B(t, ε) depending on two real-valued parameters
ε ∈ [0, 1] and t ∈ R.

1.1. The operators X(t) and A(t). Let H and H∗ be complex separable Hilbert spaces.
Suppose X0 : H → H∗ is a densely defined and closed operator and X1 : H → H∗ is a
bounded operator. On the domain DomX(t) = DomX0, we introduce the operator
X(t) := X0 + tX1, t ∈ R. Consider the family of positive selfadjoint operators A(t) :=
X(t)∗X(t) in H. The operator A(t) is generated in H by the closed quadratic form
‖X(t)u‖2H∗

, u ∈ DomX0. We put A(0) = X∗
0X0 =: A0 and N := KerA0 = KerX0.

Suppose that the following condition is satisfied.

Condition 1.1. The point λ0 = 0 is an isolated point of the spectrum of A0, and
0 < n := dimN < ∞.

Let d0 denote the distance from the point λ0 = 0 to the rest of the spectrum of A0.
DenoteN∗ := KerX∗

0 , n∗ := dimN∗. Suppose that n ≤ n∗ ≤ ∞. Let P be the orthogonal
projection of H onto N, and let P∗ be the orthogonal projection of H∗ onto N∗.

The operator family A(t) was studied in detail in [BSu1, Chapter 1], [BSu2], [BSu4,
Chapter 1].

1.2. The operators Y (t) and Y2. Let rH be yet another Hilbert space. Suppose

Y0 : H → rH is a densely defined linear operator such that DomX0 ⊂ DomY0 and

Y1 : H → rH is a bounded linear operator. We put Y (t) = Y0 + tY1, DomY (t) = DomY0,
and impose the following condition.

Condition 1.2. There exists a constant c1 > 0 such that

(1.1) ‖Y (t)u‖
rH
≤ c1‖X(t)u‖H∗ , u ∈ DomX0, t ∈ R.

From (1.1) with t = 0 it follows that KerX0 ⊂ KerY0, i.e., Y0P = 0.

Let Y2 : H → rH be a densely defined operator such that DomX0 ⊂ DomY2. We
impose the following condition.

Condition 1.3. For any ν > 0 there exists a constant C(ν) > 0 such that

‖Y2u‖2
rH
≤ ν‖X(t)u‖2H∗ + C(ν)‖u‖2H, u ∈ DomX0, t ∈ R.
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1.3. The form q. Let q[u, v] be a densely defined Hermitian sesquilinear form in H.
Assume that DomX0 ⊂ Dom q, and impose the following condition.

Condition 1.4. 1◦. There exist constants c2 ≥ 0 and c3 ≥ 0 such that

|q[u, v]| ≤
(
c2‖X(t)u‖2H∗ + c3‖u‖2H

)1/2 (
c2‖X(t)v‖2H∗ + c3‖v‖2H

)1/2
,

u, v ∈ DomX0, t ∈ R.

2◦. There exist constants 0 < κ ≤ 1 and c0 ∈ R such that

q[u, u] ≥ −(1− κ)‖X(t)u‖2H∗ − c0‖u‖2H, u ∈ DomX0, t ∈ R.

1.4. The operator B(t, ε). In the space H, we consider the following Hermitian ses-
quilinear form:

(1.2)
b(t, ε)[u, v] = (X(t)u,X(t)v)H∗ + ε

(
(Y (t)u, Y2v)rH

+ (Y2u, Y (t)v)
rH

)
+ ε2q[u, v],

u, v ∈ DomX0.

Using Conditions 1.2, 1.3, and 1.4, it is easy to check the following inequalities (see
[Su2, Subsection 1.4]):

b(t, ε)[u, u] ≤ (2 + c21 + c2)‖X(t)u‖2H∗ + (C(1) + c3)ε
2‖u‖2H, u ∈ DomX0,(1.3)

b(t, ε)[u, u] ≥ κ

2
‖X(t)u‖2H∗ − (c0 + c4)ε

2‖u‖2H, u ∈ DomX0,(1.4)

where c4 := 4κ−1c21C(ν) for ν = κ2(16c21)
−1. By (1.3) and (1.4), the form b(t, ε)[u, u] is

closed and lower semibounded.
A selfadjoint operator in H generated by the form (1.2) is denoted by B(t, ε). Formally,

we have

(1.5) B(t, ε) = A(t) + ε(Y ∗
2 Y (t) + Y (t)∗Y2) + ε2Q.

(Here Q is a formal object that corresponds to the form q.)
We consider the generalized resolvent (B(t, ε) + λε2Q0)

−1 of the operator (1.5). Here
Q0 : H → H is a bounded and positive definite operator. We denote

Bλ(t, ε) := B(t, ε) + λε2Q0,(1.6)

bλ(t, ε)[u, v] := b(t, ε)[u, v] + λε2(Q0u, v)H, u, v ∈ DomX0.

The parameter λ is subject to the following restriction:

(1.7)
λ > ‖Q−1

0 ‖(c0 + c4) if λ ≥ 0,

λ > ‖Q0‖−1(c0 + c4) if λ < 0 (and c0 + c4 < 0).

Condition (1.7) implies that

(1.8) bλ(t, ε)[u, u] ≥
κ

2
‖X(t)u‖2H∗ + βε2‖u‖2H, u ∈ DomX0,

where β > 0 is defined in terms of λ as follows:

(1.9)
β = λ‖Q−1

0 ‖−1 − c0 − c4 if λ ≥ 0,

β = λ‖Q0‖ − c0 − c4 if λ < 0 (and c0 + c4 < 0).

Thus, under the above assumptions the operator (1.6) is positive definite.
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1.5. The operators Z, rZ, R, and S. Now we introduce some operators that arise
when analytic perturbation theory is invoked. For the details, see [Su3, Subsections 1.6,
1.7]. Let ω ∈ N, and let φ = φ(ω) ∈ DomX0 ∩N⊥ be a (weak) solution of the equation
X∗

0 (X0φ + X1ω) = 0. We define a bounded operator Z : H → H by the relation Zu =
φ(Pu), u ∈ H.

Similarly, let ω ∈ N, and let ψ = ψ(ω) ∈ DomX0 ∩N⊥ be a (weak) solution of the

equation X∗
0X0ψ+Y ∗

0 Y2ω = 0. We define a bounded operator rZ : H → H by the relation
rZu = ψ(Pu), u ∈ H. Note that Z and rZ take N to N⊥ and N⊥ to {0}.

Next, we define an operator R : N → N∗ by the formula

(1.10) Rω = X0φ(ω) +X1ω = (X0Z +X1)ω, ω ∈ N.

Another description of R is given by R = P∗X1|N.
In accordance with [BSu1, Chapter 1, Subsection 1.3], the operator S := R∗R : N → N

is called the spectral germ of the operator family A(t) at t = 0. The germ S can be written
as S = PX∗

1P∗X1|N.

1.6. Approximation of the operator Bλ(t, ε)
−1. We fix a number δ ∈ (0, κd0/13),

and next we fix a number τ0 > 0 such that

(1.11) τ0 ≤ δ1/2
(
(2 + c21 + c2)‖X1‖2 + C(1) + c3 + |λ|‖Q0‖

)−1/2
.

In the space N, consider the operator L(t, ε) given by

(1.12)
L(t, ε) = t2S + tε

(
−(X0Z)∗X0

rZ − (X0
rZ)∗X0Z + P (Y ∗

2 Y1 + Y ∗
1 Y2)

)∣∣
N

+ ε2
(
−(X0

rZ)∗X0
rZ
∣∣
N
+QN + λQ0N

)
.

Here QN is the selfadjoint operator in N generated by the form q[ω, ω], ω ∈ N, and
Q0N := PQ0|N.

Next, in the space H we define the operator

(1.13) N(t, ε) = t3N11 + t2εN12 + tε2N21 + ε3N22,

where

N11 = (X1Z)∗RP + (RP )∗X1Z,(1.14)

N12 = (X1
rZ)∗RP + (RP )∗X1

rZ + (X1Z)∗X0
rZ + (X0

rZ)∗X1Z

+ (Y2Z)∗Y0Z + (Y0Z)∗Y2Z + (Y2Z)∗Y1P + (Y1P )∗Y2Z

+ (Y2P )∗Y1Z + (Y1Z)∗Y2P,

(1.15)

N21 = (X0
rZ)∗X1

rZ + (X1
rZ)∗X0

rZ + (Y2Z)∗Y0
rZ + (Y0

rZ)∗Y2Z + (Y2
rZ)∗Y0Z

+ (Y0Z)∗Y2
rZ + (Y2

rZ)∗Y1P + (Y1P )∗Y2
rZ + (Y1

rZ)∗Y2P

+ (Y2P )∗Y1
rZ + Z∗QP + PQZ + λ(Z∗Q0P + PQ0Z),

(1.16)

N22 = (Y0
rZ)∗Y2

rZ + (Y2
rZ)∗Y0

rZ + rZ∗QP + PQ rZ + λ( rZ∗Q0P + PQ0
rZ).(1.17)

Note that in (1.16) the formal expression Z∗QP + PQZ means the bounded selfadjoint
operator in H generated by the form q[Pu, Zu] + q[Zu, Pu], u ∈ H. Similarly, in (1.17),

the expression rZ∗QP + PQ rZ is understood as the bounded selfadjoint operator in H

corresponding to the form q[Pu, rZu] + q[ rZu, Pu], u ∈ H. In [Su3], the following estimate
for the operator (1.13) was proved:

(1.18) ‖N(t, ε)‖H→H ≤ pC(t2 + ε2)3/2, t ∈ R, 0 ≤ ε ≤ 1.

We assume that

(1.19) A(t) ≥ c∗t
2I, c∗ > 0, |t| ≤ τ0,
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for some c∗ > 0. Then, taking (1.8) into account, we have

(1.20) Bλ(t, ε) ≥ qc∗(t
2 + ε2)I, t2 + ε2 ≤ τ20 , qc∗ =

1

2
min{κc∗, 2β},

where β is as in (1.9). As was checked in [Su3, §4], we have

(1.21) L(t, ε) ≥ qc∗(t
2 + ε2)IN, t ∈ R, 0 ≤ ε ≤ 1.

Then the operator L(t, ε) is invertible whenever t2 + ε2 = 0.
Consider the operator

(1.22)
K(t, ε) := (tZ + ε rZ)L(t, ε)−1P + L(t, ε)−1P (tZ∗ + ε rZ∗)

− L(t, ε)−1N(t, ε)L(t, ε)−1P, t ∈ R, 0 < ε ≤ 1,

which is called the corrector for Bλ(t, ε)
−1.

The following result was obtained in [Su3, Theorem 4.3].

Theorem 1.5. Suppose that the assumptions of Subsections 1.1–1.4 are satisfied. Let
Bλ(t, ε) be the operator defined in Subsection 1.4. Suppose that condition (1.19) is satis-
fied. Then for t2 + ε2 ≤ τ20 and 0 < ε ≤ 1 we have

Bλ(t, ε)
−1 = L(t, ε)−1P +K(t, ε) + J(t, ε).

Here P is the orthogonal projection onto the subspace N, and L(t, ε) is the operator
defined by (1.12). The corrector K(t, ε) is defined by (1.22), where N(t, ε) is defined as

in (1.13)–(1.17), and Z, rZ, R, and S are the operators defined in Subsection 1.5. The
reminder term J(t, ε) satisfies

(1.23) ‖J(t, ε)‖H→H ≤ C, t2 + ε2 ≤ τ20 , 0 < ε ≤ 1,

where τ0 is subject to (1.11). The corrector satisfies the estimate

(1.24) ‖K(t, ε)‖H→H ≤ C0(t2 + ε2)−1/2, t ∈ R, 0 < ε ≤ 1.

Remark 1.6. Certain (cumbersome) explicit expressions for the constants C, pC, and C0 in
estimates (1.23), (1.18), and (1.24) can be given; they were found in [Su3]. The character
of dependence of these constants on the initial problem data is important for us. The
constant C is a polynomial in the variables δ, δ−1, (qc∗)

−1, κ−1/2, ‖X1‖, ‖Y1‖, c1, C(1), c2,

c3, |λ|‖Q0‖, and τ0. The constant qc∗ is defined by (1.20). The constant pC is a polynomial

of the variables δ−1/2, κ1/2, ‖X1‖, ‖Y1‖, c1, C(1)1/2, c
1/2
2 , c

1/2
3 , and |λ|‖Q0‖; the constant

C0 depends polynomially on the same variables and on (qc∗)
−1. The coefficients of the

polynomials mentioned above are some positive absolute constants.

Chapter 1

Periodic differential operators in L2(R
d;Cn).

Approximation of the generalized resolvent

§2. Preliminaries

2.1. Lattices in Rd. Let Γ be a lattice in Rd generated by a basis a1, . . . , ad, i.e.,

Γ = {a ∈ Rd : a =
∑d

j=1 njaj , nj ∈ Z}. By Ω we denote the elementary cell of the

lattice Γ: Ω = {x ∈ Rd: x =
∑d

j=1 ξjaj , 0 ≤ ξj < 1}. The basis b1, . . . ,bd dual to

a1, . . . , ad is defined by the relations 〈bl, aj〉 = 2πδlj . This basis generates a lattice rΓ

dual to the lattice Γ: rΓ = {b ∈ Rd: b =
∑d

j=1mjbj , mj ∈ Z}. By rΩ we denote the

central Brillouin zone of the lattice rΓ:

(2.1) rΩ =
{
k ∈ R

d : |k| < |k− b|, 0 = b ∈ rΓ
}
.
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Denote |Ω| = measΩ, |rΩ| = meas rΩ. Let r0 denote the radius of the ball inscribed in

clos rΩ. We have 2r0 = min |b|, 0 = b ∈ rΓ.

2.2. The Fourier series. The following Fourier series expansion for a function u(x),
x ∈ Ω,

(2.2) u(x) = |Ω|−1/2
∑
b∈rΓ

pub exp(i〈b,x〉),

is associated with the lattice Γ. The corresponding discrete Fourier transformation u �→
{pub} is a unitary mapping of L2(Ω;C

n) onto l2(rΓ;C
n):

(2.3) ‖u‖2L2(Ω) =
∑
b∈rΓ

|pub|2.

By ĂW s
p (Ω;C

n) we denote the subspace of functions in W s
p (Ω;C

n) whose Γ-periodic

extension to R
d belongs to W s

p,loc(R
d;Cn). If p = 2, we use the notation rHs(Ω;Cn).

We have

(2.4)

∫
Ω

|(D+ k)u|2 dx =
∑
b∈rΓ

|b+ k|2|pub|2, u ∈ rH1(Ω;Cn), k ∈ R
d,

and the convergence of the series on the right-hand side is equivalent to u ∈ rH1(Ω;Cn).
From (2.1), (2.3), and (2.4) it follows that

(2.5)

∫
Ω

|(D+ k)u|2 dx ≥
∑
b∈rΓ

|k|2|pub|2 = |k|2
∫
Ω

|u|2 dx, u ∈ rH1(Ω;Cn), k ∈ rΩ.

2.3. Initially, the Gelfand transformation U is defined on the functions v ∈ S(Rd;Cn)
in the Schwartz class by the formula

rv(k,x) = (Uv)(k,x) = |rΩ|−1/2
∑
a∈Γ

exp(−i〈k,x+ a〉)v(x+ a), x ∈ Ω, k ∈ rΩ.

Next, U extends by continuity up to a unitary mapping

(2.6) U : L2(R
d;Cn) →

∫
rΩ

⊕L2(Ω;C
n) dk =: H.

The relation v ∈ H1(Rd;Cn) is equivalent to the fact that rv(k, ·) ∈ rH1(Ω;Cn) for almost

every k ∈ rΩ, and ∫
rΩ

∫
Ω

(
|(D+ k)rv(k,x)|2 + |rv(k,x)|2

)
dx dk < ∞.

Under the transformation U , the operator in L2(R
d;Cn) of multiplication by a bounded

periodic function turns into multiplication by the same function on the fibers of the direct
integral H occurring in (2.6). The action of the first order differential operator b(D) on

v ∈ H1(Rd;Cn) turns into that of the operator b(D+ k) on rv(k, ·) ∈ rH1(Ω;Cn).

2.4. Notation. The following notation is systematically used in what follows. Let ϕ(x)
be a Γ-periodic matrix-valued function such that ϕ ∈ L1,loc(R

d). Denote

(2.7) ϕ = |Ω|−1

∫
Ω

ϕ(x) dx.
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If a Γ-periodic quadratic nondegenerate matrix-valued function ϕ(x) is such that ϕ−1 ∈
L1,loc(R

d), we put

(2.8) ϕ =

(
|Ω|−1

∫
Ω

ϕ(x)−1 dx

)−1

.

§3. Periodic differential operators.

Direct integral expansion

3.1. Factorized second order operators A. Let b(D) : L2(R
d;Cn) → L2(R

d;Cm)
be a homogeneous first order DO with constant coefficients. We assume that m ≥ n.

The operator b(D) can be written as b(D) =
∑d

l=1 blDl, where the bl are constant

(m×n)-matrices. The symbol of the operator b(D) is the (m×n)-matrix b(ξ) =
∑d

l=1 blξl,

ξ ∈ Rd. Suppose that

(3.1) rank b(ξ) = n, 0 = ξ ∈ R
d.

Relation (3.1) is equivalent to the inequalities

(3.2) α01n ≤ b(θ)∗b(θ) ≤ α11n, |θ| = 1, 0 < α0 ≤ α1 < ∞,

with some positive constants α0, α1. Suppose that h(x) is a Γ-periodic (m×m)-matrix-
valued function such that

(3.3) h, h−1 ∈ L∞(Rd).

We consider the DO

(3.4) X := hb(D) : L2(R
d;Cn) → L2(R

d;Cm), DomX = H1(Rd;Cn).

The operator (3.4) is closed. The selfadjoint operator A := X ∗X in L2(R
d;Cn) is gener-

ated by the closed quadratic form

(3.5) a[u,u] := ‖Xu‖2L2(Rd;Cm), u ∈ H1(Rd;Cn).

Formally, A is given by

A = b(D)∗g(x)b(D), g(x) := h(x)∗h(x).

By using the Fourier transformation and (3.2), (3.3), it is easy to check that

(3.6) α0‖g−1‖−1
L∞

∫
Rd

|Du|2 dx ≤ a[u,u] ≤ α1‖g‖L∞

∫
Rd

|Du|2 dx, u ∈ H1(Rd;Cn).

3.2. The operators Y and Y2. Consider the closed operator

Y : L2(R
d;Cn) → L2(R

d;Cdn),

defined by

(3.7) Yu = Du = col{D1u, . . . , Ddu}, DomY = H1(Rd;Cn).

The lower estimate (3.6) means that

‖Yu‖L2(Rd) ≤ c1‖Xu‖L2(Rd), u ∈ H1(Rd;Cn),(3.8)

c1 = α
−1/2
0 ‖g−1‖1/2L∞

.(3.9)

Next, assume that aj(x), j = 1, . . . , d, are Γ-periodic (n × n)-matrix-valued functions
such that

(3.10) aj ∈ Lρ(Ω), ρ = 2 for d = 1, ρ > d for d ≥ 2; j = 1, . . . , d.

Consider the operator Y2 : L2(R
d;Cn) → L2(R

d;Cdn) acting as multiplication by the
(dn× n)-matrix-valued function with the blocks aj(x)

∗, j = 1, . . . , d, i.e.,

Y2u = col{a1(x)∗u, . . . , ad(x)∗u}, DomY2 = H1(Rd;Cn).
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As was shown in [Su2, Subsection 5.2] (with the help of embedding theorems), for any
ν > 0 there exists a constant C(ν) > 0 such that

(3.11) ‖Y2u‖2L2(Rd) ≤ ν‖Xu‖2L2(Rd) + C(ν)‖u‖2L2(Rd), u ∈ H1(Rd;Cn).

Remark 3.1. For a fixed ν, the constant C(ν) in (3.11) depends only on ‖aj‖Lρ(Ω),

j = 1, . . . , d, ‖g−1‖L∞ , α0, d, ρ, and the parameters of the lattice Γ.

3.3. The form q[u,u]. Suppose that dμ(x) = {dμjl(x)}, j, l = 1, . . . , n, is a Γ-periodic
σ-finite Borel measure in Rd with values in the class of Hermitian (n × n)-matrices. In
other words, dμjl(x) is a complex Γ-periodic measure in R

d, and dμjl = dμ∗
lj . Suppose

that the measure dμ is such that for any u ∈ H1(Rd) the function |u(x)|2 is integrable
with respect to each measure dμjl.

In L2(R
d;Cn), we consider the sesquilinear form

q[u,v] =

∫
Rd

〈dμ(x)u,v〉 =
n∑

j,l=1

∫
Rd

ulv
∗
j dμjl(x), u,v ∈ H1(Rd;Cn).

We impose the following condition on the measure dμ.

Condition 3.2. 1◦. There exist constants rc2 ≥ 0 and c3 ≥ 0 such that for any u,v ∈
H1(Ω;Cn) we have

(3.12)
∣∣∣
∫
Ω

〈dμ(x)u,v〉
∣∣∣ ≤ (

rc2‖Du‖2L2(Ω)+c3‖u‖2L2(Ω)

)1/2(
rc2‖Dv‖2L2(Ω)+c3‖v‖2L2(Ω)

)1/2
.

2◦. We have

(3.13)

∫
Ω

〈dμ(x)u,u〉 ≥ −rc‖Du‖2L2(Ω) − c0‖u‖2L2(Ω), u ∈ H1(Ω;Cn),

with some constants c0 ∈ R and rc such that 0 ≤ rc < α0‖g−1‖−1
L∞

.

For functions in H1(Rd;Cn), we write inequalities (3.12) and (3.13) over the shifted
cells Ω + a, a ∈ Γ, and sum up, obtaining similar inequalities with integration over Rd.
Together with (3.6), this yields

|q[u,v]| ≤
(
c2‖Xu‖2L2(Rd) + c3‖u‖2L2(Rd)

)1/2(
c2‖Xv‖2L2(Rd) + c3‖v‖2L2(Rd)

)1/2
,

u,v ∈ H1(Rd;Cn),
(3.14)

q[u,u] ≥ −(1− κ)‖Xu‖2L2(Rd) − c0‖u‖2L2(Rd), u ∈ H1(Rd;Cn).(3.15)

Here

(3.16) c2 = rc2α
−1
0 ‖g−1‖L∞ , κ = 1− rcα−1

0 ‖g−1‖L∞ , 0 < κ ≤ 1.

Examples of the forms satisfying Condition 3.2 were given in [Su2, Subsection 5.5].
Here we discuss only one example.

Example 3.3. Suppose that the measure dμ is absolutely continuous with respect to
Lebesgue measure, i.e., dμ(x) = Q(x)dx, where Q(x) is a Γ-periodic Hermitian (n× n)-
matrix-valued function in Rd such that

(3.17) Q ∈ Ls(Ω), s = 1 for d = 1, s >
d

2
for d ≥ 2.

Then q[u,v] =
∫
Rd〈Q(x)u,v〉 dx, u,v ∈ H1(Rd;Cn). The embedding theorems show

that, under condition (3.17), for any ν > 0 there exists a positive constant CQ(ν) such
that ∫

Ω

|Q(x)||u|2 dx ≤ ν

∫
Ω

|Du|2 dx+ CQ(ν)

∫
Ω

|u|2 dx, u ∈ H1(Ω;Cn).
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Then Condition 3.2 is satisfied with the constants rc2 = 1, c3 = CQ(1), rc = ν, and

c0 = CQ(ν), where 2ν = α0‖g−1‖−1
L∞

. It follows that inequalities (3.14) and (3.15) are

fulfilled with κ = 1/2 and c2 = α−1
0 ‖g−1‖L∞ . The constant c3 is controlled in terms of

d, s, the norm ‖Q‖Ls(Ω), and the parameters of the lattice. The constant c0 is controlled

in terms of d, s, α0, ‖g−1‖L∞ , ‖Q‖Ls(Ω), and the parameters of the lattice.

3.4. The operator pencil B(ε). In L2(R
d;Cn), we consider the quadratic form

(3.18) b(ε)[u,u] = a[u,u] + 2εRe(Yu,Y2u)L2(Rd) + ε2q[u,u], u ∈ H1(Rd;Cn),

where 0 < ε ≤ 1. By using (3.8), (3.11), (3.14), and (3.15), it is easy to check the
following estimates (see [Su2, Subsection 5.4] for the details):

b(ε)[u,u] ≤ (2 + c21 + c2)a[u,u] + (C(1) + c3)ε
2‖u‖2L2(Rd), u ∈ H1(Rd;Cn),(3.19)

b(ε)[u,u] ≥ κ

2
a[u,u]− (c0 + c4)ε

2‖u‖2L2(Rd), u ∈ H1(Rd;Cn),(3.20)

where

(3.21) c4 = 4κ−1c21C(ν) for ν = κ2(16c21)
−1.

Estimates (3.19) and (3.20) together with (3.6) show that the form (3.18) is closed and
lower semibounded. Let B(ε) denote the selfadjoint operator in L2(R

d;Cn) generated by
this form. Formally, we can write

B(ε) = b(D)∗g(x)b(D) + ε
d∑

j=1

(aj(x)Dj +Djaj(x)
∗) + ε2Q(x),

where Q(x) can be interpreted as a generalized matrix-valued potential generated by the
measure dμ (in the context of Example 3.3, this is the matrix-valued function Q(x)).

In Chapter 1 we study the generalized resolvent (B(ε)+λε2Q0)
−1. Here Q0 is the op-

erator in L2(R
d;Cn) acting as multiplication by a Γ-periodic, uniformly positive definite,

and bounded (n × n)-matrix-valued function Q0(x), and λ is a real-valued parameter.
We put

(3.22) bλ(ε)[u,u] = b(ε)[u,u] + λε2(Q0u,u)L2(Rd), u ∈ H1(Rd;Cn).

The operator corresponding to the form (3.22) is denoted by Bλ(ε). Then

(3.23) Bλ(ε) = B(ε) + λε2Q0.

The parameter λ is subject to the following restriction:

(3.24)
λ > ‖Q−1

0 ‖L∞(c0 + c4) if λ ≥ 0,

λ > ‖Q0‖−1
L∞

(c0 + c4) if λ < 0 (and c0 + c4 < 0).

Condition (3.24) ensures that

(3.25) λ(Q0u,u)L2(Rd) ≥ (c0 + c4 + β)‖u‖2L2(Rd), u ∈ L2(R
d;Cn),

where β > 0 is defined in terms of λ as follows:

(3.26)
β = λ‖Q−1

0 ‖−1
L∞

− c0 − c4 if λ ≥ 0,

β = λ‖Q0‖L∞ − c0 − c4 if λ < 0 (and c0 + c4 < 0).

From (3.20) and (3.25) it follows that

bλ(ε)[u,u] ≥
κ

2
a[u,u] + βε2‖u‖2L2(Rd), u ∈ H1(Rd;Cn), 0 < ε ≤ 1.

Thus, under the above assumptions the operator (3.23) is positive definite.
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For convenience of further references, by the “initial data” we shall mean the following
set of parameters :

(3.27)

d, m, n, ρ; α0, α1, ‖g‖L∞ , ‖g−1‖L∞ , ‖aj‖Lρ(Ω), j = 1, . . . , d;

rc, c0, rc2, c3 from Condition 3.2;

λ, ‖Q0‖L∞ , ‖Q−1
0 ‖L∞ ; the parameters of the lattice Γ.

3.5. The operators A(k). We put

(3.28) H = L2(Ω;C
n), H∗ = L2(Ω;C

m), rH = L2(Ω;C
dn)

and consider the closed operator X (k) : H → H∗, k ∈ R
d, defined by the relation

(3.29) X (k) = hb(D+ k), DomX (k) = rH1(Ω;Cn).

The selfadjoint operator A(k) := X (k)∗X (k) in H is generated by the closed quadratic

form a(k)[u,u] := ‖X (k)u‖2H∗
, u ∈ rH1(Ω;Cn). By using the Fourier series expansion

(2.2) for a function u and conditions (3.2), (3.3), it is easy to check that

(3.30)
α0‖g−1‖−1

L∞
‖(D+ k)u‖2L2(Ω) ≤ a(k)[u,u] ≤ α1‖g‖L∞‖(D+ k)u‖2L2(Ω),

u ∈ rH1(Ω;Cn).

From (2.5) and the lower estimate (3.30) it follows that

(3.31) A(k) ≥ c∗|k|2I, k ∈ rΩ, c∗ = α0‖g−1‖−1
L∞

.

We put

(3.32) N := KerA(0) = KerX (0).

Relation (3.30) with k = 0 shows that the kernel (3.32) consists of constant vector-valued
functions:

(3.33) N = {u ∈ L2(Ω;C
n) : u = c ∈ C

n}, dimN = n.

Using the Fourier series, it is easy to estimate from below the distance d0 from the point
λ0 = 0 to the rest of the spectrum of A(0) (for the details, see [Su2, Subsection 5.6]):

(3.34) d0 ≥ 4c∗r
2
0.

3.6. The operators Y(k) and Y2. Consider the operator Y(k) : H → rH defined by the
relations

(3.35) Y(k)u = (D+k)u = col
{
(D1+k1)u, . . . , (Dd+kd)u

}
, DomY(k) = rH1(Ω;Cn).

Using the lower estimate (3.30), we see that

(3.36) ‖Y(k)u‖
rH
≤ c1‖X (k)u‖H∗ , u ∈ rH1(Ω;Cn),

where the constant c1 is defined by (3.9).

Consider the operator Y2 : H → rH acting as multiplication by the (dn × n)-matrix-
valued function composed of the blocks aj(x)

∗, j = 1, . . . , d:

(3.37) Y2u = col{a1(x)∗u, . . . , ad(x)∗u}, DomY2 = rH1(Ω;Cn).

As was shown in [Su2, Subsection 5.7], for any ν > 0 we have

(3.38) ‖Y2u‖2
rH
≤ ν‖X (k)u‖2H∗ + C(ν)‖u‖2H, u ∈ rH1(Ω;Cn), k ∈ R

d,

where the constant C(ν) is the same as in (3.11).
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3.7. The form qΩ[u,u]. In the space H, we consider the form

(3.39) qΩ[u,v] =

∫
Ω

〈dμ(x)u,v〉 =
n∑

j,l=1

∫
Ω

ulv
∗
j dμjl(x), u,v ∈ rH1(Ω;Cn).

From Condition 3.2 it follows that

|qΩ[u,v]| ≤
(
c2‖X (k)u‖2H∗ + c3‖u‖2H

)1/2 (
c2‖X (k)v‖2H∗ + c3‖v‖2H

)1/2
,

u,v ∈ rH1(Ω;Cn),
(3.40)

qΩ[u,u] ≥ −(1− κ)‖X (k)u‖2H∗ − c0‖u‖2H, u,v ∈ rH1(Ω;Cn),(3.41)

where the constants c2, c3, κ, and c0 are the same as in (3.14), (3.15). Cf. [Su2, Subsec-
tion 5.8].

3.8. The operator pencil B(k, ε). In the space H, we consider the quadratic form

(3.42) b(k, ε)[u,u] = a(k)[u,u] + 2εRe(Y(k)u, Y2u)rH
+ ε2qΩ[u,u], u ∈ rH1(Ω;Cn).

Using (3.36), (3.38), (3.40), and (3.41), we easily check the following estimates:

(3.43)
b(k, ε)[u,u] ≤ (2 + c21 + c2)a(k)[u,u] + (C(1) + c3)ε

2‖u‖2H, u ∈ rH1(Ω;Cn),

b(k, ε)[u,u] ≥ κ

2
a(k)[u,u]− (c0 + c4)ε

2‖u‖2H, u ∈ rH1(Ω;Cn).

Together with (3.30), these estimates show that the form (3.42) is closed and lower
semibounded. The selfadjoint operator in H generated by this form is denoted by B(k, ε).
Formally, we have

B(k, ε) = b(D+ k)∗g(x)b(D+ k) + ε

d∑
j=1

(aj(x)(Dj + kj) + (Dj + kj)aj(x)
∗) + ε2Q(x).

We put

(3.44) bλ(k, ε)[u,u] = b(k, ε)[u,u] + λε2(Q0u,u)H, u ∈ rH1(Ω;Cn).

Here Q0 is the bounded operator in L2(Ω;C
n) acting as multiplication by the matrix-

valued function Q0(x); the number λ is subject to (3.24). The selfadjoint operator

(3.45) Bλ(k, ε) = B(k, ε) + λε2Q0

corresponds to the form (3.44). Taking (3.43) into account, it is easy to check that under
condition (3.24) we have

(3.46) bλ(k, ε)[u,u] ≥
κ

2
a(k)[u,u] + βε2‖u‖2H, u ∈ rH1(Ω;Cn),

where β is defined by (3.26). Thus, the operator (3.45) is positive definite.

3.9. Direct integral expansion. Under the Gelfand transformation U (see Subsec-
tion 2.3), the operator (3.23) acting in L2(R

d;Cn) expands in the direct integral of the
operators (3.45) acting in H = L2(Ω;C

n):

(3.47) UBλ(ε)U−1 =

∫
rΩ

⊕Bλ(k, ε) dk.

In more detail, (3.47) means that for v ∈ H1(Rd;Cn) we have

rv(k, ·) ∈ rH1(Ω;Cn) for a. e. k ∈ rΩ,(3.48)

bλ(ε)[v,v] =

∫
rΩ

bλ(k, ε)[rv(k, ·), rv(k, ·)] dk.(3.49)
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Conversely, if rv ∈ H satisfies (3.48) and the integral in (3.49) is finite, then v ∈
H1(Rd;Cn) and (3.49) is valid.

§4. Incorporation of the operators B(k, ε) in the abstract pattern

4.1. For d > 1, the operators B(k, ε) depend on the multidimensional parameter k. As
in [BSu1, Chapter 2], we distinguish a one-dimensional parameter t by putting k = tθ,
t = |k|, θ ∈ Sd−1. We apply the method of §1. Now, all the objects will depend on the
additional parameter θ. We must make our constructions and estimates uniform in θ.

The spaces H, H∗, and rH are defined by (3.28). The role of X(t) is played by X(t; θ) =
X (tθ). By (3.29), we have X(t; θ) = X0 + tX1(θ), where

(4.1) X0 = hb(D), DomX0 = rH1(Ω;Cn); X1(θ) = hb(θ).

Next, the role of A(t) is played by A(t; θ) = A(tθ). We have A(t; θ) = X(t; θ)∗X(t; θ).
In accordance with (3.32) and (3.33), the kernel N = KerA(0) = KerX0 is n-dimensional
and consists of constant vector-valued functions. Condition 1.1 is satisfied. The distance
d0 satisfies (3.34). As was shown in [BSu1, Chapter 2, §3], the condition n ≤ n∗ =
dimKerX∗

0 is also fulfilled. Here, either n∗ = n (if m = n) or n∗ = ∞ (if m > n). The
orthogonal projection P of the space H = L2(Ω;C

n) onto the subspace N is the operator
of averaging over the cell:

(4.2) Pu = |Ω|−1

∫
Ω

u(x) dx.

Next, the role of Y (t) is played by the operator Y (t; θ) = Y(tθ). By (3.35), we have
Y (t; θ) = Y0 + tY1(θ), where

(4.3)
Y0u = Du = col{D1u, . . . , Ddu}, DomY0 = rH1(Ω;Cn);

Y1(θ)u = θu = col{θ1u, . . . , θdu}.
Condition 1.2 is satisfied due to estimate (3.36). The operator Y2 is defined by (3.37).
Relation (3.38) shows that Condition 1.3 is also fulfilled. The role of the form q of
Subsection 1.3 is played by the form qΩ defined by (3.39). Condition 1.4 is ensured by
(3.40) and (3.41).

Finally, the role of the operator B(t, ε) (see (1.5)) is played by the operator B(t, ε; θ) =
B(tθ, ε) corresponding to the form (3.42). Formally, we have

B(t, ε; θ) = A(t; θ) + ε(Y ∗
2 Y (t; θ) + Y (t; θ)∗Y2) + ε2Q.

The role of the operator Q0 occurring in Subsection 1.4 is played by the operator of
multiplication by the matrix-valued function Q0(x). The restriction (1.7) on the param-
eter λ is satisfied by condition (3.24). The operator (1.6) is realized as Bλ(t, ε; θ) =
B(t, ε; θ) + λε2Q0. Estimate (1.8) corresponds to (3.46).

Thus, now all the assumptions of the abstract method described in Subsections 1.1–1.4
are ensured.

4.2. In accordance with Subsection 1.6, we should fix a positive number δ such that
δ < κd0/13. Taking (3.34) into account, we fix δ as follows:

(4.4) δ =
1

4
κc∗r

2
0 =

1

4
κα0‖g−1‖−1

L∞
r20.

By (3.2), (3.3), and (4.1), we have

(4.5) ‖X1(θ)‖ ≤ α
1/2
1 ‖g‖1/2L∞

, θ ∈ S
d−1.

Obviously, (4.3) implies that

(4.6) ‖Y1(θ)‖ = 1, θ ∈ S
d−1.
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Now we should fix a number τ0 satisfying (1.11) (the right-hand side of (1.11) depends
on θ, because involves ‖X1(θ)‖). Using (4.5), we put

(4.7) τ0 = δ1/2
(
(2 + c21 + c2)α1‖g‖L∞ + C(1) + c3 + |λ|‖Q0‖L∞

)−1/2
,

this number is suitable for all θ. Note that (4.7) implies that τ0 < r0/2.
Formulas (3.16) and (4.4) show that the number δ is controlled in terms of α0,

‖g−1‖L∞ , rc, and r0. By (3.9) and Remark 3.1, τ0 depends on the same parameters
and also on c2, c3, λ, ‖Q0‖L∞ , ‖aj‖Lρ(Ω) (j = 1, . . . , d), d, ρ, and the lattice Γ. Thus, δ
and τ0 are controlled in terms of the initial data (3.27).

Condition (1.19) is satisfied due to (3.31). Together with (3.46), this implies an
estimate of the form (1.20):

Bλ(t, ε; θ) ≥ qc∗(t
2 + ε2)I, k = tθ ∈ rΩ, 0 < ε ≤ 1,(4.8)

qc∗ = min{κc∗/2, β}.(4.9)

By (3.31), c∗ is defined in terms of α0 and ‖g−1‖L∞ only. From (3.16), (3.21), (3.26),
and Remark 3.1 we see that qc∗ is controlled in terms of the initial data (3.27).

4.3. The operators Z(θ), rZ, and R(θ). Now the operator Z defined in Subsection 1.5
depends on θ. We introduce a Γ-periodic (n×m)-matrix-valued function Λ(x) as a weak
solution of the equation

(4.10) b(D)∗g(x)(b(D)Λ(x) + 1m) = 0,

∫
Ω

Λ(x) dx = 0.

As was checked in [Su2, Subsection 6.3], the operator Z(θ) : H → H is defined by the
relation

(4.11) Z(θ) = Λb(θ)P,

where P is the projection (4.2).

Let rΛ(x) be the Γ-periodic (n× n)-matrix-valued function satisfying the equation

(4.12) b(D)∗g(x)b(D)rΛ(x) +

d∑
j=1

Djaj(x)
∗ = 0,

∫
Ω

rΛ(x) dx = 0.

As was shown in [Su2, Subsection 6.3], the operator rZ : H → H (defined in Subsection 1.5)
is now realized as

(4.13) rZ = rΛP.

Now the operator R defined by (1.10) depends on θ. In accordance with (4.1) and
(4.11), the operator R(θ) : N → N∗ acts as multiplication by the matrix

(4.14) R(θ) = h(b(D)Λ + 1m)b(θ).

4.4. The operator S(θ). The effective matrix. The operator S defined in Subsec-
tion 1.5 depends on θ. It turns out that the operator S(θ) = R(θ)∗R(θ) : N → N acts
as multiplication by the matrix

(4.15) S(θ) = b(θ)∗g0b(θ), θ ∈ S
d−1.

Here g0 is a constant positive (m×m)-matrix defined by

(4.16) g0 = |Ω|−1

∫
Ω

rg(x) dx,

where

(4.17) rg(x) := g(x)(b(D)Λ(x) + 1m).
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All this follows from (4.14), the definition of S(θ), and equation (4.10) for Λ. See also
[BSu1, Chapter 3, §1]. The matrix g0 is called the effective matrix.

The effective matrix g0 has the following properties (see [BSu1, Chapter 3, §1]).

Proposition 4.1. We have g ≤ g0 ≤ g, where g and g are defined in accordance

with (2.7) and (2.8). If m = n, then g0 = g.

Proposition 4.2. The identity g0 = g is equivalent to the relations

(4.18) b(D)∗gk(x) = 0, k = 1, . . . ,m,

for the columns gk(x) of the matrix g(x).

Proposition 4.3. The identity g0 = g is equivalent to the representations

(4.19) lk(x) = l0k + b(D)wk, l0k ∈ C
m, wk ∈ rH1(Ω;Cn), k = 1, . . . ,m,

for the columns lk(x) of the matrix g(x)−1.

§5. Approximation of the operator Bλ(k, ε)
−1

We are going to apply the abstract approach of Theorem 1.5 in order to approxi-
mate the operator Bλ(k, ε)

−1. For this, first we realize the operators L(t, ε) and N(t, ε)
introduced in Subsection 1.6.

5.1. Now, the operator L(t, ε) defined by (1.12) and acting in the space N depends on θ
and is represented as

(5.1)
L(t, ε; θ) = t2S(θ)− tε

(
(X0Z(θ))∗X0

rZ + (X0
rZ)∗X0Z(θ)

)∣∣
N

+ tεP
(
Y ∗
2 Y1(θ) + Y1(θ)

∗Y2

)∣∣
N
+ ε2

(
−(X0

rZ)∗X0
rZ
∣∣
N
+QN + λQ0N

)
.

By (4.1), (4.11), and (4.13), we have X0Z(θ) = h(b(D)Λ)b(θ)P , X0
rZ = h(b(D)rΛ)P .

Hence, the operator (X0Z(θ))∗X0
rZ|N acts as multiplication by the matrix b(θ)∗V , where

the constant (m× n)-matrix V is defined by

(5.2) V = |Ω|−1

∫
Ω

(b(D)Λ(x))∗g(x)(b(D)rΛ(x)) dx.

The operator (X0
rZ)∗X0Z(θ)|N corresponds to the matrix V ∗b(θ). Similarly, the opera-

tor (X0
rZ)∗X0

rZ|N acts as multiplication by the constant (n× n)-matrix

(5.3) W = |Ω|−1

∫
Ω

(b(D)rΛ(x))∗g(x)(b(D)rΛ(x)) dx.

By (3.37) and (4.3), the operator P (Y ∗
2 Y1(θ) + Y1(θ)

∗Y2)|N acts as multiplication by

the matrix
∑d

j=1(aj + a∗j )θj . Obviously, the operator QN acts as multiplication by the
matrix

(5.4) Q := |Ω|−1

∫
Ω

dμ(x),

and Q0N corresponds to the matrix Q0.
As a result, taking (4.15) into account, we see that the operator (5.1) has the form

(5.5)
L(t, ε; θ) = t2b(θ)∗g0b(θ) + tε

(
− b(θ)∗V − V ∗b(θ) +

d∑
j=1

(aj + a∗j )θj

)

+ ε2
(
−W +Q+ λQ0

)
.
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Since the symbol b is first order homogeneous, we can write the operator (5.5) in terms
of the parameter k = tθ:

(5.6)

L(t, ε; θ) =: L(k, ε) = b(k)∗g0b(k)− ε (b(k)∗V + V ∗b(k))

+ ε
d∑

j=1

(aj + a∗j )kj + ε2
(
−W +Q+ λQ0

)
.

By (1.21), the operator (5.6) satisfies the estimate

(5.7) L(k, ε) ≥ qc∗(|k|2 + ε2)IN, k ∈ rΩ, 0 < ε ≤ 1.

Note that, due to the presence of the projection P , in the expression for the operator
L(k, ε)P : H → H we can replace k by D+ k (because DP = 0). We put

(5.8)

B0
λ(k, ε) = b(D+ k)∗g0b(D+ k)− ε (b(D+ k)∗V + V ∗b(D+ k))

+ ε

d∑
j=1

(aj + a∗j )(Dj + kj) + ε2
(
−W +Q+ λQ0

)
.

Then

(5.9) L(k, ε)P = B0
λ(k, ε)P.

5.2. The operator N(t, ε) defined by (1.13)–(1.17) depends on θ and is represented as

(5.10) N(t, ε; θ) = t3N11(θ) + t2εN12(θ) + tε2N21(θ) + ε3N22,

where the operators Njl(θ) are defined in accordance with (1.14)–(1.17) with the opera-
tors X1, Z, R, Y1 depending on θ. (Clearly, N22 does not depend on θ.)

By (4.1), (4.11), (4.14), and (4.17), we have

N11(θ) = Pb(θ)∗ (Λ∗b(θ)∗rg + rg∗b(θ)Λ) b(θ)P.

We denote

(5.11) M(θ) := Λ∗b(θ)∗rg + rg∗b(θ)Λ.

Then N11(θ) = b(θ)∗M(θ)b(θ)P. Note that M(k) := tM(θ) is a Hermitian (m×m)-
matrix-valued function first order homogeneous in k. Thus, M(k) is the symbol of
the selfadjoint first order DO M(D) with constant coefficients. As a result, the term
N11(k) := t3N11(θ) in (5.10) takes the form

(5.12) N11(k) = b(k)∗M(k)b(k)P.

Consider the operator N12(θ). From (4.1), (4.13), (4.14), and (4.17) it follows that

(5.13) (X1(θ) rZ)∗R(θ)P + (R(θ)P )∗X1(θ) rZ =
(

ĂM1(θ)b(θ) + b(θ)∗ ĂM1(θ)
∗)P,

where

(5.14) ĂM1(θ) := rΛ∗b(θ)∗rg.

Similarly, using (4.1), (4.11), and (4.13), we obtain

(5.15) (X1(θ)Z(θ))∗X0
rZ + (X0

rZ)∗X1(θ)Z(θ) =
(

xM1(θ)b(θ) + b(θ)∗ xM1(θ)
∗)P,

where xM1(θ) := (b(D)rΛ)∗gb(θ)Λ. Next, by (3.37), (4.3), and (4.11), we have

(5.16) (Y2Z(θ))∗Y0Z(θ) + (Y0Z(θ))∗Y2Z(θ) = b(θ)∗T0b(θ)P,

where T0 is a Hermitian (m×m)-matrix defined by

(5.17) T0 = 2

d∑
j=1

ReΛ∗ajDjΛ.
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Finally, from (3.37), (4.3), and (4.11) it follows that

(5.18)
(Y2Z(θ))∗Y1(θ)P + (Y1(θ)P )∗Y2Z(θ) + (Y2P )∗Y1(θ)Z(θ) + (Y1(θ)Z(θ))∗Y2P

=
(

|M1(θ)b(θ) + b(θ)∗ |M1(θ)
∗)P,

where |M1(θ) =
∑d

j=1 (aj + a∗j )Λθj . Taking (1.15) into account and summing up the

terms (5.13), (5.15), (5.16), and (5.18), we arrive at the following representation:

N12(θ) = (b(θ)∗T0b(θ) +M1(θ)b(θ) + b(θ)∗M1(θ)
∗)P,

where

(5.19)

M1(θ) = ĂM1(θ) + xM1(θ) + |M1(θ)

= rΛ∗b(θ)∗rg + (b(D)rΛ)∗gb(θ)Λ +
d∑

j=1

(aj + a∗j )Λθj .

Note that M1(k) := tM1(θ) is an (n×m)-matrix-valued function first order homogeneous
in k. Thus, M1(k) is the symbol of the first order DO M1(D) with constant coefficients.
We put N12(k) := t2N12(θ). It follows that the second term εN12(k) in (5.10) can be
written as

(5.20) εN12(k) = ε (b(k)∗T0b(k) +M1(k)b(k) + b(k)∗M1(k)
∗)P.

We proceed to the operator N21(θ). By (4.1) and (4.13), we have

(5.21) (X0
rZ)∗X1(θ) rZ + (X1(θ) rZ)∗X0

rZ = (M2(θ) +M2(θ)
∗)P,

where

(5.22) M2(θ) = (b(D)rΛ)∗gb(θ)rΛ.

Using (3.37), (4.3), (4.11), and (4.13), we get

(5.23) (Y2Z(θ))∗Y0
rZ + (Y0

rZ)∗Y2Z(θ) = (T ∗
1 b(θ) + b(θ)∗T1)P,

where T1 =
∑d

j=1 Λ
∗aj(Dj

rΛ). Next, from (3.37), (4.3), (4.11), and (4.13) it follows that

(5.24) (Y2
rZ)∗Y0Z(θ) + (Y0Z(θ))∗Y2

rZ = (T2b(θ) + b(θ)∗T ∗
2 )P,

where T2 =
∑d

j=1
rΛ∗aj(DjΛ). Relations (3.37), (4.3), and (4.13) imply

(5.25)

(Y2
rZ)∗Y1(θ)P + (Y1(θ)P )∗Y2

rZ + (Y1(θ) rZ)∗Y2P + (Y2P )∗Y1(θ) rZ

= 2
d∑

j=1

Re (aj + a∗j )
rΛθjP.

In accordance with (4.11) and the definition of the form q, we have

(5.26) Z(θ)∗QP + PQZ(θ) =
(
b(θ)∗Λ∗Q+ (Λ∗Q)∗b(θ)

)
P,

where Λ∗Q = |Ω|−1
∫
Ω
Λ(x)∗ dμ(x). Finally, by (4.11),

(5.27) λ(Z(θ)∗Q0P + PQ0Z(θ)) = λ
(
b(θ)∗Λ∗Q0 +Q∗

0Λb(θ)
)
P.

Using (1.16) and summing up the terms (5.21) and (5.23)–(5.27), we arrive at the fol-
lowing representation:

N21(θ) =

(
M2(θ) +M2(θ)

∗ + T ∗b(θ) + b(θ)∗T + 2

d∑
j=1

Re (aj + a∗j )
rΛθj

)
P,
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where

(5.28)

T = T1 + T ∗
2 + Λ∗Q+ λΛ∗Q0

=

d∑
j=1

(
Λ∗aj(Dj

rΛ) + (DjΛ)∗a∗j
rΛ
)
+ Λ∗Q+ λΛ∗Q0.

Note that the (n×n)-matrix-valued function M2(k) = tM2(θ) is first order homogeneous
in k. Therefore, M2(k) is the symbol of a matrix first order DO M2(D) with constant
coefficients.

We put N21(k) := tN21(θ). As a result, the third term ε2N21(k) in (5.10) can be
written as

(5.29) ε2N21(k) = ε2
(
M2(k)+M2(k)

∗+T ∗b(k)+ b(k)∗T
)
P +2ε2

d∑
j=1

Re (aj+ a∗j )
rΛkjP.

It remains to consider the term N22, which does not depend on θ. By (1.17), (3.37),
(3.39), (4.3), and (4.13), we have

(5.30) N22 =
(

pT + pT ∗)P,
where the matrix pT is given by

(5.31) pT =
d∑

j=1

rΛ∗aj(Dj
rΛ) + rΛ∗Q+ λrΛ∗Q0.

Here rΛ∗Q = |Ω|−1
∫
Ω

rΛ(x)∗ dμ(x).
As a result, the operator N(k, ε) = N(t, ε; θ) defined by (5.10) is represented as

(5.32) N(k, ε) = N11(k) + εN12(k) + ε2N21(k) + ε3N22,

where the summands on the right-hand side are defined by (5.12), (5.20), (5.29), and

(5.30). The operator (5.32) satisfies an estimate of the form (1.18) with a constant pC,
which, in general, depends on θ. By Remark 1.6, the constant pC(θ) is a polynomial with

positive coefficients in the variables δ−1/2, κ1/2, ‖X1(θ)‖, ‖Y1(θ)‖, c1, C(1)1/2, c
1/2
2 , c

1/2
3 ,

and |λ|‖Q0‖L∞ . The parameters c1, c2, κ, C(1), and δ do not depend on θ and can be
controlled in terms of the initial data (3.27) (see (3.9), (3.16), (4.4), and Remark 3.1).

Using (4.5) and (4.6), we substitute ‖Y1(θ)‖ = 1 and replace ‖X1(θ)‖ by α
1/2
1 ‖g‖1/2L∞

.

The corresponding overstated constant is again denoted by pC; it fits for all θ and depends
only on the initial data (3.27). Thus, we have

(5.33) ‖N(k, ε)‖H→H ≤ pC(|k|2 + ε2)3/2, k ∈ R
d, 0 < ε ≤ 1.

Note that, due to the presence of the projection P , in the expressions for the operators
N11(k), N12(k), and N21(k) we can replace k by D+ k, cf. Subsection 5.1. Hence,

(5.34) N(k, ε) = N (k, ε)P,

where N (k, ε) is the selfadjoint third order DO given by

(5.35) N (k, ε) = N11(D+ k) + εN12(D+ k) + ε2N21(D+ k) + ε3N22.
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The consecutive terms on the right-hand side are DOs of the third, second, first, and
zeroth order, respectively, given by

(5.36)

N11(D+ k) = b(D+ k)∗M(D+ k)b(D+ k),

N12(D+ k) = b(D+ k)∗T0b(D+ k) +M1(D+ k)b(D+ k)

+ b(D+ k)∗M1(D+ k)∗,

N21(D+ k) = M2(D+ k) +M2(D+ k)∗ + T ∗b(D+ k) + b(D+ k)∗T

+ 2
d∑

j=1

Re (aj + a∗j )
rΛ(Dj + kj),

N22 = pT + pT ∗.

5.3. Approximation of the operator Bλ(k, ε)
−1 for |k|2 + ε2 ≤ τ20 . We apply

Theorem 1.5 in order to approximate the operator Bλ(k, ε)
−1 for |k|2 + ε2 ≤ τ20 . (The

set of the corresponding points k is a subset of rΩ, because τ0 < r0/2.) Now, the corrector
(1.22) depends on θ; it is denoted by K(t, ε; θ) =: K(k, ε). Using (4.11), (4.13), and (5.9),
we transform the first term of the corrector:

(tZ(θ) + ε rZ)L(t, ε; θ)−1P = (Λb(k) + εrΛ)L(k, ε)−1P

= (Λb(D+ k) + εrΛ)B0
λ(k, ε)

−1P.

The second term of the corrector is adjoint to the first. Relations (5.9) and (5.34) allow
us to represent the third term as

−L(t, ε; θ)−1N(t, ε; θ)L(t, ε; θ)−1P = −L(k, ε)−1N(k, ε)L(k, ε)−1P

= −B0
λ(k, ε)

−1N (k, ε)B0
λ(k, ε)

−1P.

As a result, the corrector for the operator Bλ(k, ε)
−1 is given by

(5.37)
K(k, ε) = (Λb(D+ k) + εrΛ)B0

λ(k, ε)
−1P + B0

λ(k, ε)
−1P (b(D+ k)∗Λ∗ + εrΛ∗)

− B0
λ(k, ε)

−1N (k, ε)B0
λ(k, ε)

−1P.

In general, the constants C and C0 occurring in (1.23) and (1.24) depend on θ. By
Remark 1.6, the constant C(θ) is a polynomial with positive coefficients in the variables
δ, δ−1, (qc∗)

−1, κ−1/2, ‖X1(θ)‖, ‖Y1(θ)‖, c1, C(1), c2, c3, |λ|‖Q0‖L∞ , and τ0. From (3.9),
(3.16), (3.21), (3.26), (3.31), (4.4), (4.9), and Remark 3.1 it follows that the parameters
c1, c2, κ, C(1), δ, and qc∗ are controlled in terms of the initial data (3.27) and do not
depend on θ. The number τ0 has already been chosen independent of θ (see (4.7)); it also
depends only on the initial data. Using (4.5) and (4.6), we substitute ‖Y1(θ)‖ = 1 and

replace ‖X1(θ)‖ by α
1/2
1 ‖g‖1/2L∞

, overstating the constant C(θ). The resulting overstated
constant is again denoted by C; this constant fits for all values of θ and is controlled in
terms of the initial data (3.27) only. Similarly, after overstating, the constant C0 does
not depend on θ and is controlled in terms of the initial data (3.27).

Applying Theorem 1.5 to the operator Bλ(k, ε) = Bλ(t, ε; θ), we obtain the following
result.

Theorem 5.1. Let Bλ(k, ε) be the operator (3.45) acting in the space H = L2(Ω;C
n),

as defined in Subsection 3.8. Let B0
λ(k, ε) be the operator (5.8) defined in Subsection 5.1.

Let K(k, ε) be the corrector defined by (5.37). Then for |k|2 + ε2 ≤ τ20 and 0 < ε ≤ 1 we
have

(5.38) Bλ(k, ε)
−1 = B0

λ(k, ε)
−1P +K(k, ε) + J(k, ε),
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where P is the projection (4.2). The remainder term J(k, ε) satisfies the following esti-
mate:

(5.39) ‖J(k, ε)‖H→H ≤ C, |k|2 + ε2 ≤ τ20 , 0 < ε ≤ 1.

Suppose that τ0 is defined by (4.7). The corrector satisfies the estimate

(5.40) ‖K(k, ε)‖H→H ≤ C0(|k|2 + ε2)−1/2, k ∈ rΩ, 0 < ε ≤ 1.

The constants C and C0 depend only on the initial data (3.27).

5.4. Approximation of the operator Bλ(k, ε)
−1 for |k|2 + ε2 > τ20 . If k ∈ rΩ,

0 < ε ≤ 1, and |k|2 + ε2 > τ20 , estimates are trivial: each term on the right-hand side
of the identity J(k, ε) = Bλ(k, ε)

−1 − B0
λ(k, ε)

−1P − K(k, ε) is estimated separately.
By (4.8), we have

(5.41)
∥∥Bλ(k, ε)

−1
∥∥
H→H

≤ (qc∗)
−1τ−2

0 , k ∈ rΩ, 0 < ε ≤ 1, |k|2 + ε2 > τ20 .

From (5.7) and (5.9) it follows that

(5.42)
∥∥B0

λ(k, ε)
−1P

∥∥
H→H

≤ (qc∗)
−1τ−2

0 , k ∈ rΩ, 0 < ε ≤ 1, |k|2 + ε2 > τ20 .

The norm of the corrector satisfies (5.40) for all k ∈ rΩ and 0 < ε ≤ 1, whence

(5.43) ‖K(k, ε)‖H→H ≤ C0τ−1
0 , k ∈ rΩ, 0 < ε ≤ 1, |k|2 + ε2 > τ20 .

As a result, relations (5.41)–(5.43) imply the following estimate for the reminder term
in (5.38) for |k|2 + ε2 > τ20 :

‖J(k, ε)‖H→H ≤ 2(qc∗)
−1τ−2

0 + C0τ−1
0 , k ∈ rΩ, 0 < ε ≤ 1, |k|2 + ε2 > τ20 .

Together with (5.39) this yields the following result.

Theorem 5.2. Under the assumptions of Theorem 5.1, for k ∈ rΩ and 0 < ε ≤ 1
formula (5.38) is valid, and the reminder term satisfies the estimate

‖J(k, ε)‖H→H ≤ C1, k ∈ rΩ, 0 < ε ≤ 1.

The constant C1 = max{C, 2(qc∗)−1τ−2
0 + C0τ−1

0 } depends only on the initial data (3.27).

§6. Approximation of the operator Bλ(ε)
−1

6.1. Now we return to the operator Bλ(ε) acting in L2(R
d;Cn), as defined in Subsec-

tion 3.4. Approximation of the operator Bλ(ε)
−1 is deduced from Theorem 5.2 with the

help of the direct integral expansion.
We introduce the following effective operator with constant coefficients:

(6.1)
B0
λ(ε) := b(D)∗g0b(D) + ε

(
− b(D)∗V − V ∗b(D) +

d∑
j=1

(aj + a∗j )Dj

)

+ ε2(−W +Q+ λQ0).

Here g0 is the effective matrix defined in Subsection 4.4; the matrices V and W are
defined by (5.2) and (5.3), respectively. The symbol of the operator (6.1) is the matrix
L(k, ε) (see (5.6)).
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We introduce the following third order DO with constant coefficients:

N (ε) = N11(D) + εN12(D) + ε2N21(D) + ε3N22,(6.2)

N11(D) = b(D)∗M(D)b(D),(6.3)

N12(D) = b(D)∗T0b(D) +M1(D)b(D) + b(D)∗M1(D)∗,(6.4)

N21(D) = M2(D) +M2(D)∗ + T ∗b(D) + b(D)∗T + 2

d∑
j=1

Re (aj + a∗j )
rΛDj .(6.5)

Recall that the matrices T0 and T are defined by (5.17) and (5.28), and the homogeneous
first order DOs M(D), M1(D), M2(D) correspond to the symbols M(k), M1(k), M2(k)

(see (5.11), (5.19), (5.22)). The operator N22 is multiplication by the matrix pT + pT ∗,

where pT is the matrix given by (5.31).
We use the direct integral expansion (3.47) for the operator Bλ(ε). Then for the

inverse operator we have

Bλ(ε)
−1 = U−1

(∫
rΩ

⊕Bλ(k, ε)
−1 dk

)
U .

A similar expansion holds for the operator B0
λ(ε)

−1. The operator Λb(D)+ rΛ expands in

the direct integral with the fibers Λb(D+ k) + rΛ. The operator N (ε) admits expansion
in the direct integral of the operators N (k, ε) (see (5.35)).

We define a bounded operator Π in L2(R
d;Cn) by Π = U−1[P ]U , where [P ] is the

operator inH (see (2.6)) acting on fibers as the operator P (the operator of averaging over
the cell). As was checked in [BSu3, Subsection 6.1], the operator Π can be represented
as

(6.6) (Πu)(x) = (2π)−d/2

∫
rΩ

ei〈x,ξ〉pu(ξ) dξ,

where pu is the Fourier image of the function u. Thus, Π is the pseudodifferential operator

whose symbol is the characteristic function χ
rΩ(ξ) of the set

rΩ; this operator is smoothing.

Note that Π is an orthogonal projection in L2(R
d;Cn), and it commutes with any DO

with constant coefficients.
In L2(R

d;Cn), we define the operator

(6.7)
K(ε) = (Λb(D) + εrΛ)B0

λ(ε)
−1Π+ B0

λ(ε)
−1Π(b(D)∗Λ∗ + εrΛ∗)

− B0
λ(ε)

−1N (ε)B0
λ(ε)

−1Π,

called the corrector for Bλ(ε)
−1. From the above it follows that

K(ε) = U−1

(∫
rΩ

⊕K(k, ε) dk

)
U ,

where K(k, ε) is defined by (5.37).
Consider the operator J(ε) := U−1

(∫
rΩ
⊕J(k, ε) dk

)
U and note that

‖J(ε)‖L2(Rd)→L2(Rd) = ess sup
k∈rΩ

‖J(k, ε)‖H→H.

Now, the direct integral expansion and Theorem 5.2 allow us to deduce the following
result from Theorem 5.2.

Theorem 6.1. Suppose that Bλ(ε) is the operator in L2(R
d;Cn) defined in Subsec-

tion 3.4, and B0
λ(ε) is the operator defined by (6.1). Let K(ε) be the corrector defined

by (6.7), where the operator Π is defined by (6.6). Then for 0 < ε ≤ 1 we have

(6.8) Bλ(ε)
−1 = B0

λ(ε)
−1Π+K(ε) + J(ε),
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where the reminder term satisfies

‖J(ε)‖L2(Rd)→L2(Rd) ≤ C1, 0 < ε ≤ 1.

The constant C1 depends only on the initial data (3.27).

6.2. Elimination of the operator Π. The approximation (6.8) involves the smoothing
pseudodifferential operator Π. We shall try to get rid of Π. In the principal term, this is
always possible. Indeed, relations (5.7) and (6.6) imply

(6.9)

‖B0
λ(ε)

−1(I − Π)‖L2(Rd)→L2(Rd) = sup
ξ∈Rd

∣∣L(ξ, ε)−1
∣∣ (1− χ

rΩ(ξ))

≤ sup
|ξ|≥r0

(qc∗)
−1(|ξ|2 + ε2)−1 ≤ (qc∗)

−1r−2
0 .

Also, it is possible to replace Π by I in the third term of the corrector (6.7). Denote by
n(k, ε) the symbol of the differential operator N (ε). Clearly, the operator N(k, ε) is the
composition of the projection P and multiplication by this symbol: N(k, ε) = n(k, ε)P .
Therefore, estimate (5.33) yields the same estimate for the matrix norm of the symbol
n(k, ε). Hence, by (5.7) and (6.6), we obtain

(6.10)

‖B0
λ(ε)

−1N (ε)B0
λ(ε)

−1(1−Π)‖L2(Rd)→L2(Rd)

= sup
ξ∈Rd

∣∣L(ξ, ε)−1n(ξ, ε)L(ξ, ε)−1
∣∣ (1− χ

rΩ(ξ))

≤ sup
|ξ|≥r0

pC(qc∗)−2(|ξ|2 + ε2)−1/2 ≤ pC(qc∗)−2r−1
0 .

Theorem 6.1 and estimates (6.9), (6.10) imply the following result.

Theorem 6.2. Under the assumptions of Theorem 6.1, put

(6.11)
rK(ε) = (Λb(D) + εrΛ)B0

λ(ε)
−1Π+ B0

λ(ε)
−1Π(b(D)∗Λ∗ + εrΛ∗)

− B0
λ(ε)

−1N (ε)B0
λ(ε)

−1.

Then for 0 < ε ≤ 1 we have∥∥Bλ(ε)
−1 − B0

λ(ε)
−1 − rK(ε)

∥∥
L2(Rd)→L2(Rd)

≤ C2.

The constant C2 = C1 + (qc∗)
−1r−2

0 + pC(qc∗)−2r−1
0 depends only on the initial data (3.27).

The first two terms of the corrector involve the oscillating factors Λ and rΛ. We are
able to replace Π by I in these terms only under additional assumptions. In some cases,
these assumptions are fulfilled automatically.

In the terms containing Λ, we can replace Π by I if the following condition is satisfied.

Condition 6.3. Let Λ(x) be the Γ-periodic solution of problem (4.10). Suppose that the
operator [Λ] of multiplication by the matrix-valued function Λ(x) acts continuously from
H1(Rd;Cm) to L2(R

d;Cn).

Proposition 6.4. Under Condition 6.3, we have∥∥Λb(D)B0
λ(ε)

−1(I −Π)
∥∥
L2(Rd)→L2(Rd)

≤ CΛ, 0 < ε ≤ 1,

where the constant CΛ = α
1/2
1 (qc∗)

−1(1+r−2
0 )1/2‖[Λ]‖H1(Rd)→L2(Rd) depends on the initial

data (3.27) and the (H1 → L2)-norm of the operator [Λ].
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Proof. From (3.2), (5.7), and (6.6) it follows that∥∥b(D)B0
λ(ε)

−1(I −Π)
∥∥
L2(Rd)→H1(Rd)

= sup
ξ∈Rd

(1 + |ξ|2)1/2|b(ξ)L(ξ, ε)−1|(1− χ
rΩ(ξ))

≤ α
1/2
1 (qc∗)

−1 sup
|ξ|≥r0

(1 + |ξ|2)1/2|ξ|(|ξ|2 + ε2)−1 ≤ α
1/2
1 (qc∗)

−1(1 + r−2
0 )1/2.

Using Condition 6.3, we arrive at the required inequality. �

In the following statement proved in [BSu3, §6], we distinguish some cases where
Condition 6.3 is satisfied a fortiori.

Proposition 6.5. Suppose that at least one of the following three assumptions is fulfilled:
1) d ≤ 4;
2) formulas (4.19) are valid (or, equivalently, g0 = g);

3) the operator A acts in L2(R
d) and is given by A = D∗g(x)D, where g(x) is a

Γ-periodic matrix-valued function with real entries such that g, g−1 ∈ L∞ and g(x) > 0.
Then Condition 6.3 is satisfied, and the norm ‖[Λ]‖H1→L2

depends only on d, m, n, α0,
α1, ‖g‖L∞ , ‖g−1‖L∞ , and the lattice Γ.

As to the terms containing rΛ, here we can replace Π by I under the following assump-
tion.

Condition 6.6. Let rΛ(x) be the Γ-periodic solution of problem (4.12). Suppose that the

operator [rΛ] of multiplication by the matrix-valued function rΛ(x) acts continuously from
H2(Rd;Cn) to L2(R

d;Cn).

Proposition 6.7. Suppose that Condition 6.6 is satisfied. Then

(6.12)
∥∥εrΛB0

λ(ε)
−1(I −Π)

∥∥
L2(Rd)→L2(Rd)

≤ C
rΛ, 0 < ε ≤ 1.

The constant C
rΛ = (qc∗)

−1(1 + r−2
0 )‖[rΛ]‖H2(Rd)→L2(Rd) depends on the initial data (3.27)

and the (H2 → L2)-norm of the operator [rΛ].

Proof. From (5.7) and (6.6) it follows that∥∥B0
λ(ε)

−1(I −Π)
∥∥
L2(Rd)→H2(Rd)

= sup
ξ∈Rd

(1 + |ξ|2)|L(ξ, ε)−1|(1− χ
rΩ(ξ))

≤ (qc∗)
−1 sup

|ξ|≥r0

(1 + |ξ|2)(|ξ|2 + ε2)−1 ≤ (qc∗)
−1(1 + r−2

0 ).

Using Condition 6.6, we obtain (6.12). �

Now we distinguish some cases where Condition 6.6 is true a fortiori.

Lemma 6.8. Let Ξ(x) be a Γ-periodic (n × n)-matrix-valued function in Rd such that
Ξ ∈ Lp(Ω), where p = 2 for d ≤ 3; p > 2 for d = 4; p = d

2 for d ≥ 5. Then the
operator [Ξ] of multiplication by the matrix-valued function Ξ(x) acts continuously from
H2(Rd;Cn) to L2(R

d;Cn), and

(6.13) ‖[Ξ]‖H2(Rd)→L2(Rd) ≤ c‖Ξ‖Lp(Ω),

where c = c(d, n,Ω) for d = 4 and c = c(p, n,Ω) for d = 4.

Proof. Let a ∈ Γ and v ∈ H2(Rd;Cn). Then

(6.14)

∫
Ω+a

|Ξ(x)v(x)|2 dx ≤ ‖Ξ‖2Lp(Ω)‖v‖2Lr(Ω+a),



668 T. A. SUSLINA

where p = 2 and r = ∞ for d ≤ 3; p > 2 and r = 2p(p − 2)−1 < ∞ for d = 4; p = d/2
and r = 2d(d− 4)−1 for d ≥ 5.

By the continuous embedding H2(Ω) ⊂ Lr(Ω), we have

(6.15) ‖v‖Lr(Ω+a) ≤ c‖v‖H2(Ω+a).

Substituting (6.15) in (6.14) and summing over a ∈ Γ, we obtain∫
Rd

|Ξ(x)v(x)|2 dx ≤ c2‖Ξ‖2Lp(Ω)‖v‖2H2(Rd). �

Proposition 6.9. Let d ≤ 6. Then Condition 6.6 is satisfied, and the norm ‖[rΛ]‖H2→L2

is estimated by a constant depending only on m, n, d, α0, ‖g−1‖L∞ , ‖aj‖L2(Ω), j =
1, . . . , d, and the lattice Γ.

Proof. The columns rvl(x), l = 1, . . . , n, of the matrix rΛ(x) belong to rH1(Ω;Cn), whence
rΛ ∈ L∞ for d = 1, rΛ ∈ Ls(Ω) with any s < ∞ for d = 2, and rΛ ∈ L2d/(d−2)(Ω) for

d ≥ 3. Thus, rΛ satisfies the assumptions of Lemma 6.8 for d ≤ 6. We have ‖rΛ‖Lp(Ω) ≤
qc‖rΛ‖H1(Ω), where qc = qc(d,m, n,Ω) for d = 4, qc = qc(p,m, n,Ω) for d = 4. Then, taking
(6.13) into account, we have

(6.16) ‖[rΛ]‖H2(Rd)→L2(Rd) ≤ cqc‖rΛ‖H1(Ω).

In [Su2, (7.51), (7.52)], it was proved that

‖rΛ‖H1(Ω) ≤ n1/2(1 + 1/4r20)
1/2α−1

0 ‖g−1‖L∞

( d∑
j=1

‖aj‖2L2(Ω)

)1/2

.

Combined with (6.16), this completes the proof. �

Another case where Condition 6.6 is fulfilled is given by the following proposition.

Proposition 6.10. Suppose n = 1, m = d, and A = D∗g(x)D, where g(x) is a
Γ-periodic matrix-valued function with real entries such that g, g−1 ∈ L∞ and g(x) > 0.

Then Condition 6.6 is satisfied, and the norm ‖[rΛ]‖H2→L2
is estimated by a constant

depending only on d, ‖g‖L∞ , ‖g−1‖L∞ , ‖aj‖Lρ(Ω), j = 1, . . . , d, and the lattice Γ.

Proof. From [LaU, Chapter III, Theorem 13.1] it follows that under our assumptions the

periodic solution of the problem (4.12) is bounded, i.e., rΛ ∈ L∞. The norm ‖rΛ‖L∞ is
estimated by a constant depending only on d, ‖g‖L∞ , ‖g−1‖L∞ , ‖aj‖Lρ(Ω), j = 1, . . . , d,
and the domain Ω. It remains to apply Lemma 6.8. �

We summarize. Theorem 6.2 and Propositions 6.4, 6.7 imply the following result.

Theorem 6.11. Suppose that the assumptions of Theorem 6.1 are satisfied.
1◦. Assume Condition 6.3. Denote

K′(ε) := (Λb(D) + εrΛΠ)B0
λ(ε)

−1 + B0
λ(ε)

−1(b(D)∗Λ∗ + εΠrΛ∗)− B0
λ(ε)

−1N (ε)B0
λ(ε)

−1.

Then for 0 < ε ≤ 1 we have

(6.17)
∥∥Bλ(ε)

−1 − B0
λ(ε)

−1 −K′(ε)
∥∥
L2(Rd)→L2(Rd)

≤ C′,

where the constant C′ = C2 + 2CΛ depends only on the initial data (3.27) and the norm
‖[Λ]‖H1→L2

.
2◦. Assume Condition 6.6. Denote

K′′(ε) := (Λb(D)Π + εrΛ)B0
λ(ε)

−1 + B0
λ(ε)

−1(Πb(D)∗Λ∗ + εrΛ∗)− B0
λ(ε)

−1N (ε)B0
λ(ε)

−1.
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Then for 0 < ε ≤ 1 we have

(6.18)
∥∥Bλ(ε)

−1 − B0
λ(ε)

−1 −K′′(ε)
∥∥
L2(Rd)→L2(Rd)

≤ C′′,

where the constant C′′ = C2 + 2C
rΛ depends only on the initial data (3.27) and the norm

‖[rΛ]‖H2→L2
.

3◦. Assume Conditions 6.3 and 6.6. Denote

K0(ε) := (Λb(D) + εrΛ)B0
λ(ε)

−1 + B0
λ(ε)

−1(b(D)∗Λ∗ + εrΛ∗)− B0
λ(ε)

−1N (ε)B0
λ(ε)

−1.

Then for 0 < ε ≤ 1 we have

(6.19)
∥∥Bλ(ε)

−1 − B0
λ(ε)

−1 −K0(ε)
∥∥
L2(Rd)→L2(Rd)

≤ C0,

where the constant C0 = C2 + 2CΛ + 2C
rΛ depends only on the initial data (3.27) and the

norms ‖[Λ]‖H1→L2
, ‖[rΛ]‖H2→L2

.

Using Propositions 6.5, 6.9, and 6.10, we distinguish some cases where the assumptions
of one of the items of Theorem 6.11 are true a fortiori.

Proposition 6.12. 1◦. Let d ≤ 4. Then estimate (6.19) is valid with a constant C0

depending only on the initial data (3.27).
2◦. Let d ≤ 6. Then estimate (6.18) is valid with a constant C′′ depending only on the

initial data (3.27).
3◦. Suppose that we have the representations (4.19), i.e., g0 = g. Then estimate (6.17)

is true with a constant C′ depending only on the initial data (3.27).
4◦. Suppose n = 1, m = d, and A = D∗g(x)D, where g(x) is a Γ-periodic matrix-

valued function with real entries such that g, g−1 ∈ L∞, g(x) > 0. Then estimate (6.19)
is valid with a constant C0 depending only on the initial data (3.27).

6.3. Special cases. Assume that conditions (4.18) are satisfied (i.e., g0 = g). Then
the solution of problem (4.10) is equal to zero: Λ(x) = 0. Hence, by (5.2), V = 0. The
effective operator (6.1) takes the form

(6.20) B0
λ(ε) = b(D)∗g0b(D) + ε

d∑
j=1

(aj + a∗j )Dj + ε2(−W +Q+ λQ0).

The expression for the corrector (6.11) simplifies. By (5.11), (5.17), (5.19), (5.28), and
(6.2)–(6.5), the expression for the operatorN (ε) also simplifies. We arrive at the following
statement.

Proposition 6.13. Suppose that conditions (4.18) are satisfied (i.e., g0 = g). Then the
effective operator B0

λ(ε) is given by (6.20). The corrector (6.11) takes the form

rK(ε) = ε
(

rΛB0
λ(ε)

−1Π+ B0
λ(ε)

−1ΠrΛ∗)− B0
λ(ε)

−1N (ε)B0
λ(ε)

−1,

where

(6.21)

N (ε) = εN12(D) + ε2N21(D) + ε3N22,

N12(D) = ĂM1(D)b(D) + b(D)∗ ĂM1(D)∗,

N21(D) = M2(D) +M2(D)∗ + 2
d∑

j=1

Re (aj + a∗j )
rΛDj .

Here ĂM1(D) and M2(D) are first order DOs with the symbols ĂM1(k) and M2(k) defined
as in (5.14), (5.22), and the matrix N22 is defined by (5.31), (5.36).



670 T. A. SUSLINA

Now we consider the case where the representations (4.19) hold true. Then g0 = g

and, as was mentioned in [BSu3, Remark 3.5], rg(x) = g0 = g. In this case, the expression

for the operator N (ε) simplifies because M(k) = 0, by (5.11) and the condition Λ = 0.

Therefore, N11(D) = 0 (see (6.3)). Moreover, from (5.14) and the condition rΛ = 0 it

follows that ĂM1(k) = 0, whence expression (5.19) takes the form

(6.22) M1(k) = (b(D)rΛ)∗gb(k)Λ +
d∑

j=1

(aj + a∗j )Λkj .

Proposition 6.14. Suppose that conditions (4.19) are satisfied (i.e., g0 = g). Then the

operator (6.2) takes the form N (ε) = εN12(D) + ε2N21(D) + ε3N22, where the operator
N12(D) is defined by (6.4), M1(D) is the DO with the symbol (6.22), and the operators
N21(D) and N22 are defined by (6.5) and (5.31), (5.36), respectively.

Now we consider the case where

(6.23)

d∑
j=1

Djaj(x)
∗ = 0.

Then the periodic solution of problem (4.12) is equal to zero: rΛ(x) = 0. Hence, by (5.2)
and (5.3), we have V = 0 and W = 0. The effective operator (6.1) takes the form

(6.24) B0
λ(ε) = b(D)∗g0b(D) + ε

d∑
j=1

(aj + a∗j )Dj + ε2(Q+ λQ0).

The expressions for the corrector (6.11) and the operator N (ε) also simplify (by virtue
of (5.19), (5.22), (5.28), (5.31), (5.36), and (6.2)–(6.5)).

Proposition 6.15. Under condition (6.23), the effective operator is of the form (6.24),
and the corrector (6.11) is given by

rK(ε) = Λb(D)B0
λ(ε)

−1Π+ B0
λ(ε)

−1Πb(D)∗Λ∗ − B0
λ(ε)

−1N (ε)B0
λ(ε)

−1,

where

N (ε) = N11(D) + εN12(D) + ε2N21(D).

Here, the operator N11(D) is defined by (6.3); N12(D) is given by the expression (6.4) in
which M1(D) is the DO with the symbol

(6.25) M1(k) =
d∑

j=1

(aj + a∗j )Λkj ,

and the operator N21(D) is given by

(6.26) N21(D) = T ∗b(D) + b(D)∗T, and T = Λ∗Q+ λΛ∗Q0.

The case where the corrector is equal to zero is distinguished by conditions (4.18) and

(6.23). Then Λ = 0 and rΛ = 0. In this case we also have N (ε) = 0.

Proposition 6.16. Suppose that conditions (4.18) and (6.23) are satisfied. Then the
effective operator is of the form (6.24), and the corrector (6.11) is equal to zero. We have∥∥Bλ(ε)

−1 − B0
λ(ε)

−1
∥∥
L2(Rd)→L2(Rd)

≤ C2, 0 < ε ≤ 1.

The constant C2 depends only on the initial data (3.27).
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Chapter 2

Homogenization of periodic differential operators

§7. Approximation of the generalized resolvent of the operator Bε

7.1. Statement of the problem. For any Γ-periodic function φ(x), x ∈ Rd, we denote
φε(x) := φ(ε−1x), ε > 0. In L2(R

d;Cn), consider the operator

(7.1) Aε = b(D)∗gε(x)b(D)

generated by the quadratic form

(7.2) aε[u,u] =

∫
Rd

〈gε(x)b(D)u, b(D)u〉, u ∈ H1(Rd;Cn).

The form (7.2) satisfies the following estimates similar to (3.6):

(7.3) α0‖g−1‖−1
L∞

‖Du‖2L2(Rd) ≤ aε[u,u] ≤ α1‖g‖L∞‖Du‖2L2(Rd), u ∈ H1(Rd;Cn).

Next, let Y : L2(R
d;Cn) → L2(R

d;Cdn) be the operator defined by (3.7), and let

Y2,ε : L2(R
d;Cn) → L2(R

d;Cdn)

be the operator of multiplication by the (dn×d)-matrix consisting of the blocks (aεj(x))
∗,

j = 1, . . . , d, i.e.,

Y2,εu = col{(aε1(x))∗u, . . . , (aεd(x))∗u}, u ∈ H1(Rd;Cn).

Let dμ be a matrix-valued measure on Rd, as defined in Subsection 3.3. We define the
measure dμε as follows. For any Borel set Δ ⊂ Rd, consider the set ε−1Δ = {y = ε−1x :
x ∈ Δ} and put με(Δ) = εdμ(ε−1Δ). Consider the quadratic form qε defined by

(7.4) qε[u,u] =

∫
Rd

〈dμε(x)u,u〉, u ∈ H1(Rd;Cn).

If q is the form given in Example 3.3, then dμε(x) = Qε(x)dx and

qε[u,u] =

∫
Rd

〈Qε(x)u,u〉 dx, u ∈ H1(Rd;Cn).

Suppose that all the assumptions of Subsections 3.1–3.3 are satisfied. In L2(R
d;Cn),

we consider the quadratic form

(7.5) bε[u,u] = aε[u,u] + 2Re(Yu,Y2,εu)L2(Rd) + qε[u,u], u ∈ H1(Rd;Cn).

Let Tε be the unitary scaling transformation in L2(R
d;Cn) defined by

(7.6) (Tεu)(y) = εd/2u(εy).

Let a and b(ε) be the quadratic forms defined by (3.5) and (3.18), respectively. Obviously,
we have

aε[u,u] = ε−2
a[Tεu, Tεu], u ∈ H1(Rd;Cn),

bε[u,u] = ε−2
b(ε)[Tεu, Tεu], u ∈ H1(Rd;Cn).

Combining this with estimates (3.19) and (3.20), we obtain

bε[u,u] ≤ (2 + c21 + c2)aε[u,u] + (C(1) + c3)‖u‖2L2(Rd), u ∈ H1(Rd;Cn),(7.7)

bε[u,u] ≥
κ

2
aε[u,u]− (c0 + c4)‖u‖2L2(Rd), u ∈ H1(Rd;Cn).(7.8)
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From (7.3), (7.7), and (7.8) it follows that the form (7.5) is closed and lower semibounded.
The selfadjoint operator Bε generated in L2(R

d;Cn) by this form is our main object in
Chapter 2. Formally, we can write

(7.9) Bε = b(D)∗gε(x)b(D) +

d∑
j=1

(
aεj(x)Dj +Dj(a

ε
j(x))

∗)+Qε(x),

where Qε(x) is interpreted as the generalized matrix potential generated by the mea-
sure dμε. The coefficients of the operator (7.9) oscillate rapidly as ε → 0.

The homogenization problem for the operator (7.9) consists of approximating the re-
solvent (Bε + λI)−1 or the generalized resolvent (Bε + λQε

0)
−1 as ε → 0. Here Qε

0 is the
operator in L2(R

d;Cn) acting as multiplication by the matrix-valued function Qε
0(x).

The matrix Q0(x) and the parameter λ are subject to the restrictions described in Sub-
section 3.4 (see (3.24)). We denote

(7.10) bλ,ε[u,u] := bε[u,u] + λ(Qε
0u,u)L2(Rd), u ∈ H1(Rd;Cn).

Then from (7.8), (3.24), and (3.26) it follows that

bλ,ε[u,u] ≥
κ

2
aε[u,u] + β‖u‖2L2(Rd), u ∈ H1(Rd;Cn).

Thus, the form (7.10) and the corresponding operator

(7.11) Bλ,ε = Bε + λQε
0

are positive definite.

7.2. The leading term of approximation for the operator B−1
λ,ε was found in

[Su2, Subsection 9.2]. In order to formulate the result, we should introduce the effective
operator B0

λ. Let g
0 be the effective matrix defined in Subsection 4.4. Let V , W , and Q

be the matrices defined by (5.2), (5.3), and (5.4), respectively. The effective operator for
the operator (7.11) is given by

(7.12) B0
λ := b(D)∗g0b(D)− b(D)∗V − V ∗b(D) +

d∑
j=1

(aj + a∗j )Dj −W +Q+ λQ0.

The operator (7.12) is an elliptic DO with constant coefficients; its symbol is the matrix
L(ξ, 1) (see (5.6) with ε = 1). Then estimate (5.7) implies that the operator (7.12) is
positive definite: B0

λ ≥ qc∗I.
The following result was obtained in [Su2, Theorem 9.2].

Theorem 7.1. Under the assumptions of Subsections 3.1–3.4, let Bλ,ε be the operator
defined in Subsection 7.1. Let B0

λ be the effective operator (7.12). Then

(7.13)
∥∥B−1

λ,ε − (B0
λ)

−1
∥∥
L2(Rd)→L2(Rd)

≤ C0ε, 0 < ε ≤ 1.

The constant C0 depends only on the initial data (3.27).

7.3. Approximation with corrector for the operator B−1
λ,ε. Now we obtain a

sharper approximation for the operator B−1
λ,ε, taking a corrector into account. For this, we

use theorems from §6 and apply the scaling transformation. Let Tε be the transformation
defined by (7.6). The operators (7.11) and (3.23) obey the following identity:

(7.14) Bλ,ε = ε−2T ∗
ε Bλ(ε)Tε.

Similarly, for the operators (7.12) and (6.1) we have

(7.15) B0
λ = ε−2T ∗

ε B0
λ(ε)Tε.
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Next, let Πε denote the pseudodifferential operator in L2(R
d;Cn) whose symbol is the

characteristic function χ
rΩ/ε(ξ) of the set rΩ/ε:

(Πεf)(x) = (2π)−d/2

∫
rΩ/ε

ei〈x,ξ〉pf(ξ) dξ.

The operator Πε is related to the operator (6.6) by the identity

(7.16) Πε = T ∗
ε ΠTε.

The corrector for the operator B−1
λ,ε is introduced by

(7.17) Kε :=
(
Λεb(D)+rΛε

)
(B0

λ)
−1Πε+(B0

λ)
−1Πε

(
b(D)∗(Λε)∗+(rΛε)∗

)
−(B0

λ)
−1N (B0

λ)
−1,

where

(7.18) N := N11(D) +N12(D) +N21(D) +N22,

and the terms on the right-hand side of (7.18) are defined by (6.3), (6.4), (6.5), and
(5.36), respectively. The operator N is a third order selfadjoint matrix DO with constant
coefficients.

We mention the identities

(7.19) [Λε]b(D) = ε−1T ∗
ε [Λ]b(D)Tε, [rΛε] = T ∗

ε [rΛ]Tε, N = ε−3T ∗
ε N (ε)Tε,

where N (ε) is defined by (6.2). As a result, relations (7.15)–(7.17) and (7.19) imply that

(7.20) Kε = εT ∗
ε

rK(ε)Tε,

where rK(ε) is the operator defined by (6.11).
Now, identities (7.14), (7.15), and (7.20) together with Theorem 6.2 directly imply

our main result.

Theorem 7.2. Under the assumptions of Theorem 7.1, let Kε be the corrector defined
by (7.17). Then

(7.21)
∥∥B−1

λ,ε − (B0
λ)

−1 − εKε

∥∥
L2(Rd)→L2(Rd)

≤ C2ε2, 0 < ε ≤ 1.

The constant C2 depends only on the initial data (3.27).

Estimate (7.21) is order sharp. The corrector (7.17) is a pseudodifferential operator
of order −1, the first two terms of the corrector are mutually adjoint; they depend on
ε, involving rapidly oscillating factors and the smoothing operator Πε. The third term
of the corrector is a pseudodifferential operator with constant coefficients; it does not
depend on ε.

Under some additional assumptions it is possible to get rid of Πε in some (sometimes,
in all) terms of the corrector. The following theorem is deduced from Theorem 6.11 by
the scaling transformation.

Theorem 7.3. Suppose that the assumptions of Theorem 7.1 are satisfied.
1◦. Suppose that Condition 6.3 is true. Denote

K ′
ε :=

(
Λεb(D) + rΛεΠε

)
(B0

λ)
−1 + (B0

λ)
−1

(
b(D)∗(Λε)∗ +Πε(rΛε)∗

)
− (B0

λ)
−1N (B0

λ)
−1.

Then for 0 < ε ≤ 1 we have

(7.22)
∥∥B−1

λ,ε − (B0
λ)

−1 − εK ′
ε

∥∥
L2(Rd)→L2(Rd)

≤ C′ε2,

where C′ depends only on the initial data (3.27) and the norm ‖[Λ]‖H1→L2
.

2◦. Suppose that Condition 6.6 is true. Denote

K ′′
ε :=

(
Λεb(D)Πε + rΛε

)
(B0

λ)
−1 + (B0

λ)
−1

(
Πεb(D)∗(Λε)∗ + (rΛε)∗

)
− (B0

λ)
−1N (B0

λ)
−1.
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Then for 0 < ε ≤ 1 we have

(7.23)
∥∥B−1

λ,ε − (B0
λ)

−1 − εK ′′
ε

∥∥
L2(Rd)→L2(Rd)

≤ C′′ε2,

where C′′ depends only on the initial data (3.27) and the norm ‖[rΛ]‖H2→L2
.

3◦. Suppose that Conditions 6.3 and 6.6 are true. Denote

(7.24) K0
ε =

(
Λεb(D) + rΛε

)
(B0

λ)
−1 + (B0

λ)
−1(b(D)∗(Λε)∗ + (rΛε)∗)− (B0

λ)
−1N (B0

λ)
−1.

Then for 0 < ε ≤ 1 we have

(7.25)
∥∥B−1

λ,ε − (B0
λ)

−1 − εK0
ε

∥∥
L2(Rd)→L2(Rd)

≤ C0ε2,

where the constant C0 depends only on the initial data (3.27) and the norms ‖[Λ]‖H1→L2
,

‖[rΛ]‖H2→L2
.

Using Propositions 6.5, 6.9, and 6.10, we distinguish some cases where the assumptions
of one of the assertions of Theorem 7.3 are satisfied (cf. Proposition 6.12).

Proposition 7.4. 1◦. Let d ≤ 4. Then estimate (7.25) is valid with a constant C0

depending only on the problem data (3.27).
2◦. Let d ≤ 6. Then estimate (7.23) is valid with a constant C′′ depending only on the

initial data (3.27).
3◦. Suppose that the representations (4.19) hold, i.e., g0 = g. Then estimate (7.22) is

valid with a constant C′ depending only on the initial data (3.27).
4◦. Suppose n = 1, m = d, and A = D∗g(x)D, where g(x) is a Γ-periodic matrix-

valued function with real entries such that g, g−1 ∈ L∞, g(x) > 0. Then estimate (7.25)
is valid with a constant C0 depending only on the initial data (3.27).

7.4. Special cases. By the scaling transformation, Proposition 6.13 implies the follow-
ing statement.

Proposition 7.5. Suppose that conditions (4.18) are satisfied (i.e., g0 = g). Then the
effective operator B0

λ is given by

B0
λ = b(D)∗g0b(D) +

d∑
j=1

(aj + a∗j )Dj −W +Q+ λQ0.

The corrector (7.17) takes the form

Kε = rΛε(B0
λ)

−1Πε + (B0
λ)

−1Πε(rΛε)∗ − (B0
λ)

−1N (B0
λ)

−1,

where N = N12(D)+N21(D)+N22, with the operators N12(D) and N21(D) as in (6.21),
and with N22 defined by (5.31), (5.36).

The following statement is a consequence of Proposition 6.14.

Proposition 7.6. Suppose that conditions (4.19) are satisfied (i.e., g0 = g). Then the
operator (7.18) takes the form N = N12(D) + N21(D) + N22, where N12(D) is defined
by (6.4), M1(D) is the DO with the symbol (6.22), and N21(D) and N22 are defined
by (6.5) and (5.31), (5.36), respectively.

By the scaling transformation, Proposition 6.15 implies the following statement.

Proposition 7.7. Suppose that condition (6.23) is satisfied. Then the effective operator
takes the form

(7.26) B0
λ = b(D)∗g0b(D) +

d∑
j=1

(aj + a∗j )Dj +Q+ λQ0.
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The corrector (7.17) is given by

Kε = Λεb(D)(B0
λ)

−1Πε + (B0
λ)

−1Πεb(D)∗(Λε)∗ − (B0
λ)

−1N (B0
λ)

−1,

where N = N11(D) +N12(D) +N21(D). Here, the operator N11(D) is defined by (6.3),
N12(D) is given by (6.4), where M1(D) is the DO with the symbol (6.25), and N21(D) is
defined by (6.26).

The case where the corrector is equal to zero is distinguished by conditions (4.18) and
(6.23); cf. Proposition 6.16.

Proposition 7.8. Suppose that conditions (4.18) and (6.23) are satisfied. Then the
effective operator is given by (7.26), and the corrector (7.17) is equal to zero. We have∥∥B−1

λ,ε − (B0
λ)

−1
∥∥
L2(Rd)→L2(Rd)

≤ C2ε2, 0 < ε ≤ 1.

The constant C2 depends only on the initial data (3.27).

§8. Homogenization problems

for the operator with a singular potential and the operator rBε

8.1. Homogenization problem for the operator with a singular potential. Let
v(x) be a Hermitian Γ-periodic (n× n)-matrix-valued function in Rd such that

v ∈ Ls(Ω), s = 1 for d = 1, s >
d

2
for d ≥ 2;

∫
Ω

v(x) dx = 0.

We consider the homogenization problem for the operator Bε generated by the quadratic
form

bε[u,u] = aε[u,u] + ε−1

∫
Rd

〈vε(x)u,u〉 dx+ qε[u,u], u ∈ H1(Rd;Cn),

where aε and qε are the forms defined by (7.2) and (7.4). Formally, Bε can be written as

(8.1) Bε = Aε + ε−1vε +Qε.

The operator (8.1) contains a “singular potential” ε−1vε. It is easily seen that the
operator (8.1) is a particular case of the operator (7.9) (for the details, see [Su2, §11]).
Indeed, the matrix-valued function v(x) can be represented as

(8.2) v(x) = −
d∑

j=1

Djaj(x),

where the aj(x), j = 1, . . . , d, are Γ-periodic matrix-valued functions such that

(8.3) aj(x)
∗ = −aj(x), aj ∈ Lρ(Ω), aj = 0, j = 1, . . . , d.

Here ρ = ∞ for d = 1; ρ = ds(d − s)−1 for d ≥ 2 and s < d; d < ρ < ∞ for d ≥ 2 and
s = d; ρ = ∞ for d ≥ 2 and s > d. In any case, ρ is such that the aj satisfy the required
condition (3.10). This representation can be found as follows. Let Φ(x) be a Γ-periodic
matrix-valued solution of the equation ΔΦ(x) = v(x). We put aj(x) = DjΦ(x). Then
the required conditions hold true, and

‖aj‖Lρ(Ω) ≤ Cs‖v‖Ls(Ω), j = 1, . . . , d.

The constant Cs depends only on s, d, and Ω, and for s = d ≥ 2 it depends also on ρ.

By (8.2) and (8.3),
∑d

j=1

(
aεjDj +Dj(a

ε
j)

∗) = ε−1vε. Thus, the operator (8.1) takes

the form (7.9). We can apply the general results to approximate the inverse of the
operator

(8.4) Bλ,ε = Bε + λQε
0.
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Let us construct the effective operator. The matrix Λ(x) and the effective matrix g0

are defined by (4.10) and (4.16) as before. By (8.2) and (8.3), equation (4.12) for rΛ can
be written as

(8.5) b(D)∗g(x)b(D)rΛ(x) + v(x) = 0,

∫
Ω

rΛ(x) dx = 0.

The constant matrices V and W are defined as in (5.2) and (5.3). Since aj = 0, the
effective operator (7.12) takes the form

(8.6) B0
λ = b(D)∗g0b(D)− b(D)∗V − V ∗b(D)−W +Q+ λQ0.

The corrector Kε for the operator (8.1) is given by (7.17); compared with the general
case, the calculation of the third term of the corrector is simpler because aj + a∗j = 0
and (8.2) is true. The operator N is defined by (7.18). In this formula, the first term
N11(D) is defined by (6.3); the second term N12(D) is given by (6.4), where T0 = Λ∗vΛ

and M1(D) is the DO with the symbol M1(ξ) = rΛ∗b(ξ)∗rg + (b(D)rΛ)∗gb(ξ)Λ; the third
term N21(D) is given by N21(D) = M2(D) +M2(D)∗ + T ∗b(D) + b(D)∗T , where T =

Λ∗vrΛ+Λ∗Q+ λΛ∗Q0, and M2(D) is the DO with the symbol (5.22); and the last term

N22 is given by N22 = rΛ∗vrΛ+2Re
(

rΛ∗Q+λrΛ∗Q0

)
. Thus, the corrector does not involve

the functions aj directly, but contains v.
Applying Theorems 7.1 and 7.2, we obtain the following result.

Theorem 8.1. Under the above assumptions, suppose that the operator Bλ,ε is defined

by (8.1), (8.4). Let Λ(x) be the periodic solution of problem (4.10), and let rΛ(x) be the
periodic solution of problem (8.5). Let B0

λ be the effective operator (8.6). Suppose that
the corrector Kε is defined as in (7.17) (with the simplifications mentioned above). Then
estimates (7.13) and (7.21) are valid with constants depending only on d, m, n, α0, α1,
‖g‖L∞ , ‖g−1‖L∞ , ‖v‖Ls(Ω), rc, c0, rc2, c3, λ, ‖Q0‖L∞ , ‖Q−1

0 ‖L∞ , and the parameters of
the lattice Γ.

Similarly, we can apply Theorem 7.3 and Propositions 7.4, 7.5, and 7.6 to the operator

(8.1). In formulations, one should take into account that aj + a∗j = 0 and that rΛ is the
periodic solution of problem (8.5). We shall not enter into details.

8.2. Homogenization problem for the operator rBε. For applications, it is of in-

terest to consider the operator rBε acting in L2(R
d;Cn) and related to the operator (7.9)

by the formula

(8.7) rBε = (fε)∗Bεf
ε.

Here f(x) is a Γ-periodic (n × n)-matrix-valued function in R
d such that f, f−1 ∈ L∞.

More precisely, rBε is the selfadjoint operator corresponding to the quadratic form

(8.8) rbε[u,u] = bε[f
εu, fεu], fεu ∈ H1(Rd;Cn).

Let rQ0(x) be a Γ-periodic positive (n×n)-matrix-valued function such that rQ0, rQ−1
0 ∈

L∞. We define the matrix-valued function Q0(x) by

(8.9) Q0(x) = (f(x)∗)−1
rQ0(x)f(x)

−1.

The problem is to approximate the generalized resolvent ( rBε+λ rQε
0)

−1 for small ε. Denote

(8.10) rBλ,ε := rBε + λ rQε
0.
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Now, the “initial data” is the following set of parameters:

(8.11)

d, m, n, ρ; α0, α1, ‖g‖L∞ , ‖g−1‖L∞ , ‖aj‖Lρ(Ω), j = 1, . . . , d;

rc, c0, rc2, c3 from Condition 3.2; ‖f‖L∞ , ‖f−1‖L∞ ;

λ, ‖ rQ0‖L∞ , ‖ rQ−1
0 ‖L∞ ; the parameters of the lattice Γ.

The parameter λ is subject to the following restriction:

(8.12)
λ > ‖f‖2L∞‖ rQ−1

0 ‖L∞(c0 + c4) if λ ≥ 0;

λ > ‖f−1‖−2
L∞

‖ rQ0‖−1
L∞

(c0 + c4) if λ < 0 (and c0 + c4 < 0),

which ensures (3.24). Now, it is convenient to define the number β as follows:

β = λ‖ rQ−1
0 ‖−1

L∞
‖f‖−2

L∞
− c0 − c4 if λ ≥ 0;

β = λ‖ rQ0‖L∞‖f−1‖2L∞ − c0 − c4 if λ < 0 (and c0 + c4 < 0).

This can only reduce the number defined by (3.26). (All the rest remains valid with the
new definition of β.)

Relations (8.7), (8.9), and (8.10) imply that for the operators (8.10) and (7.11) we

have rB−1
λ,ε = (fε)−1B−1

λ,ε((f
ε)∗)−1. Then Theorems 7.1 and 7.2 directly imply the following

result.

Theorem 8.2. Suppose that rBε is the operator generated by the quadratic form (8.8), and

let rBλ,ε be the operator (8.10). Let Bλ,ε be the operator defined by (7.9) and (7.11), and
assume (8.9). Let B0

λ be the effective operator (7.12), and let Kε be the corrector (7.17).
Then for 0 < ε ≤ 1 we have∥∥ rB−1

λ,ε − (fε)−1(B0
λ)

−1((fε)∗)−1
∥∥
L2(Rd)→L2(Rd)

≤ rC0ε,∥∥ rB−1
λ,ε − (fε)−1

(
(B0

λ)
−1 + εKε

)
((fε)∗)−1

∥∥
L2(Rd)→L2(Rd)

≤ rC2ε2.

The constants rC0 = C0‖f−1‖2L∞
and rC2 = C2‖f−1‖2L∞

depend only on the initial data
(8.11).

Similarly, it is possible to deduce some consequences for the operator rBλ,ε from The-
orem 7.3 and Propositions 7.4, 7.8. We shall not dwell on this.

§9. Application of the general pattern:

the Schrödinger operator

9.1. The scalar elliptic operator. Consider the case where n = 1, m = d, b(D) = D,
and g(x) is a Γ-periodic symmetric (d×d)-matrix-valued function with real entries ; g(x)
is assumed to be bounded and positive definite. Then the operator Aε takes the form
Aε = D∗gε(x)D = − div gε(x)∇. Obviously, in this case α0 = α1 = 1; see (3.2).

Next, let A(x) = col{A1(x), . . . , Ad(x)}, where the Aj(x) are Γ-periodic real-valued
functions such that

(9.1) Aj ∈ Lρ(Ω), ρ = 2 for d = 1, ρ > d for d ≥ 2; j = 1, . . . , d.

Let v(x) and V(x) be real-valued Γ-periodic functions such that

(9.2)

v,V ∈ Ls(Ω),

∫
Ω

v(x) dx = 0,

s = 1 for d = 1, s >
d

2
for d ≥ 2.
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Consider the operator Bε in L2(R
d) given formally by the differential expression

(9.3) Bε = (D−Aε(x))∗gε(x)(D−Aε(x)) + ε−1vε(x) + Vε(x).

The precise definition of the operator Bε is in terms of the quadratic form

bε[u, u] =

∫
Rd

(
〈gε(D−Aε)u, (D−Aε)u〉+

(
ε−1vε + Vε

)
|u|2

)
dx, u ∈ H1(Rd).

The operator (9.3) can be treated as the periodic Schrödinger operator with metric gε,
magnetic potential Aε, and electric potential ε−1vε + Vε containing a “singular” first
term.

It is easily seen (for the details, see [Su2, Subsection 13.1]) that the operator (9.3) can
be written in the required form:

Bε = D∗gε(x)D+

d∑
j=1

(
aεj(x)Dj +Dj(a

ε
j(x))

∗)+Qε(x).

The real-valued function Q(x) is defined as follows:

(9.4) Q(x) = V(x) + 〈g(x)A(x),A(x)〉.
The complex-valued functions aj(x) are given by

(9.5) aj(x) = −ηj(x) + iζj(x),

where the ηj(x) are the components of the vector-valued function η(x) = g(x)A(x), and
the ζj(x) are defined in terms of the Γ-periodic solution of the equation ΔΦ(x) = v(x)
by ζj(x) = −∂jΦ(x) (cf. Subsection 8.1). We have

(9.6) v(x) = −
d∑

j=1

∂jζj(x).

It is easily seen that the functions (9.5) satisfy condition (3.10) with a suitable ρ′ (depend-
ing on ρ and s); here, the norms ‖aj‖Lρ′ (Ω) are controlled in terms of ‖g‖L∞ , ‖A‖Lρ(Ω),

‖v‖Ls(Ω), and the parameters of the lattice Γ. (For the details, see [Su2, Subsection 13.1].)
The function (9.4) satisfies condition (3.17) with a suitable s′ = min{s, ρ/2}. Thus, now
Example 3.3 is realized.

As usual, we denote

(9.7) Bλ,ε = Bε + λQε
0,

where Q0(x) is a positive definite and bounded Γ-periodic function, and the parameter
λ is subject to the restriction (3.24) with c0 and c4 corresponding to the operator (9.3).
We are interested in approximation of the inverse operator B−1

λ,ε. In the case under

consideration, the initial data (3.27) reduces to the following set of parameters:

(9.8)
d, ρ, s; ‖g‖L∞ , ‖g−1‖L∞ , ‖A‖Lρ(Ω), ‖v‖Ls(Ω), ‖V‖Ls(Ω),

λ, ‖Q0‖L∞ , ‖Q−1
0 ‖L∞ ; the parameters of the lattice Γ.

We calculate the effective operator. The matrix Λ(x) is the row Λ(x) = iΨ(x), Ψ(x) =

(ψ1(x), . . . , ψd(x)), where ψj ∈ rH1(Ω) is the (weak) solution of the problem

div g(x)(∇ψj(x) + ej) = 0,

∫
Ω

ψj(x) dx = 0.

Here e1, . . . , ed is the standard orthonormal basis in Rd. The solutions ψj(x) are real-
valued, and the row Λ(x) has purely imaginary entries. The matrix rg(x) is the (d× d)-
matrix with the columns g(x)(∇ψj(x) + ej). The effective matrix g0 is defined in a
standard way: g0 = |Ω|−1

∫
Ω

rg(x) dx. Clearly, rg(x) and g0 have real entries.
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By (9.5) and (9.6), the periodic solution of problem (4.12) is represented as rΛ(x) =
rΛ1(x) + irΛ2(x), where the real-valued Γ-periodic functions rΛ1(x), rΛ2(x) are solutions of
the following problems:

− div g(x)∇rΛ1(x) + v(x) = 0,

∫
Ω

rΛ1(x) dx = 0,

− div g(x)∇rΛ2(x) + div g(x)A(x) = 0,

∫
Ω

rΛ2(x) dx = 0.

The column V (see (5.2)) can be written as V = V1 + iV2, where the columns V1 and V2

with real entries are given by

V1 = (∇Ψ)tg∇rΛ2, V2 = −(∇Ψ)tg∇rΛ1.

In accordance with (5.3), the constant W is defined by the relation

W = 〈g(∇rΛ2 − i∇rΛ1),∇rΛ2 − i∇rΛ1〉 = 〈g∇rΛ1,∇rΛ1〉+ 〈g∇rΛ2,∇rΛ2〉.

Now, formula (7.12) for B0
λ takes the form

B0
λu = − div g0∇u+ 2i〈V1 + η,∇u〉+ (−W +Q+ λQ0)u.

In other words,

B0 = (D−A0)∗g0(D−A0) + V0,(9.9)

B0
λ = B0 + λQ0,(9.10)

where

A0 = (g0)−1(V1 + gA), V0 = V + 〈gA,A〉 − 〈g0A0,A0〉 −W.

The effective operator B0 can be viewed as the Schrödinger operator with constant ef-
fective coefficients: the metric g0, magnetic potential A0, and electric potential V0.

By Proposition 7.4(4◦), we can use the corrector K0
ε that does not contain the smooth-

ing operator (see (7.24)). The first term of this corrector takes the form

(9.11) (ΛεD+ rΛε)(B0
λ)

−1 = (Ψε∇+ rΛε)(B0
λ)

−1.

The second term is adjoint to the first.
In order to find the third term of the corrector, we need to calculate the operator N

(see (7.18)). We show that the first summand in (7.18) is equal to zero. Indeed, M(θ)
(see (5.11)) is a Hermitian matrix with purely imaginary entries, because Λ(x) has purely
imaginary entries, while rg(x) and b(θ) = θ have real entries. Then b(θ)∗M(θ)b(θ) = 0
(as a Hermitian purely imaginary (1× 1)-matrix). By (6.3), it follows that N11(D) = 0.

Using (6.4), (5.17), (5.19), and (9.6), we check that the symbol of the operator N12(D)
is given by

N12(ξ) = 2rΛ1〈rgξ, ξ〉 − 2〈gξ,∇rΛ1〉Ψξ + v(Ψξ)2.

Hence,

(9.12)

N12(D) =
d∑

k,l=1

N12,klDkDl,

N12,kl = 2rΛ1rgkl + vψkψl −
d∑

j=1

(gjlψk + gjkψl) ∂j rΛ1.
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Next, applying (6.5), (5.22), (5.28), and (9.6), we see that the symbol of the operator
N21(D) is given by

N21(ξ) = 2rΛ1〈gξ,∇rΛ2〉 − 2rΛ2〈gξ,∇rΛ1〉+ 2(Ψξ)〈η,∇rΛ1〉

− 2rΛ1〈η,∇(Ψξ)〉+ 2vrΛ2(Ψξ)− 4rΛ1〈η, ξ〉.
Hence,

(9.13)

N21(D) =

d∑
k=1

N21,kDk,

N21,k = 2
d∑

j=1

gjk
(

rΛ1∂j rΛ2 − rΛ2∂j rΛ1

)
+ 2ψk〈η,∇rΛ1〉 − 2rΛ1〈η,∇ψk〉

+ 2vrΛ2ψk − 4ηkrΛ1.

Finally, by (5.31), (5.36), and (9.6),

(9.14) N22 = 2rΛ2〈η,∇rΛ1〉 − 2rΛ1〈η,∇rΛ2〉+ v
(

rΛ2
1 +

rΛ2
2

)
+ 2rΛ1(Q+ λQ0).

As a result, we obtain

(9.15) N =
d∑

k,l=1

N12,klDkDl +
d∑

k=1

N21,kDk +N22,

where the coefficients are defined by (9.12), (9.13), and (9.14).
By (7.24) and (9.11), the corrector is given by

(9.16) K0
ε = (Ψε∇+ rΛε)(B0

λ)
−1 + (B0

λ)
−1(Ψε∇+ rΛε)∗ − (B0

λ)
−1N (B0

λ)
−1,

where N is the operator (9.15).
Theorem 7.1 and Proposition 7.4(4◦) imply the following result.

Proposition 9.1. Let Bλ,ε be the operator defined by (9.3) and (9.7) whose coefficients
satisfy conditions of Subsection 9.1. Let B0

λ be the operator given by (9.9) and (9.10)
with the effective coefficients described in Subsection 9.1. Suppose that K0

ε is the correc-
tor (9.16). Then ∥∥B−1

λ,ε − (B0
λ)

−1
∥∥
L2(Rd)→L2(Rd)

≤ C0ε, 0 < ε ≤ 1,∥∥B−1
λ,ε − (B0

λ)
−1 − εK0

ε

∥∥
L2(Rd)→L2(Rd)

≤ C0ε2, 0 < ε ≤ 1.

The constants C0 and C0 depend only on the initial data (9.8).

Remark 9.2. 1) If the magnetic potential A(x) is subject to the gauge conditions

(9.17) div g(x)A(x) = 0, gA = 0,

then rΛ2(x) = 0 and V1 = 0. Then the expression (9.9) simplifies: B0 = D∗g0D + V0,

where V0 = V + 〈gA,A〉 − 〈g∇rΛ1,∇rΛ1〉. The expressions (9.13) and (9.14) for the
coefficients of N also simplify.

2) If the gauge conditions (9.17) are fulfilled and v(x) = 0, then rΛ1(x) = 0, rΛ2(x) = 0,
and V = 0, W = 0. Then the operator (9.9) is given by B0 = D∗g0D + V0, where

V0 = V+〈gA,A〉, the third term of the corrector is equal to zero, and the corrector (9.16)
simplifies: K0

ε = Ψε∇(B0
λ)

−1 + (B0
λ)

−1(Ψε∇)∗.

3) If A = 0, then rΛ2 = 0. In this case, the operator (9.9) takes the form B0 =

D∗g0D + V0, where V0 = V − 〈g∇rΛ1,∇rΛ1〉. Next, in this case the operator (9.13) is
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equal to zero: N21(D) = 0, and expression (9.14) for N22 simplifies. The corrector can
be written as

K0
ε = (Ψε∇+ rΛε

1)(B0
λ)

−1 + (B0
λ)

−1(Ψε∇+ rΛε
1)

∗ − (B0
λ)

−1N (B0
λ)

−1,

where N = N12(D) +N22.

Example. In the one-dimensional case, consider the operator

Bλ,ε = − d

dx
gε(x)

d

dx
+ ε−1vε(x) + λI,

where g(x) and v(x) are 1-periodic real-valued functions such that g(x) is bounded and
positive definite, and v ∈ L1(0, 1), v = 0. In this case Ψ(x) is the 1-periodic solution of
the problem

d

dx
g(x)

(dΨ(x)

dx
+ 1

)
= 0,

∫ 1

0

Ψ(x) dx = 0.

This implies that g0 = g and rg(x) = g(x)(Ψ′(x) + 1) = g0. The function rΛ(x) = rΛ1(x)
is the 1-periodic solution of the problem

− d

dx
g(x)

drΛ(x)

dx
+ v(x) = 0,

∫ 1

0

rΛ(x) dx = 0.

Let a(x) be a 1-periodic function such that a′(x) = v(x). Then g(x)rΛ′(x) = a(x)−g0ag−1.
The effective operator is given by

B0
λ = −g0

d2

dx2
−W + λI, W =

∫ 1

0

g(x)(rΛ′(x))2 dx.

Calculation of the operator N gives

N = −2g0(aΨg−1)
d2

dx2
+ vrΛ2.

The corrector takes the form

K0
ε =

(
Ψε d

dx
+ rΛε

)
(B0

λ)
−1 + (B0

λ)
−1

(
− d

dx
Ψε + rΛε

)
− (B0

λ)
−1N (B0

λ)
−1.

Note that if the metric g(x) is nonconstant and the singular potential is nonzero, then
in general the third term of the corrector is nonzero. The function Ψ is defined only
via g. One can choose a periodic function a(x) not orthogonal to Ψg−1 in L2(0, 1) and

define v(x) = a′(x). Then aΨg−1 = 0 and, trivially, N = 0.

9.2. The periodic Schrödinger operator. In L2(R
d), consider the operator rA =

D∗
qg(x)D + qv(x), where qg(x) is a Γ-periodic symmetric (d × d)-matrix-valued function

with real entries, assumed to be bounded and positive definite; qv(x) is a real-valued
Γ-periodic function such that

qv ∈ Ls(Ω), s = 1 for d = 1, s >
d

2
for d ≥ 2.

The precise definition of the operator rA is in terms of the quadratic form

(9.18) ra[u, u] =

∫
Rd

(
〈qg(x)Du,Du〉+ qv(x)|u|2

)
dx, u ∈ H1(Rd).

By adding an appropriate constant to qv, we may assume that the bottom of the spectrum

of rA is the point λ0 = 0. Under this condition, the operator rA admits a convenient
factorization (see, e.g., [BSu1, Chapter 6, Subsection 1.1]). To describe this factorization,
consider the equation

(9.19) D∗
qg(x)Dω(x) + qv(x)ω(x) = 0,
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which admits a Γ-periodic solution ω ∈ rH1(Ω) defined up to a constant factor. This
factor can be fixed so that ω(x) > 0 and

(9.20)

∫
Ω

ω2(x) dx = |Ω|.

It turns out that the solution ω(x) is positive definite and bounded, and the norms ‖ω‖L∞ ,
‖ω−1‖L∞ are controlled in terms of ‖qg‖L∞ , ‖qg−1‖L∞ , and ‖qv‖Ls(Ω). The function ω is a

multiplier both in H1(Rd) and in rH1(Ω). Substituting u = ωϕ, we write (9.18) as

ra[u, u] =

∫
Rd

ω2(x)〈qg(x)Dϕ,Dϕ〉 dx, u = ωϕ, ϕ ∈ H1(Rd).

This yields the factorization

(9.21) rA = ω−1D∗gDω−1, g = ω2
qg.

Now, we consider the operator

(9.22) rAε = (ωε)−1D∗gεD(ωε)−1.

In the initial terms, (9.22) can be written as

(9.23) rAε = D∗
qgεD+ ε−2

qvε,

which can be treated as the Schrödinger operator with rapidly oscillating metric qgε and
strongly singular potential ε−2

qvε.
Next, let A(x) = col{A1(x), . . . , Ad(x)}, where the Aj(x) are Γ-periodic real-valued

functions satisfying (9.1). Let rv(x) and rV(x) be Γ-periodic real-valued functions such
that

(9.24)
rv, rV ∈ Ls(Ω), s = 1 for d = 1, s >

d

2
for d ≥ 2;∫

Ω

rv(x)ω2(x) dx = 0.

Consider the operator rBε defined formally by the expression

(9.25) rBε = (D−Aε)∗qgε(D−Aε) + ε−2
qvε + ε−1

rvε + rVε.

(The precise definition is given in terms of quadratic forms.) The operator (9.25) can be
treated as the Schrödinger operator with the metric qgε, the magnetic potential Aε, and

the electric potential ε−2
qvε + ε−1

rvε + rVε containing the singular terms ε−2
qvε and ε−1

rvε.
We put

(9.26) v(x) := rv(x)ω2(x), V(x) := rV(x)ω2(x).

Taking (9.22) and (9.23) into account, we check that rBε = (ωε)−1Bε(ω
ε)−1, where the

operator Bε is given by (9.3) with g defined by (9.21) and v, V defined by (9.26). By
(9.24), the coefficients v and V satisfy the required conditions (9.2).

Let rQ0(x) be a Γ-periodic real-valued function; it is assumed to be positive definite
and bounded. We put

(9.27) rBλ,ε = rBε + λ rQε
0.

Denote Q0(x) = rQ0(x)ω
2(x). The operator (9.27) is related to the operator Bλ,ε =

Bε + λQε
0 by the formula

(9.28) rBλ,ε = (ωε)−1Bλ,ε(ω
ε)−1.
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Now the assumptions of Subsection 8.2 are realized with f = ω−1. The parameter λ
is subject to the restriction (8.12) with f = ω−1 and with constants c0, c4 corresponding
to the operator Bε. Now the initial data reduce to the following set of parameters:

(9.29)
d, ρ, s; ‖qg‖L∞ , ‖qg−1‖L∞ , ‖A‖Lρ(Ω), ‖qv‖Ls(Ω), ‖rv‖Ls(Ω), ‖rV‖Ls(Ω),

λ, ‖ rQ0‖L∞ , ‖ rQ−1
0 ‖L∞ ; the parameters of the lattice Γ.

Proposition 9.1 and the representation (9.28) directly imply the following result (cf.
Theorem 8.2).

Proposition 9.3. Suppose that rBλ,ε is the operator defined by (9.25), (9.27), whose

coefficients qgε, Aε, qvε, rvε, rVε, and rQε
0 satisfy the conditions of Subsection 9.2. Let ω(x)

be the Γ-periodic positive solution of equation (9.19) satisfying (9.20). Suppose that Bλ,ε is
the operator defined by (9.3), (9.7) with the coefficients gε = qgε(ωε)2, Aε, vε = rvε(ωε)2,

Vε = rVε(ωε)2, and Qε
0 = rQε

0(ω
ε)2. Let B0

λ be the effective operator for Bλ,ε defined
by (9.9), (9.10). Let K0

ε be the corrector (9.16) for the operator Bλ,ε. Then∥∥ rB−1
λ,ε − ωε(B0

λ)
−1ωε

∥∥
L2(Rd)→L2(Rd)

≤ rC0ε, 0 < ε ≤ 1,∥∥ rB−1
λ,ε − ωε

(
(B0

λ)
−1 + εK0

ε

)
ωε

∥∥
L2(Rd)→L2(Rd)

≤ rC0ε2, 0 < ε ≤ 1.

The constants rC0 and rC0 depend only on the initial data (9.29).

Remark 9.4. By Remark 9.2, the expressions for the effective operator and the correc-
tor simplify if the magnetic potential is subject to (9.17), i.e., div qg(x)ω2(x)A(x) = 0,

qgω2A = 0; but now these conditions involve the function ω(x).

§10. Application of the general pattern:

the two-dimensional Pauli operator

10.1. Model operators. We start with the model examples considered before in [Su2,
Subsection 14.1]. Let d = 2, and let ω±(x) be Γ-periodic functions in R2 such that

(10.1)± ω±(x) > 0, ω±, ω
−1
± ∈ L∞.

Denote ∂+ := D1 + iD2, ∂− := D1 − iD2. In L2(R
2), we consider the pair of operators

(10.2)± A+,ε = ∂+(ω
ε
+)

2∂−, A−,ε = ∂−(ω
ε
−)

2∂+.

The operator A±,ε is of the form (7.1) with m = n = 1, b(D) = D1 ∓ iD2, and g = g± =
ω2
±. Obviously, α0 = α1 = 1 (see (3.2)).
Next, let η±(x) = col{η1,±(x), η2,±(x)}, where the ηj,±(x), j = 1, 2, are Γ-periodic

real-valued functions such that

ηj,± ∈ Lρ(Ω), ρ > 2, j = 1, 2.

Let v±(x) and Q±(x) be real-valued Γ-periodic functions such that

v±, Q± ∈ Ls(Ω), s > 1;

∫
Ω

v±(x) dx = 0.

Consider the operator B±,ε given formally by

(10.3)± B±,εu = A±,εu+ i

2∑
j=1

(
ηεj,±∂ju+ ∂j(η

ε
j,±u)

)
+ ε−1vε±u+Qε

±u.

(The precise definition is in terms of the corresponding quadratic forms.)
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In order to represent this operator in the form (7.9) (cf. Subsection 8.1), we introduce
the periodic solution Φ± of the equation ΔΦ± = v± and put ζj,± = −∂jΦ±. Then

(10.4)± v±(x) = −
2∑

j=1

∂jζj,±(x).

Denote aj,±(x) = −ηj,±(x) + iζj,±(x), j = 1, 2. It is easily seen that aj,± ∈ Lρ′(Ω)
with some ρ′ > 2 (ρ′ depends on ρ and s), and that ‖aj,±‖Lρ′ (Ω) is controlled in terms

of ‖ηj,±‖Lρ(Ω), ‖v±‖Ls(Ω), and the parameters of Γ; for the details, see [Su2, Subsec-
tion 14.1]; cf. Subsection 8.1.

The operator (10.3)± can be written as

B±,ε = A±,ε +

2∑
j=1

(
aεj,±Dj +Dj(a

ε
j,±)

∗)+Qε
±,

which corresponds to the general form (7.9). All the required assumptions on the coef-
ficients are fulfilled. Let Q0,± be a Γ-periodic, bounded, and positive definite function.
We put

(10.5)± B±,λ,ε = B±,ε + λQε
0,±.

Suppose that λ is subject to the restriction (3.24) with Q0 = Q0,± and c0, c4 correspond-
ing to the operator B±,ε. The initial data reduce to the following set of parameters:

(10.6)±
ρ, s; ‖ω±‖L∞ , ‖ω−1

± ‖L∞ , ‖η±‖Lρ(Ω), ‖v±‖Ls(Ω), ‖Q±‖Ls(Ω),

λ, ‖Q0,±‖L∞ ‖Q−1
0,±‖L∞ ; the parameters of the lattice Γ.

Now we describe the effective operator. Since m = n = 1, Proposition 4.1 shows that
the effective constant g0± coincides with g±, i.e.,

g0± =

(
|Ω|−1

∫
Ω

(ω±(x))
−2 dx

)−1

.

The effective operator for A±,ε is given by A0
± = −g0±Δ.

Now the role of Λ(x) is played by the function Λ±(x) that is a Γ-periodic solution of
the problem

(10.7)± ∂±ω
2
±(x)(∂∓Λ±(x) + 1) = 0,

∫
Ω

Λ±(x) dx = 0.

The solution of problem (10.7)± satisfies ω2
±(x)(∂∓Λ±(x) + 1) = g0±, whence Λ± is also

a periodic solution of the problem

−ΔΛ±(x) = g0±∂±(ω±(x))
−2,

∫
Ω

Λ±(x) dx = 0.

The role of rΛ(x) is played by the Γ-periodic solution rΛ±(x) of the problem

∂±ω
2
±(x)∂∓rΛ±(x) + v±(x) + i div η±(x) = 0,

∫
Ω

rΛ±(x) dx = 0.

The numbers (5.2) and (5.3) for the operators B±,ε take the form

V± = |Ω|−1

∫
Ω

(∂∓Λ±(x))
∗ω2

±(x)(∂∓rΛ±(x)) dx,

W± = |Ω|−1

∫
Ω

ω2
±(x)|∂∓rΛ±(x)|2 dx.
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Calculating the effective operator by the general rule (7.12), we obtain

(10.8)± B0
±,λ = −g0±Δ+ 2i(η01,±∂1 + η02,±∂2) +Q± −W± + λQ0,±,

where η01,± = ReV± + η1,±, η
0
2,± = ∓ ImV± + η2,±.

Now we proceed to the description of the corrector. By Proposition 7.4(1◦), we can
use the corrector (7.24), which does not involve the smoothing operator. The first term

of the corrector K0
±,ε is given by (Λε

±∂∓ + rΛε
±)(B0

±,λ)
−1; the second term is adjoint to

the first. In order to find the third term, we need to calculate the operator N± of the
form (7.18). By Proposition 7.6, we have

(10.9)± N± = N12,±(D) +N21,±(D) +N22,±.

In accordance with (6.4), (5.17), (6.22), and (10.4)±, the first summand in (10.9)± takes
the form

(10.10)± N12,±(D) = M1,±(D)∂∓ + ∂±M1,±(D)∗ − T0,±Δ,

where

(10.11)± T0,± =
2∑

j=1

i ηj,±
(
Λ∗
±∂jΛ± − Λ±∂jΛ∗

±
)
+ v±|Λ±|2,

(10.12)± M1,±(D) = (∂∓rΛ±)∗ω2
±Λ±(D1 ∓ iD2)− 2

2∑
j=1

ηj,±Λ±Dj .

By (6.5), (5.22), (5.28), and (10.4)±, the second term in (10.9)± is given by

(10.13)± N21,±(D) = M2,±(D) +M2,±(D)∗ + T ∗
±∂∓ + ∂±T± − 4

2∑
j=1

Re ηj,±rΛ±Dj ,

where

(10.14)± M2,±(D) = (∂∓rΛ±)∗ω2
±rΛ±(D1 ∓ iD2),

(10.15)± T± =
2∑

j=1

i ηj,±
(
Λ∗
±∂j rΛ± − rΛ±∂jΛ∗

±
)
+ v±Λ∗

±rΛ± + Λ∗
±(Q± + λQ0,±).

Finally, the third term in (10.9)± is calculated with the help of (5.31), (5.36), and (10.4)±:

(10.16)± N22,± =

2∑
j=1

i ηj,±
(

rΛ∗
±∂j rΛ± − rΛ±∂j rΛ∗

±
)
+ v±|rΛ±|2 + 2(Re rΛ±)(Q± + λQ0,±).

As a result, the corrector for the operator (10.5)± takes the form

(10.17)±
K0

±,ε =
(
Λε
±∂∓ + rΛε

±
)
(B0

±,λ)
−1 + (B0

±,λ)
−1

(
Λε
±∂∓ + rΛε

±
)∗

− (B0
±,λ)

−1N±(B0
±,λ)

−1,

where the operator N± is defined by (10.9)±–(10.16)±. Applying Theorem 7.1 and
Proposition 7.4(1◦), we obtain the following result.

Proposition 10.1(±). Let B±,λ,ε be the operator defined by (10.2)±, (10.3)±, (10.5)±,
with the coefficients satisfying the assumptions of Subsection 10.1. Suppose that B0

±,λ is
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the operator defined by (10.8)± with the effective coefficients described in Subsection 10.1.
Let K0

±,ε be the corrector (10.17)±. Then∥∥B−1
±,λ,ε − (B0

±,λ)
−1

∥∥
L2(R2)→L2(R2)

≤ C0,±ε, 0 < ε ≤ 1,∥∥B−1
±,λ,ε − (B0

±,λ)
−1 − εK0

±,ε

∥∥
L2(R2)→L2(R2)

≤ C0
±ε

2, 0 < ε ≤ 1.

The constants C0,± and C0
± depend only on the initial data (10.6)±.

10.2. The matrix model operator. Now we consider the matrix model operator
studied before in [Su2, Subsection 14.2]. Recall the standard notation for the Pauli
matrices:

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.

Consider a pair of Γ-periodic functions ω+(x), ω−(x) in R2 satisfying the previous con-
ditions (10.1)±. Let A+,ε and A−,ε be the operators defined by (10.2)±. In L2(R

2;C2),
we consider the matrix operator

(10.18) A×,ε = diag{A−,ε,A+,ε}.
The operator (10.18) can be written in a factorized form

(10.19) A×,ε = b×(D)gε×b×(D),

where

(10.20)
b×(D) = b×(D)∗ = D1σ1 +D2σ2 =

(
0 ∂−
∂+ 0

)
,

h× = diag{ω+, ω−}, g× = h2
× = diag{ω2

+, ω
2
−}.

The operator (10.19) is of the form (7.1) with m = n = 2, g = g×, and b(D) = b×(D).
Next, let ηj,×(x), j = 1, 2, v×(x), and Q×(x) be Γ-periodic Hermitian (2× 2)-matrix-

valued functions in R2 such that

ηj,× ∈ Lρ(Ω), ρ > 2, j = 1, 2;

v×, Q× ∈ Ls(Ω), s > 1;

∫
Ω

v×(x) dx = 0.

Consider the operator B×,ε given formally by

(10.21) B×,εu = A×,εu+ i

2∑
j=1

(ηεj,×∂ju+ ∂j(η
ε
j,×u)) + ε−1vε×u+Qε

×u.

(The precise definition is in terms of the corresponding quadratic form.) In order to
represent the operator (10.21) in the required form (7.9), we consider a Γ-periodic solution
Φ×(x) of the equation ΔΦ× = v× and put ζj,× = −∂jΦ×. Then

(10.22) v× = −
2∑

j=1

∂jζj,×.

We put aj,× = −ηj,× + iζj,×, j = 1, 2. It is easily seen that aj,× ∈ Lρ′(Ω) with some
ρ′ > 2 (ρ′ depends on ρ and s), and that ‖aj,×‖Lρ′ (Ω) is controlled in terms of ‖ηj,×‖Lρ(Ω),

‖v×‖Ls(Ω), and the parameters of Γ; for the details, see [Su2, Subsection 14.2]; cf. Sub-
section 8.1. The operator (10.21) can be written as

(10.23) B×,ε = A×,ε +

2∑
j=1

(aεj,×Dj +Dj(a
ε
j,×)

∗) +Qε
×,
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which corresponds to (7.9). All the required conditions on the coefficients are satis-
fied. Let Q0,×(x) be a Γ-periodic, bounded, and positive definite (2× 2)-matrix-valued
function. Denote

(10.24) B×,λ,ε := B×,ε + λQε
0,×.

Suppose that λ satisfies condition (3.24) with Q0 = Q0,× and c0, c4 corresponding to the
operator B×,ε. The initial data for the operator (10.24) reduce to the set of parameters

(10.25)

ρ, s; ‖ω+‖L∞ , ‖ω−1
+ ‖L∞ , ‖ω−‖L∞ , ‖ω−1

− ‖L∞ , ‖ηj,×‖Lρ(Ω), j = 1, 2;

‖v×‖Ls(Ω), ‖Q×‖Ls(Ω), λ, ‖Q0,×‖L∞ , ‖Q−1
0,×‖L∞ ;

the parameters of the lattice Γ.

We describe the effective operator. Since m = n = 2, Proposition 4.1 shows that the
effective matrix g0× coincides with g×, i.e.,

g0× = g× = diag{g0+, g0−}.

The effective operator for A×,ε is given by A0
× = −g0×Δ.

The role of Λ is played by the Γ-periodic solution Λ× of the problem

b×(D)g×(x)(b×(D)Λ×(x) + 12) = 0,

∫
Ω

Λ×(x) dx = 0.

The matrix-valued function Λ× can be expressed in terms of the solutions Λ± of problems
(10.7)±:

Λ×(x) =

(
0 Λ−(x)

Λ+(x) 0

)
.

The role of rΛ is played by the Γ-periodic solution rΛ× of the problem

b×(D)g×(x)b×(D)rΛ×(x) + v×(x) + i

2∑
j=1

∂jηj,×(x) = 0,

∫
Ω

rΛ×(x) dx = 0.

The matrices (5.2) and (5.3) take the form

V× = |Ω|−1

∫
Ω

(b×(D)Λ×(x))
∗g×(x)(b×(D)rΛ×(x)) dx,

W× = |Ω|−1

∫
Ω

(b×(D)rΛ×(x))
∗g×(x)(b×(D)rΛ×(x)) dx.

Calculating the effective operator by the general rule (7.12), we obtain

(10.26) B0
×,λ = −g0×Δ+ 2i(η01,×∂1 + η02,×∂2) +Q× −W× + λQ0,×,

where 2η01,× = 2η1,× + σ1V× + V ∗
×σ1 , 2η02,× = 2η2,× + σ2V× + V ∗

×σ2.

By Proposition 7.4(1◦), we can use the corrector K0
×,ε of the form (7.24). The first

term of this corrector is given by (Λε
×b×(D) + rΛε

×)(B0
×,λ)

−1, the second term is adjoint
to the first. In order to find the third term of the corrector, we need to calculate the
operator N× of the form (7.18). By Proposition 7.6,

(10.27) N× = N12,×(D) +N21,×(D) +N22,×.

In accordance with (6.4), (5.17), (6.22), and (10.22), the first term in (10.27) is repre-
sented as

(10.28) N12,×(D) = M1,×(D)b×(D) + b×(D)M1,×(D)∗ + b×(D)T0,×b×(D),
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where

T0,× =
2∑

j=1

i
(
Λ∗
×ηj,×∂jΛ× − (∂jΛ∗

×)ηj,×Λ×
)
+ Λ∗

×v×Λ×,(10.29)

M1,×(D) = (b×(D)rΛ×)∗ diag{ω2
+Λ+, ω2

−Λ−}
(
∂− 0
0 ∂+

)
− 2

2∑
j=1

ηj,×Λ×Dj .(10.30)

By (6.5), (5.22), (5.28), and (10.22), the second term in (10.27) is given by

(10.31) N21,×(D) = M2,×(D)+M2,×(D)∗+T ∗
×b×(D)+ b×(D)T×−4

2∑
j=1

Re ηj,×rΛ×Dj ,

where

(10.32) T× =

2∑
j=1

i
(
Λ∗
×ηj,×∂j rΛ× − (∂jΛ∗

×)ηj,×rΛ×
)
+ Λ∗

×v×rΛ× + Λ∗
×(Q× + λQ0,×),

and M2,×(D) is the DO with the symbol

(10.33) M2,×(ξ) = (b×(D)rΛ×)∗g×b×(ξ)rΛ×.

The third term in (10.27) can be found with the help of (5.31), (5.36), and (10.22):

(10.34)
N22,× =

2∑
j=1

i
(

rΛ∗
×ηj,×∂j rΛ× − (∂j rΛ∗

×)ηj,×rΛ×
)
+ rΛ∗

×v×rΛ×

+ 2Re rΛ∗
×(Q× + λQ0,×).

As a result, the corrector for the operator (10.24) takes the form

(10.35)
K0

×,ε =
(
Λε
×b×(D) + rΛε

×
)(
B0
×,λ

)−1
+
(
B0
×,λ

)−1(
Λε
×b×(D) + rΛε

×
)∗

−
(
B0
×,λ

)−1N×
(
B0
×,λ

)−1
,

where the operator N× is defined as in (10.27)–(10.34). Theorem 7.1 and Proposition
7.4(1◦) lead to the following statement.

Proposition 10.2. Suppose that B×,λ,ε is the operator defined by (10.19), (10.21),
(10.24), with the coefficients satisfying the assumptions of Subsection 10.2. Let B0

×,λ

be the operator (10.26) with the effective coefficients described above in Subsection 10.2.
Let K0

×,ε be the corrector (10.35). Then∥∥B−1
×,λ,ε − (B0

×,λ)
−1

∥∥
L2(R2)→L2(R2)

≤ C0,×ε, 0 < ε ≤ 1,∥∥B−1
×,λ,ε − (B0

×,λ)
−1 − εK0

×,ε

∥∥
L2(R2)→L2(R2)

≤ C0
×ε

2, 0 < ε ≤ 1.

The constants C0,× and C0
× depend only on the initial data (10.25).

10.3. Definition and factorization of the Pauli operator. (See, e.g., [BSu1, Chap-

ter 6, §2].) Suppose we are given a magnetic potential qA(x) = col{ qA1(x), qA2(x)}, where
the qAj(x) are Γ-periodic real-valued functions in R2 such that

(10.36) qAj ∈ Lρ(Ω), ρ > 2, j = 1, 2.

In L2(R
2;C2), we consider the selfadjoint operator

(10.37) D = (D1 − qA1)σ1 + (D2 − qA2)σ2, DomD = H1(R2;C2).
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The operator (10.37) is the zero-mass Dirac operator. By definition, the Pauli operator
P is the square of D:

(10.38) P = D2 =

(
P− 0
0 P+

)
.

The precise definition of P is given in terms of the closed quadratic form ‖Du‖2L2(R2),

u ∈ H1(R2;C2). If the potential qA(x) is a Lipschitz function, then the blocks of the
operator (10.38) look like this:

P± = (D− qA(x))2 ± qB(x), qB(x) := ∂1 qA2(x)− ∂2 qA1(x).

Here qB(x) has the meaning of a magnetic field.
The operator P admits a convenient factorization. A gauge transformation allows us

to assume that the potential qA(x) is subject to the conditions

(10.39) div qA(x) = 0,

∫
Ω

qA(x) dx = 0,

and still satisfies (10.36). (The first equation in (10.39) is understood in the sense of
distributions.) Then there exists a Γ-periodic real-valued function ϕ(x) such that

(10.40) ∇ϕ(x) = col{ qA2(x),− qA1(x)},
∫
Ω

ϕ(x) dx = 0.

Here, we have ϕ ∈ ĂW 1
ρ (Ω) ⊂ Cα, α = 1− 2ρ−1. Denote

(10.41) ω+(x) = eϕ(x), ω−(x) = e−ϕ(x).

The functions (10.41) satisfy conditions (10.1)± automatically, and ω+(x)ω−(x) = 1. The

norms ‖ω+‖L∞ and ‖ω−‖L∞ are controlled in terms of ‖qA‖Lρ(Ω) and the parameters of

the lattice Γ. Moreover, the functions ω± are multipliers both in H1(Rd) and in rH1(Ω).
Let matrices h×(x) and g×(x) and the operator b×(D) be defined as in (10.20). The

operator (10.38) admits the factorization

(10.42) P = h×b×(D)g×b×(D)h×.

The blocks P± of P can be represented as

P+ = ω−∂+ω
2
+∂−ω−, P− = ω+∂−ω

2
−∂+ω+.

10.4. The operators rB±,ε. (Before they were studied in [Su2, Subsection 14.4].) Now
we consider the operators

(10.43)± P±,ε = ωε
∓∂±(ω

ε
±)

2∂∓ω
ε
∓ = ωε

∓A±,εω
ε
∓.

(We remind the reader that the operators A±,ε were defined in (10.2)±.) If the mag-
netic potential is a Lipschitz function, then the operators (10.43)± can be written as

P±,ε = (D− ε−1
qAε)2 ± ε−2

qBε; these operators are the blocks of the Pauli operator with

the singular magnetic potential ε−1
qAε.

Next, let A(x) = col{A1(x), A2(x)} be a vector-valued potential, where the Aj(x) are

Γ-periodic real-valued functions such that Aj ∈ Lρ(Ω), ρ > 2. Let qv±(x) and qQ(x) be
real-valued Γ-periodic functions such that

qv±, qQ ∈ Ls(Ω), s > 1;

∫
Ω

ω2
±(x)qv±(x) dx = 0.
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We consider the operator rB±,ε given formally by the expression

(10.44)± rB±,εu = P±,εu+ i
2∑

j=1

(
Aε

j(x)∂ju+ ∂j(A
ε
j(x)u)

)
+ ε−1

qvε±(x)u+ qQε(x)u.

(The precise definition is in terms of the corresponding quadratic form.)

Remark 10.3. Assuming that the potentials A(x) and qA(x) are Lipschitz functions, we
consider the operators

(10.45)± P±,ε = (D− ε−1
qAε −Aε)2 ± (ε−2

qBε + ε−1Bε),

where B(x) = ∂1A2(x)− ∂2A1(x), and

(10.46)± rB±,ε = P±,ε + ε−1
rvε + Vε.

Here rv(x) and V(x) are Γ-periodic real-valued functions such that rv,V ∈ Ls(Ω), s > 1.
We also impose the additional normalization condition on rv:∫

Ω

ω2
±(x)

(
rv(x) + 2〈qA(x),A(x)〉 ±B(x)

)
dx = 0.

Then the operator (10.46)± can be written as (10.44)± with qv± = rv + 2〈qA,A〉 ± B

and qQ = V + |A|2. The operators (10.45)± are the blocks of the Pauli operator with

the magnetic potential ε−1
qAε +Aε (which contains a singular term), and the operators

(10.46)± are perturbations of the previous ones by the electric potential ε−1
rvε + Vε

(which also contains a singular term).

Taking (10.3)±, (10.43)±, and (10.44)± into account, we see that the operators rB±,ε

and B±,ε satisfy relations like (8.7):

(10.47)± rB+,ε = ωε
−B+,εω

ε
−, rB−,ε = ωε

+B−,εω
ε
+.

Now, in (10.3±) we should put

(10.48)± ηj,± = ω2
±Aj , j = 1, 2; v± = ω2

±qv±, Q± = ω2
± qQ.

Let rQ0(x) be a Γ-periodic real-valued function such that rQ0(x) > 0; rQ0, rQ−1
0 ∈ L∞.

We put

(10.49)± rB±,λ,ε = rB±,ε + λ rQε
0.

Assume that the parameter λ is subject to the restriction (8.12) with f = ω∓ and c0,
c4 corresponding to the operator B±,ε. The initial data reduce to the following set of
parameters:

(10.50)±
ρ, s; ‖qA‖Lρ(Ω), ‖A‖Lρ(Ω), ‖qv±‖Ls(Ω), ‖ qQ‖Ls(Ω),

λ, ‖ rQ0‖L∞ , ‖ rQ−1
0 ‖L∞ ; the parameters of the lattice Γ.

From (10.47)±, (10.49)±, and (10.5)± it follows that

(10.51)± rB±,λ,ε = ωε
∓B±,λ,εω

ε
∓,

and, now, in (10.5)± we put

(10.52)± Q0,± = ω2
± rQ0.

Proposition 10.1(±) and representation (10.51)± imply the following result (cf. The-
orem 8.2).
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Proposition 10.4(±). Let rB±,λ,ε be the operator defined in accordance with (10.43)±,

(10.44)±, and (10.49)±, with the coefficients qA, A, qv±, qQ, and rQ0 satisfying the assump-
tions of Subsections 10.3, 10.4. Suppose that ω+, ω− are the functions defined by (10.40),
(10.41). Let B±,λ,ε be the operator defined as in (10.2)±, (10.3)±, and (10.5)±, with

the coefficients related to the coefficients of the operator rB±,λ,ε by formulas (10.48)±,
(10.52)±. Let B0

±,λ be the effective operator for B±,λ,ε defined by (10.8)±. Let K0
±,ε be

the corrector (10.17)± for the operator B±,λ,ε. Then∥∥ rB−1
±,λ,ε − ωε

±(B0
±,λ)

−1ωε
±
∥∥
L2(R2)→L2(R2)

≤ rC0,±ε, 0 < ε ≤ 1,∥∥ rB−1
±,λ,ε − ωε

±
(
(B0

±,λ)
−1 + εK0

±,ε

)
ωε
±
∥∥
L2(R2)→L2(R2)

≤ rC0
±ε

2, 0 < ε ≤ 1.

The constants rC0,± and rC0
± depend only on the initial data (10.50)±.

10.5. The operator rB×,ε. (Before, this operator was studied in [Su2, Subsection 14.5].)
We return to the matrix Pauli operator (10.42) and consider the corresponding operator

(10.53) Pε = hε
×b×(D)gε×b×(D)hε

×.

Then

Pε =

(
P−,ε 0
0 P+,ε

)
,

where the blocks P±,ε are as in (10.43)±.
Next, let qηj,×, j = 1, 2, be Γ-periodic diagonal (2 × 2)-matrix-valued functions with

real entries and such that qηj,× ∈ Lρ(Ω), ρ > 2. Let qv×(x) and qQ×(x) be Γ-periodic
Hermitian (2× 2)-matrix-valued functions in R

2 such that

qv×, qQ× ∈ Ls(Ω), s > 1;

∫
Ω

h×(x)
−1

qv×(x)h×(x)
−1 dx = 0.

Consider the operator rB×,ε given formally by the expression

(10.54) rB×,εu = Pεu+ i
2∑

j=1

(
qηεj,×(x)∂ju+ ∂j(qη

ε
j,×(x)u)

)
+ ε−1

qvε×(x)u+ qQε
×(x)u.

The precise definition is in terms of the corresponding quadratic form.

Remark 10.5. Let P±,ε be the operators (10.45)±, and let the potentials qA, A be Lis-
chitz functions. Consider the operator Pε = diag{P−,ε,P+,ε}; this is the matrix Pauli

operator with the magnetic potential ε−1
qAε + Aε (which contains a singular term).

Let rv×(x) and V×(x) be Γ-periodic Hermitian (2× 2)-matrix-valued functions such that
rv×,V× ∈ Ls(Ω), s > 1. Consider the perturbed Pauli operator

(10.55) rB×,ε = Pε + ε−1
rvε× + Vε

×.

We impose the following normalization condition on rv×:∫
Ω

h×(x)
−1

(
rv×(x) + 2〈qA(x),A(x)〉1−B(x)σ3

)
h×(x)

−1 dx = 0.

Then the operator (10.55) can be written in the form (10.54) with

qηj,× = Aj1, j = 1, 2; qv× = rv× + 2〈qA,A〉1−Bσ3, qQ× = V× + |A|21.

By (10.19) and (10.53), we see that the operators (10.54) and (10.21) satisfy the
identity

(10.56) rB×,ε = hε
×B×,εh

ε
×.
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Now, in (10.21) we should put

(10.57) ηj,× = h−1
× qηj,×h

−1
× , j = 1, 2; v× = h−1

× qv×h
−1
× , Q× = h−1

× qQ×h
−1
× .

In order to check identity (10.56), we use the fact that the matrices qηj,× and h× are
diagonal, and therefore, they commute.

Let rQ0,×(x) be a Γ-periodic, positive definite, and bounded (2 × 2)-matrix-valued
function on R2. We put

(10.58) rB×,λ,ε = rB×,ε + λ rQε
0,×.

Assume that λ is subject to the restriction (8.12) with f = h× and c0, c4 corresponding
to the operator B×,ε. The initial data reduce to the set of parameters

(10.59)
ρ, s; ‖qA‖Lρ(Ω), ‖qηj,×‖Lρ(Ω), j = 1, 2; ‖qv×‖Ls(Ω), ‖ qQ×‖Ls(Ω),

λ, ‖ rQ0,×‖L∞ , ‖ rQ−1
0,×‖L∞ ; the parameters of the lattice Γ.

From (10.56), (10.58), and (10.24) it follows that

(10.60) rB×,λ,ε = hε
×B×,λ,εh

ε
×,

and, now, in (10.24) we put

(10.61) Q0,× = h−1
×

rQ0,×h
−1
× .

Proposition 10.2 and the representation (10.60) imply the following result (cf. Theo-
rem 8.2).

Proposition 10.6. Suppose that the operator rB×,λ,ε is defined in accordance with (10.53),

(10.54), and (10.58), and that its coefficients qA, qηj,× (j = 1, 2), qv×, qQ×, and rQ0,× sat-
isfy the assumptions of Subsections 10.3, 10.5. Let ω+ and ω− be the functions defined
by (10.40), (10.41), and let h× and g× be the matrix-valued functions defined by (10.20).
Suppose that B×,λ,ε is the operator defined as in (10.19), (10.21), (10.24), and that its co-

efficients are related to the coefficients of the operator rB×,λ,ε by formulas (10.57), (10.61).
Let B0

×,λ be the effective operator for B×,λ,ε defined by (10.26). Let K0
×,ε be the correc-

tor (10.35) for the operator B×,λ,ε. Then for 0 < ε ≤ 1 we have∥∥ rB−1
×,λ,ε − (hε

×)
−1(B0

×,λ)
−1(hε

×)
−1

∥∥
L2(R2)→L2(R2)

≤ rC0,×ε,∥∥ rB−1
×,λ,ε − (hε

×)
−1

(
(B0

×,λ)
−1 + εK0

×,ε

)
(hε

×)
−1

∥∥
L2(R2)→L2(R2)

≤ rC0
×ε

2.

The constants rC0,× and rC0
× depend only on the initial data (10.59).
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