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BASIS IN AN INVARIANT SPACE OF ENTIRE FUNCTIONS

A. S. KRIVOSHEEV AND O. A. KRIVOSHEEVA

Abstract. The existence of a basis is studied in a space of entire functions invariant
under the differentiation operator. It is proved that every such space possesses a basis
consisting of linear combinations of generalized eigenvectors. These linear combina-
tions are formed within groups of exponents of arbitrarily small relative diameter. A
complete description of the way to split the exponents into groups is obtained. Also,
a criterion is found for the existence of a basis constructed by groups of zero relative
diameter (so-called relatively small groups). In this connection a new criterion is
obtained for the finiteness of the lower indicator of an entire function of exponential
type.

§1. Introduction

Let H(C) denote the space of entire functions with the topology of uniform conver-
gence on compact sets, and let W be a nontrivial (W �= H(C), {0}) subspace invariant
under differentiation, i.e., containing the derivatives of all functions that belong to it.
Spaces of solutions of homogeneous convolution equations and their systems are such,
the homogeneous convolution equation being an equation of the form μ(g(z + w))≡0,
g ∈ H(C), where μ is an element of the strong dual H∗(C), called an analytic functional.
Moreover, every subspace of H(C) invariant under differentiation is the space of solutions
of a system of at most two such equations (see, e.g., [1, Chapter II, §7, Theorem 7.5]).

Let Λ = {λk, nk} be the collection of all points of the spectrum and their multiplicities
for the differentiation operator on W . If W is nontrivial, there is a functional μ �= 0 that
annihilates W . Its Laplace transform f(λ) = μ(expλz) is an entire function (see, e.g.,
[2, Chapter III, §12]), which, as can easily be realized, vanishes at the points λk with
multiplicity of an least nk. Since the exponentials are dense in H(C), we see that f �≡ 0.
Thus, there are at most countably many points λk, and their multiplicities are finite.
If the set of these points is countable, it accumulates only towards ∞. Note that the
Laplace transformation establishes an isomorphism between H∗(C) and the space of
entire functions of exponential type (see, e.g., [2, Chapter III, §12, Theorem 12.3]). If W
is the space of solutions of the convolution equation μ(g(z + w)) ≡ 0, then Λ coincides
with the collection of zeros and their multiplicities for the Laplace transform of μ (this
Laplace transform is called the characteristic function of the above convolution operator).

As examples of convolution equations, we can name linear differential, difference, and
difference-differential equations of finite or infinite order and with constant coefficients,
and also certain integral equations. If the spectrum of a space W is finite, then W
coincides with the space of solutions of a linear homogeneous differential equation of
finite order and with constant coefficients.

Let E(Λ) = {zn exp(λkz)}, k ≥ 1, n = 0, . . . , nk − 1, be the system of generalized
eigenvectors for the differentiation operator on W . It is natural to look for ways of
representing all functions inW in terms of elements of E . The first result in the framework

2010 Mathematics Subject Classification. Primary 30D10.
Key words and phrases. Entire function, basis, invariant subspace, interpolation.

c©2016 American Mathematical Society

273

http://www.ams.org/spmj/
http://dx.doi.org/10.1090/spmj/1387


274 A. S. KRIVOSHEEV AND O. A. KRIVOSHEEVA

of this problem was Euler’s fundamental principle for the spaces of solutions of linear
homogeneous differential equations of finite order with constant coefficients. Every such
solution can be written as a finite sum of the form

∑
zn exp(λkz), where the λk are the

roots of the characteristic polynomial whose multiplicities are nk, and n may vary from
0 to nk − 1. In the case where the spectrum of W is infinite, the representation problem
becomes much more involved. Ideally, it would be desirable to represent a function g ∈ W
as a series

(1.1) g(z) =

∞,nk−1∑
k=1,n=0

dk,nz
n exp(λkz)

convergent uniformly on every compact subset of the plane. If every function g ∈ W is
represented by a series (1.1), we say that the fundamental principle is fulfilled in W . It
should be noted that, whenever it exists, an expansion (1.1) is unique for every nontrivial
subspace W . Indeed (see, e.g., [3, Chapter I, §1, item 3]), in this case the system

E(Λ) always admits a biorthogonal system of functionals {μk,n}∞,nk−1
k=1,n=0 ⊂ H∗(C) (i.e.,

μk,n(z
l exp(λjz)) = 1 if k = j, n = l, and μk,n(z

l exp(λjz)) = 0 otherwise). Then,
clearly, dk,n = μk,n(g), l ≥ 1, n = 0, . . . , nk − 1.

The first step towards the representation (1.1) is solution of the spectral synthesis
problem, i.e., finding conditions under which the system E(Λ) is complete in W . In 1947,
L. Schwartz proved that an arbitrary closed invariant subspace W ⊂ H(C) admits spec-
tral synthesis. Thus, W is uniquely determined by its multiple spectrum Λ = {λk, nk}
as the closed linear span of the system E(Λ).

On the other hand, the subspace of H(C) equal to the closure of the linear span of
some system E(Λ) is closed and invariant under differentiation. In what follows, this
subspace will be denoted by W(Λ) and will be called the subspace generated by Λ.

In 1951, A. O. Gelfond refined Schwartz’s result in the case where W is the space
of solutions of the convolution equation μ(g(z + w))≡0. He showed that every function
g ∈ W is representable by a series (1.1) “with brackets”

(1.2) g(z) =
∞∑

m=1

( ∑
λk∈Um

nk−1∑
n=0

dk,nz
n exp(λkz)

)

that converges uniformly on compact subsets of C. Here Um is the group of zeros λk

(with multiplicities nk) for the characteristic function f of the convolution operator that
belong to the annulus rm ≤ |λ| < rm+1, and {rm} is a monotone increasing sequence
that tends to infinity and has the property that ln |f(λ)| ≥ −a|λ|, |λ| = rm, m ≥ 1, with
some constant a > 0. A. F. Leont′ev (see [1, Chapter II, §7, Theorem 7.2]) extended
this result to arbitrary nontrivial invariant spaces of entire functions. Specifically, the
role of f (as far as we deal with lower estimates on circles, i.e., when we split Λ into the
groups Um) can be played by an arbitrary entire function of exponential type that has a
zero of multiplicity of at most nk at each λk.

Only the nontriviality of W(Λ) is required for the representation (1.2). Invoking the
Laplace transformation, we see that this space is nontrivial if and only if there exists
an entire function of exponential type that has a zero of multiplicity of at least nk at
each λk. The Lindelöf theorem shows (see [1, Chapter I, §3, Theorem 3.9]) that such an
f exists if and only if the upper density of Λ is finite. For example, such a function can
be chosen as follows:

(1.3) L(λ) =
∞∏
k=1

(
1− λ2

λ2
k

)nk

, λ ∈ C.
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In distinction with (1.2), the representation (1.1) cannot be ensured by the mere
finiteness of the upper density of Λ. There is an example of a series (1.2) convergent
on C and such that the corresponding series (1.1) diverges everywhere. This is achieved
when the λk strongly approach one another near infinity; a similar example will be
presented in §8 in a more general situation. Thus, for the representation (1.1) we must
impose some “separation” condition on the points λk. For this, A. F. Leont′ev employed
Bernstein’s condensation index, extending its definition to complex sequences Λ with
simple (nonmultiple) λk:

γ(Λ) = lim sup
k→∞

1

|λk|
ln
∣∣∣ 1

L′(λk)

∣∣∣,
where L is given by (1.3) with nk = 1. In this way, Leont′ev gave a criterion for the
fundamental principle for invariant subspaces W(Λ) ⊂ H(C) in the case of simple λk,
see [3, Chapter IV, §2, Theorem 4.2.12]). Specifically, every g ∈ W(Λ) is representable by
a series (1.1) if and only if the indices γ(Λi), i = 1, 2, 3, are finite; these indices are defined
in terms of the functions Li(λ), i = 1, 2, 3, each of which corresponds to the points λk that
belong to one of three angles that cover the plane. Also, Leont′ev gave a simpler criterion
for the fundamental principle in spaces of entire solutions of homogeneous convolution
equations with simple λk (see [3, Chapter IV, §2, Theorems 4.2.4–4.2.6]). Each of these
solutions is representable by a series (1.1) if and only if the index γ(Λ) defined in terms
of the characteristic function L(λ) for the convolution operator is finite.

In these results, the index γ(Λ) for complex sequences is not uniquely defined. Also,
it is of global nature because it arises as a limit of quantities whose calculation requires
all λk’s. It might be supposed that the local behavior of the λk (their mutual separation)
is influenced by their distribution on the plane. However, this is not so. In order to
confirm this, a new condensation index SΛ of sequences Λ was introduced in [6]. It is
defined as a limit of certain quantities depending on the points λj that belong to an
arbitrarily small (relative to |λk|) neighborhood of λk; see §2 for the definition of SΛ. In
that paper, a criterion for the fundamental principle was found for arbitrary invariant
subspaces of functions analytic in a convex domain on the complex plane. In particular,
it was proved there that a representation (1.1) is possible for every g ∈ W(Λ) ⊂ H(C) if
and only if SΛ is finite.

It should be noted that the fundamental principle is equivalent to the solvability of a
multiple interpolation problem in the space of entire functions of exponential type with
the λk in the role of interpolation nodes (see, e.g., [6, Proposition 2.10]). Largely, this
relationship was established due to Leont′ev’s work.

Thus, presently, the conditions of representability by series (1.1) for arbitrary invariant
subspaces of entire functions are studied fully. But the situation when SΛ = −∞ is
still not quite clear. In this case, (1.1) is impossible. But (1.2) always occurs. In
this connection, it is natural to ask about representations “intermediate” between (1.1)
and (1.2). Is it possible to replace (1.2) (which is a series (1.1) “with brackets”) by a
“pure” series whose terms are linear combinations of functions belonging to E(Λ) with
exponents within groups Um in such a way that these linear combinations be one and the
same for all g ∈ W(Λ)? In other words, does W(Λ) possess a basis consisting of linear
combinations of generalized eigenvectors for the differentiation operator and constructed
in accordance with a certain splitting U = {Um} of the sequence Λ into groups? If such
a basis exists, many other questions arise. How to find a partition U and how to describe
all suitable partitions? How to form linear combinations within a group and how to
describe all suitable linear combinations? How small the diameter of Um can be made,
i.e., to what extent the new “pure” series shares the properties of (1.1)? Finally, how to
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describe the space of coefficients of convergent series with respect to this basis? In other
words, what space of numerical sequences is identifiable with W(Λ)?

The present paper is devoted to answers to these questions. It consists of 9 sections.
In §2, we study numerical characteristics of a complex sequence. In particular, for an
arbitrary partition U = {Um} of the sequence Λ, we introduce a quantity SΛ(U), which
measures the asymptotic closeness of the groups Um to one another. In the sequel, this
characteristic will allow us to describe all partitions suitable for constructing a basis.
Some properties of functions involved in the definition of SΛ(U) are studied. In Theo-
rem 2.1, it is proved that the upper density of Λ is finite if and only if U can be split into
groups Um with a prescribed asymptotic smallness (relative to the moduli of λk ∈ Um)
of the diameters.

In §3, we study splittings into the so-called relatively small groups Um, i.e., into groups
whose diameters and cardinalities are infinitesimal as m → ∞ relative to the moduli of
λk ∈ Um. A characteristic S1

Λ is introduced, which leads to a criterion (namely, S1
Λ > −∞,

Theorem 3.2) for the existence of a suitable splitting U of Λ into relatively small groups.
Some properties of this characteristic are studied (Theorem 3.1). It has turned out that,
if Λ is the zero set (with multiplicities) for an entire function of exponential type, the
finiteness of S1

Λ is equivalent to the finiteness of the lower indicator of this function.
This fact will be established in §6 (Theorem 6.1). In distinction to an earlier finiteness
criterion for the lower indicator (see [7]), the new criterion is of local nature. Next, we
want to strongly emphasize its geometric essence.

§§4 and 5 are auxiliary. The results proved there will be used in §7 for the solution of an
interpolation problem (Theorem 7.1) required for the construction of a basis in W(Λ).
In Theorem 4.1, a complex sequence is extended to the zero set of an entire function
of exponential type in a special way, which makes it possible to retain the required
separation of groups, whatever be the partition of the initial sequence. Also, certain
lower estimates for functions of exponential type are obtained (Theorem 5.1).

In §8, we construct a function in W(Λ) that does not expand in a series (1.2) at any
point of the plane provided the groups Um strongly approach one another as m → ∞.

The principal results are collected in the last section. Given a partition U = {Um} of
the sequence in question, we construct a special system E(Λ, U) of exponential polynomi-
als that is intimately related to the interpolation problem mentioned above. On the basis
of the solution of that problem, we shall show that, under the condition SΛ(U) > −∞, the
system E(Λ, U) is a Köthe basis inW(Λ). Moreover, the space of coefficients of expansions
with respect to this basis will be described completely (Theorem 9.1). In Theorem 9.2,
with the help of Theorem 8.1 we shall prove that the condition SΛ(U) > −∞ is necessary
for the existence of a basis constructed by the partition U . These results imply that,
being a basis, the system E(Λ, U) turns out automatically to be a Köthe basis. They
also imply that the above condition is a criterion for E(Λ, U) to be a basis (Theorem 9.5)
and that the existence of a basis in W(Λ) implies that E(Λ, U) is a basis (Theorem 9.4).
In particular, Theorem 9.5 covers the solution of the fundamental principle problem for
an invariant space of entire functions, found in [6, Theorem 5.1].

The section is finished with the study of other bases (different from E(Λ, U)) in W(Λ)
that consist of linear combinations of generalized eigenvectors of the differential operator
such that the exponents of each linear combination are within one of the groups Um.
In Theorem 9.6 all possible bases are constructed under the condition SΛ(U) > −∞.
By Theorem 9.2, there is no such bases if this condition is violated. All such bases are
Köthe bases automatically. Also, the space of expansion coefficients is described. By
using Theorem 2.1, it is shown that a nontrivial subspace W(Λ) always possesses a basis
constructed by groups of arbitrarily small relative diameter (Theorem 9.7). Moreover,
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with the help of Theorem 3.2, in Theorem 9.8 we give a criterion for the existence of
a basis with respect to groups of zero relative diameter (i.e., with respect to relatively
small groups). In the last result of the paper (Theorem 9.9), we study the case where
W(Λ) is the space of solutions of a homogeneous convolution equation. Here, with the
help of Theorem 6.1, we manage to obtain yet another criterion of the existence of a basis
with respect to relatively small groups, namely, the boundedness of the lower indicator
for the characteristic function of the convolution operator.

To conclude the Introduction, we note that the existence problem for a basis with
respect to relatively small groups in an invariant subspace was studied by the authors
in [8]. In distinction with the present paper, in [8] we treated invariant spaces of functions
analytic in a bounded convex domain. A criterion was found for the existence of such a
basis in classical terms of the regular growth of a certain entire function of exponential
type that vanishes at each λk with multiplicity of at least nk. A drawback of this criterion
is an “intermediator” (an entire function) involved in the statement. In the present paper,
for invariant spaces of entire functions, we give a criterion stated exclusively in terms of
the geometry of the sequence Λ = {λk, nk}∞k=1 (i.e., the finiteness of the quantity S1

Λ).
Next, a principal difference of the case considered here from the case of a bounded convex
domain lies in the fact that an invariant space of entire functions always possesses a basis
(Theorem 9.7) with respect to groups of arbitrarily small relative diameter (but not with
respect to relatively small groups).

§2. Characteristics of a complex sequence

In this section, we study splittings of the sequence Λ that are suitable for constructing
a basis in W(Λ). Also, conditions ensuring the existence of such splittings are found.

Let Λ = {λk, nk}∞k=1 be a multiple sequence of complex numbers with the only limit
point ∞. The symbol B(w, r) denotes the open disk centered at w and of radius r > 0,
and MΛ(z, δ) stands for the number of λk’s (counted with multiplicity) that belong to
B(z, δ|z|). For a cone Γ with vertex at the origin, we put

MΛ,Γ(δ) = lim sup
z∈Γ,|z|→∞

MΛ(z, δ)

|z| , MΛ,Γ = lim
δ→0

MΛ,Γ(δ).

The second identity is consistent because the function MΛ,Γ(δ) is monotone. We
omit the symbol Γ in the above notation if Γ = C. But if Γ is the ray {tξ, t > 0},
ξ ∈ ∂B(0, 1), we replace Γ with ξ (for example, we write MΛ,ξ(δ) in place of MΛ,Γ(δ)).
Let λk ∈ B(z, δ|z|). Then B(z, δ|z|) ⊂ B(λk, 2(1− δ)−1δ|λk|). Therefore,

MΛ(z, δ)/|z| ≤ (1 + δ)MΛ(λk, 2(1− δ)−1δ)/|λk|.
From this it easily follows that

MΛ = lim
δ→0

lim sup
k→∞

MΛ(λk, δ)/|λk|.

Let N(Λ) be the upper density of Λ, i.e.,

N(Λ) = lim sup
l→∞

l/|ξl|,

where {ξl} is the sequence composed of the points λk repeated nk times each. We denote
by N(Λ, r) the number of points λk that belong to B(0, r) (the multiplicities nk are taken
into account). It can easily be verified that

N(Λ) = lim sup
r→+∞

N(Λ, r)/r.

Lemma 2.1. We have MΛ(δ) ≤ (1 + δ)N(Λ), δ > 0. Moreover, if MΛ < ∞, then
N(Λ) < ∞.
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Proof. We have

MΛ(δ) = lim sup
|z|→∞

MΛ(z, δ)

|z| ≤ lim sup
|z|→∞

N(Λ, (1 + δ)|z|)
|z|

= (1 + δ) lim sup
r→+∞

N(Λ, r)

r
= (1 + δ)N(Λ).

If MΛ < ∞, then there exist numbers δ ∈ (0, 1) and R > 0 such that MΛ(z, 2δ) ≤
2MΛ|z|, z ∈ C \ B(0, r). Let |ξ| = 1, let Γ(ξ, rδ) = {tz : z ∈ B(ξ, rδ), t > 0}, and let

N(Λ, r, ξ, rδ) be the number of λk’s (counted with multiplicities) in the sector Γ(ξ, rδ) ∩
∂B(0, 1) ⊂ B(0, r). We choose rδ > 0 in such a way that Γ(ξ, rδ) ∩ ∂B(0, 1) ⊂ B(ξ, δ).

Then the disk B((1 + δ)tξ, 2(1+ δ)δt) includes the set Γ(ξ, rδ)∩ (B(0, (1 + δ)t) \B(0, t)).
Indeed, every w in this set satisfies

|w − (1 + δ)tξ| ≤ |w − |w|ξ|+ ‖w|ξ − (1 + δ)tξ| ≤ |w|δ + δt < 2(1 + δ)δt.

Put zm = (1+ δ)mRξ, m ≥ 1, and denote by m(r) the smallest number m with |zm| ≥ r.
We have

lim sup
r→+∞

N(Λ, r, ξ, rδ)

r
= lim sup

r→+∞

N(Λ, r, ξ, rδ)−N(Λ, R, ξ, rδ)

r

≤ lim sup
r→+∞

m(r)∑
m=1

MΛ(zm, 2δ)

r
≤ 2MΛ lim sup

r→+∞

m(r)∑
m=1

|zm|
r

= 2MΛ lim sup
r→+∞

m(r)∑
m=1

(1 + δ)m

(1 + δ)m(r)−1
≤ 2MΛ

(
2 + δ +

1 + δ

δ

)
.

This easily implies the claim. �

We shall denote by U = {Um}∞m=1 a splitting of the sequence {λk} into finite groups
Um, m ≥ 1. We shall use the alternative notation λm,l for the points λk belonging to
Um, and the notation nm,l for their multiplicities. Here the first index coincides with
the number of the group, and the second varies from 1 to Mm, where Mm is the number
of points λk (without multiplicity) in Um. Let Nm be the number of λk’s in Um with

multiplicity taken into account, i.e., Nm =
∑Mm

l=1 nm,l. We introduce the quantities

N (Λ, U) = lim sup
m→∞

max
1≤p≤Mm

Nm \ |λm,p|,

D(Λ, U) = lim sup
m→∞

max
1≤j,l,p≤Mm

|λm,j − λm,l|/|λm,p|.

The groups Um are said to be relatively small if D(Λ, U) = N (Λ, U) = 0.
Consider the function

qΛ(z, w, δ) =
∏

λk∈B(w,δ|w|)

(
z − λk

3δ|λk|

)nk

.

If none of the λk belongs to B(w, δ|w|), we put qΛ(z, w, δ) ≡ 1. The modulus of
qΛ(z, w, δ) can be interpreted as concentration near z for the points λk ∈ B(w, δ|w|).
Heuristically, the quantity ln |qΛ(z, w, δ)|/|w| is similar to the logarithm of the geo-
metric mean (the arithmetic mean of the logarithms) of the normed distances from
λk ∈ B(w, δ|w|) to z. If δ ∈ (0, 1), then the modulus of each factor qΛ is estimated

in B(w, δ|w|) by 2
(
3(1 − δ)

)−1
from above. Thus, it does not exceed 1 if δ ∈ (0, 1/3).

Next, if δ1 ≤ δ2 and B(w1, δ1|w1|) ⊆ B(w2, δ2|w2|), then the factors qΛ(z, w1, δ1) cannot
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outnumber the factors qΛ(z, w2, δ2), and each factor qΛ(z, w1, δ1) does not exceed the
corresponding factor qΛ(z, w2, δ2) in modulus. Consequently,

(2.1) |qΛ(z, w1, δ1)| ≥ |qΛ(z, w2, δ2)|, z ∈ B(w2, δ2|w2|),

if 0 < δ1 ≤ δ2 < 1/3 and B(w1, δ1|w1|) ⊆ B(w2, δ2|w2|). We put

qm,l
Λ,U (z, δ) =

∏
λk,ν∈B(λm,l,δ|λm,l|)

k �=m

(
z − λk,ν

3δ|λk,ν |

)nk,ν

,

m = 1, 2, . . . , l = 1, . . . ,Mm.

If the disk B(λm,l,δ|λm,l|) does not contain any of λk,ν , k �= m, we put qm,l
Λ,U (z, δ) ≡ 1.

Let m = 1, 2, . . . , 1 ≤ l, and let k ≤ Mm. As above, we obtain the inequality

(2.2) |qm,l
Λ,U (z, δ1)| ≥ |qm,k

Λ,U (z, δ2)|, z ∈ B(λm,k, δ2|λm,k|),

if 0 < δ1 ≤ δ2 < 1/3 and B(λm,l, δ2|λm,l|) ⊆ B(λm,k, δ2|λm,k|). We put

SΛ(U) = lim
δ→0

lim inf
m→∞

min
1≤l≤Mm

ln |qm,l
Λ,U (λm,l, δ)|
|λm,l|

.

This definition is consistent because the limit in δ exists by (2.2). We observe that

SΛ(U) ≤ 0. Indeed, the quantity ln |qm,l
Λ,T (λm,l, δ)| is nonpositive for all δ ∈ (0, 1/3). If

the partition U is trivial, i.e., each group Um is a singleton, then the quantity SΛ(U)
coincides with the quantity SΛ introduced in [6]. If MΛ = 0, then SΛ(U) does not change
if the number 3 in the definition of qΛ is replaced with any other nonzero number (see
the remark to Theorem 5.1 in [6]) in this connection). The coefficient 3 has been chosen
for convenience only.

It can easily be observed thatN (Λ, U) ≤ MΛ whenever D(Λ, U) = 0. But if D(Λ, U) <
∞, then N (Λ, U) is finite whenever MΛ is finite. Indeed, by Lemma 2.1, the condition
MΛ < ∞ implies N(Λ) < ∞. Then, invoking inequalities similar to those used at the
beginning of the proof of that lemma, we deduce that N (Λ, U) < (1 + D(Λ, U))N(Λ).
The converse is not always true, i.e., MΛ may be infinite even if N (Λ, U) is finite. We
introduce yet another quantity:

N1(Λ, U) = lim
δ→0

lim sup
m→∞

max
1≤l≤Mm

Nm(λm,l, δ)/|λm,l|,

where Nm(z, δ) is the number (with multiplicity) of points of Um that lie in the disk
B(z, δ|z|). Note that the quantities N (Λ, U) and N1(Λ, U) coincide if D(Λ, U) = 0. We
clearly have N1(Λ, U) ≤ MΛ. It turns out that the converse is also true if the groups are
separated. More precisely, we have the following statement.

Lemma 2.2. Let the sequence Λ = {λk, nk}∞k=1 be split into groups U = {Um}∞m=1,

where Um = {λm,l}Mm

l=1 . Suppose that SΛ(U) > −∞. Then

lim inf
δ→0

ln δ lim sup
m→∞

max
1≤l≤Mm

MΛ(λm,l, δ)−Nm(λm,l, δ)

|λm,l|
≥ SΛ(U).

Proof. Fix ε > 0. By the definition of SΛ(U), we can choose α ∈ (0, 1/3) and an index
m0 such that

min
1≤l≤Mm

ln |qm,l
Λ,U (λm,l, α)|/|λm,l| ≥ SΛ(U)− ε, m ≥ m0.
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Let δ ∈ (0, α), and let m ≥ m0. If MΛ(λm,l, δ)−Nm(λm,l, δ) > 0, then, much as in the
proof of inequality (2.1), we obtain

1

|λm,l|
∑

λk,ν∈B(λm,lδ|λm,l|),
k �=m

nk,ν ln
|λm,l − λk,ν |
3α|λk,ν |

≥
ln |qm,l

Λ,U (λm,l, α)|
|λm,l|

≥ SΛ(U)− ε.

Consequently,

SΛ(U)− ε ≤ 1

|λm,l|
∑

λk,ν∈B(λm,l,δ|λm,l|)
k �=m

nkν ln
δ|λm,l|
3α|λk,ν |

≤ MΛ(λm,l, δ)−Nm(λm,l, δ)

|λm,l|
ln

δ

3α(1− δ)
.

Thus,

ln
δ

3α(1− δ)
lim sup
m→∞

max
1≤l≤Mm

MΛ(λm,l, δ)−Nm(λm,l, δ)

|λm,l|
≥ SΛ(U)− ε, δ ∈ (0, α).

Since ε > 0 is arbitrary, the claim follows. �

The inequality SΛ(U) > −∞ means that the groups Um are mutually separated in a
sense. The next statement clarifies the nature of this separation.

Lemma 2.3. Let Λ be split into groups U = {Um}, where Um = {λm,l}Mm

l=1 . Sup-
pose that SΛ(U) > −∞, N (Λ, U) and D(Λ, U) are finite. Then there exists a sequence

{γm,l}Mm,∞
l=1,m=1 of positive numbers such that

lim inf
m→∞

min
1≤l,j≤Mm

ln γm,l/|λm,j | ≥ (1 +D(Λ, U))SΛ(U);1)

lim sup
m→∞

max
1≤l,j≤Mm

λm,l/|γm,j | ≤ N (Λ, U) +D(Λ, U);

2) the sets Bm =
⋃Mm

l=1 B(λm,l, γm,l), m ≥ 1, are mutually disjoint;
3) the diameters dm of the sets Bm satisfy the relation

lim sup
m→∞

max
1≤p≤Mm

dm/|λm,p| ≤ 2(N (Λ, U) +D(Λ, U));

4) for every ε > 0 and θ ∈ (0, 1) there exist quantities R > 0 and δ ∈ (0, 1/3) such

that ln |qΛ(z, w, δ)| ≥ (2SΛ(U) − ε)|z| for z ∈
(
Bm \ rBm(θ)

)
∩ B(w, δ|w|), |w| ≥ R, and

m ≥ 1, where rBm(θ) =
⋃Mm

l=1 B(λm,l, θγm,l).

Proof. We define γm,l. For every m ≥ 1, l = 1, . . . ,Mm, we denote by βm,l the minimal
distance from λm,l to the points λs,j not belonging to Um. Fix m ≥ 1. If Nm ≤ βm,l/2 for
all l = 1, . . . ,Mm, we put γm,l = Nm, l = 1, . . . ,Mm. Otherwise, we put γm,l = βm,l/2,
l = 1, . . . ,Mm. We show that statements 1)–4) are fulfilled. By construction, the disks
B(λm,l, γm,l) and B(λs,j , γs,j) do not intersect if m �= s. Consequently, the sets Bm,
m ≥ 1, are mutually disjoint. Thus proves 2). We verify 3). Observe that the distance
between arbitrary points z1 and z2 in Bm is at most |λm,l − λm,j | + γm,l + γm,j , where
l and j are such that z1 and z2 belong to B(λm,l, γm,l) and B(λm,j , γm,j), respectively.
Then

dm ≤ max
1≤l,s≤Mm

|λm,l − λm,s|+ 2 max
1≤l≤Mm

γm,l.

The definition of γm,l shows that either γm,l = Nm or γm,l = βm,l/2 for all l = 1, . . . ,Mm.
In the first case we have

(2.3) max
1≤l≤Mm

γm,l = Nm.
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In the second case there is at least one index j = 1, . . . ,Mm with Nm > βm,j/2. Then
the definition of βm,l and the triangle inequality show that

(2.4) γm,l = βm,l/2 ≤ βm,j/2 + |λm,l − λm,j |/2 ≤ Nm + |λm,l − λm,j |/2.
Thus, in either case we have

dm ≤ 2 max
1≤l,j≤Mm

|λm,l − λm,j |+ 2Nm, m = 1, 2, . . . .

This yields 3). We prove 1). By (2.3), (2.4), and the definitions of N (Λ, U) and D(Λ, U),
we obtain

lim sup
m→∞

max
1≤l,j≤Mm

γm,l/|λm,j | ≤ N (Λ, U) +D(Λ, U).

On the other hand, if γm(p),l = Nm(p), p ≥ 1, then

lim inf
p→∞

min
1≤l,j≤Mm(p)

ln γm(p),j/|λm(p),j | = 0.

Let γm(p),l = βm(p),l/2, l = 1, . . . ,Mm(p). Using the definition of βm,l and the fact that,

for δ ∈ (0, 1/3), the modulus of every factor involved in qm,l
Λ,U (λ, δ)) does not exceed 1 in

the disk B(λm,l, δ|λm,l|), we see that

lim inf
p→∞

min
1≤l,j≤Mm(p)

ln γm(p),l

|λm(p),j |
= lim inf

p→∞
min

1≤l,j≤Mm

lnβm(p),l

|λm(p),j |

≥ lim inf
p→∞

min
1≤l,j≤Mm(p)

(
ln |qm(p),l

Λ,U (λm,l, δ)|
|λm(p),l|

)
|λm(p),l|
|λm(p),j |

≥ (1 +D(Λ, U) lim inf
m→∞

min
1≤l≤Mm

ln |qm,l
Λ,U (λm,l, δ)|
|λm,l|

for such δ. By the definition of SΛ(U), property 1) follows.
It remains to establish property 4). Suppose, to the contrary, that 4) is violated.

Then for some ε > 0 and θ ∈ (0, 1) we can find numerical sequences {wk}, {zk} and a

sequence of sets Bm(k)\ rBm(k)(θ) in such a way that m(k) → ∞, zk ∈ (Bm(k)\ rBm(k)(θ))∩
B(wk, |wk|/k), and
(2.5) ln |qΛ(zk, wk, k

−1)| ≤ (2SΛ(U)− ε)|zk|, k = 1, 2, . . . .

Combined with the definition of qΛ, this shows that, for every k ≥ 1, the set B(wk, |wk|/k)
contains at least one point λm,l. We prove that (2.5) contradicts the assumptions of
the lemma. For this, we must estimate two groups of factors that form the quan-
tity |qΛ(zk, wk, k

−1)| from below. The first group corresponds to the points λm,l ∈
B(wk|wk|/k) with m �= m(k), and the second corresponds to the points λm(k),l ∈
B(wk, |wk|/k). We estimate the first group. By assumption, SΛ(U) > −∞. Then,
by the definition of SΛ(U), there exists δ ∈ (0, 1/3) and an index m0 such that

(2.6) min
1≤l≤Mm

ln |qm,l
Λ,U (λm,l, δ)|/|λm,l| ≥ SΛ(U)− ε/4, m ≥ m0.

Since zk ∈ Bm(k), the definition of Bm shows that for every k ≥ 1 there exists an
index l(k) with zk ∈ B(λm(k),l(k),l(k), γm(k),l(k)). We fix k ≥ 1. Let λm,l ∈ B(wk, |wk|/k)
fall out from Um(k). Then from the definitions of βm(k),l(k) and γm(k),l(k) it follows that

βm(k),l(k) ≤ |λm(k),l(k) − λm,l| ≤ |λm(k),l(k) − zk|+ |zk − λm,l|
≤ γm(k),l(k) + 2|wk|/k ≤ βm(k),l(k)/2 + 2|wk|/k.

This yields the estimate γm(k),l(k) ≤ βm(k),l(k)/2 ≤ 2|wk|/k. Furthermore, we have

|wk| ≤ |wk − zk|+ |zk − λm(k),l(k)|+ |λm(k),l(k)| ≤ |wk|/k + γm(k),l(k) + |λm(k),l(k)|.
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Consequently, |λm(k),l(k)−λm,l| ≤ 4|wk|/k and |wk| ≤ 3|wk|/k+ |λm(k),l(k)|. This means
that the point λm,l belongs to B(λm(k),l(k), ak|λm(k),l(k)|), where ak = 4/(k − 3).

We choose k0 so as to have ak < δ and m(k) ≥ m0 for all k ≥ k0. Fixing k ≥ k0, take
λm,l ∈ B(wk, |wk|/k), m �= m(k). Then λm,l ∈ B(λm(k),l(k), δ|λm(k),l(k)|). Therefore,

using (2.6), the definition of q
m(k),l(k)
Λ,U , the properties of the factors involved in the last

quantity, and the fact that δ ∈ (0, 1/3), we obtain

∏
λm,l∈B(wk,|wk|/k)

m �=m(k)

( |λm(k),l(k) − λm,l|
3δ|λm,l|

)nm,l

≥ |qm(k),l(k)
Λ,U (λm(k),l(k), δ)|

≥ exp
(
|λm(k),l(k)|(SΛ(U)− ε/4)

)
.

The preceding estimates easily show that |λm(k),l(k)|/|zk| → 1 as k → ∞. Thus, for
some k1 ≥ k0 we have

(2.7)
∏

λm,l∈B(wk,|wk|/k)
m �=m(k)

( |λm(k),l(k) − λm,l|
3δ|λm,l|

)nm,l

≥ exp
(
|zk|(SΛ(U)− ε/4)

)
, k ≥ k1.

Let m �= m(k). Since zk ∈ B(λm(k),l(k), γm(k),l(k)), from the definition of γm(k),l(k)

and βm(k),l(k) we deduce that

|zk − λm,l| ≥ |λm(k),l(k) − λm,l| − βm(k),l(k)/2 ≥ |λm(k),l(k) − λm,l|/2.

Together with (2.7), this shows that if k2 ≥ max{k1, 2δ−1}, then

(2.8)
∏

λm,l∈B(wk,|wk|/k)
m �=m(k)

(
|zk − λm,l|
3k−1|λm,l|

)nm,l

≥ exp(|zk|(SΛ(U)− ε/4)), k ≥ k2.

Now we estimate the second group of factors involved in |qΛ(zk, wk, k
−1)|, namely, the

factors corresponding to the points λm(k),l ∈ B(wk, |wk|/k). Passing to a subsequence,
we may assume that one of the following two cases occurs:

1) γm(k),l = Nm(k), l = 1, . . . ,Mm(k), k ≥ 1;
2) γm(k),l = βm(k),l/2, l = 1, . . . ,Mm(k), k ≥ 1.

Consider the first case. Since zk /∈ rBm(k)(θ) and zk∈B(wk, |wk|/k), we obtain

∏
λm(k),l∈B(wk,|wk|/k)

∣∣∣∣
(

zk − λm(k),l

3k−1|λm(k),l|

) ∣∣∣∣
nm(k),l

≥
∏

λm(k),l∈B(wk,|wk|/k)

(
θNm(k)

3k−1|λm(k),l|

)nm(k),l

≥
∏

λm(k),l∈B(wk,|wk|/k)

(
(1− k−1)θNm(k)

3k−1(1 + k−1|zk|)

)nm(k),l

, k ≥ 1.

It follows that

1

|zk|
∑

λm(k),l∈B(wk,|wk|/k)
ln

∣∣∣∣
(

zk − λm(k),l

3k−1|λm(k),l|

)∣∣∣∣
nm(k),l

≥ inf
x>0

x ln

(
kθ(1− k−1)x

3(1 + k−1)

)
→ 0, k → ∞

Thus, there exists k3 ≥ k2 such that

(2.9)
∏

λm(k),l∈B(wk,|wk|/k)

∣∣∣∣
(

zk − λm(k),l

3k−1|λm(k),l|

) ∣∣∣∣
nm(k),l

≥ exp(−|zk|ε/4), k ≥ k3.

Finally, we consider the case where γm(k),l = βm(k),l/2 for all k and l. Fix k ≥ 1.
By using the definition of βm(k),l(k), we find indices p(k) �= m(k) and j(k) such that
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|λm(k),l(k) − λp(k),j(k)| = βm(k),l(k). For every l = 1, . . . ,Mm(k), we have

|λm(k),l − λp(k),j(k)| ≤ |λm(k),l − zk|+ |zk − λm(k),l(k)|+ |λm(k),l(k) − λp(k),j(k)|
≤ |λm(k),l − zk|+ βm(k),l(k)/2 + βm(k),l(k)

= |λm(k),l − zk|+ 3βm(k),l(k)/2.

(2.10)

Take λm(k),l ∈ B(wk, |wk|/k) and s(k) �= m(k) and i such that |λm(k),l−λs(k),i| = βm(k),l.
Then

βm(k),l(k) ≤ |λm(k),l(k) − λs(k),i| ≤ |zk − λm(k),l(k)|+ |λm(k),l − zk|+ |λm(k),l − λs(k),i|
≤ βm(k),l(k)/2 + |λm(k),l − zk|+ βm(k),l.

Since zk /∈ rBm(k)(θ), we have |λm(k),l − zk| ≥ θβm(k),l/2. Suppose that |λm(k),l − zk| ≤
θβm(k),l(k)/6. Then βm(k),l ≤ βm(k),l(k)/3. By the above, this implies the estimate
βm(k),l(k) ≤ βm(k),l(k)/2 + θβm(k),l(k)/6 + βm(k),l(k)/3, a contradiction. Thus, |λm(k),l −
zk| > θβm(k),l(k)/6, and by (2.10) we obtain

(2.11)
|λm(k),l − λp(k),j(k)|

|λm(k),l − zk|
≤ 1 +

3βm(k),l(k)

2|λm(k),l − zk|
<

9

θ
.

Consequently, |λm(k),l − λp(k),j(k)| < 9|λm(k),l − zk|/ϑ < 18|wk|/θk. Moreover,

|wk − λp(k),j(k)| ≤ |wk − λm(k),l|+ |λm(k),l − λp(k),j(k)| < 2|wk|/k + 18|wk|/θk.
This means that, for some k4 ≥ k3 and all k ≥ k4, the points λm(k),l belonging to

B(wk, |wk|/k) belong also to B(λp(k),j(k), δ|λp(k),j(k)|). We may assume that 9(θk)−1 < δ.

Therefore, by (2.11) and the properties of the factors that form q
p(k),j(k)
Λ,U (z, δ), we obtain

∏
λm(k),l∈B(wk,|wk|/k)

∣∣∣∣
(

zk − λm(k),l

3k−1|λm(k),l|

) ∣∣∣∣
nm(k),l

≥
∏

λm(k),l∈B(wk,|wk|/k)

∣∣∣∣
(
λp(k),j(k) − λm(k),l

27(θk)−1|λm(k),l|

)nm(k),l

≥
∏

λm(k),l∈B(wk,|wk|/k)

∣∣∣∣
(
λp(k),j(k) − λm(k),l

3δ|λm(k),l|

) ∣∣∣∣
nm(k),l

≥
∣∣qp(k),j(k)Λ,U (λp(k),j(k),δ)

∣∣, k ≥ k4.

Since |zk|/|λp(k),j(k)| → 1 as k → ∞, by (2.6) there exists k3 ≥ k4 such that

∏
λm(k),l∈B(wk,|wk|/k)

∣∣∣∣
(

zk − λm(k),l

3k−1|λm(k),l|

) ∣∣∣∣
nm(k),l

≥ exp(|zk|(SΛ(U)− ε/2)), k ≥ k5.

Taking (2.8) and (2.9) into account, we obtain

ln |qΛ(zk, wk, k
−1)| ≥ |zk|(2SΛ(U)− 3ε/4), k ≥ k5.

This contradicts (2.5). Consequently, we have proved property 4) and, with it, the
lemma. �

A converse to Lemma 2.3 also holds, in the following form.

Lemma 2.4. Let the sequence Λ = {λk, nk}∞k=1 be such that there exists a sequence of
open sets Bm, m ≥ 1, with the following properties.

1) The sets Bm, m = 1, 2, . . . , are mutually disjoint, their union contains all λk, and
each Bm contains at least one of the λk.
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2) The diameters dm of the sets Bm, m = 1, 2, . . . , satisfy the condition

lim sup
m→∞

sup
λ∈Bm

dm/|λ| = d < ∞.

3) There is a > 0 such that for every ε > 0 there exist numbers R > 0 and δ ∈
(0, 1/3) for which ln |qΛ(z, w, δ)| ≥ −(a + ε)|z|, z ∈ ∂Bm ∩ B(w, δ|w|), m = 1, 2, . . . ,
w ∈ C \B(0, R).

Define a splitting U = {Um}∞m=1 of Λ, where Um = {λm,l}Mm

l=1 consists of all points λk

belonging to Bm. Then SΛ(U) > −a, D(Λ, U) ≤ d.

Proof. The inequality D(Λ, U) ≤ d is a direct consequence of the definitions of d and
D(Λ, U). We prove that SΛ(U) ≥ −a. Fixing ε > 0, we find R > 0 and δ ∈ (0, 1/3) as in

item 3) of the lemma. By the definition of the quantities qm,l
Λ,U and qΛ and the properties

of the factors they involve, it follows that

ln |qm,l
Λ,U (z,

rδ)| ≥ ln |qm,l
Λ,U (z, 5

rδ)| ≥ ln |qΛ(z, λm,l, 5rδ)| ≥ ln |qΛ(z, λm,l, δ)| ≥ −(a+ ε)|z|,

where z ∈ ∂Bm ∩B(λm,l, δ|λm,l|). Moreover, the definition of qm,l
Λ,U shows that

ln |qm,l
Λ,U (z,

rδ)| ≥ 0, z ∈ ∂B(λm,l, 5rδ|λm,l|).

Let Bm,l be the component of Bm ∩ B(λm,l, 5rδ|λm,l|) that contains λm,l. Then the last
relations imply

ln |qm,l
Λ,U (z,

rδ)| ≥ −(a+ ε)|z| ≥ −(a+ ε)(1 + 5rδ)|λm,l|, z ∈ ∂Bm,l.

Since qm,l
Λ,U (z,

rδ) does not vanish on Bm,l, the above inequality extends to this set. In

particular, ln |qm,l
Λ,U (λm,l, rδ)| ≥ −(a+ ε)(1 + 5rδ)|λm,l|. It follows that

SΛ(U) = lim
δ→0

lim inf
m→∞

min
1≤l≤Mm

ln |qm,l
Λ,U (λm,l, rδ)|/|λm,l| ≥ −a− ε.

Since ε > 0 is arbitrary, we see that SΛ(U) ≥ −a. �

Now, we indicate certain conditions on Λ that ensure the existence of a splitting U
with SΛ(U) > −∞. We start with an auxiliary statement.

Lemma 2.5. Suppose that Λ = {λk, nk}∞k=1 has finite upper density N(Λ). Then for
every d > 0 there exist two numbers a > 0 and δ ∈ (0, 1/3), a sequence of domains Bm,
m ≥ 1, and numbers Rp > 0, p ≥ 1, with the following properties.

1) The sets Bm, m = 1, 2, . . . , are mutually disjoint, their union contains all λk, and
each Bm contains at least one λk.

2) The diameters dm of Bm, m = 1, 2, . . . , satisfy the condition

lim sup
m→∞

sup
z∈Bm

dm/|z| ≤ d,

and we have

Rp+1 ≤ (1 + d)Rp, Rp+2 ≥ (1 + d/5)Rp, p = 1, 2, . . . .

3) ln |qΛ(z, w, δ)| ≥ −a|z| whenever z ∈
(
∂Bm ∪ ∂B(0, Rp)

)
∩ B(w, δ|w|), m, p =

1, 2, . . . , |w| ≥ 2.

Proof. We fix a positive number α < min{d/5, 1/30}. Since N(Λ) < ∞, there exists
c > 0 such that

(2.12) MΛ(z, 8α) ≤ c|z|, |z| ≥ 1.

We choose ϕ ∈ (0, π/2) such that the set

{z = reiτ : τ ∈ [−ϕ/2, ϕ/2], r ≥ 1}
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is included in the union
⋃

p≥1 B((1 + α)p−1, α(1 + α)p−1). Denote by l0 the greatest

positive integer l with lϕ < 2π. Put zp,l = (1 + α)p−1eilϕ, p ≥ 1, l = 0, . . . , l0. Then the
union of B(0, 1) and all disks B(zp,l, α|zp,l|) covers the plane.

Let ra = c
(
1 + ln(256(l0 + 1))

)
. For every p ≥ 1 and l = 0, . . . , l0, put

rBp,l = {z ∈ C : ln |qΛ(z, zp,l, 3α)| < −2ra|zp,l|}.
We define Bp,l as the union of all connected components of rBp,l that intersect the disk
B(zp,l, α|zp,l|) and contain at least one point λk. Set

B =

∞,l0⋃
p=1,l=0

Bp,l ∪B(0, 1).

If the disk B(0, 1) contains no points λk, we remove it from the union. Let Bm, m ≥ 1,
be all connected components of B. We show that the Bm are the required sets. By
construction, they are mutually disjoint, each containing at least one λk. Next, any point
λk not belonging to B(0, 1) lies in some disk B(zp,l, α|zp,l|). Then it lies in Bp,l and,
therefore, in some Bm. Thus, we have proved property 1). Now, we verify 2). Let p ≥ 1,
and let l = 0, . . . , l0. For every λk ∈ B(zp,l, 8α|zp,l|) we have |λk| < (1 + 8α)|zp,l| <
4|zp,l|/3. By the Cartan lower estimate for polynomials (see, e.g., [1, Chapter I, §4,
Theorem 4.1]), for every H > 0 we have

ln |qΛ(z, zp,l, 8α)| ≥ MΛ(zp,l, 8α) ln(H/32eα|zp,l|)
outside of certain exceptional disks Bp,l,i with sum of radii of at most 2H. Put H =
α|zp,l|/(2(l0 + 1)). Since, for fixed p, the sum of diameters of all Bp,l,i is α|zp,l|/2, there
exist τp, rτp ∈ (1, 2) such that the circle ∂B(zp,l, ατp|zp,l|) does not intersect Bp,l,i for
every i, and the circle ∂B(0, Rp) with Rp = (1+ α)p−1(1 + αrτp) does not intersect Bp,l,i

for any l and i. By (2.12), it follows that

(2.13) ln |qΛ(z, zp,l, 8α)| ≥ −ra|zp,l|, z ∈ ∂B(zp,l, ατp|zp,l|) ∪ ∂B(0, Rp).

By (2.1), this inequality is also fulfilled for qΛ(z, zp,l, 3α). Taking the definition of Bp,l

into account, we deduce that

(2.14) Bp,l ⊂ B(zp,l, ατp|zp,l|), p = 1, 2, . . . , l = 0, . . . , l0.

Let Bm intersect a disk B(zp,l, α|zp,l|) that contains no points of B(0, 1). We show that
Bm ⊂ B(zp,l, ατp,l|zp,l|). Suppose the contrary: there exists z ∈ Bm ∩ ∂B(zp,l, ατp|zpl|).
Then z ∈ Bj,s for some j and s. By (2.14), we have

z ∈ B(zj,s, ατj |zj,s|) ∩ ∂B(zp,l, ατp|zp,l|).
Consequently,

(2.15) (1− 2α)|zj,s| ≤ |z| ≤ (1 + 2α)|zp,l|, (1− 2α)|zp,l| ≤ |z| ≤ (1 + 2α)|zj,s|.
Therefore, for every w ∈ B(zj,s, 3α|zj,s|) we obtain

|w− zp,l| ≤ |w− z|+ |z− zp,l| < α(5|zj,s|+2|zp,l|) ≤ α

(
5(1 + 2α)

(1− 2α)
+ 2

) ∣∣zp,l∣∣ < 8α
∣∣zp,l∣∣.

This means that B(zj,s, 3α|zj,s|) ⊂ B(zp,l, 8α|zp,l|). Using (2.1), (2.13), and (2.15), we
deduce that

ln |qΛ(z, zj,s, 3α)| ≥ ln |qΛ(z, zp,l, 8α)| ≥ −ra|zp,l| ≥ −2ra|zj,s|,
i.e., x /∈ Bj,s, a contradiction. Thus, we have Bm ⊂ B(zp,l, ατp,l|zp,l|) for the components
indicated above. In particular,

sup
z∈Bm

dm/|z| ≤ 4α(1− 2α)−1 ≤ 5α < d, m ≥ m0.
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This yields the first part of property 2). The second part of it is fulfilled by construction.
Finally, we prove property 3). Let a = 4ra. We fix δ ∈ (0, α/3), w ∈ C \ B(0, 2), and

z ∈ ∂Bm ∩ B(w, δ|w|). Since the disks B(w, δ|w|) and B(0, 1) do not intersect, there
exist indices p and l with z ∈ ∂Bp,l. By (2.14), also z ∈ B(zp,l, 2α|zp,l|). Then, as above,
we obtain the inclusion B(w, δ|w|) ⊂ B(zp,l, 3α|zp,l|) and, with it, the inequalities

ln |qΛ(z, w, δ)| ≥ ln |qΛ(z, zp,l, 3α)| ≥ −2ra|zp,l| ≥ −a|z|.

Now, let z ∈ ∂B(0, Rp) ∩ B(w, δ|w|). By construction, the point rz = (1 + α)p−1z/|z|
belongs to some disk B(zp,l, α|zp,l|). Then it can easily be observed that B(w, δ|w|) ⊂
B(zp,l, 8α|zp,l|). Taking (2.1) and (2.13) into account, we obtain

ln |qΛ(z, w, δ)| ≥ ln |qΛ(z, zp,l, 8α)| ≥ −ra|zp,l| ≥ −a|z|.

This proves the lemma. �

Theorem 2.1. Suppose that Λ = {λk, nk}∞k=1 has finite upper density N(Λ). Then for
every d > 0 there exists a partition U of Λ such that SΛ(U) > −∞, N (Λ, U) < +∞,
and D(Λ, U) < d. Conversely, if there exists a partition U such that SΛ(U) > −∞ and
N1(Λ, U) < +∞, then N(Λ) < +∞.

Proof. Let N(Λ) < +∞. Applying Lemmas 2.5 and 2.4, we find a partition U of Λ with
SΛ(U) > −∞ and D(Λ, U) < d. As was mentioned before Lemma 2.2, moreover, we
have N (Λ, U) < (1+D(Λ, U))N(Λ). Conversely, suppose that there exists a partition U
with SΛ(U) > −∞ and N1(Λ, U) < +∞. Then, by Lemma 2.2, the quantity MΛ is also
finite. Then N(Λ) is finite by Lemma 2.1. �

§3. Relatively small groups

In this section, we provide some conditions on the sequence Λ that ensure the existence
of its partitions into mutually separated relatively small groups.

Let α > δ > 0. Consider the functions

rqΛ(z, w, α, δ) =
∏

λk∈B(w,α|w|)\B(w,δ|w|)

(
z − λk

3α|λk|

)nk

.

If the annulus B(w,α|w|) \B(w, δ|w|) does not contain any λk, we put rqΛ ≡ 1. Observe
that the function ln |rqΛ(z, w, α, δ)| is monotone nonincreasing as a function of α ∈ (0, 1/3)
and monotone nondecreasing as a function of δ ∈ (0, α). For a cone Γ with vertex at the
origin, we define the quantities

S1
Λ,Γ(α) = lim

δ→0
lim inf

w∈Γ,|w|→∞

ln |rqΛ(w,w, α, δ)|
|w| , S1

Λ,Γ = lim
α→0

S1
Λ,Γ(α).

They are nonpositive for the same reasons as SΛ(U). We also put

M0
Λ,Γ =

∫ 1

0

MΛ,Γ(δ)

δ
dδ, M1

Λ,Γ = lim inf
δ→0

ln δMΛ,Γ(δ).

If Γ is the plane or a ray, we apply the same notational agreements as before. Also, for
every α we put

S2
Λ,Γ(α) = inf

ξ∈∂B(0,1)∩Γ
S1
Λ,ξ(α), S2

Λ,Γ = inf
ξ∈∂B(0,1)∩Γ

S1
Λ,ξ.

Note that the functions S1
Λ,ξ(α) and S2

Λ,Γ are monotone nonincreasing for α ∈ (0, 1/3).
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Theorem 3.1. Let Λ = {λk, nk}, and let Γ be a cone with vertex at zero. The following
statements hold true.

1) If Γ is a closed cone and S2
Λ,Γ(α) > −∞ for some α ∈ (0, 1/3), then M1

Λ,Γ ≥
S2
Λ,Γ(α).

2) If M0
Λ,Γ < ∞, then S1

Λ,Γ = 0.

Proof. 1) Fix ε > 0 and choose δ ∈ (0, α/3) with

(3.1) (1 + 2δ)−1

(
1− ln(α(1− 3δ))

ln δ

)
(S2

Λ,Γ(α)− 2ε) < −S − ε.

Suppose that M1
Λ,Γ ≤ −S − 3ε. Then there exists a sequence {zp} ⊂ Γ with |zp| → ∞

such that

(3.2) ln δMΛ(zp, δ)/|zp| ≤ S2
Λ,Γ(α)− 2ε, p ≥ 1.

Suppose the sequence {zp/|zp|} converges to ξ ∈ ∂B(0, 1) ∩ Γ and |ξ − zp/|zp| | < δ,
p ≥ 1. For p ≥ 1, let wp be the point of intersection of the ray {tξ, t ≥ 0} and the circle
∂B(zp, 2δ|zp|) with |wp| ≥ |zp|. Then

B(zp, δ|zp|) ⊂
(
B(wp, 3δ|wp|) \B(wp, rδ|wp|)

)
,

where rδ = δ(1+2δ)−1. Since the summands of the series expansion for ln |rqΛ| are positive,
by (3.2) and (3.1) it follows that

ln |rqΛ(wp, wp, α, rδ)|
|wp|

≤ 1

|wp|
∑

λk∈B(zp,δ|zp|)
nk ln

|wp − λk|
3α|λk|

≤ 1

(1 + 2δ)|zp|
∑

λk∈B(zp,δ|zp|)
nk ln

δ

α(1− 3δ)
< S2

Λ,Γ(α)− ε, p ≥ 1.

(3.3)

Since ln |rqΛ(wp, wp, α, δ
′)| is monotone nondecreasing as a function of δ′, we have

lim inf
p→∞

ln |rqΛ(wp, wp, α, rδ)|/|wp| ≥ S1
Λ,ξ(α) ≥ S2

Λ,Γ(α).

This contradicts (3.3). Thus, M1
Λ,Γ ≥ S2

Λ,Γ(α), and statement 1) is proved.

We prove statement 2). Suppose that M0
Λ,Γ < ∞ and ε > 0. Then there exists

α0 ∈ (0, 1/3) such that for all 0 < δ < α < α0 we have

(3.4)

∫ α

β

MΛ,Γ(rδ)

rδ
drδ ≤ ε.

Fixing positive numbers δ < α < α0, we choose a natural number s(δ, α) such that for
h = (α− δ)/s(δ, α) ≤ δ we have

(3.5)

s(δ,α)∑
s=1

MΛ,Γ(δ + sh)

δ + sh
h−

∫ α

δ

MΛ,Γ(rδ)

rδ
drδ ≤ ε.

Find R > 0 such that

MΛ(w, δ + sh) ≤ (MΛ,Γ(δ + sh) + ε/ ln(α/δ))|w|,
s = 1, . . . , s(δ, α), w ∈ Γ \B(0, R).
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Taking (3.5) and (3.4) into account, we obtain

1

|w|

∫ α|w|

δ|w|

MΛ(w, t/|w|)
t

dt =
1

|w|

∫ α

δ

MΛ(w, rδ)

rδ
drδ

≤ 1

|w|

s(δ,α)∑
s=1

∫ δ+sh

δ+(s−1)h

MΛ(w, δ + sh)

rδ
drδ

≤
s(δ,α)∑
s=1

(
MΛ,Γ(δ + sh)

δ + (s− 1)h
h+

∫ δ+sh

δ+(s−1)h

ε/ ln(α/δ)

rδ
drδ

)
≤ 5ε, w ∈ Γ \B(0, R).

We put g(t) = 0, t ∈ (0, δ|w|), g(t) = (MΛ(w, t/|w|)−MΛ(w, δ))/t, t ∈ [δ|w|, α|w|), and
g(t) =

(
MΛ,Γ(z, α)−MΛ,Γ(w, δ0

)
/t, t ≥ α|w|. The above calculations show that

1

|w|

∫ 5α|w|

0

g(t) dt =
1

|w|

∫ α|w|

δ|w|

MΛ(w, t/|w|)−MΛ(w, δ)

t
dt+

(
MΛ(w,α)−MΛ(w, δ)

)
ln 5

|w|
≤ 5ε+MΛ(w,α) ln 5/|w|, w ∈ Γ \B(0, R).

Since ln |rqΛ(z, w, α, δ)| ≥ 0 for z ∈ ∂B(w, 5α|w|), the Jensen formula yields

ln |rqΛ(w,w, α, δ)|
|w| =

1

2π|w|

∫ 2π

0

ln |rqΛ(w + 5α|w| exp(iθ), w, α, δ)| dθ − 1

|w|

∫ 5α|w|

0

g(t) dt

≥ −5ε−MΛ(w,α) ln 5/|w|, w ∈ Γ \B(0, R).

It follows that S1
Λ,Γ ≥ −MΛ,Γ ln 5. Since M0

Λ,Γ < ∞, we have MΛ,Γ = 0. Therefore,

S1
Λ,Γ = 0, which completes the proof of the theorem. �

Remarks. 1. If S1
Λ,Γ > −∞, then for every ε > 0 there exists α ∈ (0, 1/3) with S1

Λ,Γ(α) ≥
S1
Λ,Γ − ε. In particular, S1

Λ,ξ(α) ≥ S1
Λ,Γ − ε, ξ ∈ ∂B(0, 1) ∩ Γ. Then M1

Λ,Γ ≥ S1
Λ,Γ − ε by

Theorem 3.1. Since ε > 0 is arbitrary, we obtain M1
Λ,Γ ≥ S1

Λ,Γ. It can be shown that the
last inequality is also true for not necessarily closed angles Γ.

2. The converse to statement 1) of Theorem 3.1 is not true. Moreover, the condition
M1

Λ,Γ > −∞ does not even imply that the quantities S1
Λ,ξ(α) are finite. We consider the

corresponding example. Let Λ =
⋃∞,p

p,l=1 Λp,l, where Λp,p = {2p}, and

Λp,l =
{
2p
(
1− exp(−2l+1)

)
− shl, s = 0, 1, . . . , 2p−l − 1

}
,

hl =
(
exp(−2l)− exp(−2l+1)

)
2l

for l < p. We show that M1
Λ > −∞. Fix δ ∈

(
0, 3−1 exp(−2)

)
and choose p0 with

exp(−2p0) < 3δ. Let |z| > (1− δ)−12p0 , and let the interval V = B(z, δ|z|) ∩ R contain
a point of Λp,l. Then p > p0 and (1 + δ)−1(1 − exp(−2))2p < |z| < (1 − δ)−12p.
Consequently, the length of V is of at most 2δ(1− δ)−12p < 3δ2p, and this interval has
no points in common with Λs,j if s �= p. Since exp(−2p) < hp,p−1 < · · · < hp,1, we see
that the number of points of Λ that lie in V does not exceed the number of points of Λ
that lie in the half-open interval

(
(1 − 3δ)2p, 2p

]
. We choose an index l = 1, . . . , p − 1

such that exp(−2l+1) ≤ 3δ ≤ exp(−2l). Then we have

ln δ
MΛ(z, δ)

|z| ≥ ln

(
exp(−2l+1)

3

)
MΛ

(
2p, exp(−2l)

)
(1 + δ)−12p−1

=
(−2l+1 − ln 3)2p−l+1

(1 + δ)−12p−1
≥ −32.
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Thus, M1
Λ ≥ −32. Now, we show that S1

Λ = −∞. Put aj = exp(−2j), δm = exp(−2m),
and let p > m > j. Then

ln |rqΛ(2p, 2p, αj , δm)|
2p

=
1

2p

m−1∑
l=j

∑
λk∈Λp,l

ln
|2p − λk|
3αj |λk|

≤
m−1∑
l=j

1

2l
ln

exp(−2l)2p

3αj |λk|

≤
m−1∑
l=j

1

2l
ln

exp(−2l)

3αj(1− exp(−2j))
= −(m− 1− j) +

m−1∑
l=j

1

2l−j
≤ −(m− 1− j) + 2.

It follows that S1
Λ(αj) = −∞. Therefore, S1

Λ = −∞.
3. The converse to statement 2 of Theorem 3.1 also fails. To show this, we need to

slightly modify the preceding example.
In a standard way, we enumerate the pairs {(l, j)}∞l,j=1 of positive integers by indices

starting with 2, and denote by p(l, j) the index of the pair (l, j). Thus, p(1, 1) = 2,
p(1, 2) = 3, p(2, 1) = 4, and so on. Let Λ =

⋃∞
p=2 Λp, and let al ∈ [1/l, 1]. Denote by

ml,j the integral part of 2p(l,j)−l. For all p(l, j) ≥ 2, we put

Λp(l,j) =
{
2p(l,j)

(
1− exp(−2l+1)

)
− shl,j , s = 0, 1, . . . ,ml,j − 1

}
,

where

hl,j = 2p(l,j)
(
exp(−2l)− exp(−2l+1)

)
/ml,j .

It can easily be observed that the quantities hl,j ≥ 0 have a common upper bound, and
that the function MΛ(δ) can only become smaller if al increases. If al = 1, l ≥ 1, then Λ
is part of the sequence from the preceding example. Thus, M1

Λ ≥ −32 for every choice
of al ∈ [2/l, 1]. In particular, MΛ = 0.

Now, we estimate the quantity SΛ from below (SΛ = SΛ(U), where U = {Uk} is the
trivial splitting, i.e., Uk = {λk}, k ≥ 1). Fixing ε > 0, we choose δ0 ∈ (0, 1/24) with
MΛ(δ) < ε for δ ∈ (0, δ0). Next, for every δ ∈ (0, δ0), we find R(δ) > 0 satisfying
MΛ(z, δ)/|z| < 2ε, |z| > R(δ). Let λk > R(δ), and let p(l, j) be the index with λk ∈
Λp(l,j). Two cases are possible.

1) δλk ≤ 2p(l,j)
(
exp(−2l)− exp(−2l+1)

)
. Among the points of Λ, only those in Λp(l,j)

may belong to B(λk, δλk). Thus, the number of points of Λp(l,j) belonging to the interval
(λk − δλk, λk + δλk) is equal to MΛ(λk, δ). Let n be the maximal natural number with
nhl,j < δλk. Then MΛ(λkδ) ≥ n. Since nhlj/(3δ(1 + δ)λk) < 1, we have

ln |qkΛ,U (λk, δ)|
λk

=
∑

λs∈B(λk,δ|λk|)
s �=k

1

λk
ln

|λk − λs|
3δλs

≥ 1

λk
ln

(n!)2h2n
j,j

(3δ(1 + δ)λk)2n

≥ 2n

λk
ln

nhl,j

9δ(1 + δ)λk
≥ 4ε ln

αλk − hl,j

9δ(1 + δ)λk
= 4ε ln

1− hlj/δλk

9(1 + δ)
.

2) δλk > 2p(l,j)
(
exp(−2l)− exp(−2l+1)

)
. Since ml,jhl,j/(3δ(1 + δ)λk) < 1, we have

ln |qkΛ,U (λkδ)|
λk

=
∑

λs∈B(λk,δ|λk|)
s �=k

1

λk
ln

|λk − λs|
3δλs

≥ 1

λk
ln

(ml,j !)
2h2mj,j

(3δ(1 + δ)λk)2ml,j

≥ 2ml,j

λk
ln

ml,jhl,j

9δ(1 + δ)2p(l,j)
=

2ml,j

λk
ln

2p(l,j)(exp(−2l)− exp(−2l+1))

9δ(1 + δ)2p(l,j)

=
2ml,j

λk

(
− 2l+ ln

(
1−exp(−2l)

)
2δ(1 + δ)

)
≥ 2ml,j

λk

(
− 2l− ln(24δ)

)
≥ − 2l+1ml,j

2p(l,j)
(
1−exp(−2)

) .
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Note that hl,j/δλk → 0 as k → ∞, and p(l, j)− l → ∞ as p(l, j) → ∞. Therefore, in
both cases we obtain

lim inf
k→∞

ln |qkΛ,U (λk, δ)|/λk ≥ −4ε ln(2(1 + δ))− 3 sup
1≥l(δ)

al.

In follows that

SΛ = SΛ(U) = lim
δ→0

lim inf
k→∞

ln |qkΛ,U (λk, δ)|/λk ≥ −4ε ln 9− 3 lim sup
l→∞

al.

Since ε > 0 is arbitrary, we have SΛ ≥ −3 lim supl→∞ al. It will be proved in Theorem 3.2
that S1

Λ ≥ 2SΛ. Therefore, S1
Λ ≥ −6 lim supl→∞ al. By the arguments in the first

example, it is easy to deduce that S1
Λ ≤ − lim supl→∞ al. Thus, the vanishing of S1

Λ is
determined by the numbers al. Let al = 1/l. Then S1

Λ = 0. We show that M0
Λ = ∞

despite of this. We have

MΛ

(
exp(−2l)

)
≥ lim sup

j→∞
2−p(l,j)MΛ

(
2p(l,j), exp(−2l)

)
= 2−ll−1, l ≥ 1.

Consequently,

MΛ(δl) ≥ − ln 2/(ln δl ln | ln δl|), δl = exp(−2l), l ≥ 1.

Since the function MΛ(δ) is monotone nondecreasing, we deduce that

MΛ(δ) ≥ MΛ(δl+1) ≥ − ln 2

ln δl+1 ln | ln δl+1|
≥ − ln 2

4 ln δl ln | ln δl|
≥ ln 2

4 ln δ ln | ln δ|

for all δ ∈ (δl+1δl). This yields the required relation M0
Λ = ∞.

We are going to indicate some conditions on the sequence Λ under which it admits a
splitting U into relatively small groups with SΛ(U) > −∞. But before we prove several
auxiliary statements.

Lemma 3.1. Let Λ = {λk, nk}. Suppose that S2
Λ(rα) > −∞ for some rα ∈ (0, 1/3). Then

M1
Λ > −∞ and there exist open sets Bm, m ≥ 1, with the following properties.
1) The sets Bm, m ≥ 1, are mutually disjoint, their union contains all λk, and each

Bm contains at least one λk.
2) The diameters dm of the sets Bm satisfy the condition

lim sup
m→∞

sup
z∈Bm

dm/|z| = 0.

3) For every ε > 0 and α ∈ (0, rα] there exists R > 0 with

ln |qΛ(z, w, α/6)| ≥ (S2
Λ(α) +M1

Λ −MΛ(α) ln 3− ε)|z|,
z ∈ ∂Bm ∩B(w,α|w|/6), m ≥ 1, |w| ≥ R.

Proof. Theorem 3.1 shows that M1
Λ ≥ S2

Λ(ra) > −∞. Therefore, MΛ = 0. By the
definition of MΛ and M1

Λ, for every p ≥ 1 we can find δp ∈ (0, rα/8p) such that

ln(256erα) lim sup
|w|→∞

MΛ(w, 8δp)/|w| ≤ 1/p,

ln(8δp) lim sup
|w|→∞

MΛ(w, 8δp)/|w| ≥ M1
Λ − 1/p.

Since ln |rqΛ(w,w, α, β)| is monotone nondecreasing with respect to δ, for every ξ ∈
∂B(0, 1) we have

lim inf
t→+∞

ln |rqΛ(tξ, tξ, rα/s, 3δp)|/t ≥ S1
Λ,ξ(rα/s) ≥ S2

Λ(rα/s), s = 1, . . . , p.
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Choose ϕp ∈ (0, π/2) such that the set {z = reiτ : τ ∈ [−ϕl/2, ϕp/2], r ≥ 1} is included
in the union of the disks B((1 + δp)

μ, δp(1 + δp)
μ), μ = 0, 1, . . . . Let lp denote the

maximal natural number l with lϕp < 2π. We choose Rp > p in such a way that

ln |rqΛ(teilϕp , teilϕp , rα/s, 3δp)| ≥ (S2
Λ(rα/s)− 2/p)t, l = 0, lp, s = 1, p, t ≥ Rp;(3.6)

ln(256erα)
MΛ(w, 8δp)

|w| ≤ 2

p
, ln(8δp)

MΛ(w, 8δp)

|w| ≥
(
M1

Λ − 2

p

)
, |w| ≥ Rp.(3.7)

We may assume, that, moreover,

(3.8) δp+1 ≤ δp, (1 + 2δp)Rp+1 ≤ (1− 2δp+1)
2

(1 + 2δp+1)
Rp+2, Rp+1 = (1 + δp)

μpRp,

where μp is some positive integer. Put zp,l,μ = Rp(1+ δp)
μeilϕp , p ≥ 1, l = 0, . . . , lp, μ =

0, . . . , μp. By the identity in (3.8), the union of B(0, R1) and the disks B(zp,l,μ, δp|zp,l,μ|)
covers the plane. For every p, l, μ, and b = 8−M1

Λ, consider the set

rBp,l,μ =

{
z ∈ C :

∑
λk∈B(zp,l,μ,3δp|zp,l,μ|)

nk ln
|z − λk|
3rα|λk|

< (M1
Λ − b/p)|zp,l,μ|

}
.

Let Bp,l,μ be the union of all its connected components that intersect the disk

B(zp,l,μ, δp|zp,l,μ|)
and contain at least one of the points λk. Put

B =

∞,l(p),s(p)⋃
p=1,l=0,μ=0

Bp,l,μ ∪B(0, R1).

If B(0, R1) does not contain any of the λk, we remove this disk from the union. Denote by
Bm, m ≥ 1, all connected components of B. We show that Bm is the required sequence
of sets. Property 1) is satisfied for the same reasons as in Lemma 2.5. We verify property
2). Fixing p, l, and μ, we argue as in Lemma 2.5 to obtain the following inequality with
the help of the Cartan theorem:∑

λk∈B(zp,l,μ,8δp|zp,l,μ|)
nk ln

|z − λk|
3rα|λk|

≥ MΛ(zp,l,m, 8δp) ln
δp

32erα
,

where τp,l,μ ∈ (1, 2) and z ∈ ∂B(zp,l,μ, τp,l,μδp|zp,l,μ|). By (3.7), we have

MΛ(zp,l,μ, 8δp) ln
δp

32erα
≥ (M1

Λ − 2/p)|zp,l,μ| −MΛ(zp,l,μ, 8δp) ln(256erα)

≥ (M1
Λ − 4/p)|zp,l,μ|.

Thus, we arrive at ∑
λk∈B(zp,l,μ,8δp|zp,l,μ|)

nk ln
|z − λk|
3rα|λk|

≥ (M1
Λ − 4/p)|zp,l,μ|,

z ∈ ∂B(zp,l,μτp,l,μδp|zp,l,μ|).
(3.9)

As in Lemma 2.5, it follows that

(3.10) Bp,l,μ ⊂ B(zp,l,μ, τp,l,μδp|zp,l,μ|).
Let Bm contain some points outside B(0, R3), and let rz be one of them. We choose

the maximal p with Rp ≤ |rz| and pick a disk B(zp,l,μ, δp|zp,l,μ|) containing rz. The
component Bm either is included in B(zp,l,μ, τp,l,μδp|zp,l,μ|) or contains a point of the
circle ∂B(zp,l,μ, τp,l,μδp|zp,l,μ|). By construction, z ∈ Bj,n,ν for some j, n, and ν (because
z /∈ B(0, R1) by (3.8)). Suppose that j ≥ p. Then δj ≤ δp by (3.8). Therefore, as in
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Lemma 2.5, we have B(zj,n,ν , 3δj |zj,n,ν |) ⊂ B(zp,l,μ, 8δp|zp,l,μ|). Since 8δp < 1/p, we can
argue as in (2.1) with the use of (3.9) and (3.10) to obtain∑

λk∈B(zj,n,ν ,3δj |zj,n,ν |)
nk ln

|z − λk|
3rα|λk|

≥
∑

λk∈B(zp,l,μ,8δp|zp,l,μ|)
nk ln

|z − λk|
3rα|λk|

≥ (M1
Λ − 4/p)|zp,l,μ| ≥ (M1

Λ − 4/p)
1 + 2δj
1− 2δp

|zj,n,ν |

> (M1
Λ − 4/p+ 8(M1

Λ − 4)δp)|zp,l,μ| > (M1
Λ − b/p)|zp,l,μ|.

This contradicts the relation z ∈ Bj,n,ν . Consequently, j < p. Since |z| ≥ (1 −
2δp)|zp,l,μ| ≥ (1 − 2δp)Rp, by (3.10) and (3.8) we obtain j = p − 1. The compo-
nent Bm either is included in B(zj,n,ν , τj,n,νδj |zj,n,ν |) or contains a point of the circle
∂B(zj,n,ν , τj,n,νδj |zj,n,ν |). In the second case we have |y| ≥ (1+2δp−1)

−1(1− 2δp−1)
2Rp.

Therefore, by (3.10) and (3.8), the index i for the set Bi,s,τ that contains y (such set
exists because y /∈ B(0, R1)) is greater than or equal to j. So, we encounter a situation
already considered, which yields a contradiction. Thus,

Bm ⊂ B(zp,l,μ, τp,l,μδp|zp,l,μ|)
for the components Bm mentioned above (here p, l, and μ depend on m). This yields
property 2) in the lemma.

Finally, we verify property 3). Fixing ε > 0 and α ∈ (0, rα), we choose the minimal
number p0 with rα/p0 ≤ α. Now, we find p ≥ p0 with

b

j
<

ε

4
,

2δj(M
1
Λ + S2

Λ(α)−MΛ(α) ln 3− 3ε/4)

1− 2δj
> −ε

4
,

MΛ(zj,l,μ, rα/p0) ln 3 ≤ (MΛ(rα/p0) ln 3 + ε/4)|zj,l,μ|
≤ (MΛ(α) ln 3 + ε/4)|zj,l,μ|, j ≥ p.

(3.11)

Put R = (1−α)−1Rp+1 and suppose that w ∈ C \B(0, R) and z ∈ ∂Bm ∩B(w,α|w|/6).
By (3.10) and (3.8), we have z ∈ ∂Bj,l,μ ⊂ B(zj,l,μ, 2δj |zj,l,μ|) for some j ≥ p, l, μ. It can

easily be seen that B(w,α|w|/6) ⊂ B(zj,l,μ, ral|zj,l,μ|/p0). Then
(3.12) |qΛ(z, w, α/6)| ≥ |qΛ(z, zj,l,μ, rα/p0|
by (2.1). We estimate |qΛ(z, zj,l,μ,ra/p0)| from below. By the definition of Bj,l,μ and the
first inequality in (3.11), we have∑

λk∈B(zj,l,μ,3δj |zj,l,μ|)
nk ln

p0|z − λk|
3rα|λk|

≥
∑

λk∈B(zj,l,μ,3δj |zj,l,μ|)
nk ln

|z − λk|
3rα|λk|

≥
(
M1

Λ − ε

4

)
|zj,l,μ|.

(3.13)

Furthermore, by (3.6) and again the first inequality in (3.11), we obtain

(3.14) ln |rqΛ(zj,l,μ, zj,l,μ, rα/p0, 3δj)| ≥ (S2
Λ(rα/p0)− ε/4)|zj,l,μ|.

Let |zj,l,μ − λk| ≥ 3δj |zj,l,μ|. Then
|z − λk| ≥ |zj,l,μ − λk| − |z − zj,l,μ| ≥ |zj,l,μ − λk| − 2δj |zj,l,μ| ≥ 3−1|zj,l,μ − λk|.

By (3.14) and (3.11), it follows that

ln |rqΛ(z, zj,l,μ, rα/p0, 3δj)| ≥ ln |rqΛ(zj,l,μ, zj,l,μ, rα/p0, 3δj)| −MΛ(zj,l,μ, rα/p0) ln 3

≥ (S2
Λ(rα/p0)−MΛ(α) ln 3− ε/2)|zj,l,μ|

≥ (S2
Λ(α)−MΛ(α)− ε/2)|zj,l,μ|.
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Thus, taking (3.12), (3.13), and (3.11) into account, we arrive at

ln |qΛ(z, w, α/6)| ≥ (M1
Λ + S2

Λ(α)−MΛ(α) ln 3− 3ε/4)|zj,l,μ|
≥ (M1

Λ + S2
Λ(α)−MΛ(α) ln 3− 3ε/4)(1− 2δj)

−1|z|
≥ (M1

Λ + S2
Λ(α)−MΛ(α) ln 3− ε)|z|. �

Remarks. 1. Theorem 3.1 shows that M1
Λ ≥ S2

Λ(α). Therefore, the quantity S2
Λ(α)+M1

Λ

can be replaced by 2S2
Λ(α) in the inequality of item 3) in Lemma 3.1.

2. Clearly, the inequality S2
Λ(rα) > −∞ in Lemma 3.1 is fulfilled whenever S1

Λ > −∞.
Yet it may fail if merely S2

Λ is finite. Consider the corresponding example. We enumerate
all pairs of natural numbers in the same way as in Remark 3 to Theorem 3.1. Then
p(s, l) ≥ 2s, s ≥ 1. Choose a sequence {ξs} ⊂ ∂B(0, 1) with |ξs − 1| = 1/s, s ≥ 1. Next,
put Λ =

⋃∞
p=2 Λp and

Λp(s,l) =

2s−1⋃
j=s

{
(2p(s,l)(1− exp(−2j+1))−mhj)ξs, m = 0, 1, . . . , 2p(s,l)−j − 1

}
,

where hj = (exp(−2j) − exp(−2j+1))2j . We note that the sequence Λ′ composed of
the numbers |λk|, k ≥ 1 (where the λk are the points of Λ) is a part of the sequence
occurring in Remark 2 to Theorem 3.1. Thus, M1

Λ ≥ −32. In particular, MΛ = 0. If
ξ �= 1, ξs, s ≥ 1, then for some α > 0 the disk B(tξ, αt), t > 0, does not contain any λk.
Consequently, S1

Λ,ξ = 0. Let ξ = ξs. Then there exists α ∈
(
0, exp(−22s−1)− exp(−22s)

)
such that the disk B(tξ, αt), t > 0, may contain only points of the group Λp(s,l), the
distances between which are at least h2s−1. Arguing as in case 1) in Remark 3 to
Theorem 3.1, it is easy to show that S1

Λ,ξ = 0. Finally, we also have S1
Λ,1 = 0. Indeed,

for sufficiently small α ∈ (0, 1/3), the disk B(t, αt), t > 0, may only contain points of one
group Λp(s,l), whose distances to t are at least t/2s. Furthermore, 1/2s ≤ α, t ≥ 2p(s,l)−1,

and the number of points in the group Λp(s,l) is at most 2p(s,l)−s+1. Then

ln |rqΛ(t, t, α, δ)| ≥ ln |qΛ(t, t, α)| ≥ −2p(s,l)−s+1

t
ln(8sα)

≥ −2−s+2 ln(8sα) ≥ −2−s+2 ln(8s).

This yields the required identity. Thus, S2
Λ = 0. At the same time, as in Remark 2

to Theorem 3.1, it can be shown that S1
Λ,ξs

(exp(−2j)) ≤ −s, s ≥ j. Consequently,

S2
Λ(α) ≡ −∞.

Lemma 3.2. Let |ξ| = 1, and let Λ = {λk, nk} be such that S1
Λ,ξ(rα) > −∞ for some

rα ∈ (0, 1/3). Then M1
Λ,ξ > −∞ and there exists an infinitely growing sequence rm > 0,

m ≥ 1, with the following properties:
1) limm→∞ rm+1/rm = 1;
2) for every ε > 0 and α ∈ (0, rα], there exists R > 0 with

ln |qΛ(z, w, α/6)| ≥ (S1
Λ,ξ(α) +M1

Λ,ξ −MΛ,ξ(α) ln 3− ε)|z|,
z ∈ {rmξ}∞m=1 ∩B(w,α|w|/6), w ∈ C \B(0, R).

Proof. We argue as in the preceding lemma. As in that proof, we choose δp, Rp, and μp

that satisfy (3.8) with S2
Λ(rα/s) and M1

Λ replaced by S1
Λ,ξ(rα/s) and M1

Λ,ξ, and with the

points teilϕp and w both replaced by tξ. Put zp,μ = Rp(1 + δp)
μξ, p ≥ 1, μ = 0, . . . , μp.

As in Lemma 3.1, we invoke the Cartan theorem. This will result in formula (3.9) in
which the index l is dropped and M1

Λ is replaced by M1
Λ,ξ. Let {rm} be the sequence of

the numbers Rp(1 + δp)
μ(1 + τp,μδp), p ≥ 1, μ = 0, . . . , μp, enumerated in the increasing
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order. Since δp → 0, statement 1) of the lemma follows. To obtain 2), we argue as in
Lemma 3.1 by using (3.9) and (3.6). �

A converse to Lemma 3.2 holds in the following sharp form.

Lemma 3.3. Let |ξ| = 1, and let Λ = {λk, nk}. Suppose that, for some rα ∈ (0, 1/3),
a > 0, and a sequence {wm} with unboundedly growing moduli and with wm/|wm| → ξ,
|wm+1|/|wm| → 1 as m → ∞, we have

ln |qΛ(wm, wm, rα)| ≥ −a|wm|, m ≥ 1.

Then for every ε > 0, α ∈ (0,ra], δ ∈ (0, α), and an arbitrary sequence {zp} such that
|zp| → ∞ and zp/|zp| → ξ as p → ∞, there exists an index p0 with

ln |rqΛ(zp, zp, α, β)| ≥ −(a+ ε)|zp|, p ≥ p0.

In particular, S1
Λ,ξ(α) ≥ −a.

Proof. Fix ε > 0, α ∈ (0, rα/2], and δ ∈ (0, α). By assumption and the definition of qΛ,
we obtain

−a|wm| ≤ ln |qΛ(wm, wm, rα)| ≤ −MΛ(wm, rα) ln 3, m ≥ 1.

Therefore, for some γ ∈ (1/2, 1) we have MΛ(wm, 2α) ln γ ≥ −ε|wm|, m ≥ 1. Put
β = (1−γ)/γ. We choose m0 such that |wm/|wm|−ε| < βδ/3, | |wm+1|/|wm|−1| < βδ/3
for m ≥ m0. Let {zp} be a sequence with zp → ∞ and zp/|zp| → ξ as p → ∞. We
choose p0 in such a way that |zp/|zp| − ε| < βδ/3 and |zp| ≥ |wm0

| for p ≥ p0. Fixing
p ≥ p0, we choose m ≥ m0 with |wm| ≤ |zp| < |wm+1|. Then wm ∈ B(zp, βδ|zp|)
and B(zp, α|zp|) ⊂ B(wm, rα|wm|). The last inclusion and the properties of the factors
forming qΛ (see (2.1)) show that

ln |rqΛ(wm, zp, α, β)| ≥ ln |qΛ(wm, zp, α)| ≥ ln |qΛ(wm, wm, rα)| ≥ −a|wm| ≥ −a|zp|.
Let |λk−zp| ≥ δ|zp|. Since wm ∈ B(zp, βδ|zp|), we have |λk−zp| > γ|λk−2m|. Therefore,

ln |rqΛ(zp, zp, α, δ)| ≥ ln |rqΛ(wm, zp, α, δ)|+MΛ(wm, 2α) ln γ

≥ −a|zp| − ε|wm| ≥ −(a+ ε)|zp|.
In particular, it follows that S1

Λ,ξ(α) ≥ −a. �

Theorem 3.2. Let Λ = {λk, nk}. If U = {Um} is a splitting of Λ into relatively
small groups, then S1

Λ ≥ 2SΛ(U). Conversely, there exists a splitting U with N (Λ, U) =
D(Λ, U) = 0 and SΛ(U) ≥ S2

Λ(α)−MΛ(α) ln 3, α ∈ (0, 1/3).

Proof. We prove the first claim. If SΛ(U) = −∞, the claim is trivial. Let SΛ(U) > −∞.
Fix ε > 0. Lemma 2.3 implies that for some family Bm, m ≥ 1, of mutually disjoint
open sets we have the following:

Um = {λm,p} ⊂ Bm, the diameters dm of Bm satisfy

(3.15) lim sup
m→∞

max
1≤p≤Mm

dm/|λm,p| ≤ 2(N (Λ, U) +D(Λ, U)) = 0,

and there exist R > 0 and rδ ∈ (0, 1/3) with

(3.16) ln |qΛ(z, w, rδ)| ≥ (2SΛ(U)− ε)|z|, z ∈ ∂Bm ∩B(w, rδ|w|), |w| ≥ R, m ≥ 1.

Let α ∈ (0, rδ/5), and let δ ∈ (0, α). By (3.15), there is an index m0 such that

(3.17) sup
w∈Bm

dm/|w| < δ, m ≥ m0.

We choose R1 ≥ R such that every disk B(w,α|w|), w ∈ C\B(0, R1), may only intersect
Bm with m ≥ m0. Take w ∈ C \B(0, R1). By (2.1) and (3.16), we have

ln |qΛ(z, w, α)| ≥ (2SΛ(U)− ε)|z|, z ∈ ∂Bm ∩B(w, 5α|w|), m ≥ 1.
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Furthermore, by the definition of qΛ we also have

ln |qΛ(z, w, α)| ≥ 0, z ∈ ∂B(w, 5α|w|),
Thus, recalling the properties of the factors that form qΛ, we obtain

(3.18) ln |rqΛ(z, w, α, δ)| ≥ ln |qΛ(z, w, α)| ≥ (2SΛ(U)− ε)|w|(1 + 5α),

where
z ∈ (∂Bm ∩B(w, 5α|w|)) ∪ ∂B(w, 5α|w|), m ≥ 1.

Since rqΛ(z, w, α, δ) has no zeros on B(w, 5α|w|) \
⋃
Bw, inequality (3.18) extends to this

set. If w belongs to it, then

(3.19) ln |rqΛ(w,w, α, δ)| ≥ (2SΛ(U)− ε)|w|(1 + 5α).

Now, suppose w ∈ Bm. By (3.17), we have Bm ⊂ B(w, δ|w|). Consequently,
rqΛ(z, w, α, δ) does not have zeros on Bm, and again we arrive at (3.19), which implies
that S1

Λ(α) ≥ (2SΛ(U)− ε)(1 + 5α)). Since ε is arbitrary, we obtain S1
Λ ≥ 2SΛ(U).

Now, we prove the second claim. If S2
Λ(α) = −∞, the trivial partition fits. Suppose

that S2
Λ(α) > −∞. Then M1

Λ ≥ S2
Λ(α) by Theorem 3.1. We apply Theorems 3.1 and 2.4

to obtain a partition U with

SΛ(U) ≥ S2
Λ(α) +M1

Λ −MΛ(α) ln 3 ≥ 2S2
Λ(α)−MΛ(α) ln 3

and D(Λ, U) = 0. It remains to observe that the last identity entails the estimate
N (Λ, U) ≤ MΛ, and MΛ = 0 because M1

Λ is finite. �

Remarks. 1. Theorem 3.2 implies that the quantities S1
Λ and S2

Λ(α) are finite or infinite
simultaneously.

2. Theorem 3.2 shows also that the condition SΛ = 0 implies S1
Λ = 0. The converse

is not true. Indeed, let Λ = {λk, 1}, where λ2k = 2k and λ2k+1 = 2k + bk, bk > 0,
ln bk/2

k → −∞. Then

SΛ ≤ lim
δ→0

lim inf
k→∞

2−k ln(bk/3δ2
k) = lim

k→∞
2−k ln bk = −∞.

At the same time, for the splitting in which Um = {λ2m, λ2m+1}, m ≥ 1, for sufficiently

small δ we have qm,l
Λ,U (z, δ) ≡ 1. Therefore, SΛ(U) = 0. But then S1

Λ = 0 by Theorem 3.2.

3. In the example in Remark 2 to Theorem 3.1 it was shown that S1
Λ = −∞. Con-

sequently, by Theorem 3.2, the sequence Λ constructed in that example cannot be split
into relatively small groups U = {Um} in such a way that SΛ(U) > −∞. The same
can be said about the sequence Λ in Remark 2 to Lemma 3.1, because S2

Λ(α) = −∞ for
α ∈ (0, 1/3) in that situation.

We give yet another example, which illustrates Theorem 3.2 and which will be used
in the next section. Let a sequence Λ = {λk, nk}∞k=1 be such that

M2
Λ = lim sup

δ→0
lim sup
|z|→∞

MΛ(w, δ)/δ|w| < ∞.

This condition is fulfilled if Λ has angular density (see [9, Chapter II, §1]) or is a part of
a sequence with finite angular density, i.e., if Λ is a part of the zero set for a function of
completely regular growth (see [9, Chapter III, §3, Theorem 4]).

Since M2
Λ < ∞, we have M0

Λ < ∞. Then S1
Λ = 0 by Theorem 3.1, and Theorem 3.2

implies the existence of a splitting U into relatively small groups with SΛ(U) = 0. Note
that the condition M2

Λ < ∞ may be fulfilled for a sequence Λ that is not necessarily a
part of the zero set of some function of regular growth. Let Λ =

⋃
Λp, where each Λp

is a certain subset of the circle |λ| = Rp and Rp+1 ≥ (1 + rδ)Rp, p ≥ 1, rδ > 0. More
specifically, Λp is defined as follows. Choose some chord [z(p), rz(p)] of the circle |λ| = Rp
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that is orthogonal to the radius-vector srp = Rpe
iϕp , intersects this radius-vector, and

contracts an angle ϕp ≥ ϕ. Let h > 0, and let zl(p), l = 1, . . . , s(p), be points of the
chord [z(p), rz(p)] dividing this chord into equal segments of length at least h. Λp is
defined as the set of points of intersection of the circle |λ| = Rp and the straight lines
parallel to srp and passing through zl(p). If ϕ > 0, then the maximal density of Λ is +∞:

lim sup
δ→0

lim sup
|z|→∞

(N(Λ, R)−N(Λ, (1− δ)R))/δR = lim sup
δ→0

lim sup
p→∞

l(p)/δRp = +∞.

Therefore, Λ is not a part of a sequence with angular density, i.e., it is not a part of the
zero set of a function of regular growth. At the same time, it can easily be observed that
M2

Λ < ∞. Then, as above, there exists a splitting U into relatively small groups with
SΛ(U) = 0. We show that the trivial splitting can be taken for U . Let U = {Uk}, where
Uk = {λk} and rl(p) is the maximal of the natural numbers that are strictly smaller than
δRp/h. If δ > 0 is sufficiently small, then the disk B(λk, δRp) contains only points of Λ
(among all points of Λp). Then for δ as indicated above we have

ln |qkΛ,U (λk, δ)|
|λk|

=
∑

λS∈B(λk,δ|λk|)
S �=k

1

Rp
ln

|λk − λS |
3δ|λS |

≥ 1

Rp
ln

(rl(p)!)2h2rl(p)

(3δRp)2
rl(p)

≥ 2rl(p)

Rp
ln

hrl(p)

9δRp
≥ 2δ

h
ln

δRp − h

9δRp
.

It follows that SΛ = Sλ(U) = 0.

§4. Completion of a complex sequence

In this section we construct a special completion of the sequence Λ (split into groups)
up to the zero set of an entire function of exponential type (i.e., a function f satisfying
ln |f(w)| ≤ A+B|w|, w ∈ C, with some A and B).

Theorem 4.1. Let a sequence Λ = {λk, nk}∞k=1 be split into groups U = {Um}∞m=1

in such a way that SΛ(U) > −∞, N (Λ, U), D(Λ, U) < +∞. There exists a sequence
Λ′ = {ξl, 1}∞l=1 having no common points with Λ and satisfying the following conditions:

1) rΛ = Λ ∪ Λ′ is the zero set (with multiplicities) of an entire function of exponential
type;

2) for the splitting rU = U ∪U ′ of the sequence rΛ, where U ′ is the trivial splitting of Λ′,

we have S
rΛ(

rU) > −∞, N (rΛ, rU) = N (Λ, U), D(rΛ, rU) = D(Λ, U).

Proof. By Lemma 2.2, the quantity MΛ is finite. So, N(Λ) is finite by Lemma 2.1. Then
Lemma 2.5 implies the existence of a > 0, δ1 ∈ (0, 1/3), and of numbers Rp > 0 (where
p ≥ 1) such that

(1 + 1/30)Rp ≤ Rp+1 ≤ (1 + 1/2)Rp, p ≥ 1,(4.1)

ln |qΛ(z, w, δ1)| ≥ −a|z|, z ∈ ∂B(0, Rp) ∩B(w, δ1|q|), p ≥ 1, |w| ≥ 2.(4.2)

The last inequality implies the absence of the λk on the circle |z| = Rp. Put

Ap =
∑

Rp<|λk|<Rp+1

nk

λk
= tpe

−iϕp , p ≥ 1.

Since N(Λ) < ∞, for some c > 0 we have N(Λ, Rp) ≤ cRp, p ≥ 1. Taking (4.1) into
account, we obtain

(4.3) tp ≤ N(Λ, Rp+1)/Rp ≤ cRp+1/Rp ≤ 3c/2, p ≥ 1.
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Let [z(p), rz(p)] be the chord of the circle |ξ| = Rp that is orthogonal to the radius-vector
srp = −Rpe

iϕp , intersects it at the point z0(p), and contracts an angle of opening π/3
(the length of this chord is Rp). Fix h ∈ (0, 1/3c). We denote by s(p) the maximal
natural number not exceeding Rp/2h, and by zl(p), l = 1, . . . , s(p) − 1, the points of
the interval (z(p), z0(p)) that split it into intervals of length Rp/2s(p). Let zl(p), l =
−1, . . . ,−s(p)+1, be the points of the interval (z0(p), rz(p)) symmetric to the above points
with respect to z0(p). Also, we put zs(p)(p) = z(p) and z−s(p)(p) = rz(p). The points of
intersection of the straight lines parallel to the vector srp = Rp and passing through zl(p),
−s(p) ≤ l ≤ s(p), with the circle |ξ| = Rp, will be denoted by ξl(p).

We define sets Λ′(p), p ≥ 2. If tp−1Rp ≤ 1, we put Λ′(p) = ∅. Suppose that
tp−1 > 1/Rp = 1/|ξ0(p)|. Since 1/ξ1(p) + 1/ξ−l(p) = −ρp,le

−iϕp , where ρp,l ≥ 1/Rp, the
choice of h and s(p) together with formula (4.3) for l(p) = s(p) shows that∣∣∣∣∣

∑
−l(p)≤l≤l(p)

1

ξl(p)

∣∣∣∣∣ ≥ s(p) + 1

Rp
≥ 1

2h
≥ 3c

2
≥ tp−1 >

1

|ξ0(p)|
.

The quantity on the left in these inequalities decreases when l(p) decreases. Therefore,
there exists an index 1 ≤ l(p) ≤ s(p) such that∣∣∣∣∣

∑
−l(p)≤l≤l(p)

1

ξl(p)

∣∣∣∣∣ ≥ tp−1 ≥
∣∣∣∣∣

∑
−l(p)+1≤l≤l(p)−1

1

ξl(p)

∣∣∣∣∣.
Also, we have

(4.4)

∣∣∣∣∣Ap−1 +
∑

−l(p)+1≤l≤l(p)−1

1

ξl(p)

∣∣∣∣∣ ≤
∣∣∣∣ 1

ξ−l(p)(p)
+

1

ξl(p)(p)

∣∣∣∣ ≤ 2

Rp
.

We take the collection ξl(p),−l(p)+ 1 ≤ l ≤ l(p)− 1, for Λ′(p). Thus, if Λ′(p) = ∅, then

(4.5) |Ap−1| = tp−1 ≤ 1/Rp ≤ 2/Rp.

Otherwise we have (4.4).
Put Λ′ =

⋃
p≥2 Λ

′(p) = {ξl, 1}∞l=1. Let R > R2 and j ≥ 2 satisfy the inequalities

Rj ≤ R < Rj+1. Relations (4.4), (4.5), and (4.1) imply∣∣∣∣∣
∑

R1<|λk|
|ξl|≤R

(
nk

λk
+

1

ξl

) ∣∣∣∣∣ ≤
∑

1≤p≤j

∣∣∣∣∣
∑

Rp−1<|λk|
|ξl|≤Rp

(
nk

λk
+

1

ξl

) ∣∣∣∣∣+
∣∣∣∣∣

∑
Rj<|λk|≤R

nk

λk

∣∣∣∣∣
≤

∑
2≤p≤j

2

Rp
+

∑
Rj<|λk|≤R

nk

|λk|

≤
∑

2≤p≤j

2

Rp
+

N(Λ, Rj+1)

Rj
≤ 2

R1

∞∑
p=0

(1 + 1/30)−p +
3c

2
.

(4.6)

Next, the choice of l(p) and s(p) implies

N(Λ′, R)

R
=

∑
2≤p≤j

2l(p)− 1

R
≤

∑
2≤p≤j

2s(p)

Rj
≤

∑
2≤p≤j

Rp

hRj
≤ 1

h

∞∑
p=0

(1 + 1/30)−p.

This means that N(Λ′) < ∞. Therefore, N(rΛ′) ≤ N(Λ)+N(Λ′) < ∞. By (4.6) and the

Lindelöf theorem (see, e.g., [1, Chapter I, §3, Theorem 3.9]), it follows that rΛ is the zero
set of an entire function of exponential type.

Thus, we have verified statement 1). Now, we prove statement 2). The formulas

N (rΛ, rU) = N (Λ, U) and D(rΛ, rU) = D(Λ, U) are clear because U ′ is trivial. We show
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that S
rΛ(

rU) > −∞. For this, we must obtain appropriate lower estimates for the functions

defining S
rΛ(

rU) at the points of the groups Um = {λm,ν} and U ′
l = {ξl}. First, we consider

U ′
l . In the last example in the previous section we proved that SΛ′ = 0. Thus, there

exists δ2 ∈ (0, δ1) and an index l0 such that

ln |qlΛ′,U ′(ξl, δ2)| =
∑

ξi∈B(ξl,δ2|ξl|)
i �=l

ln
∣∣∣ξi − ξl
3δ2ξi

∣∣∣ ≥ −|ξl|, l ≥ l0.

Taking (4.2), (2.2), and (2.1) into account, we deduce that

ln |ql
rΛ, rU

(ξl, δ)| ≥ ln |ql
rΛ, rU

(ξl, δ2)|

= ln |qlΛ′,U ′(ξl, δ2)|+ ln |qΛ(ξl, ξlδ2)| ≥ −(a+ 1)|ξl|,
(4.7)

where l ≥ l0, |ξl| ≥ 2, and δ ∈ (0, δ2). Now, we consider the group Um. Since SΛ(U) >
−∞, there exists δ3 ∈ (0, δ2), b > 0, and an index m0 with

(4.8) ln |qm,l
Λ,U (λm,l, δ3)| ≥ −b|λm,l|, m ≥ m0, 1 ≤ l ≤ Mm.

Let δ ∈ (0, δ3), and let m ≥ m0. If the circle B(λm,l, δ|λm,l|) does not contain any ξl,
then by (2.2) we obtain

(4.9) ln |qm,l
rΛ, rU

(λm,l, δ)| ≥ ln |qm,l
rΛ, rU

(λm,l, δ3)| = ln |qm,l
Λ,U (λm,l, δ3)| ≥ −b|λm,l|.

In the opposite case, by (4.1), for δ3 sufficiently small, the disk B(λm,l, δ|λm,l|) contains
points of only one collection Λ′(p). Let ξl(p) ∈ B(λm,l, δ|λm,l|). By (4.2) and (4.1), we
obtain

ln

∣∣∣∣ξl(p)− λm,l

3δ|λm,l|

∣∣∣∣ ≥ ln |qΛ(ξl(p), λm,l, δ)| ≥ ln |qΛ(ξl(p), λm,l, δ1)| ≥ −a|ξl(p)|.

It follows that

ln

∣∣∣∣ξl(p)− λm,l

3δ|λl(p)|

∣∣∣∣ ≥ ln

∣∣∣∣ ξl(p)− λm,l

3δ(1 + δ)|λm,l|

∣∣∣∣ ≥ − ln(1 + δ)− a(1 + δ)|λm,l|.

By construction, except for at most two points ξl(p), we have |ξl(p)− λm,l| ≥ ih, where
i is a positive integer depending on l. Let i(p) be the maximal positive integer strictly
smaller than δ|λm,l|/h. Then

ln |qΛ′(λm,l, λm,l, δ)| ≥ −2 ln(1 + δ)− 2a(1 + δ)|λm,l|+ ln
(i(p)!)2h2i(p)

(3δ(1 + δ)|λm,l|)2i(p)
≥ −2 ln(1 + δ)− 2a(1 + δ)|λm,l|+ 2i(p) ln(hi(p)/9δ|λm,l|)

≥ −2 ln(1 + δ)− 2a(1 + δ)|λm,l|+
2δ|λm,l|

h
ln

δ|λm,l| − h

9δ|λm,l|
.

Invoking (4.8) and (2.2), we obtain

ln |qm,l
rΛ, rU

(λm,lδ)| = ln |qm,l
Λ,U (λm,l, δ)|+ ln |qΛ′(λm,l, λm,l, δ)|

≥ −b|λm,l| − 2 ln(1 + δ)− 2a(1 + δ)|λm,l|+
2δ|λm,l|

h
ln

δ|λm,l| − h

9δ|λm,l|
.

By (4.7) and (4.9), it follows that S
rΛ(

rU) > −b − 2a. This finishes the proof of the
theorem. �

Remarks. 1. It can be seen from the proof that the completion of Λ does depend on Λ
but is independent of a splitting U .
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2. If U is a splitting into relatively small groups, then rU is also a splitting into
relatively small groups. Moreover, if SΛ > −∞, then S is also finite.

§5. Lower estimates for an entire function of exponential type

In this section, we establish a relationship between lower estimates for an entire func-
tion of exponential type and splittings of its zero set into groups.

Theorem 5.1. Let f be an entire function of exponential type, and Λ = {λk, nk} its

(multiple) zero set. Suppose we are given a splitting U = {Um}, Um = {λm,l}Mm

l=1 of Λ
with SΛ(U) > −∞ and N (Λ, U), D(Λ, U) < +∞. Then there exist positive numbers

{γm,l}Mm,∞
l=1,m=1 such that

lim inf
m→∞

min
1≤l,j≤Mm

ln γm,l/|λm,j | ≥ (1 +D(Λ, U))SΛ(U),1)

lim sup
m→∞

max
1≤l,j≤Mm

γm,l/|λm,j | ≤ N (Λ, U) +D(Λ, U);

2) the sets Bm =
⋃Mm

l=1 B(λm,l, γm,l), m = 1, 2, . . . , are mutually disjoint;
3) the diameters dm of the sets Bm satisfy the relation

lim sup
m→∞

max
1≤p≤Mm

dm/|λm,p| ≤ 2(N (Λ, U) +D(Λ, U));

4) for every θ ∈ (0, 1) there exist b, b1 > 0 such that ln |f(z)| ≥ −b1 − b|z|, z ∈(
Bm \ rBm(θ)

)
, m ≥ 1, where rBm(θ) =

⋃Mm

l=1 B(λm,l, θγm,l).

Proof. By Lemma 2.3, there exist γm,l > 0 such that statements 1)–3) are fulfilled and
for every θ ∈ (0, 1) there exists R > 0 and δ ∈ (0, 1/3) such that

ln |qΛ(z, w, δ)| ≥ (2SΛ(U)− 1)|z|,
z ∈

(
Bm \ rBm(θ)

)
∩B(w, δ|w|), |w| ≥ R, m ≥ 1.

(5.1)

We prove statement 4). By (2.1), we may assume that δ < 1/5. Since f is an entire
function of exponential type, for some A > 0 we have

(5.2) ln |f(λ)| ≤ A|λ|, |λ| ≥ (1− 5δ)R.

By a theorem on a lower estimate on circles for an entire function of exponential type
(see, e.g., [1, Chapter I, §4, Theorem 4.3]), there exists a > 0 and an unboundedly
growing sequence {Rp} of positive numbers such that Rp+1 ≤ (1 + δ/2)Rp and

(5.3) ln |f(λ)| ≥ −a|λ|, |λ| = Rp, p ≥ 1.

Let z ∈ (Bm \ rBm) satisfy |z| ≥ max{R,R1}. We choose p with Rp < |z| ≤ Rp+1. Then
z belongs to B(w, δ|w|/2) for some w ∈ ∂B(0, Rp+1). Consider the function h(λ) =
f(λ)(qΛ(λ,w, δ))

−1. This function is entire and has no zeros in that disk B(w, δ|w|).
Since |qΛ(λ,w, δ)| ≤ 1 in this disk, we have |h(w)| ≥ |f(w)|. The definition of qΛ shows
that |qΛ(λ,w, δ)| ≥ 1, λ ∈ ∂B(w, 5δ|w|). Taking (5.3) and (5.2) into account, we see that

ln |h(λ)h−1(w)| ≤ ln |h(λ)|+ a|w| ≤ ln |f(λ)|+ a|w| ≤ A|λ|+ a|w|
≤ (A(1 + 5δ) + a)|w|, λ ∈ ∂B(w, 5δ|w|).

A lower estimate for an analytic function without zeros (see, e.e., [1, Chapter I, §4,
Lemma 4.3]) implies

ln |h(λ)h−1(w)| ≥ −2(A(1 + 5δ) + a)|w|, λ ∈ B(w, δ|w|/2).



300 A. S. KRIVOSHEEV AND O. A. KRIVOSHEEVA

By (5.3) and (5.1), it follows that

ln |f(z)| = ln |h(z)|+ ln |qΛ(z, w, δ)|
≥ −2(A(1 + 5δ) + a)|w|+ ln |h(w)|+ (2SΛ(U)− 1)|z|
≥ −(2A(1 + 5δ) + 3a)|w|+ (2SΛ(U)− 1)|z| ≥ −b|z|,

where b = (2A(1 + 5δ) + 3a)(1− δ/2)−1 − 2SΛ(U) + 1. Choosing an appropriate b1 > 0,
we obtain 4). This proves the theorem. �

A converse to Theorem 5.1 also holds in the following form.

Theorem 5.2. Let f be an entire function of exponential type, and let Λ = {λk, nk} be
its multiple set of zeros. Suppose we are given a sequence of open sets Bm, m ≥ 1, with
the following properties:

1) the sets Bm, m ≥ 1, are mutually disjoint, their union contains all λk, and each
Bm contains at least one λk;

2) the diameters dm of the sets Bm, m = 1, 2, . . . , satisfy the relation

lim sup
m→∞

sup
λ∈Bm

dm/|λ| = d < ∞;

3) there exist b, R > 0 with ln |f(z)| ≥ −b|z|, z ∈ ∂Bm \B(0, R), m ≥ 1.
Then the splitting U = {Um} of Λ such that Um consists of all λk belonging to Bm

satisfies the conditions SΛ(U) > −∞ and D(Λ, U) ≤ d.

Proof. Choose A > 0 such that ln |f(z)| ≤ A|z|, |z| ≥ R. Let δ ∈ (0, 1/3), and let
w ∈ C \B(0, (1 + δ)R). Since |qΛ(z, w, δ)| ≥ 1 and z ∈ ∂B(w, 5δ|w|), we have

ln |f(z)| − ln |qΛ(z, w, δ)| ≤ ln |f(z)| ≤ A|z| ≤ A(1 + 5δ)|w|, z ∈ ∂B(w, 5δ|w|).
By the maximum principle, the last inequality extends to the disk B(w, 5δ|w|). By item
3) in the theorem, it follows that

ln |qΛ(z, w, δ) ≥ −(A(1 + 5δ)(1− δ)−1 + b)|z|, z ∈ ∂Bm ∩B(w, δ|w|), m ≥ 1.

Application of Lemma 2.4 finishes the proof. �

§6. Lower indicator

Let f be an entire function of exponential type. Its lower indicator (see [10, Chapter 4,
the Introduction]) is defined to be the function

hf (λ) = lim
δ→0

lim inf
t→∞

1

πδ2

∫
B(λ,δ)

ln |f(tz)|
t

dx dy, z = x+ iy.

This function is positive homogeneous of degree one, i.e., hf (tλ) = thf , t ≥ 0. We
signalize that there is a different equivalent definition of the lower indicator, see, e.g., [11].

We present some conditions ensuring the finiteness of the lower indicator. But before
we formulate two auxiliary statements, which were proved in a more general form in [12,
Proposition 9.3] and [13, Lemma 2.7].

Lemma 6.1. Let f be an entire function of exponential type, let |ξ| = 1, and let a ∈ R.
If hf (ξ) < a, then there exists δ > 0 and an unboundedly growing sequence rj > 0 such
that ln |f(rjλ)| ≤ arj, λ ∈ B(ξ, δ), j ≥ 1.

Lemma 6.2. Let f be an entire function of exponential type, let |ξ| = 1, and let a ∈ R.
If hf (ξ) ≥ a, then there exists a sequence {ξm} with unboundedly growing moduli and
such that ξm/|ξm| → ξ, |ξm+1|/|ξm| → 1 as m → ∞ and lim infm→∞ ln |f(ξm)|/|ξm| ≥ a.
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Remark. Lemma 6.1 implies the converse to Lemma 6.2. Indeed, let {ξm} be as in
Lemma 6.2. Suppose that hf (ξ) < a− 2ε for some ε > 0. By Lemma 6.1, we have

ln |f(λ)| ≤ (a− ε)rj ≤ (a− 2ε)(1± rδ)−1|λ|, λ ∈ B(rjξ, rδrj), j ≥ 1, rδ ∈ (0, δ)

(the sign in parentheses is opposite to the sign of a − 2ε). We choose rε ∈ (0, δ) in such

a way that (a− 2ε)(1± rδ)−1 ≤ a− ε. Then, by the last property of the sequence {ξm},
there exists an index p0 such that for all p ≥ p0 the point ξm does not belong to any

disk B(rj , ξ, rδrj), j ≥ 1. Clearly, this contradicts the properties of {ξm}. Therefore,
hj(ξ) ≥ a.

Theorem 6.1. Let f be an entire function of exponential type, Λ = {λk, nk} its multiple
set of zeros, and Γ a cone with vertex at zero. The following statements are equivalent:

1) there exists α ∈ (0, 1/3) with S2
Λ,Γ(α) > −∞;

2) there exists b > 0 with hf (λ) ≥ −b|λ|, λ ∈ Γ.

Proof. 1) =⇒ 2). We argue in accordance with the pattern of Theorem 5.1. Let ξ ∈
Γ ∩B(0, 1). By Lemma 3.2 combined with Theorem 3.1 and Lemma 2.1, we find R > 0
and an unboundedly growing sequence rm > 0, m ≥ 1, such that rm+1/rm → 1 as
m → ∞ and

(6.1) ln |qΛ(z, w, α/6)| ≥ (2S2
Λ,Γ(α)−(1+α)N(Λ) ln 3−1)|z|, z ∈ {rmξ}∩B(w,α|w|/6)

for all w ∈ C \R(0, R).
As in Theorem 5.1, we have

ln |f(λ)| ≤ A|λ|, |λ| ≥ (1− 5α/6)R,(6.2)

ln |f(λ)| ≥ −a|λ|, |λ| = Rp, p ≥ 1,(6.3)

where A, a > 0 and Rp+1 ≤ (1 + α/12)Rp. Let rm ≥ max{R,R1}. We choose an index
p such that Rp < rm ≤ Rp+1. Then rmξ ∈ B(Rp+1ξ, αRp+1/12). Consider the function
h(λ) = f(λ)(qΛ(λ,Rp+1ξ, α/6))

−1. As in Theorem 5.1, we obtain

ln |h(rmξ)h−1(Rp+1ξ)| ≥ −2(A(1 + 5α/6) + a)Rp+1.

By (6.3) and (6.1), it follows that

ln |f(ξm)| = ln |h(ξm)|+ ln |qΛ(ξm, Rp+1, ξ, α/6)|
≥ −2(A(1 + 5α/6) + a)Rp+1 + ln |h(Rp+1ξ)|+ (2S2

Λ,Γ(α)− (1 + α)N(Λ) ln 3− 1)|ξm|
≥ −b|ξm|,

where ξm = rmξ and b+(2A(1+5α/6)+3a)(1−α/12)−1−2S2
Λ,Γ(α)+(1+α)N(Λ) ln 3+1.

By the remark to Lemma 6.2, we have hf (ξ) ≥ −b. Since the indicator is positive
homogeneous, statement 2) follows.

2) =⇒ 1). Let ξ ∈ Γ ∩ ∂B(0, 1). By Lemma 6.2, there exists a sequence {ξm}
with unboundedly growing moduli and such that ξm/|ξm| → ξ and |ξm+1|/|ξm| → 1 as
m → ∞, and

(6.4) ln |f(ξm)| ≥ −(b+ 1)|ξm|, m ≥ 1.

Fix α ∈ (0, 1/5). As before, using the properties of qΛ and the maximum principle, we
obtain

ln |f(λ)(qΛ(λ,w, α))−1| ≤ B|λ|, λ ∈ B(w, 5α|w|), w ∈ C \B(0, R)

with some B, R > 0. By (6.4), it follows that

ln |qΛ(ξm, ξm, α)| ≥ −(b+B + 1)|ξm|, |ξm| ≥ R.
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Then S1
Λ,ξ(α) ≥ −b − B − 1 by Lemma 3.3. Consequently, S2

Λ,Γ(α) > −∞, and the
theorem follows. �

Corollary 1. Let f be an entire function of exponential type, let Λ = {λk, nk} be its
multiple set of zeros, and let |ξ| = 1. The indicator hf is finite at ξ if and only if
S1
Λ,ξ > −∞.

Recalling Remark 1 to Theorem 3.2, we obtain another corollary.

Corollary 2. Let f be an entire function of exponential type and Λ = {λk, nk} its
multiple zero set. The indicator hf is bounded from below on the unit circle if and only
if S1

Λ > −∞.

Remark. 1. Consider some examples. Let Λ = {λk, nk} have finite upper density, and let
|ξ| = 1. Suppose that MΛ,ξ �= 0 or, more generally, M1

Λ,ξ = −∞. Then, by Theorem 3.1

and Corollary 1, we have hf (ξ) = −∞ for every entire function f of exponential type that
has a zero of multiplicity at least nk at each λk. For example, if lim supk→∞ nk/|λk| �= 0,
then there exists ξ with MΛ,ξ �= 0 and, therefore, M1

Λ,ξ = −∞.

Let Λ be as in Remark 2 to Theorem 3.1. Then M1
Λ = M1

Λ,1 > −∞. Nevertheless,

S1
Λ = S1

Λ,1 = −∞ and, consequently, hf (1) is infinite for any f as indicated.

Let L(λ) be the entire function of exponential type defined by (1.3), and let rΛ =
Λ ∪ (−Λ) be its zero set. Then S1

Λ,Γ(α) ≥ S1
rΛ,Γ

(α) ≥ 2S1
Λ,Γ(α). In the example in

Remark 2 to Lemma 3.1, the function S1
Λ,ξ is identically zero. Therefore, the indicator

hL is finite everywhere. However, S2
Λ(α) ≡ −∞. Consequently, hL is not bounded below

on the unit circle (hL(ξs) → −∞, s → ∞).
Assume that Λ is the zero set of a function f . If M0

Λ < ∞, then, by Theorem 3.1
and Corollary 2, the lower indicator of f is bounded on ∂B(0, 1). This happens if
M2

Λ < ∞. For example, if Λ is a part of the zero set of a function of regular growth, then
infξ∈∂B(0,1) hL(ξ) > −∞.

In the example in Remark 3 to Theorem 3.1, the quantity M0
Λ is infinite. At the same

time, S1
Λ > −∞. Consequently, hL is bounded below on ∂B(0, 1).

If SΛ > −∞ (or, more generally, Λ is split into relatively small groups U = {Um}
in such a way that SΛ(U) > −∞), then infξ∈∂B(0,1) hL(ξ) > −∞ by Theorem 3.2 and
Corollary 2.

2. We compare Theorem 6.1 with the result of the paper [7], where some finiteness
conditions for the lower indicator were obtained. Let f be an entire function of exponen-
tial type and Λ = {λk, nk} its zero set. In [7] it was proved that hf is bounded below on
∂B(0, 1) ∩ Γ if and only if

(6.5) IΛ,Γ = lim
δ→0

lim sup
z→∞,z∈Γ

1

|z|

∫ 1

δ

MΛ(z, σ)

σ
dσ < ∞.

Thus, by Theorem 6.1, the quantities S2
Λ,Γ(α) and IΛ,Γ(1) are finite or infinite simulta-

neously. We look at IΛ,ξ more closely. By Lemma 2.1, for large |z| we have

1

|z|

∫ 1

α

MΛ(z, σ)

σ
dσ ≤

∫ 1

α

2N(Λ) + 1

σ
dσ = −(2N(Λ) + 1) lnα.

Theorem 3.1 shows that M1
Λ,ξ ≥ S2

Λ,Γ(α). Consequently,

lim sup
δ→0

lim sup
t→∞

1

t

∫ 1

α

MΛ(tξ, δ)

σ
dσ = − lim sup

δ→0
MΛ,ξ(δ) ln δ = −M1

Λ,ξ ≤ −S2
Λ,Γ(α).
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The last estimates mean that the condition IΛ,ξ < ∞ is equivalent to the finiteness of
the quantity

rIΛ,ξ(α) = lim
δ→0

lim sup
t→∞

1

t

∫ α

δ

MΛ(tξ, σ)−MΛ(tξ, δ)

σ
dσ.

Using the Jensen formula (as in Theorem 3.1) and the inequalities ln |rqΛ(z, w, α, δ)| ≥ 0
for z ∈ ∂B(w, 5α|w|) and ln |rqΛ(w,w, α, δ)| ≤ 0 for z ∈ ∂B(w,α|w|), it can easily be
shown that∫ α

δ

MΛ(z, σ)−MΛ(z, β)

σ|z| ≤ − ln |rqΛ(z, z, α, β)|
|z|

≤ MΛ(z, α) ln 5

|z| +

∫ α

δ

MΛ(z, σ)−MΛ(z, δ)

σ|z| .

Therefore, rIΛ,ξ(α) ≤ −S1
Λ,ξ(α) ≤ MΛ,ξ(α) + rIΛ,ξ(α). If M1

Λ,ξ > −∞, then MΛ,ξ = 0.
Therefore, the inequalities turn into identities in the limit as α → 0. Thus, yet an-
other criterion for the boundedness of the indicator hf on ∂B(0, 1) ∩ Γ is the condition

infξ∈∂B(0,1)∩Γ
rIΛ,ξ(α) < ∞. Formally, it is weaker than (6.5), in particular, for the reason

that (6.5) involves a “uniform” upper limit over the entire cone Γ.
It should also be noted that, unlike IΛ,Γ, the quantity S2

Λ,Γ(α) is defined in terms
of the modulus of a polynomial. This feature is quite convenient technically in various
applications.

§7. Interpolation problem

In this section, we solve a special interpolation problem in the space of entire functions
of exponential type. In the last section, this solution will enable us to show that a certain
sequence of exponential polynomials related to this problem forms a basis in W(Λ).

Let P be the space of entire functions of exponential type endowed with the topology
of inductive limit of the Banach spaces

Ps =
{
f ∈ H(C) : ‖f‖s = sup

z∈C

(|f(z)| exp(−s|z|)) < ∞
}
, s ≥ 1.

Let the sequence Λ = {λk, nk} be split into groups U = {Um}, where Um = {λm,j}Mm
j=1 ,

let γm be a contour (a simple closed continuous rectifiable curve) enclosing the points of
Um, and let

ωm(λ) =

Mm∏
l=1

(λ− λm,l)
nm,l , m ≥ 1.

For a function f analytic on γm and inside it, we put

(7.1) Pm(λ, f) =
1

2πi

∫
γm

f(ζ)(ωm(ζ)− ωm(λ))

(ζ − λ)ωm(ζ)
dζ, m ≥ 1.

Formula (7.1) defines the well-known interpolation polynomial of degree at most Nm − 1
that, together with its derivatives of order up to nm,l − 1, takes at the λm,l the same
values as f and its derivatives, i.e.,

(7.2) P (n)
m (λm,l, f) = f (n)(λm,l), l = 1, 2, . . . ,Mm, n = 0, 1, . . . , nm,l − 1.

For every s ≥ 1, we introduce the Banach space of complex sequences

Rs(Λ, U) =
{
b = {bm,j}∞,Nm

m=1,j=1 : ‖b‖s = sup
m,j

(|bm,j | exp(−s|λm,1|)) < ∞
}
.

Let R(Λ, U) denote the inductive limit of these spaces. Also, let J (Λ) be the subset
of P consisting of all functions that vanish at the λk with multiplicity at least nk. On
the quotient space P/J (Λ), we introduce the operator C acting by the following rule:
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it takes each equivalence class [f ] ∈ P/J (Λ) to the sequence b = {bm,j} defined by the
formula

(7.3) bm,j = pm,j−1(f), m ≥ 1, j = 1, . . . , Nm,

where the pm,j(f) are the Fourier coefficients of the expansion of Pm(λ, f) in the mono-
mials (λ− λm,1)

j/j!, i.e.,

(7.4) Pm(λ, f) =

nm−1∑
j=0

pm,j(f)
(λ− λm,1)

j

j!
.

Let ϕ be a representative of [f ]. Then ϕ−f vanishes at the points λm,l together with all
its derivatives of order up to nml − 1 (inclusive). By (7.2), the polynomial Pm(λ, ϕ− f)
also has this property. Since its degree is at most Nm − 1, we have Pm(λ, ϕ − f) ≡ 0.
It follows that pm,j(ϕ − f) = pm,f (ϕ) − Pm,j(f) = 0, m ≥ 1, j = 0, . . . , Nm − 1.
Consequently, the operator C is well defined. It is injective. Indeed, if pm,j(ϕ) = pm,j(f)
for all m and j, then Pm(λ, ϕ − f) ≡ 0 by (7.4). In view of (7.2), ϕ − f vanishes at all
λm,l with multiplicity at least nm,l. This means that ϕ− f ∈ J (Λ), i.e., [ϕ] = [f ].

Lemma 7.1. Let Λ be split into groups U = {Um} in such a way that N (Λ, U),
D(Λ, U) < +∞, and let s ≥ 1. There exists C > 0 and an index p ≥ s such that

|pm,j(f)| ≤ C‖f‖s exp(p|λm,1|), f ∈ Ps, m ≥ 1, j = 0, 1, . . . , Nm − 1.

In particular, the operator C : P/J (Λ) → R(Λ, U) is continuous.

Proof. By the definition of N (Λ, U) and D(Λ, U), we can find α > 0 with

(7.5) Nm ≤ α(|λm,1|+ 1), max
1≤j≤Mm

|λm,j − λm,1| < α(|λm,1|+ 1), m ≥ 1.

Let ϕ ∈ Ps. By (7.5), we have Um ⊂ B(λm,1, α(|λm,1|+ 1)). Therefore, replacing the
contour γm in (7.1) by the circle ∂B(λm,1, 3α(|λm,1|+1)) and taking (7.5) into account,
we obtain

max
λ∈B(λm,1,2α(|λm,1|+1))

|Pm(λ, f)|

≤ 3‖f‖s max
ξ∈∂B(λm,1,3α(|λm,1|+1))

exp(s|ξ|)2(4α(|λm,1|+ 1))Nm \ (2α(|λm,1|+ 1))Nm

≤ 6‖f‖s exp(s((1+3α)|λm,1|+ 3α) + α(|λm,1|+ 1) ln 2) ≤ C‖f‖s exp(p|λm,1|), m ≥ 1,

where C = 6 exp(3sα+ α ln 2) and p ≥ s(1 + 3α) + α ln 2.
We estimate the coefficients pm,j(f) by using the Cauchy inequality and (7.5). We

have

|pm,j(f)| ≤
j!

(α(|λm,1|+ 1))j
C‖f‖s exp(p|λm,1|)

≤
( j

α(|λm,1|+ 1)

)j

C‖f‖s exp(p|λm,1|)

≤ C‖f‖s exp(p|λm,1|), m ≥ 1, j = 0, 1, . . . , Nm − 1.

Since C and p are independent of f ∈ Ps, the operator C is continuous, and the proof is
finished. �

Now we show that C is a surjection. For this, we must solve the interpolation prob-
lem (7.3) for an arbitrary sequence b ∈ R(Λ, U). For the first time, a similar problem
arose in [14]. It was also treated in [15] and [8] in other situations. The solution will
be achieved in two steps. First, we construct a sequence of polynomials that solve the
problem for one Um each. Next, we “glue together” these solutions to obtain the required
function f ∈ P.
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Lemma 7.2. Let Λ be split into groups U = {Um} in such a way that N (Λ, U) < +∞,
and let d > 0, s ≥ 1. Then there exist constants C > 0 and p ≥ s such that for every
b ∈ Rs(Λ, U) the polynomials

(7.6) Gb,m(λ) =

Nm−1∑
j=0

bm,j+1
(λ− λm,1)

j

j!
, m ≥ 1,

possess the following properties:
1) pm,j−1(Gb,m) = bm,j, j = 1, . . . , Nm,
2) |Gb,m(λ)| ≤ C‖b‖s exp(p|λm,1|), λ ∈ B(λm,1, d|λm,1|).

Remark. If λm,1 = 0 for some (necessarily unique) index, we agree that m = 1. In this
case B(0, d) plays the role of B(λ1,1, d|λ1,1|).

Proof. Let b ∈ Rs(Λ, U). The degrees of the polynomials Pm(λ,Gb,m) and Gb,m(λ) do
not exceed Nm − 1. By (7.2), these polynomials coincide at the points λm,l, together
with their derivatives of order up to nm,l − 1 inclusive. Since the number of points in
Um (counted with multiplicities) is Nm, we have Pm(λ,Gb,m) ≡ Gb,m(λ). This yields 1).
We prove 2). We have

ln((d|λm,1|)j/j!)
|λm,1|

≤ ln(3d|λm,1|/j)
|λm,1|/j

≤ 3d sup
x>0

lnx

x
≤ 2d, m ≥ 1.

Consequently, for all m ≥ 1 and λ ∈ B(λm,1, d|λm,1|) we obtain

|Gb,m(λ)| ≤ ‖b‖s exp(s|λm,1|)
Nm−1∑
j=0

(d|λm,1|)j
j!

≤ Nm‖b‖s exp((s+ 2d)|λm,1|).

But N (Λ, U) < +∞ by assumption. Therefore, for some C > 0 we have

Nm ≤ exp |λm,1|.

Moreover, we may assume that
∑N1−1

j=0 dj/j! ≤ C. Now, taking p ≥ s+2d+1, we arrive

at 2). �

Lemma 7.3. Suppose that Λ is split into groups U in such a way that

N (Λ, U),D(Λ, U) < +∞, SΛ(U) > −∞,

and let s ≥ 1. There exist constants B > 0 and l ≥ s such that for every b ∈ Rs(Λ, U)
there is ϕ ∈ P with the following properties:

1) pm,j−1(ϕ) = bm,j = 1, . . . , Nm, m ≥ 1;
2) ‖ϕ‖l ≤ B‖b‖s.

Proof. Let b ∈ Rs(Λ, U). By Theorem 4.1, we may supplement b if necessary by zero
terms in order to be able to assume that Λ is the multiple zero set of a function f ∈ Ps.
By Theorem 5.1, there exist γm,l > 0 such that statements 1)–3) of that theorem are
fulfilled and for every θ ∈ (0, 1) there exist b, R > 0 such that 4) is true. By 3), we
choose d > 0 with

(7.7) Bm ⊂ B(λm,1, d|λm,1|), m ≥ 1.

Since N (Λ, U), D(Λ, U) < +∞, the definition of the set Bm and the second inequality
in 1) show that for some θ ∈ (0, 1/2) and a1, a2 > 0 we have

(7.8) |λm,1| ≤ a2 + a1|λ|, λ ∈ rBm(2θ), m ≥ 1.
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Let Gb,m be the polynomials defined in (7.6). We shall seek the function ϕ in the form

ϕ(λ) =

∞∑
m=1

Gb,m(λ)σm(λ)− h(λ)f(λ),

where σm is an analog of a “cap” and h is a solution of a special s∂-problem with estimates.
First, we define σm. By item 1) in Theorem 5.1, for some a > 0 we have γm,l ≥

exp(−a|λm,1|), l = 1, . . . ,Mm, m ≥ 1. Therefore, there exist functions σm, m ≥ 1,
with the following properties (see, e.g., [16, Theorem 1.4.1 and formula (1.4.2)]): 1)

σm ∈ C∞(C), 2) 0 ≤ σm(λ) ≤ 1, λ ∈ C, 3) σm(λ) = 1, λ ∈ rBm(θ), 4) σm(λ) = 0,

λ /∈ rBm(2θ), 5) |dσm(λ)/dsλ| ≤ B1 exp(a|λm,1|), λ ∈ C, where B1 > 0 is independent
of m.

Now, we can construct the function h(λ). For this, consider the function

ν(λ) = (f(λ))−1
∞∑

m=1

Gb,m(λ)
dσm(λ)

dsλ
.

By property 5) for σm, using item 2) in Lemma 7.2 and also (7.7) and (7.8), we obtain

(7.9) |Gb,m(λ)dσm(λ)/dsλ| ≤ B2‖b‖2 exp((p+ a)a1|λ|), λ ∈ rBm(2θ), m ≥ 1,

where B2 = CB1 exp((p + a)a2). Now, properties 3) and 4) for σm and item 2) in

Theorem 5.1 show that ν(λ) is nonzero only on the sets rBm(2θ) \ rBm(θ), m ≥ 1, which
are mutually disjoint. By the above and item 4) in Theorem 5.1, it follows that

|ν(λ)| ≤ B2‖b‖s exp(b1 + (b+ (p+ a)a1)|λ|) = B3‖b‖s exp(ρ|λ|), λ ∈ C.

Consequently,∫
C

|ν(λ)|2 exp(−2(ρ+ 1)|λ|) dτ ≤ (B3‖b‖2)2
∫
C

exp(−2|λ|) dτ = (B4‖b‖s)2,

where dτ is planar Lebesgue measure. Then (see [17, Chapter 3, §6, Section 2, Theo-
rem 3.6.2]), in the space of locally square integrable functions on C there exists an element
h that satisfies dh/dsλ = ν (in the sense of distributions) and admits the estimate

(7.10)

∫
C

|h(λ)|2 exp(−2(ρ+ 2)|λ| dτ ≤ (B4‖b‖2)2.

Thus, we have defined a function ϕ. We show that it has the required properties. The
definitions of ϕ, ν, and h show that the distributional derivative of ϕ with respect to
sλ is zero on C. Consequently, ϕ is an entire function. Note also that the function h is

analytic outside the sets rBm(2θ) \ rBm(θ), m ≥ 1. We estimate |ϕ| from above. Choose

α, β > 0 with |f(λ)| ≤ β exp(α|λ|), λ ∈ C. Since the sets rBm(2θ), m ≥ 1, are mutually
disjoint, we invoke properties 2) and 4) of σm to obtain∣∣∣∣

∞∑
m=1

Gb,m(λ)σm(λ)

∣∣∣∣ ≤ Bt‖b‖s exp(α1|λ|), λ ∈ C,

by analogy with (7.9), where B5 = C exp(pa2), α1 = pa1. It follows that

|ϕ(λ)| ≤ B5‖b‖s exp(α1|λ|) + |h(λ)|β exp(α|λ|), λ ∈ C.

Now, the mean value inequality for subharmonic functions implies

|ϕ(λ)| ≤ 1

π

∫
B(λ,1)

|ϕ(ξ)| dτ ≤ B5‖b‖s exp(α1(|λ|+ 1)) +
β

π
exp(α(|λ|+ 1))

∫
B(λ,1)

|h(ξ)| dτ.
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Using (4.10) and the Cauchy–Bunyakovskĭı inequality, we arrive at∫
B(λ,1)

|h(ξ)| dτ ≤ B4‖b‖s
(∫

B(λ,1)

exp(2(ρ+2)|ξ|) dτ
)1/2

≤
√
πB4‖b‖s exp((ρ+2)(|λ|+1)).

Thus proves statement 2) of the lemma. Now, we verify statement 1). Since Λ is the
multiple zero set for f , and the function h(α) is analytic near λm,ν , whereas σm(λ) = 1,
we have

ϕ(n)(λm,ν) = G
(n)
b,m(λm,ν), n = 0, 1, . . . , nm,ν − 1, m ≥ 1.

By (7.2), the polynomial Pm(λ, ϕ) − Pm(λ,Gb,m) has at least Nm zeros (counted with
multiplicity). Its degree is at most Nm − 1. Thus, it is identically zero, i.e., Pm(λ, ϕ)
and Pm(λ,Gb,m) coincide. To finish the proof, it remains to apply Lemma 7.2. �

Since C is an injection, Lemmas 7.1 and 7.3 imply the following statement.

Theorem 7.1. Let U be a splitting of Λ such that N (Λ, U), D(Λ, U) < ∞, and SΛ(U) >
−∞. Then the operator C : P/J (Λ) → R(Λ, U) is an isomorphism.

§8. Construction of a special entire function

In this section we construct an entire function g ∈ W(Λ) that does not expand in a
series (1.2) if the groups Um approach one another asymptotically in a sufficiently strong
way. We use the method exposed in Theorem 3.1 in [18].

Theorem 8.1. Let Λ have finite upper density and be split into groups U = {Um} in
such a way that D(Λ, U) < +∞, SΛ(U) = −∞. Then there exists g ∈ W(Λ) ⊂ H(C)
admitting no expansion (1.2) that converges uniformly on compact subsets of C.

Proof. We have SΛ(U) = −∞ by assumption. Consequently, there exist δp ∈ (0, 1/6),
p ≥ 1, and a sequence {λm(p),l(p)} such that

(8.1) lim
p→∞

ln |qm(p),l(p)
Λ,U (λm(p),l(p), δp)|/|λm(p),l(p)| = −∞.

Since D(Λ, U) < +∞, we may assume that

7|λm(p),l(p)|/6 ≤ min
1≤l≤Mm(p+1)

|λm(p+1),l|,

5|λm(p+1),l(p+1)|/6 ≥ max
1≤l≤Mm(p)

|λm(p),l|
(8.2)

for all p ≥ 1. Put B(αp) = B(λm(p),l(p), αδp|λm(p),l(p)|) and

gp(z) =
1

2πi

∫
∂B(5p)

exp(λz) dλ

(λ− λm(p),l(p))q
m(p),l(p)
Λ,U (λ, δp)

, p ≥ 1.

By the residue theorem, we obtain

gp(z) = bm(p),l(p) exp(λm(p),l(p)z) +
∑

λk∈B(p)\Um(p)

bp,k exp(λkz),

where bm(p)l(p) = (q
m(p),l(p)
Λ,U (λm(p),l(p), δp))

−1. Since |qm(p),l(p)
Λ,U (λ, δp)| ≥ 1, λ ∈ ∂B(5p),

we have

(8.3) |gp(z)| ≤ sup
λ∈∂B(5p)

| exp(λz)| ≤ exp
(
Re(λm(p),l(p)z) + 5δp|λm(p),l(p)| |z|

)
, z ∈ C.

Consider the function

(8.4) g(z) =

∞∑
p=1

cpgp(z), cp = q
m(p),l(p)
Λ,U (λm(p),l(p), δp), p ≥ 1.
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We show that the series (8.4) converges uniformly on compact subsets in C. Let R > 0.
By (8.1), there exists p0 such that |cp| ≤ exp(−2R|λm(p),l(p)|), p ≥ p0. By (8.3) and
(8.2), it follows that

∞∑
p=1

|cp| max
|z|≤R

|gp(z)| ≤ A+

∞∑
p=p0

exp((−2R+R+ tδpR)|λm(p),l(p)|) < +∞.

Thus, g ∈ W(Λ) ⊂ H(C). Suppose that g is representable by the series (1.2) that
converges uniformly on compact subsets of C. We have N(Λ) < ∞ by assumption.
Therefore, as was mentioned in the Introduction, there exists a sequence {μk,n} ⊂ H∗(C)
biorthogonal to E(Λ). Since the series (1.2) and (8.4) converge in the topology of H(C),
the coefficients of zn exp(λkz) in the two series coincide and are equal to μk,n(g).

The convergence of the series (1.2) implies that

rgm(p)(z) =
∑

λk∈Um(p)

nk−1∑
n=0

dk,nz
n exp(λkz) → 0, p → ∞, z ∈ C.

Let p ≥ 1. By (8.2) and the definition of q
m(p),l(p)
Λ,U , among all summands constituting gs,

s ≥ 1, only one has an exponent belonging to the group Um(p). Therefore, rgm(p)(z) =
cpbm(p),l(p) exp(λm(p),l(p)z). By the above,

cpbm(p),l(p) exp(λm(p),l(p)z) = exp(λm(p),l(p)z) → 0, p → ∞, z ∈ C,

which is impossible. Thus, our assumption is false and the theorem is proved. �

§9. Basis in an invariant space of entire functions

In distinction with the case of a finite spectrum, the elements of the subspace W(Λ)
with infinite spectrum are not necessarily representable as linear combinations of general-
ized eigenvectors of the differentiation operator on W(Λ), and even as series with respect
to such vectors. As was mentioned in the Introduction, such a representation may by
obstructed by a strong approach of the λk to one another as k → ∞. In this situation
some elements of the system E(Λ) = {zn exp(λkz)} may be excessively similar (through
still linearly independent). As a result, divergent series with respect to E(Λ) arise, which
become convergent after some arrangement of brackets. Thus, some functions in W(Λ)
(sums of “series with brackets”) do not admit an E(Λ)-series expansion. However, this
can be remedied by replacing functions in E(Λ) with their linear combinations. For this,
we need a procedure similar (but only in the essence) to orthogonalization of a complete
system in a Hilbert space, resulting in a new system which is a basis. We are going to
proceed with that.

Let Λ be split into groups U = {Um}. We denote by Q(Λ, U) the projective limit of
the Banach spaces

Qp(Λ, U) =
{
β = {βm,j} : ‖β‖p = sup

m,j
(|βm,j | exp(p|λm,1|)) < ∞

}
, p ≥ 1.

On the dual space Q∗(Λ, U), we define an operator U that takes any functional ν to the
sequence b = {bn,l} = {ν(βn,l)}, where βn,l = {βm,j} ∈ Q(Λ, U) is such that βn,l = 1
and βm,j = 0 if m �= n and j �= l. If N(Λ) < ∞ and D(Λ, U) < ∞, then the series∑

Nm exp(−ε|λm,1|) converges for every ε > 0. Using this, it is easy to deduce (see [14,
Lemma 7]) the following statement.

Lemma 9.1. Let Λ have finite upper density and be split into groups U = {Um} in such
a way that D(Λ, U) < ∞. Then Q(Λ, U) is reflexive and U is an isomorphism between
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Q∗(Λ, U) and R(Λ, U). If ν ∈ Q∗(Λ, U), then

ν(β) =

∞,Nm∑
m=1,j=1

βm,jbm,j , β = {βm,j} ∈ Q(Λ, U),

where b = {b+m, j} = U(ν).

Let fz(ζ) = exp(zζ), and let pm,j−1(fz) be defined by (7.4). We put

E(Λ, U) = {em,j(z)}, em,j(z) = pm,j−1(fz), m ≥ 1, j = 1, . . . , Nm.

For the first time, the system E(Λ, U) was introduced in [14]. In that paper, some
background for that was discussed, and a different representation of the functions em,j(z)

was given. The collection {em,j}Nm
j=1 is defined as a special basis in the Nm-dimensional

space generated by the functions zn exp(λkz), n = 0, 1, . . . , nk−1, λk ∈ Um. The matrices
of transition from E(Λ, U) to E(Λ) are defined explicitly. Note that if N(Λ) < ∞, then
the system E(Λ, U) possesses a biorthogonal sequence of functionals, which are linear
combinations of the terms of the sequence biorthogonal to E(Λ).

Our goal is to describe conditions under which every function g ∈ W(Λ) admits a
unique series expansion

(9.1) g(z) =

∞,Nm∑
m,j=1

βm,lem,j(z)

convergent uniformly on the compact subsets of C. The existence of a biorthogonal
sequence ensures the uniqueness of an expansion (9.1).

First, we study some properties of the system E(Λ, U). Let K be a compact subset of
C and take s such that the closure of the disk B(0, s) includes K. Then ‖fz‖s ≤ 1 for
z ∈ K. By Lemma 7.1, there exist constants C > 0 and p ≥ s such that

(9.2) sup
z∈K

|em,j(z)| ≤ C exp(p|λm,1|), m ≥ 1, j = 1, . . . , Nm.

In this connection, we give the following definition (see [19]). A sequence {rem,j(z)} of
entire functions is said to be nearly exponential (with exponents λm,1) if

1) for every s ≥ 1 there exists a > 0 and an index p such that

(9.3) sup
|z|≤s

|rem,j(z)| ≤ a exp(p|λm,1|), m ≥ 1, j = 1, . . . , Nm;

2) for every s ≥ 1 there exists b > 0 and an index p such that

(9.4) b exp(s|λm,1|) ≤ sup
|z|≤p

|rem,j(z)|, m ≥ 1, j = 1, . . . , Nm.

Properties (9.3) and (9.4) allow us to give a simple description of the space of coefficients
of the series

(9.5)

∞,Nm∑
m,j=1

βm,jrem,j(z)

that converge in the topology of H(C), and then deduce theorems of Abel and Cauchy–
Hadamard type (see [20]) for these series. The following statement holds (see [19, Lem-
mas 1 and 3]).

Lemma 9.2. Let Λ be split into groups U = {Um}, and let N(Λ), D(Λ, U) < ∞.
1) Suppose that (9.4) is fulfilled for the system {rem,j(z)} and that the series (9.5)

converges uniformly on compact subsets of C. Then β = {βm,j} ∈ Q(Λ, U).
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2) Suppose that {rem,j(z)} satisfies (9.3) and β = {βm,j} ∈ Q(Λ, U). Then for every
s ≥ 1 there exists constants p and A > 0 independent of β and such that

∞,Nm∑
m,j=1

|βm,j | sup
|z|≤s

|rem,j(z)| ≤ A‖β‖p.

In particular, the series (9.5) converges absolutely and uniformly on every compact subset
of C.

We say that {rem,j(z)} is a Köthe basis in W(Λ) if every function g ∈ W(Λ) admits a
unique series expansion (9.5) convergent uniformly on the compact subsets of C, and for
every s ≥ 1 there exists c > 0 and an index p such that

∞,Nm∑
m,j=1

|βm,j | sup
|z|≤s

|rem,j(z)| ≤ c sup
|z|≤p

|g(z)|, g ∈ W(Λ).

We mention yet another important property of the system {rem,j(z)}. We say that
this system possesses the Köthe group property if for every s ≥ 1 there exists an index p

and a constant C > 0 such that for every m ≥ 1 and hm(z) =
∑Nm

j=1 αm,jrem,j(z) we have

(9.6)

Nm∑
j=1

|αm,j | sup
|z|≤s

|rem,j(z)| ≤ C sup
|z|≤p

|hm(z)|.

For a usual system of linearly independent vectors in a Euclidean space, such an inequality
is always fulfilled. The value of C depends on the minimal angle between these vectors.

We introduce an operator B from Q(Λ, U) to W(Λ) acting by the following rule:
a sequence β = {βm,j} ∈ Q(Λ, U) is taken to the sum of the series (9.1) convergent
uniformly on the compact subsets of C.

Theorem 9.1. Let U be a splitting of the sequence Λ such that SΛ(U) > −∞ and
N (Λ, U), D(Λ, U) < ∞. Then

1) the operator B : Q(Λ, U) → W(Λ) is an isomorphism;
2) E(Λ, U) is a Köthe bases in W(Λ);
3) E(Λ, U) is a nearly exponential sequence;
4) E(Λ, U) possesses the Köthe group property.

Proof. 1) By (9.2) and item 2) of Lemma 9.2, the operator B is defined on the entire
space Q(Λ, U) and is continuous. By Lemma 2.2, the quantity MΛ is finite and, with it,
N(Λ) is also finite by Lemma 2.1. Then an expansion of the form (9.1) is unique, and
B is an injection.

Every function g ∈ W(Λ) determines a continuous linear functional on the dual space
W∗(Λ). Since W(Λ) ⊂ H(C) is a closed subspace of a Fréchet–Schwartz space, it is re-
flexive and W∗(Λ) is isomorphic to H∗(C)/W0(Λ), where W0(Λ) is the set of functionals
that annihilate W∗(Λ) (see [21]). Passing to Laplace transforms, we obtain isomorphism
between W∗(Λ) and P/J (Λ).

Consequently, there exists a continuous linear functional σ on P/J (Λ) such that
(σ, [f ]) = (g, [μ]), [μ] ∈ H∗(C)/W 0(Λ), where f is the Laplace transform of μ. By
Theorem 7.1, there exists ρ ∈ R∗(Λ, U) such that

(ρ,C([f ])) = (σ, [f ]) = (g, [μ]), [μ] ∈ H∗(C)/W 0(Λ).
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By Lemma 9.1, the spaces R∗(Λ, U) = (W∗(Λ))∗ = W(Λ) and Q(Λ, U) are isomorphic,
and there exists β = {βm,j} ∈ Q(Λ, U) such that

(g, [μ]) = (ρ,C([f ])) =

∞,Nm∑
m=1,j=1

βm,jpm,j−1(f), [μ] ∈ H∗(C)/W0(Λ).

For the role of the functional μ ∈ H∗(C), we take the δ-function at the point z ∈ C. Its
Laplace transform is fz = exp(zζ). By the definition of em,j we have

g(z) = (g, [δz]) = (ρ,C([fz])) =

∞,Nm∑
m=1,j=1

βm,jem,j(z), z ∈ C.

By (9.2) and item 2) of Lemma 9.2, this series converges uniformly on the compact
subsets of C. This means that B is a surjection and B−1(g) = β. Since β is constructed
on the basis of isomorphism between W(Λ) and Q(Λ, U), we see that B−1 is continuous.
Thus, 1) is true.

2) By item 1) and the uniqueness of a representation (9.1), the system E(Λ, U) is a
basis in W(Λ). Next, by item 2) of Lemma 9.2, for every s ≥ 1 there exists p and a
constant A > 0 that do not depend on β = B−1(g) and are such that

∞,Nm∑
m,j=1

|βm,j | sup
|z|≤s

|rem,j(z)| ≤ A‖β‖p.

Since B−1 is continuous, there exist constants l and rc > 0 depending only on p and such
that ‖β‖p ≤ rc sup|z|≤l |g(z)|. Consequently, E(Λ, U) is a Köthe basis.

3) Formula (9.3) follows from (9.2). We prove (9.4). Suppose it is not true. Then
there exists s such that for every p ≥ 0 there exists m(p) ≥ p and j(p) with

(9.7) p−2 exp(s|λm(p),1|) ≥ sup
|z|≤p

|em(p),j(p)(z)|.

Put βm(p),j(p) = exp(−s|λm(p),1|), p ≥ 1, and βm,j = 0 for m �= m(p) or j �= j(p). Then

sup
|z|≤l

|g(z)| = sup
|z|≤l

∣∣∣∣
∞,Nm∑

m=1,j=1

βm,jem,j(z)

∣∣∣∣
= sup

|z|≤l

∣∣∣∣
∞∑
p=1

exp(−s|λm(p),1|)em(p),j(p)(z)

∣∣∣∣
≤

∞∑
p=1

exp(−s|λm(p),1|) sup
|z|≤l

|em(p),j(p)(z)|

≤
l−1∑
p=1

exp(−s|λm(p),1|) sup
|z|≤l

|em(p),j(p)(z)|+
∞∑
p=l

p−2.

Thus, any function g ∈ W(Λ) expands in a series (9.1) convergent uniformly on the
compact subsets of C. Since this expansion is unique, by statement 1) we have β =
{βm,j} ∈ Q(Λ, U). But this is not true. Indeed,

‖β‖n = sup
m,j

(|βm,j | exp(n|λm,1|)) = sup
p
(exp((n− s)|λm(p),1|)) = ∞, n > s.

Therefore, (9.4) is true.
Statement 4) is a direct consequence of 2). �
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Remark. Statements 3) and 4) of Theorem 9.1 are also true in the case SΛ(U) = −∞. In
the proof of Statement 3), it suffices to impose yet another condition onm(p), specifically,

2 max
1≤j≤Nm(p)

|λm(p),j | ≤ min
1≤j≤Nm(p+1)

|λm(p+1),j |.

Then S
rΛ(

rU) = 0, where rΛ ∪ Um(p) and rU = {Um(p)}. For rΛ we can prove 1), 2), and
then 3). As a result, we arrive at a contradiction with (9.7). In a similar way, choosing

an appropriate system rΛ, we can prove 4).

Along with E(Λ, U), we consider other systems of functions. Put

rem,j(z) =

Nm∑
k=1

am,j,kem,k(z), m ≥ 1, j = 1, . . . , Nm.

Let E(Λ, U,A) = {rem,j}, let A = {Am}, and let Am = (am,j,k) be the matrix of transition
from {em,k} to {rem,j}. We say that E(Λ, U,A) is normed if max1≤k≤Nm

|am,j,k| = 1,
j = 1, . . . , Nm, m ≥ 1.

Theorem 9.2. Suppose that a sequence Λ with finite upper density is split into groups
U = {Um} in such a way that D(Λ, U) < +∞. If E(Λ, U,A) is a basis in W(Λ), then
SΛ(U) > −∞.

Proof. By assumption, every function g ∈ W(Λ) admits a series expansion (9.5) and, con-
sequently, an expansion (1.2) uniformly convergent on the compact sets. Consequently,
SΛ(U) > −∞ by Theorem 8.1. �

The following statements are immediate consequences of Theorem 9.1 and 9.2.

Theorem 9.3. Let a sequence Λ with finite upper density be split into groups U = {Um}
in such a way that D(Λ, U) < +∞. Suppose that E(Λ, U) is a basis in W(Λ). Then
E(Λ, U) is a Köthe basis.

Theorem 9.4. Let a sequence Λ with finite upper density be split into groups U = {Um}
is such a way that D(Λ, U) < +∞. Suppose that the system E(Λ, U,A) is a basis in
W(Λ). Then E(Λ, U) is also a basis in W(Λ).

Theorem 9.5. Let a sequence Λ with finite upper density be split into group U = {Um}
in such a way that D(Λ, U) < +∞. Then the following statements are equivalent: 1)
E(Λ, U) is a basis in W(Λ); 2) SΛ(U) > −∞.

As a particular case, Theorem 9.5 involves the solution of the fundamental princi-
ple problem for an invariant subspace of entire functions (this solution was found in
Theorem 5.1 of [6]).

Corollary. Let W(Λ) be nontrivial. Then the following statements are equivalent:
1) E(Λ) is a basis in W(Λ); 2) SΛ > −∞.

Now, we describe the collection of all bases of W(Λ) constructed by a given splitting
of Λ into groups. First, we prove an auxiliary statement.

Lemma 9.3. Let a sequence Λ be split into groups U = {Um}, and let N(Λ), D(Λ, U) <
∞, SΛ(U) > −∞. If E(Λ, U,A) is normed, then E(Λ, U,A) is a nearly exponential
sequence.

Proof. We fix s ≥ 1. By (9.2), there exist constants p and C > 0 such that

sup
|z|≤s

|em,j(z)| ≤ C exp(p|λm,1|), m ≥ 1, j = 1, . . . , Nm.
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Since E(Λ, U,A) is normed and N(Λ), D(Λ, U) < ∞, it follows that

sup
|z|≤s

|rem,j(z)| ≤
Nm∑
k=1

sup
|z|≤s

|am,j,kem,k(z)| ≤ NmC exp(p|λm,1|) ≤ a exp((p+ 1)|λm,1|).

This yields (9.3). Now, we prove (9.4). Let s ≥ 1. By Theorem 9.1, inequality (9.4) is
fulfilled for E(Λ, U). Therefore, there exist constants p and b > 0 such that

b exp(s|λm,1|) ≤ sup
|z|≤p

|em,k(z)|, m ≥ 1, k = 1, . . . , Nm.

Moreover, E(Λ, U) possesses the Köthe group property. Thus, by (9.6), we have

Nm∑
k=1

|am,j,k| sup
|z|≤p

|em,k(z)| ≤ C sup
|z|≤n

|rem,j(z)| , m ≥ 1, j = 1, . . . , Nm,

where n and C > 0 depend only on p. Since E(Λ, U,A) is normed, for every m ≥ 1 and
j = 1, . . . , Nm there exists a coefficient am,j,k with unit modulus. By the above,

b exp(s|λm,1|) ≤ min
k

sup
|z|≤p

|em,k(z)| ≤
Nm∑
k=1

|am,j,k| sup
|z|≤p

|em,k(z)| ≤ C sup
|z|≤n

|rem,j(z)|.

This yields the required estimate. �

Let E(Λ, U,A) be such that the matrices Am, m ≥ 1, are nonsingular, and let Bm =
(bm,j,k) be the matrix inverse to Am. Put

a(A) = lim sup
m→∞

max
1≤j,k≤Nm

ln |bm,j,k|/|λm,1|.

Let B(A) be the operator taking any sequence β = {βm,j} ∈ Q(Λ, U) to the sum of
the series (9.5) (where {rem,j} = E(Λ, U,A)), convergent in the topology of H(C).

Theorem 9.6. Let Λ be split into groups U = {Um}, and let N(Λ), D(Λ, U) < ∞,
SΛ(U) > −∞. If the system E(Λ, U,A) is normed, then the following statement are
equivalent:

1) E(Λ, U,A) is a basis in W(Λ);
2) B(A) : Q(Λ, U) → W(Λ) is an isomorphism;
3) E(Λ, U,A) is a Köthe basis in W(Λ);
4) E(Λ, U,A) possesses the Köthe group property;
5) a(A) < ∞.

Proof. 1) =⇒ 2). By Lemma 9.3, E(Λ, U,A) is a nearly exponential sequence. By (9.4)
and item 1) in Lemma 9.2, the operator B(A) is a surjection. But by (9.3), item 2) in
Lemma 9.2, and the uniqueness of an expansion with respect to the basis, the operator
B(A) is defined on the entire space Q(Λ, U) and is injective. By the Banach inverse
mapping theorem for Fréchet spaces, B(A) is an isomorphism.

2) =⇒ 3). By statement 2) and item 1) in Lemma 9.2, E(Λ, U,A) is a basis in W(Λ).
The inequality required for the Köthe basis property follows from the inequality in item 2)
of Lemma 9.2 and the continuity of the operator inverse to B(A).

The implication 3) =⇒ 4) is obvious.

4) =⇒ 5). By (9.6), the identity
∑

αm,j(z) ≡ 0 is impossible unless the αm,j are all
zero. Therefore, the matrices Am(am,j,k), m ≥ 1, are nonsingular. By (9.6), for every
s ≥ 1 there exist constants p and C > 0 such that

Nm∑
k=1

|bm,j,k| sup
|z|≤s

|rem,k(z)| ≤ C sup
|z|≤p

|em,j(z)|, m ≥ 1, j = 1, . . . , Nm.
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It follows that

ln |bm,j,k| ≤ ln
(
sup
|z|≤p

|em,j(z)|
)
− ln

(
sup
|z|≤s

|rem,k(z)|
)
+ lnC, m ≥ 1, j, k = 1, . . . , Nm.

By Lemma 9.3, E(Λ, U) and E(Λ, U,A) are nearly exponential sequences. Thus, there
exist n, s and a, b > 0 with

b exp(|λm,1|) ≤ sup
|z|≤s

|rem,k(z)|,

sup
|z|≤p

|em,j(z)| ≤ a exp(n|λm,1|), m ≥ 1, j, k = 1, . . . , Nm.

Therefore, we have

ln |bm,j,k| ≤ n|λm,1| − |λm,1|+ ln aC − ln b, m ≥ 1, j, k = 1, . . . , Nm.

Consequently, a(A) ≤ n− 1.

5) =⇒ 1). Let g ∈ W(Λ). If g admits an expansion of the form (9.5) convergent
uniformly on the compact subsets of C, then this expansion is unique. Indeed, since
the matrices Am(am,j,k), m ≥ 1, are nonsingular, the system E(Λ, U,A) (along with
E(Λ, U)) possesses a biorthogonal sequence of functionals. By Theorem 9.1, the function
g expands in a series (9.1), and for every n ≥ 1 we have

∞,Nm∑
s=1,j=1

|βm,j | sup
|z|≤n

|em,j(z)| < ∞.

By 5), there exists l and a constant B > 0 with

|bm,j,k| ≤ B exp(l|λm,1|), m ≥ 1, j, k = 1, . . . , Nm.

Since N(Λ), D(Λ, U) < ∞, we have Nm ≤ c exp |λm,1|, m ≥ 1. Taking (9.3) and (9.4)
into account, we obtain

∞,Nm∑
m=1,j=1

|βm,j |
Nm∑
k=1

sup
|z|≤s

|bm,j,krem,k(z)| ≤ Bac

∞,Nm∑
m=1,j=1

|βm,j | exp((l + p+ 1)|λm,1|)

≤ Bab−1c

∞,Nm∑
m=1,j=1

|βm,j | sup
|z|≤n

|em,j(z)| < ∞.

Consequently,

∞,Nm∑
m=1,k=1

rem,k(z)

Nm∑
j=1

βm,jbm,j,k =

∞,Nm∑
m=1,j=1

βm,j

Nm∑
k=1

bm,j,krem,k(z)

=

∞,Nm∑
m=1,j=1

βm,jem,j(z) = g(z),

where the first series converges uniformly on the compact subsets of C. This finishes the
proof. �

Theorem 9.6 yields a description of all possible bases in the subspaceW(Λ) that consist
of linear combinations of generalized eigenvectors of the differentiation operator formed
inside the groups Um of exponents, under the condition that these groups are fairly well
separated. By Theorem 9.2, there are no other bases of this type. Furthermore, all
these bases are Köthe bases automatically. Next, the space of coefficients is completely
described. By Theorem 2.1, required partitions always exist, moreover, their relative
diameter can be made arbitrarily small. The following statement holds.
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Theorem 9.7. Let W(Λ) be a nontrivial invariant subspace in H(C). For every d > 0
there exists a partition U of Λ such that D(Λ, U) < d and the system E(Λ, U) is a basis
in W(Λ).

The finiteness of the upper density (the nontriviality of W(Λ)) may be insufficient for
the existence of bases with respect to minimal partitions (i.e., partitions of zero relative
diameter). An additional assumption is required. An ultimate case of such splitting
(trivial splittings) was analyzed completely in the corollary to Theorem 9.2. In the
general case, the situation is clarified with the help of Theorem 3.2.

Theorem 9.8. Let W(Λ) be a nontrivial invariant subspace in H(C). The following
statements are equivalent.

1) There exists a partition U of Λ into relatively small groups such that E(Λ, U) is a
basis in W(Λ).

2) S1
Λ > −∞.

Consider also the situation where W(Λ) is the space of solutions on a convolution
equation. The following theorem is a consequence of Theorem 9.8 and Corollary 2 to
Theorem 6.1.

Theorem 9.9. Let W(Λ) be the space of solutions of a homogeneous convolution equation
with characteristic function f . The following statements are equivalent.

1) There exists a partition U of Λ into relatively small groups such that E(Λ, U) is a
basis in W(Λ).

2) S1
Λ > −∞.

3) There exists a > 0 such that hf (z) ≥ a|z|, z ∈ C.

In conclusion, we present some more examples to elucidate the results.
Let Λ = {λk, nk}, where λk−1 = k, λ2k = k + ξk, nk = 1, k ≥ 1, and ln |ξk|/k → −∞

k → ∞. The sequence Λ has density 2. The last relation shows that SΛ = −∞. By the
corollary to Theorem 9.5, the system E(Λ) is not a basis in W(Λ).

Consider the partition U = {Uk}, Uk = {λ2k−1, λ2k}, k ≥ 1. Since λ2k+1−λ2k−1 = 1,
arguing as in the example at the end of §3 we readily deduce that SΛ(U) = 0. By
Theorem 9.1, E(Λ, U) = {ek,1, ek,2}∞k=1 is a Köthe basis in W(Λ). By formulas (7.2) and
(7.4), for f(ζ) = fz(ζ) = eζz we obtain

ek,1(z) = ekz, ek,2(z) = (e(k+ξk)z − ekz)/ξk, k ≥ 1.

Now, let n2k−1 = 2, n2k = 1, and let λk, k ≥ 1, be the same as above. The relation
SΛ(U) = 0 is still fulfilled. By Theorem 9.1, E(Λ, U) = {ek,1, ek,2, ek,3} is a Köthe basis
in W(Λ). This partition is minimal (in the sense that the points λ2k−1 and λ2k cannot
be put in different groups) among all partitions with this property. Using (7.2) and (7.4)
once again, it is easy to show that

ek,1(z) = ekz, ek,2(z) = zekz, ek,3(z) = 2(e(k+ξk)z − ekz(1 + ξk))/ξ
2
k, k ≥ 1.

All other bases in W(Λ) with respect to the groups Uk were described in Theorem 9.6.
Let E(Λ, U,A) = {rek,1, rek,2, rek,3}, where

rek,1(z) = ekz, rek,2(z) = zekz, rek,3(z) = (e(k+ξk)z − ekz)/ξk, k ≥ 1.

If |ξk| ≤ 1, k ≥ 1, then the system E(Λ, U,A) is normalized. It can easily be shown
that a(A) = limk→∞ − ln |ξk|/k = ∞. Then by Theorem 9.6 the system E(Λ, U,A) is
not a basis in W(Λ). This is related to the fact that the functions rek,2 and rek,3 behave

quite similarly. If we replace rek,3 with (e(k+ξk)z − ekz)/ξ2k, then the system ceases to be
normalized; after normalization, we return to the system E(Λ, U,A).
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[4] L. Schwartz, Théorie générale des fonctions moyenne-périodiques, Ann. of Math.(2) 48 (1947),
no. 4, 857–929. MR0023948 (9:428c)

[5] O. A. Gel′fond, Linear differential equations of infinite order with coefficients and asymptotic peri-
ods of entire functions, Tr. Mat. Inst. Steklova 38 (1951), 42–67. (Russian) MR0047776 (13:929a)

[6] A. S. Krivosheev, The fundamental principle for invariant subspaces in convex domains, Izv. Ross.
Akad. Nauk Ser. Mat. 68 (2004), no. 2, 71–136; English transl., Izv. Math. 68 (2004), no. 2, 291–353.
MR2058001 (2006g:30061)

[7] I. F. Krasichkov, Lower bound for entire functions of finite order, Sibirsk. Mat. Zh. 6 (1965), no. 4,
840–861. (Russian) MR0193236 (33:1457)

[8] A. S. Krivosheev and O. A. Krivosheeva, A basis in an invariant subspace of analytic functions,
Mat. Sb. 204 (2013), no. 12, 49–104; English transl., Sb. Math. 204 (2013), no. 11–12, 1475–1796.
MR3185085

[9] B. Ya. Levin, Distribution of zeros of entire functions, Gosudarstv. Izdat. Tehn.-Teor. Lit., Moscow,
1956. MR0087740 (19:402c); English transl., Amer. Math. Soc., Providence, RI, 1964. MR0156975
(28:217)

[10] P. Lelong and L. Gruman, Entire functions of several complex variables, Grundlehren Math. Wiss.,
Bd. 282, Springer–Verlag, Berlin, 1986. MR837659 (87j:32001)

[11] V. S. Azarin, The indicators of an entire function and the regularity of the growth of the Fourier

coefficients of the logarithm of its modulus, Funktsional. Anal. i Prilozhen. 9 (1975), no. 1, 47–48;
English transl., Funct. Anal. Appl. 9 (1975), no. 1, 41–42. MR0367202 (51:3444)

[12] A. S. Krivosheev and V. V. Napalkov, Complex analysis and convolution operators, Uspekhi Mat.
Nauk 47 (1992), no. 6, 3–58; English transl., Russian Math. Surveys 47 (1992), no. 6, 1–56.
MR1209144 (94e:32003)

[13] A. S. Krivosheev, Indicators of entire functions and the continuation of solutions of a homogeneous
convolution equation, Mat. Sb. 184 (1993), no. 8, 81–108; English transl., Sb. Math. 79 (1994),
no. 2, 401–423. MR1239760 (94k:32002)

[14] , Basis by “relatively small clusters”, Ufim. Mat. Zh. 2 (2010), no. 2, 67–69. (Russian)
[15] , An almost exponential sequence of exponential polynomials, Ufim. Mat. Zh. 4 (2012), no. 1,

88–106; English transl., Ufa Math. J. 4 (2012), no. 1, 82–100.
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