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REGULARITY ISSUES FOR SEMILINEAR PDE-S

(A NARRATIVE APPROACH)

H. SHAHGHOLIAN

Dedicated to Nina Nikolaevna Ural’tseva

Abstract. Occasionally, solutions of semilinear equations have better (local) reg-
ularity properties than the linear ones if the equation is independent of space (and
time) variables. The simplest example, treated by the current author, was that the
solutions of Δu = f(u), with the mere assumption that f ′ ≥ −C, have bounded
second derivatives. In this paper, some aspects of semilinear problems are discussed,
with the hope to provoke a study of this type of problems from an optimal regularity
point of view. It is noteworthy that the above result has so far been undisclosed
for linear second order operators, with Hölder coefficients. Also, the regularity of
level sets of solutions as well as related quasilinear problems are discussed. Several
seemingly plausible open problems that might be worthwhile are proposed.

§1. Elliptic case

1.1. Background. This paper should be viewed as a laid-back approach to pointwise
regularity of solutions of elliptic problems where there is a lack of sufficient regularity of
the ingredients, which would otherwise have forced regularity of solutions. In particular,
the current note should be seen as a roadmap to FB-regularity1 in a nutshell, without
too much details of technical analysis; see Remark 1.1.

For clarity of exposition, and for the purpose of pointing out peculiarities in the theory,
I have chosen to discuss most simple cases; e.g., I shall deal mainly with the Laplace
equation, or very simple divergence type equations. It should also be stressed that all
the discussions, but probably not all the derivations of the results, can be done for very
general equations; I shall point this out later. And of course, with some perseverance,
any astute reader will be able to make his/her own generalizations of the ideas in this
note.

Since I shall deal with the local regularity of solutions, all equations can be considered
in the unit ball B1 (or unit cylinder for the parabolic case) without any reference to the
boundary value. Also all statements about regularity shall be uniform in the half-ball
B1/2, where the norms depend on the supremum norm of solutions in the unit ball, as
well as on all other ingredients, such as dimension, the operator, etc.

To set the scene, I depart from the one-dimensional case and recall the fact that if u
solves the ODE

u′′ = f(x, u)
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with f being bounded/continuous, then (by integration) umust have bounded/continuous
second derivatives. This naturally fails when one deals with PDE-s. Indeed, if u solves

Δu = f(x, u)

with f merely bounded, or even continuous, then one cannot expect u to have bounded
second derivatives. This can be seen in the following cute example.

A Cute Example. The function

u(x) = x1x2[− log |x|]a, 0 < a ≤ 1, |x| < 1,

has bounded Laplacian, for a = 1, and a continuous Laplacian for 0 < a < 1, but the
function is not C1,1. One can also complicate this example, by replacing log |x| with
several layers of log, i.e., slow down the singularity, but one cannot make the Laplacian
to have Dini modulus of continuity.2

In dimensions larger than one, there is an extra (sufficient, but not necessary) condition
for the right-hand side — the so-called Dini continuity — that plays a crucial role for
the regularity theory.

The sufficiency of Dini continuity can be seen from a potential-theoretic approach,
by using straightforward differentiation and then calculation of the integral (which is a
very nice exercise for graduate students). The fact that Dini continuity is not always
necessary can be seen by simply considering the one-dimensional case, and combining it
with a second direction u(x) = x1H(x2), where H ′′ = h, with h merely continuous, but
not Dini. One may even complicate this by looking at u = x1(x

+
2 )

2, which is C1,1 but
has a discontinuous Laplacian.

When the right-hand side f depends on x only, then it seems that one has hit the
end of the road for the regularity of the second derivatives. In other words, without Dini
condition one cannot make any general statement about D2u. There are, however, a
plenty of situations when f(x, u) is smooth in x (or independent of x), but less regular in
the u-variable, and the solution still exhibits enough regularity for its second derivatives.

My main objective with this note is to discuss particular cases when f(u) has a struc-
ture (other than Dini) that enforces D2u to be bounded.

Remark 1.1 (For nonexperts). If new to the subject, the reader should consult the book
[PSU] before reading this note. The standard notation, concepts and methodology of the
book [PSU] are frequently used in this note. Therefore, the current note is by no means
self-contained, and is written to serve as a fast track to how the regularity theory works
in free boundary problems. Nevertheless, the difference with the classical setting is that
I consider general semilinear problems whose level-surfaces at a jump discontinuity for
the right-hand side give rise to a free boundary, since there is a qualitative change in the
PDE across such a level-surface.

1.2. Conditions for optimality. As a starting point, and for the simplicity and clarity
of exposition, I shall consider the case of f being independent of the x-variable:

(1) Δu = f(u).

The question one can ask is: what regularity should f(u) have, in order to enforce bounds/
continuity on D2u. E.g., it is well known (see [Sh]) that if f(u) is Heaviside’s function
then u is C1,1. The result in [Sh] is actually slightly stronger, and states that if f ′ ≥ −C
for some constant C, then the second derivatives of u (solutions of (1)) are bounded. This
result is a consequence of a monotonicity function, due originally to H. Alt, L. Caffarelli,

2A function h is Dini continuous at the origin if
∫
0+ h(t)/t is bounded.
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and A. Friedman [ACF], that was developed for studying free boundary-value problems.
See also [CJK, MP, EP, TZ] for further developments.

During the writing of this paper I realized that the proof in [Sh] actually has much
stronger implications than stated in that paper, and therefore I shall formulate it as a
new result (even though the proof is an observation) and leave the details out.

Theorem 1.2. Let u ∈ W 2,p(B1) (p > n) solve

Δu = f(u) in B1,

with f ′ ≥ −C. Then for any point z ∈ B1/2 and any directional vector e ⊥ ∇u(z) we
have

lim
r→0

1

rn

∫
Br(z)

|∇Deu|2 ≤ C ′‖∇Deu‖2L2(B1)
.

In particular, at any point z, |Deu(x) − Deu(z)| ≤ C ′′|x − z| for all e ⊥ ∇u(z) and
x ∈ B1/2. If ∇u(z) = 0, then |∇u(x)−∇u(z)| ≤ C ′′|x− z|.
Remark 1.3. Actually the theorem applies to a larger class of function, with certain
structure to guarantee that Δ(Deu)

± ≥ −C. For instance, if f(u) = H(|u|) or f(u) =
H(|∇u|), the results here still hold; see [Sh]. What is more interesting is that these
examples are nonvariational, and therefore the classical techniques are doomed to fail for
this type of problems.

It might be possible to relax the condition p > n, but this is more related to having
a monotonicity argument to work (see, e.g., [MP, Theorem III]). The theorem suggests
that when the regularity breaks down, it does so in the direction orthogonal to the level-
surfaces. At the points where the derivatives of u vanish, the function is formally C1,1,
even if f is not bounded. Obviously, if f ∈ L∞, then the above theorem implies that the
second derivatives are bounded at all points.3

In general, the above regularity theory breaks down if one allows f ′ to have a negative
Dirac mass. This was cleverly demonstrated by an example of the form f(u) = −χ{u>0},
through a partially technical construction by J. Andersson and G. Weiss [AW1].

The next question to raise is when can one expect continuity of the second derivatives?
I.e., whether the continuity of f(u) in u implies the continuity of D2u? This naturally
fails if f depends on x, and is merely continuous. Let us consider the following example:

f(u) =
−1

log u
for 0 < u < 1/2.

Then f ′ ≥ 0, and hence, by [Sh], D2u is bounded. It is however not clear to me whether
D2u is continuous, just because f is also continuous.

One can naturally play around with several similar examples, which to my best knowl-
edge has not been studied; e.g., what can we say about the regularity of solutions of the
equation with f(u) = ±1/ log |u|?

Observe that this function is not Dini. It is also obvious that if f(u) is Dini continuous,
then one obtains the continuity of D2u in a classical way. Hence, the question is whether
one can push the condition below Dini in the semilinear case to obtain continuity of
second derivatives.

3It was brought to my attention by H. Koch that, in the paper of N. Nadirashvili [Na], very interesting
results related to stationary Euler equations were proved, in two dimensions, which are related partly
to the current note (see [Na, Theorem 2.1]). In particular, Nadirashvili showed that the solutions of
the problem in this paper, and their level surfaces, exhibit nice regularity properties at the points of
nonvanishing gradient. This, seen in the light of free boundary analysis, might not be surprising, because
once the free boundary has some regularity, one may bootstrap a higher regularity as done by V. Isakov,
and later and independently by D. Kinderleherer and L. Nirenberg; see [PSU, Notes, p. 131], for a
detailed account of this.
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Question. Let u be a solution of the semilinear problem (1), with f(u) continuous.
Would this be enough to show that u has continuous second derivatives? If this would
not be true, then what if one adds the extra condition f ′ ≥ −C.4

It is quite tempting to stretch the above question further and ask whether u has
higher regularity whenever f has; e.g. what are the conditions on f(u) (beyond classical
thresholds of f (m−2) being Dini) to ensure Dmu (m ≥ 2) to be bounded, or continuous?

In this regard, other aspects to look at are the case of systems of the type Δu = f(|u|)
(bold text denotes vectors), or equations with lower regularities of the right-hand side
like Δu = ± log |u|; the optimal regularity of solutions of the latter equation should be
below C1,1, due to the log-term (see [QS]).

In the lines of the above discussions, it is noteworthy that semilinear problems in-
volving the gradient have also been partly in focus. The well-known gradient constraint
problem [Ev], as well as the so-called superconductivity problem [CSal, CSS] treats two
different types of such problems. One may very generally ask for problems of the form
Δu = f(|∇u|), and how do solutions behave?

1.3. Quasilinear type operators. Another direction to develop the theory would be
the case of divergence type operators of the form

(2) div(f(x, u)∇u) = 0,

with conditions on f to ensure the regularity of Du; here 0 < λ ≤ f ≤ Λ < ∞, to keep
uniformity of the ellipticity. If f is Cm,α (in both variables), then from the classical
theory it follows that u is Cm+1,α. One can obviously push this to Dini continuity for
f (m), and obtain continuity for Dm+1u. The classical theory also gives that, for bounded
f , the solution u is Cβ for some unknown β ∈ (0, 1). The constant β can be improved
(β ↗ 1) by asking |f−1| to be small. This was done by a perturbation technique in [CP].

To be concrete, let us put forward the following question. Suppose f(x, u) is continu-
ous, but has less regularity than Dini in the u variable, and is Dini in x. Can one claim
that the solutions of (2) are Lipschitz?

As an example, consider the case where f(u) = 1 +H(u), where H is the Heaviside
function. Then v(x) = 2u+ − u−, where u solves equation (2) and u± := max(±u, 0),
is harmonic in B1. Hence ∇v is bounded, and the bound depends on the supremum
norm of v, and hence that of u. In particular u is uniformly Lipschitz, with Lipschitz
norm depending on ‖u‖∞. One can argue similarly for f(u) = 2−H(u), by considering
v(x) = u+ − 2u−.

In (2), if f is independent of x, one may use a simple argument5 by considering F
(with F ′ = f), and then (2) can be written as ΔF (u) = 0. Thus, F (u) is C∞, and
F ′ = f > λ, so it has an inverse, and hence u = F−1F (u), with F Lipschitz, i.e., F−1 is
Lipschitz. It follows that u is Lipschitz. This cute idea does not apply (in general) when
f has x-dependency, and f(x, u) has only Cα-regularity in x; it works well if f(x, u) is
C1,α in x-variable.

Notwithstanding this, one can derive a simple argument that implies at least Cα-regu-
larity (for any α < 1) in the case when f(x, u) is continuous in x, and has right and
left hand side limits (in the u-variable) at its discontinuity points. Let now A± =
limu→±0 f(x, u), let z be any point in B1/2, and assume u(z) = 0 (the nonzero points
can be reduced to this by considering a translation in f).

Next, one considers a contradictory blow up argument (as done in [KLS] for a per-
turbation problem) and works with the scaled function ũj(x) := uj(rjx+ zj)/jrj , where

4As remarked in the earlier footnote, see N. Nadirashvili’s paper [Na] for a similar discussion in this
regard.

5This was kindly pointed out to me by Herbert Koch.
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the zj , uj , and rj are running sequences that contradict the statement in a way that

(3) sup
BR

|ũj | ≤ CRα

for all R ≥ 1, and with equality for R = 1,

sup
B1

|ũj | = C.

Then, the conclusion is that uj converges, for a subsequence, to a solution u0 of

div[(A+χ{u0>0} +A−χ{u0<0})∇u0] = 0 in R
n.

Invoking Liouville’s theorem6 along with (3) one can conclude that u0 must be identically
constant, and hence zero (since uj(0) = 0). This obviously contradicts the equality part
of (3) for R = 1.

It is not obvious how a proof for a possible Lipschitz regularity would proceed without
any further technical tools. Let us see how one can try to obtain some information,
for possible advancement in the theory. Since divergence type operators require Dini-
continuity of the coefficients to produce C1 solutions, one may start by assuming that
the function f has smoothness to the right and left hand sides of a singular point. More
exactly, assume that f(x, u) has a jump at u = 0, but is smooth otherwise. Let also
f±(x, u) = f(x, u) for ±u > 0. Then

div(f(x, u)∇u) = div[(f+(x, u)χ{u>0} + f−(x, u)χ{u<0})∇u],

which can be simplified to

div(f(x, u)∇u) = div[(a(x) + b(x)χ{u<0})∇u],

where a(x) = f+(x, u(x)), and b(x) = f−(x, u(x))− f+(x, u(x)), with a, b being smooth
functions, say Dini-continuous.

The reformulated form of the problem at hand may now make it possible for us to try
a monotonicity-function argument, as done for the previous case. There is so far no such
type of monotonicity function for a quasilinear equation, but the author believes that
similar arguments used by previous authors for perturbed operators (see [MP]) should
work here as well, provided a, b are sufficiently regular. This is a subject for investigation
in [KLS], and I shall not touch upon it here. As a conclusion to the discussion, the
following conjecture can be put forward.

Conjecture 1.4. Any (weak/viscosity) solution u of the semilinear elliptic equation

div(f(x, u)∇u) = 0 in B1,

where f is Dini continuous in the x-variable and has only finitely many discontinuities
in the u-variable and uniform Cα regularity to the right and left of the discontinuities,
should have universally bounded derivatives in B1/2, with norms depending on ‖u‖∞, the
ellipticity constants, and the space dimension.

It is plausible that the assumption of having a finite number of discontinuities is
superfluous, and the mere assumption that f(x, u) has left- and right-hand side Dini
smoothness (in the u-variable) at every point should suffice to conclude Lipschitz reg-
ularity for the solution. Also it seems reasonable to think that a more complicated
structure as f(x, u, p) (where f is now a vector) with reasonable regularity in x and p,

6Here, the Liouville type argument goes as follows: For each z ∈ R
n, consider vR(x) :=

u0(Rx+ z)/Rα, which again is a solution in B1(0) and is bounded by (3). In particular, vR is Lip-
schitz, by the discussions above for the constant coefficient case. Hence, supBr(0)

|vR(x)| ≤ Cr, i.e.,

Rα|vR(0)| = |u0(z)| ≤ CrRα. Choosing r = 1/R, and letting R tend to infinity, one arrives at u0(z) = 0.
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and a similar one as in the conjecture in u, would give Lipschitz regularity for solutions
to div f(x, u,∇u) = 0.

Remark 1.5. Our method of approach, with scaling and blow-up technique utilized above,
works also for the operator div f(x, u,∇u) = 0, but it implies only regularity below
Lipschitz.

1.4. Regularity of level sets (heuristics). The regularity of the level sets of a solu-
tion of any of the above problems is also an interesting issue. For several concrete ex-
amples, this has been studied earlier (see [PSU] for some examples and also references).
To look into the theory of regularity, one can consider problem (1) at points where the
gradient of the solution vanishes (otherwise implicit function theory gives regularity).

Let us come back to pointwise values of f at discountinuty points, by setting

±B± = lim
s→±s0

f(s).

Now, if B++B− ≥ 0, then f ′(s0) ≥ 0, and this could be seen as a structural condition for
C1,1-regularity, for u. It has been established in the literature that the theory for C1,1-so-
lutions (see [PSU]) and that for non-C1,1-solutions (see [ASW]) differ substantially.

Nondegeneracy of u and Lebesgue measure of level sets. The nondegeneracy (for
at least one phase) for u will follow in general from the assumption B+ +B− ≥ λ0 > 0.
Indeed, this implies that max(B+, B−) ≥ λ0/2 > 0. One may assume that B+ ≥ λ0/2,

otherwise one looks at the function w = s0 − u, with Δw = −f(s0 −w) =: f̃(w), so that

f̃ ′(w) = f ′(u).
Next, consider the function v = u− s0, where s0 = u(x0). Then v satisfies Δv = g(v),

with g(v) := f(v + s0), and obviously g(v) > λ0 on the set {v > 0}. Hence the standard
nondegeneracy argument applies to this setting (see [PSU]).

Along with the optimal C1,1 regularity, this implies (as was done for the obstacle
problem) that the level surface has zero measure (cf. the proof for Problem C in [PSU]).

Below, I shall present different possible situations that may arise when we study the
regularity of level sets. I shall specify these cases and give some hint of how a possible
study might be carried out. These are all basically open problems, and may be picked
up by an interested reader for a detailed analysis.

Case 1. B+ = B− = 0.
This case is complicated, as it means that locally the solution u is harmonic at the
origin. The behavior of the level set around such a point can be of any type. One would
then need to have more information about how fast f(x, u) tends to zero in u; e.g., if
f(x, u) ≈ b(x)|u|a (with b ≥ c > 0), then one needs to use approaches that have been
developed (partly) by H. W. Alt and D. Philips (see [AP]). If also b(x) becomes zero,
then there is one more difficulty to take care of. Such type of problems were also looked
at in [CF]; cf. also a recent work in this direction [Ag].

A further line of directions that is being developed is the case where degeneracy is
along a given surface (or a curve in 2-space dimension). I refer the reader to the recent
paper [Ye] by K. Yerissian [Ye]. I shall not discuss this case further.

Case 2. B+ > B− = 0 (or the reverse B− > B+ = 0).
This is reminiscent of the obstacle problem, but with a possibility that u− �= 0, and that
under a scaling it will disappear (see [MP2] for a particular case of this problem). To
have a closer look at this case, I assume that the origin is on the free boundary with (as
above) u(0) = s0 = 0, and ∇u(0) = 0 (otherwise the free boundary is smooth close to
this point, due to the implicit function theorem). Next, a scaling uj(x) = u(rjx)/r

2
j will
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converge (for a subsequence) to a global solution u0 satisfying

Δu0 = B+χ{u0>0}, ∇u0(0) = 0.

Now, to avoid singular (cusp) points (these points occur for special cases of f), one
can assume that the level surface at the origin has an a priori regularity, in either
geometric terms, such as the set {u ≤ 0} has a thickness in such a way that it prevails
under the blow up and hence {u0 ≤ 0} has nonempty interior, or in terms of the ACF
monotonicity function φ,7 such that limr→0 φ(r, u, 0) = 0. Since φ(r) ≥ 0, and it is upper
semicontinuous, we conclude that the set of points with the minimum value of φ (low-
energy points) must be an open set. This is an important observation in the regularity
theory, and leads to the fact that it would suffice to study only points of low-energy level,
from a regularity point of view. Indeed, in a blow-up/scale regime, such points lead to the
so-called half-space solutions (i.e., one-dimensional solutions), hence providing us with
a fixed direction for monotonicity of the solution, and one may then try to prove the
Lipschitz regularity of the free boundary as it was done for the obstacle type problems;
see [PSU].

Case 3. min(B+, B−) > 0.
In this case, a blow up u0 satisfies

Δu0 = B+χ{u0>0} −B−χ{u0<0},

which is the two-phase free boundary problem studied in [SUW1]–[SUW2], see also [PSU].
The only global solution is one-dimensional, which after rotation is given by u0 =
B+(x+

1 )
2/2−B−(x−

1 )
2/2. Hence, one may now apply the directional monotonicity argu-

ment8 to show that Deu(x) ≥ 0 for e ≈ e1 and x ∈ Br for some sufficiently small r. This
proves that the free boundary is Lipschitz. By changing the direction of the vector e in
the above and keeping e · e1 > 0, one can then show it is C1. One can actually prove it is
uniformly C1, but I will not discuss this here, as it requires a more complicated analysis.

Case 4. B+ > 0 > B−, B+ +B− ≥ 0.
In this case u− could possibly be degenerate, and in a blow-up regime one has

Δu0 = B+χ{u0>0} −B−χ{u0<0},

with u− possibly zero. This somehow falls under Case 2 above, but might need more
care.

Case 5. B+ > 0 > B−, B+ +B− < 0.
In this case the solution is not necessarily C1,1, and hence the set of points {∇u = 0}
has to be split into two classes, one with quadratic growth and one with nonquadratic
growth. The latter was studied in [ASW] (in 3 dimensions), and the former was looked
at in a very particular case by R. Monneau and G. S. Weiss in [MW]. There are still
many unanswered questions for this case.

1.5. Regularity close to the fixed boundary. When the setting of the problems
discussed above are done in presence of a fixed boundary (as in [SU]), one cannot apply
the monotonicity function at the boundary points because the function is not C2 there;
it is at least not C2 at the points where the free and fixed boundary touch, and this is
needed to apply the monotonicity lemma argument (see [Sh]).

7The reader may consult [PSU] for the definition of the ACF monotonicty function, and how it is
used.

8Directional monotonicity refers to showing that CrDeu − u ≥ 0 in Br for small r and e · e1 > 0.
This means that u is monotone in all directions not orthogonal to the x1-axis (in the rotated system
chosen in the argument above), and in a ball depending on the value of e1.
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A first estimate to obtain is that for the tangential directions to the fixed boundary.
I assume the boundary to be a flat surface, say {xn = 0}; so more exactly I consider

(4) Δu = f(u) in B+
1 (0), u(x′, 0) = 0,

where x′ = (x1, . . . , xn−1). Again I ignore the boundary values on the sphere. Now,
considering (Deju)

± for j = 1, . . . , (n − 1), one sees that they have Laplacian bounded
from below when f ′ ≥ −c, and they are zero on {xn = 0} ∩ B1. Hence we can control
them by the barrier Cxn − cx2

n/2 (in a sufficiently small ball around the origin), whence

(5) sup
B+

r (0)

|(Deju)| ≤ C0r,

or more accurately (Deju)
±(x) ≤ C0xn − cx2

n/2.
Now we consider the application of the monotonicity function to (Deju)

± at the
interior points z with zn > 0 where the second derivatives exist. Then the radius
r in the monotonicity function can not exceed the value z1. This would mean that
|∇Dτu(z)| ≤ Cr (τ ⊥ ∇u(z)) with Cr = Cr−n‖∇Dτu‖L2(Br(z)). From the PDE one

also obtains the estimate ‖D2
ηηu(z)‖ ≤ Cr+supB1

|f |, where η = ∇u(z)/|∇u(z)|. Hence,

‖D2u(z)‖ ≤ C ′r−n‖∇Dτu‖L2(Br(z)) for some C ′ and all r < z1. Combining this with (5)
and the methods of Lemma 6.3 in [SU], one obtains the estimate on the second derivatives
at interior points.

1.6. Tangential touch between the free and fixed boundary. A systematic anal-
ysis, as hinted in Cases 1–5 above for local regularity, can also be carried out for the
behavior of the zero level sets close to the fixed boundary. In general, a tangential touch
between ∂{u > 0} and the fixed boundary {xn = 0} is expected. It would probably need
a deeper study to prove that ∂{u > 0} is locally a C1-graph. It is left to the interested
reader to carry out the details, and enjoy the surprising difficulties the problem may
offer.

§2. Parabolic case

A similar theory for parabolic problems can be done, first, by proving a bound for
the time derivative. This is possible due to the monotonicity of f .9 To see this, one sets
uτ (X) := [u(x, t+ τ )−u(X)] with X = (x, t) and applies the heat operator to u±

τ to find
out that

Δu±
τ − ∂tu

±
τ = hτ (X)u±

τ ≥ −Cu±
τ ,

where hτ (X) = [f(u(x, t + τ )) − f(u(X))]/[uτ ] ≥ −C. Now, the u±
τ being sub caloric,

one may apply the maximum principle for weak sub-solutions (see [Li, Theorem 7.21])
for the right-hand side −Cu±

τ to obtain

sup
Q1/2

u±
τ ≤ C ′ [‖u±

τ ‖Lp(Q1) + ‖Cu±
τ ‖Ln+1(Q1)

]
,

where Q1 is the parabolic cylinder; more precisely, we define

Qr(X) = Br(x)× (−r2 + t, r2 + t).

Now, letting p ≥ n+ 1 and assuming that the solution has time derivatives in Lp, we
can let τ tend to zero to obtain bounds on the time derivative:

(6) sup
Q1/2

|∂tu| ≤ C ′′‖∂tu‖Lp(Q1),

9The idea here is based on Ural′tseva’s paper [Ur], cf. also [SUW3].
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where C ′′ depends on C, the space dimension and other ingredients. Observe that in this
argument there is no need for u to have good regularity a priori. Hence, f ∈ Lp would
suffice.

Now the argument for bounds on the second spatial derivatives involves the mono-
tonicity formula, which in part asks the functions Deu to be zero at the center for the
monotonicity function Z = (z, s). For this, one chooses e to be orthogonal to the spatial
gradient ∇u(Z) (after rotation, this can be assumed to be e1) and then, after applying
the monotonicity function, one arrives at uniform bounds for ∇Deu(Z). In the case
where ∇u(Z) �= 0, one obtains bounds on Djku for all j, k, but not for j = k = 1.
Bounds on D11u are then achieved by using the equation

D11u = −D22u− · · · −Dnnu+ ∂tu+ f(u),

which is bounded due to bounds for f , Diiu for i = 2, . . . , n, and ∂tu (due to (6)). This
implies the following parabolic counterpart of Theorem 1.2.

Theorem 2.1. Suppose that u ∈ W 2,p
x ∩W 1,p(Q1) (p ≥ n+ 1) solves

Δu− ∂tu = f(u) in Q1,

with f ′ ≥ −C. Then for any point Z ∈ Q1/2 and any directional vector e ⊥ ∇u(Z), we
have

lim
r→0

1

rn+2

∫
Qr(Z)

|∇Deu|2 ≤ C ′‖∇Deu‖2L2(Q1)
.

In particular, at any point Z = (z, s) we have |Deu(x, s)−Deu(Z)| ≤ C ′′|x − z| for all
e ⊥ ∇u(Z). If ∇u(Z) = 0, then |∇u(x, s)−∇u(Z)| ≤ C ′′|x− z|.

Any attempts for replacing the Laplacian with a divergence, or nondivergence type
operators (with Cα-coefficients) have so far failed. To formulate a conjecture (in this
regard), let the matrix (aij) have standard uniform ellipticity as well as Cα entries.

Thus, we conjecture the following.

Conjecture 2.2. Any (weak/viscosity) solution u of the uniformly elliptic semilinear
parabolic equation ∑

ij

aijDiju− ∂tu = f(x, t, u) in Q1,

where f ′
u ≥ −c0 and f is Cα in the (x, t)-variables, should have universally bounded

second spatial and first time derivatives in the cylinder Q1/2, with norms depending on
‖u‖∞, c0, c1, and the space dimension.

The same question can be asked for elliptic problems. In the case of the Laplacian, I
required f to be Lipschitz in the x-variable, but that (probably superfluous) requirement
depends on the monotonicity function tool, rather than anything else.

A similar and systematic analysis of the free boundary (as discussed in the elliptic case)
can be done for the parabolic setting. However, so far there has been only little work in
this regard. It is noteworthy that the supremum norm estimate for the time derivative
can also be carried out as in the case of Laplacian, as discussed in the paragraph preceding
the above conjecture.

2.1. Parabolic quasilinear problems. Now I consider the parabolic counterpart of
the quasilinear problem (2),

(7) ∂tu− div(f(u)∇u) = 0,

where f is as in (2). It is apparent that the simple ideas (of looking at ∂tu−Δ(F (u)) =
0) discussed in the elliptic case do not apply here, and one needs to introduce new
techniques. To my best knowledge, this problem seems not to be covered by classical
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methods. John Andersson gave me a nice idea to reformulate this by letting v = F (u)
and applying the heat operator to this to arrive at ∂tv − g(v)Δv = 0, where g(v) =
f(u) = f(F−1(v)). This changes the problem, though does not necessarily simplify it.
It is clear that the scaling argument and a Liouville type theorem for the limit function

would imply (as discussed in the elliptic case) that the solutions are Cα
x ∩ C

α/2
t locally,

uniformly in the domain of definition for the equation. Here any α < 1 works.

Conjecture 2.3. Any (weak/viscosity) solution u of the semilinear parabolic equation

∂tu− div(f(x, u)∇u) = 0 in Q1,

where f(x, u) is Dini in x, has only finitely many number discontinuities in the u-variable,
and is uniformly Cα regular to the right and left of the discontinuities, should have
uniformly bounded x-derivatives in Q1/2, with norms depending on ‖u‖∞, ellipticity,
and the space dimension.
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