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LOCALIZATION CRITERION FOR THE SPECTRUM OF THE

STURM–LIOUVILLE OPERATOR ON A CURVE

KH. K. ISHKIN

Abstract. Two spectrum localization criteria are obtained for the Sturm–Liouville
operator on a piecewise smooth curve. The first of them generalizes Marchenko’s
well-known criterion. The second provides a necessary and sufficient condition on the
potential under which the spectrum is asymptotically localized near a ray in the sense
of a regularly distributed set relative to the order ρ = 1/2, thus confirming Fedoryuk’s
conjecture about the absence, in the general case, of an asymptotic formula for the
spectrum of the problem −v′′ = μρ(x)v, 0 < x < 1, v(0) = v(1) = 0.

§1. Introduction

Consider the spectral problem

−v′′ = μρ(x)v, 0 < x < 1,(1.1)

v(0) = v(1) = 0,(1.2)

where ρ is a complex-valued function integrable on (0; 1). If f(x, μ) is a solution of (1.1)
such that f(0, μ) = 0, f ′(0, μ) = 1 (throughout, we put f ′(x, μ) := ∂

∂xf(x, μ)), then the
eigenvalues of problem (1.1), (1.2) coincide with the zeros of the entire function

(1.3) F (μ) = f(1, μ).

Consequently, the spectrum σ of problem (1.1), (1.2) either is empty, or coincides with
C, or consists of finitely or countably many eigenvalues of finite algebraic multiplicity

each. Suppose that ρ is such that the last case occurs: σ =
∞⋃
k=1

μk, where the μk are the

zeros of the function F (μ) enumerated in the order of nondecreasing of their modules
and with multiplicities taken into account.

If arg ρ(x) ≡ α = const, then the substitution μ = λ · e−iα results in a problem with
positive density, which was studied sufficiently completely. In particular, if the function
ρ has an absolutely continuous derivative on [0, 1], then for f(x, μ) we can write (see,
e.g., [1]) the expansion

(1.4) f(x, μ) ∼ μ−1/2(ρ(0)ρ(x))−1/4 sin

(
√
μ

∫ x

0

√
ρ(t) dt

)
, μ → ∞,

uniform in x ∈ [0, 1] and in argμ.

Remark 1. Here and in the sequel, if not stated otherwise, z1/n stands for the branch
that is positive for positive z.
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Relation (1.4) implies the following classical formula for the spectrum distribution:

(1.5) μk ∼
(

πk∫ 1
0

√
ρ dx

)2

, k → ∞.

If arg ρ(x) �= const, then formula (1.5) may fail even if ρ(x) is infinitely differentiable
(see Example 4 in Subsection 5.1). For estimate (1.4) and formula (1.5) to be true,
one must impose stronger restrictions on ρ, namely, this functions should admit analytic
continuation to some neighborhood G of [0, 1] such that

L1) ρ(z) �= 0 for all z ∈ G;
L2) the points 0 and 1 can be joined in G by a curve l such that, when z moves from

0 to 1 along l, the argument of the function
∫ z
0

√
ρ(t) dt remains constant.

This fact was established by Langer as early as in 1939, see [2]. Since then, no other
(less restrictive) conditions have been obtained for the localization of the spectrum (in
the sense of (1.5)). In this connection, the following question arises: to what extent are
conditions L1–L2 necessary to ensure the validity of (1.5)?

The examples presented in Subsection 5.1 (including Example 4) mentioned above
partially confirm the necessity of condition L2. The following simple example shows how
violation of condition L1 affects the asymptotics of {μk}:
(1.6) ρ(x) = x− a, a ∈ C.

If v1(ξ), v2(ξ) are linearly independent solutions of the Airy equation v′′(ξ)− ξv(ξ) = 0,
then the characteristic function of the spectrum of problem (1.1), (1.2), (1.6) can be
taken in the form

(1.7) F(a, μ) =

∣∣∣∣v1
(
−eπi/3μ1/3a

)
v1
(
eπi/3μ1/3(1− a)

)
v2
(
−eπi/3μ1/3a

)
v2
(
eπi/3μ1/3(1− a)

)∣∣∣∣ .
By using the well-known asymptotic expansions for the Airy functions (see [3]), it is easy
to show (see §5, Theorem 4) that formula (1.5) is true whenever the turning point a lies
outside of the closure of the domain A = B− ∩B+, where

B± =

{∣∣∣∣z −
(
1

2
± i

2
√
3

)∣∣∣∣ < 1√
3

}
.

Otherwise, if a ∈ A, then the spectrum of problem (1.1), (1.2) localizes near two rays:

σ =
{
μ
(1)
k

}∞
1

∪
{
μ
(2)
k

}∞
1
,(1.8)

μ
(1)
k ∼ − (3πk)2

4a3
, μ

(2)
k ∼ (3πk)2

4(1− a)3
, k → +∞.(1.9)

Thus, under condition L2, the spectrum may be localized near one ray only when the
zeros of ρ are located in a special way. This dependence becomes more visual if we make
the Liouville substitution in equation (1.1) (for a /∈ R):

z(x) =

∫ x

0

√
ρ(t)dt

(∫ 1

0

√
ρ(t) dt

)−1

,(1.10)

v(x, μ) = ρ−1/4y(z, λ),(1.11)

λ = μ

(∫ 1

0

√
ρ(t) dt

)2

.(1.12)

As a result, problem (1.1), (1.2) takes the form

−y′′(z) + q(z)y(z) = λy(z), z ∈ γ,(1.13)

y(0) = y(1) = 0,(1.14)
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where

q(z) = − 5

36
(z − z0(a))

−2, z0(a) =
a3/2

a3/2 − (1− a)3/2
,

and γ is the curve to which the segment [0, 1] is taken under the map (1.10). It is easy
to check that the function z0(a) reshapes (bijectively) the domain A onto the domain Ω
bounded by γ and the segment [0, 1] (see Figure 1, b). Consequently, for all a ∈ C\A the
function q(z) is analytic in Ω, so that the spectrum of problem (1.13), (1.14) coincides
with that of the Sturm–Liouville problem on a segment: −y′′(z) + q(z)y(z) = λy(z),
z ∈ [0, 1], y(0) = y(1) = 0.

a

10
a

x

Al
1

0 l

a) The turning point.

10

z

z0
γ

Ω

b) The pole.

Figure 1

It is known (see, e.g., [4]) that the spectrum of the last problem has the asymptotics

(1.15) λk ∼
(
πk
)2
, k → ∞,

whence by (1.12) we get (1.5).
If a ∈ A, then z0 is a pole of q(z) in Ω and is a branching point for each solution

of (1.13) (see Example 2). Therefore we cannot act as in the preceding case, deforming
the curve γ to [0, 1] with preservation of the spectrum. As a result (see Theorem 6), the

spectrum splits into two series: λ
(1)
k ∼

(
πk/z0

)2
, λ

(2)
k ∼

(
πk/(1 − z0)

)2
, k → +∞, and

then, by (1.12), we get (1.9).

Remark 2. Relations (1.3) and (1.7) imply that πμ1/3F(a, μ) = F (μ), which is an entire
function of the two variables μ and a. In this sense, these variables have equal rights.
Interchanging them, we arrive at the problem:

iεv′′ + xv = av, 0 < x < 1,(1.16)

v(0) = v(1) = 0,(1.17)

with ε = 1/(iμ). The behavior of the eigenvalues ak(ε) of problem (1.16), (1.17) as
ε → +0 was studied by many authors (see [5, 6, 8, 7] and the references therein).

The example treated above shows that if the function ρ is such that the Liouville
substitution is possible, then problem (1.13), (1.14), the spectrum of which differs from
that of problem (1.1), (1.2), is more convenient to deal with, at least in two aspects. First,
the domain Ω is outlined explicitly (the convex hull of the curve γ and the segment [0, 1]);
this domain plays the same role in problem (1.13), (1.14) as the domain G, occurring in
conditions L1), L2), plays in problem (1.1), (1.2): the analyticity of q on Ω ensures the
validity of (1.15). Second, if we allow q to have poles in Ω, then the asymptotics of the
spectrum will depend substantially on whether the so-called monodromy-free condition
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is satisfied (see Subsection 2.2), i.e., whether all solutions of (1.13) are single-valued for
all λ in a full (punctured) neighborhood of each pole of q.

Taking the said into account, we impose the following conditions on ρ:
A) ρ′ ∈ AC[0, 1];
B) ρ(x) �= 0 on [0, 1], arg ρ(x) is monotone on [0, 1], and | arg ρ(1)− arg ρ(0)| < 2π.
Then the change (1.10), (1.12) reshapes problem (1.1), (1.2) to problem (1.13), (1.14),

with

(1.18) q(z) = − d2

dx2

(
ρ−1/4(x)

)
ρ−3/4(x)

∣∣∣
x=x(z)

(∫ 1

0

√
ρ(t) dt

)2

,

where x(z) is the function inverse to (1.10). Condition B implies that the domain Ω is
convex and lies below the Ox-axis, i.e., the curve γ is the graph of a convex (downwards)
smooth function; it looks like in Figure 1, b and Figure 2, a.

x

0 y1
α 1

α0 Ω

γ

z

a) The curve γ.

0

γ

−α 0
−α1

b) Rough localization of the spectrum.

Figure 2

By (1.12), the spectra of problems (1.1), (1.2) and (1.13), (1.14) only differ by a
constant factor. Therefore, having obtained some spectrum localization conditions for
(1.13), (1.14), we can use (1.18) to deduce the corresponding conditions for (1.1), (1.2).
Our aim in this paper is to work out a necessary and sufficient condition on q under
which the spectrum of problem (1.13), (1.14) localizes asymptotically near one ray.

§2. Sturm–Liouville operator on a curve

2.1. Definition of the Sturm–Liouville operator on a curve. Let γ be a curve
with parametrization

z(x) = x+ is(x), x ∈ [0, 1],(2.19)

where s is a continuously differentiable and convex downwards function such that s(0) =
s(1) = 0 and s′(0) > −∞, s′(1) < ∞. We denote α0 = arctan s′(0), α1 = arctan s′(1).
Then (see Figure 2, a) we have

(2.20) −π/2 < α0 < 0 < α1 < π/2.

If y(z) is a function absolutely continuous on the curve γ (with respect to the measure
|dz| on γ), then the function v(x) := y(z(x)) is absolutely continuous on [0, 1]. The
function

y′γ(z) := v′(x)/z′(x),

is defined a.e. on γ; it will be called the derivative along γ. The functions y′′γ (z), etc., are
defined similarly (if they exist). It is easy to check that, with this definition, y′γ , y

′′
γ , . . .
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do not depend on the choice of a parametrization. In what follows we shall omit the

symbol γ in y
(n)
γ , provided no confusion is possible.

Definition 1. Let q ∈ L1(γ). By the Sturm–Liouville operator on the curve γ we mean
the operator Dγ that acts in L2(γ) by the rule

Dγy = −y′′ + qy,(2.21)

D(Dγ) =
{
y ∈ L2(γ) : y′ ∈ AC(γ),−y′′ + qy ∈ L2(γ), y(0) = y(1) = 0

}
.(2.22)

Precisely as in the case of γ = [0, 1] (see [10]), it can be proved that if q ∈ L1(γ), then
Dγ is a closed operator with dense domain. Condition (2.20) implies that the operator
Dγ is m-sectorial.

2.2. Some notions and facts. In this subsection, we present the definitions of some
notions needed in what follows and some relevant facts as applied to the operator Dγ .

2.2.1. Meromorphic extension. Let C be an arbitrary Jordan curve. If C is not
closed, then we denote by C̊ the set of all non-end points of C. In particular, if C = [A,B],

then C̊ = (A,B).

Definition 2. Suppose that a curve C is a part of the boundary ∂G of a simply connected
domain G. We say that a function f integrable on C admits meromorphic extension to

the domain G if there exists a function rf meromorphic in G and possessing the following
properties:

1) the poles of rf may only accumulate to ∂G\ C̊ (if there are infinitely many of them);

2) any two points a, b ∈ C̊ are contained in an arc C ′ ⊂ C̊ such that for some domain

G′ ⊂ G we have C ′ ⊂ ∂G′ and the function rf belongs to the Smirnov class E1(G
′)

(see [12]);

3) for a.e. t ∈ C, the angular boundary value (see [12]) of rf at the point t coincides
with f(t).

If rf is analytic in G and satisfies 2) and 3), then we say that f admits analytic
extension to G.

2.2.2. Monodromy free property. Let q be a function meromorphic in a domain
Ω ∈ C. We pick a point z0 ∈ Ω̇ = Ω \ P , where P is the set of poles of q, and consider a
fundamental system Y (z, λ) = (y1(z, λ), y2(z, λ)) of solutions of (2.27) analytic near z0.
Let a point z go around some closed piecewise smooth curve γ starting at z0; after

such passage, near z0 the vector-valued function Y (z, λ) will become rY (z, λ). Then
rY (z, λ) = Y (z, λ)Gγ(λ), where Gγ(λ) is a nonsingular matrix of size 2× 2.

We say that equation (2.27) has trivial monodromy in Ω if for any γ ⊂ Ω̇ we have
Gγ(λ) ≡ I, where I is the unit matrix. In this case, as in [13], we say for brevity that
equation (2.27) or the function q are monodromy free in Ω. It is known (see [14]) that
equation (2.27) is monodromy free in Ω if and only if for any pole a of the function q we
have

(2.23) q(z) =
m(m− 1)

(z − a)2
+

m−1∑
k=0

ck(z − a)2k + (z − a)2m−1r(z),

where m ∈ N, c0, . . . , cm−1 are numbers, and the function r(z) is analytic in some
neighborhood of a.

Let TM(Ω) denote the set of all functions that are monodromy free in Ω, and let
TM0(Ω) be the set of functions in TM(Ω) that have finitely many poles in Ω.
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We denote by O(Ω) the set of all functions analytic in Ω. By (2.23), for any q ∈
TM0(Ω) there is a unique function rq ∈ O(Ω) and a finite collection (zk,mk) ∈ Ω×N, k =
1, . . . , n, such that

(2.24) q(z) = rq(z) +
n∑

k=1

mk(mk − 1)

(z − zk)2
.

If the boundary of Ω is a rectifiable Jordan curve, then we denote by TMs(Ω) (s ≥ 1)
the set of functions of the form (2.24) with rq(z) ∈ Es(Ω). The definition of E1(Ω) implies
that if q ∈ TM1(Ω), then for a.e. ζ ∈ ∂Ω the function q(z) admits an angular boundary
value p(ζ) (see [12]), and p ∈ L1(∂Ω). We say that q ∈ TMn

2 (Ω) if q ∈ TM1(Ω) and
p ∈ Wn

2 (∂Ω)).
If q is defined and integrable on some closed piecewise smooth curve γ, then we say that

equation (2.27) (and also the potential q) is monodromy free on γ whenever Gγ(λ) ≡ I,
where Gγ(λ) is the monodromy matrix for γ. The set of all monodromy free potentials
on γ will be denoted by TM(γ). The set of all potentials that are monodromy free on γ
and belong to Ls(γ) or Wn

2 (γ) will be denoted by TMs(γ) and TMn
2 (γ), respectively.

2.2.3. A special solution. Let γ is an arbitrary piecewise smooth curve that is a
boundary or part of the boundary of some convex domain. Let β = arg λ, and let Bβ

be a point of γ at which the function Im(zeiβ), z ∈ γ, attains its minimum. In the case
where that minimum is attained on some rectilinear piece of γ, for the role of Bβ we take
any point of this segment.

We denote by ψ(z, λ) the solution of equation (2.27) that satisfies the conditions
ψ(Bβ, λ) = e−iλBβ , ψ′(Bβ, λ) = −iλe−iλBβ . By [15, Lemma 1], if γ is a curve para-
metrized as in (2.19) and such that (2.20) is true, then for large λ in the angle β ∈
[−π − α0;π − α1] we have the following asymptotic relation uniform in arg λ:

ψ(k)(z, λ) = (−iλ)ke−iλz

(
1 +

1

2iλ

∫ z

Bβ

(
(−1)ke2iλ(z−t) − 1

)
q(t) dt+O(λ−2)

)
,

k = 0, 1.

(2.25)

If the curve γ is closed, then estimates (2.25) are uniform in β ∈ [−π, π] (see [16,
Lemma 2]).

2.3. Simplest properties of the operator Dγ. We fix some notation. Throughout,
Ω will denote the domain bounded by a curve γ and the segment [0, 1] (see Figure 2).
If A,B ∈ γ, we denote by γAB the arc of γ that joins these points. Next, we put
α(z) = arctan s′(x(z)), and let x(z) be the function inverse to (2.19). We list some
spectral properties of the operator Dγ .

P1) The spectrum of Dγ is discrete and, with the exception of finitely many points,
lies in the angle {μ ∈ C : −2α1 ≤ argμ ≤ −2α0} (see [15, Lemma 2]).

We introduce the characteristic function of the spectrum of Dγ :

(2.26) Φ(λ) = ϕ(1, λ),

where ϕ(z, λ) is the solution of the equation

(2.27) −y′′(z) + q(z) · y(z) = λ2y(z), z ∈ γ,

that satisfies the initial conditions

(2.28) ϕ(0, λ) = 0, ϕ′(0, λ) = 1.

P2) Let {λ2
k}∞k=1 (Reλk ≥ 0) be the eigenvalues of Dγ enumerated (with multiplicities)

in the order of increasing of their modules. If the function q is analytic in the domain Ω
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and is continuous on its closure, then the spectrum of Dγ has the asymptotics

(2.29) λk ∼ πk, k → ∞.

This follows from the fact that, for each λ, the function ϕ(z, λ) is analytic in Ω and
continuous in Ω, so that Φ(λ) does not change if we deform γ continuously to the seg-
ment [0, 1].

P3) If the limit

(2.30) lim
k→∞

arg(λk) = α,

exists, then α = 0 and the asymptotic formula (2.29) is valid (see [15, Theorem 1]).
P4) There exist functions q infinitely differentiable on the curve γ such that the limit

(2.30) fails to exist for the spectrum of the operator Dγ with such a potential (see Exam-
ple 6 in Subsection 5.2).

P5)We have Dγ = D0
γ+Q, where D0

γ = Dγ

∣∣
q≡0

and Q is the operator of multiplication

by the function q.
The properties of the unperturbed operator are described in the next theorem.

Theorem 1. 1) The operator adjoint to D0
γ has the form(

D0
γ

)∗
y = eiα(ye−iα)′′,

D
(
(D0

γ)
∗) = {y ∈ L2(γ) : (ye−iα)′∈AC(γ), (ye−iα)′′∈L2(γ), y(0) = y(1) = 0

}
.

2) The spectra of the operators D0
γ and

(
D0

γ

)∗
consist of the simple eigenvalues

(πn)2, (n ∈ N),

and the corresponding normalized eigenfunctions are of the form fn = sin(πnz)/dn, f
∗
n =

eiα sin(πnz)/dn, where dn =
∫
γ
| sin(πnz)|2 |dz|.

3) If γ �= [0, 1], then the condition numbers kn := 1/|(fn, f∗
n)| of the operator D0

γ

satisfy the estimate kne
−Cn → +∞, n → ∞, where C > 0 is a constant.

Proof. Statement 1 is proved as in the case of γ = [0, 1] (see, e.g., [10]). Observe that for
the scalar product in L2(γ) we have (f, g) =

∫
γ
fg |dz| =

∫
γ
fgeiα dz, and the function

α is nonconstant whenever γ �= [0, 1]. Therefore, the expression for the adjoint operator
is more complicated compared to the case where γ = [0, 1]. Statement 2 can be verified
directly with the help of statement 1). Finally, to prove statement 3, we note that if
γ �= [0, 1], then −m := min[0,1] s(x) < 0. Let 0 < σ < m. Then there is an arc γAB on
which Im z ≤ −(m+ σ)/2. Since kn = 2dn, it follows that

kn > 2

∫
γAB

| sin πnz|2 |dz| ≥ C1e
C2n

for sufficiently large n, where C2 = π(m+ σ)n/2, and C1 is a positive constant. �

Since the Riesz projection onto the nth proper subspace is one-dimensional, we have
(see [17])

(2.31) kn = sup
‖Q‖≤1

μ(Q),

where μ(Q) is the first correction term of the perturbation theory series for the eigenvalue
λn(ε) of the operator D0

γ + εQ. Identity (2.31) shows that {kn} serves as a measure of
stability of the spectrum under perturbations, so that item 3) of Theorem 1 means that
the spectrum of D0

γ may change considerably under the action of small perturbations.
This makes it reasonable to expect that, in the case where γ �= [0, 1], in order that (2.29)
be true, the function q should satisfy rather tough conditions. Properties P1–P4 hint
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that these conditions could possibly be related to some analytical properties of q in Ω.
Our aim in this paper is to clarify this relationship, namely, to find out to what extent
the analyticity of q in Ω is necessary for the spectrum of Dγ to be localized in the sense
of (2.29) (or in a more general sense). The fact that the notion of localization needs
natural generalization can be explained as follows.

In accordance with (2.26), λ2 is an eigenvalue of Dγ of algebraic multiplicity m if and
only if λ is a zero of Φ(λ) of the same multiplicity. Therefore, the localization problem
for the spectrum of Dγ reduces to the question about the distribution of zeros of the
entire function Φ(λ) of exponential type. Property P3 says that the localization of the
spectrum of Dγ near one ray in the sense of (2.30) implies relation (1.5), which, in its
turn, shows that Φ(λ) is a function of completely regular growth (see [18]) and, by (1.5),
its conjugate diagram is [−i, i]. This suggests the following definition.

Definition 3. We shall say that the spectrum of Dγ is localized near one ray (or simply
localized) if its characteristic function Φ(λ) is a function of completely regular growth
with the conjugate diagram [−i, i].

Let μk(k = 1, 2, . . . ) be the eigenvalues of the operator Dγ enumerated (with algebraic
multiplicities) in the order of increasing of their modules, and let n(r, ζ, θ) be the number
of the μk that lie in the sector {μ : |μ| < r, ζ < argμ < θ}. By the said above, the
localization of the spectrum of Dγ means that the function

Δ(θ) = lim
r→+∞

n(r,−π, θ)√
r

looks like this:

(2.32) Δ(θ) =

{
0 if θ ∈ (−π, 0),

1/π if θ ∈ (0, 2π).

2.4. Statement of the main results. Let γ be a curve with parametrization (2.19).
By the definition of the domain Ω (see Subsection 2), γ = [0, 1] if and only if Ω = ∅. The
two criteria stated below show how much the spectrum localization conditions differ in
the case where Ω �= ∅ and Ω = ∅. The first of them generalizes Marchenko’s well-known
theorem (see [4] on the spectrum of the Sturm–Liouville operator on [0, 1] with potential
in the Sobolev class Wn

2 [0, 1].
Let Nγ denote the operator generated in L2(γ) by the expression −y′′ + qy and the

boundary conditions

(2.33) y(0) = y′(1) = 0,

and let {νk}∞k=1 be its eigenvalues enumerated (with their algebraic multiplicities) in the
order of increasing of their modules. Next, if p is a function integrable on [0, 1], then
D[0,1](p) and N[0,1](p) will denote the operators given by the expression −y′′ + py and
the boundary conditions (2.22), and (2.33), respectively.

Theorem 2. Suppose that
(i) q ∈ TM1(Ω);
(ii) the function q[0,1] equal to the angular boundary values of q on [0, 1] belongs to

Wn
2 [0, 1].
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Then {μk}∞k=1, {νk}∞k=1 are the eigenvalues of the operators D[0,1](p) and N[0,1](p) with
p = q[0,1], and, consequently (see [4]), the following asymptotic formulas are valid:

√
μk = πk +

∑
1≤2j+1≤n+2

a2j+1k
−2j−1 + k−n−1αk,(2.34)

√
νk = π

(
k − 1

2

)
+

∑
1≤2j+1≤n+2

b2j+1k
−2j−1 + k−n−1βk,(2.35)

where a1 = b1 and
∑∞

1 |αk|2 < ∞,
∑∞

1 |βk|2 < ∞.
Conversely, suppose that there exists p ∈ Wn

2 [0, 1] such that {μk}∞k=1 and {νk}∞k=1 are
the eigenvalues of the operators D[0,1](p) and N[0,1](p) (respectively), and, consequently,
satisfy (2.34) and (2.35). Then the function q possesses properties (i)–(ii), and the
function q[0,1] coincides with p.

Remark 3. Theorem 2 shows that the criterion for the validity of (2.34)–(2.35) in the
case where γ �= [0, 1] is much tougher than Marchenko’s one. This difference is caused
by the arising in this case of the additional fairly strong restriction (i). Formally, the
difference in criteria is explained quite simply: if γ �= [0, 1], then Ω = ∅, and the absence
of Ω implies the absence of condition (i). The true reason is in the fact that for γ �= [0, 1]
the operator Dγ (in contrast to D[0,1]) is spectrally instable in the sense of statement 3
of Theorem 1.

The second criterion covers the case where information on spectrum localization is
available for only one operator (e.g., Dγ) and only in the sense of (2.32).

Theorem 3. Suppose that q is integrable on γ. Then the spectrum of Dγ is localized in
the sense of (2.32) if and only if

(I) q admits meromorphic extension from γ to the domain Ω;
(II) equation (2.27) is monodromy free near each pole of q.

Remark 4. In 1983 Fedoryuk stated the conjecture that, in the general case, no asymp-
totic formula is possible for the distribution of the spectrum of problem (1.1), (1.2)
(see [1, p. 127]). Recalling formula (1.12), we see that, in fact, Theorem 3 confirms this
conjecture.

§3. Proof of Theorem 2

3.1. Sufficiency of conditions (i) and (ii). The spectra of the operators Dγ and
Nγ coincide with the zeros of the functions Φ(λ) = ϕ(1, λ) and Ψ(λ) = ϕ′(1, λ) (see
Subsection 2.2).

First, we assume that q has no poles in Ω. By (i), we have q ∈ E1(Ω). Therefore
(see [12]), every its primitive Q is analytic in Ω and continuous in Ω. Next, since y solves
(2.27) if and only if Y = (y,−y′ +Qy)T solves the system

(3.36) Y ′ =

(
Q −1

λ+Q2 −Q

)
Y,

it follows that any solution of (2.27) admits analytic extension from γ to the domain Ω,
and this extension is continuous up to the boundary of Ω, together with its derivative.
Therefore, the functions Φ(λ) and Ψ(λ) do not change it we replace γ with [0, 1]. By
condition (ii) and Theorem 1 in [20], this statement remains valid if q has poles of the
form (2.23) in Ω. Thus, we have Φ(λ) = ϕ[0,1](1, λ) and Ψ(λ) = ϕ′

[0,1](1, λ), where ϕ[0,1]

is the solution of the equation −y′′ + q[0,1]y = λ2y, x ∈ [0, 1], that satisfies (2.28). This
implies that {μk}∞k=1 = σ(D[0,1](p)) and {νk}∞k=1 = σ(N[0,1](p)) with p = q[0,1] and that
formulas (2.34), (2.35) are true.
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3.2. Necessity of conditions (i) and (ii). Till the end of this subsection, by A(p)
we shall mean the condition that

{μk}∞k=1 = σ(D[0,1](p)), {νk}∞k=1 = σ(N[0,1](p))

for some p ∈ L1[0, 1].

Lemma 1. If condition A(p) is fulfilled, then

(3.37) ϕ(1, λ) = ϕ[0,1](1, λ), ϕ′(1, λ) = ϕ′
[0,1](1, λ)

for all λ ∈ C.

Proof. By shifting the spectral parameter in (2.27) if necessary, we can arrange that
μk, νk �= 0 for all k. Since Φ(λ) and Ψ(λ) are even entire functions of order 1, we have

Φ(λ) = c0

∞∏
1

(
1− λ2

μk

)
, Ψ(λ) = c1

∞∏
1

(
1− λ2

νk

)
,

where c0, c1 are some constants. Using (2.34), (2.35), and a well-known formula (see [4,
p. 225]), we see that

Φ(λ) ∼ c0
sinλ

λ
, Ψ(λ) ∼ c1 cosλ, λ → ∞,

uniformly in ε < | arg λ| < π/2− ε. On the other hand (see [15]), if arg λ = π/2, then

Φ(λ) ∼ sinλ

λ
, Ψ(λ) ∼ cosλ, λ → ∞.

Therefore, we have c0 = c1 = 1, whence

(3.38) Φ(λ) =
∞∏
1

(
1− λ2

μk

)
, Ψ(λ) =

∞∏
1

(
1− λ2

νk

)
.

Since, by assumption, ϕ[0,1](1, λ) = a0Φ(λ) and ϕ′
[0,1](1, λ) = a1Ψ(λ) with some constants

a0 and a1, we can repeat the above argument for the function ϕ[0,1](z, λ) to show that

(3.39) Φ(λ) = ϕ[0,1](1, λ), Ψ(λ) = ϕ′
[0,1](1, λ),

which completes the proof of the lemma. �
The above lemma means that, for all λ, the function

f(z, λ) =

{
ϕ(z, λ) if z ∈ γ,

ϕ[0,1](z, λ) if z ∈ [0, 1]

together its derivative does not change its value when z goes around the curve Γ =
γ ∪ [0, 1]. Our goal is to construct yet another solution, linear independent with f(z, λ)
and possessing the same property. This will imply that equation (2.27) is monodromy
free on Γ, which will yield (i) and (ii), in accordance with Theorem 1 in [20].

We start with a consequence of the property of f(z, λ) mentioned above.
Let

Q =

{
q if z ∈ γ,

p if z ∈ [0, 1].

Lemma 2. Under condition A(p), for large λ we have the asymptotic estimates

f(z, λ) =
1

λ
sinλz − 1

2λ2
cosλz ·

∫ z

0

Qdt+ o
( 1

λ2
e| Im(λz)|

)
,(3.40)

f ′(z, λ) = cosλz +
1

2λ
sinλz ·

∫ z

0

Qdt+ o
( 1
λ
e| Im(λz)|

)
,(3.41)
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uniform in z ∈ Γ and arg λ.

Proof. For z ∈ [0, 1], estimates (3.40) and (3.41) follow from the well-known (see, e.g.,
[21]) estimates for the solutions of the Sturm–Liouville equation on a segment.

Let z ∈ γ, so that f(z, λ) = ϕ(z, λ). Since ϕ is even with respect to λ, we may assume
that | arg λ| ≤ π/2. We have

(3.42) ϕ(z, λ) =
sinλz

λ
+

1

λ

∫ z

0

sinλ(z − t)qϕ(t, λ) dt.

Suppose (see (2.20)) that −α0 ≤ arg λ ≤ π/2 (the case of −π/2 ≤ arg λ ≤ α0 is similar).
We put

(3.43) rϕ(z, λ) = −2iλeiλzϕ(z, λ).

Then

(3.44) rϕ = rϕ0 +K(λ)rϕ,

where rϕ0 = 1− e2iλz, and K(λ) is the integral operator that acts by the formula

K(λ)u = − 1

2iλ

∫ z

0

(1− e2iλ(z−t))qu dt.

It is easy to check that, for λ as above, the norm of K in the space C(γ) is of order of
O(λ−1). Consequently,

rϕ = rϕ0 +K(λ)rϕ0 +O(λ−2).

Passing back to the function ϕ(z, λ), we get (3.40).
Now, let 0 ≤ arg λ < −α0. It is easily seen that all the above arguments concerning

equation (3.42) remain valid if, instead of the entire curve γ, we consider only the arc
γ0Bβ

. It remains to explore the behavior of ϕ(z, λ) on the arc γBβ1. For this, observe
that the identities (3.37) are equivalent to

(3.45)

∮
Γ

e±iλtQf(t, λ) dt = 0.

This allows us to rewrite (3.42) in the form

(3.46) f(z, λ) =
sinλz

λ
− 1

λ

∫
Γ′
0z

sinλ(z − t)Qf(t, λ) dt,

where Γ′
0z is the arc of Γ complementary to γ0z, run from 0 to z clockwise. The change

(3.43) leads to an equation of the form (3.44), which yields (3.40) by analogy with the
above.

In the case where −α1 ≤ arg λ < 0, instead of (3.43) we should make the change
rϕ(z, λ) = 2iλe−iλzϕ(z, λ).

Estimate (3.41) is obtained by differentiating (3.42) and plugging (3.40) there. �

Corollary. Under condition A(p), we have

(3.47)

∫
γ

q dt =

∫
[0,1]

p dt.

Proof. Identity (3.45) with the minus sign and estimate (3.40) show that∮
Γ

Qdt+O(λ−1) = 0, λ → +∞,

which implies (3.47). �
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Let e(z, λ) denote the solution of (2.27) that satisfies the initial conditions

(3.48) e(1, λ) = eiλ, e′(1, λ) = iλeiλ.

The restrictions of e(z, λ) to γ and [0, 1] will be denoted by re and se, respectively.

Lemma 3. Under condition A(p), we have

(3.49) re(0, λ) = se(0, λ) = −eiλ(iλΦ(λ)−Ψ(λ)).

Proof. We prove (3.49) for re (for se the proof if similar). Let χ(z, λ) be the solution of
equation (2.27) such that

χ(0, λ) = 1, χ′(0, λ) = 0.

Then if

(3.50) re(z, λ) = c1(λ)f(z, λ) + c2(λ)χ(z, λ), z ∈ γ,

then re(0, λ) = c2(λ). Substituting (3.50) in (3.48), we get

eiλ = c1Φ(λ) + c2χ(1, λ),

iλeiλ = c1Ψ(λ) + c2χ
′(1, λ).

Since χ(1, λ)Ψ(λ)− χ′(1, λ)Φ(λ) = 1, this implies that

c2 = −eiλ(iλΦ(λ)−Ψ(λ)). �
Lemma 4. Under condition A(p), we have

(3.51) re′(0, λ) = se′(0, λ).

Proof. We denote re±(z, λ) = re(z,±λ), se±(z, λ) = se(z,±λ). By (3.48),

re′−re+ − re−re′+ = 2iλ, z ∈ γ,

se′−se+ − se−se′+ = 2iλ, z ∈ [0, 1].
(3.52)

Putting z = 0, subtracting the second identity from the first, and using (3.49), we obtain

(3.53) se+
(
se′− − re′−

)∣∣
z=0

− se−
(
se′+ − re′+

)∣∣
z=0

= 0.

We shall need the asymptotics of the functions re′+(0, λ), se
(k)
+ (0, λ), k = 0, 1, for large λ

in the upper half-plane.
Such asymptotics are well known in the case of the classical Sturm–Liouville problem

on the segment (see, e.g., [4]):

(3.54) se
(k)
+ (0, λ) = (iλ)k

(
1− 1

2iλ

∫
[0,1]

p dt+ o
(
λ−1
))

, λ → ∞, k = 0, 1,

uniformly in 0 ≤ arg λ ≤ π.
We show that, under condition A(p), a similar estimate is valid for re′+(0, λ). We have

(3.55) re′+(z, λ) = k1ϕ
′(z, λ) + k2ψ

′(z, λ),

where
k1 = W (ψ, re+)/ψ(0, λ), k2 = W (re+, ϕ)/ψ(0, λ),

and ϕ, ψ are the solutions of (2.27) introduced in Subsection 2.2. Direct calculations
yield

re′+(0, λ) =
eiλ

ψ(0, λ)
[iλψ(1, λ)− ψ′(1, λ)− (iλΦ(λ)−Ψ(λ))ψ′(0, λ)] .

Plugging (3.40) and (3.41) and using (2.25), we see that

(3.56) re′+(0, λ) = iλ

(
1− 1

2iλ

∫
γ

p dt+ o(λ−1)

)
, λ → ∞, k = 0, 1,
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uniformly in 0 ≤ arg λ ≤ π.
Consider the function

F (λ) =
se′+(0, λ)− re′+(0, λ)

se+(0, λ)
.

From (3.52) it follows that this function is even, and by (3.54), (3.56), and (3.47) we
have

(3.57) F (λ) → 0, λ → ∞,

uniformly in arg λ. Estimate (3.54) with k = 0 shows that the function se+(0, λ) has
finitely many zeros in the half-plane Imλ ≥ 0. Should se−(0, λj) be zero, the Wronskian of
the functions se+(z, λj) and se−(z, λj) would be equal to zero, which contradicts (3.52) (we
may assume that se+(0, 0) �= 0, because otherwise we can shift the parameter in (2.27)).
By (3.53), this implies that the λj (j = 1, . . . ,m) are zeros of the same multiplicity for the
functions se+(0, λ) and (se′+ − re′+)(0, λ). Consequently, F (λ) has removable singularities
at the points ±λj , (j = 1, . . . ,m). Removing them, we get an entire function; together
with (3.57) this yields F (λ) ≡ 0. Thus, Theorem 2 is proved. �

§4. Proof of Theorem 3

4.1. Proof of the sufficiency of conditions (I) and (II). Estimates (2.25) show
that there exists a large positive number Λ0 = Λ0(q) such that ψ(z, λ) �= 0 for every
z ∈ γ and every λ in the sector

(4.58) S0 =
{
λ : |λ| ≥ Λ0, −π − α0 ≤ β ≤ π − α1

}
.

Then the solution ϕ(z, λ) can be presented in the form

(4.59) ϕ(z, λ) = ψ(0, λ)ψ(z, λ)

∫ z

0

ψ−2(z, λ) dz, λ ∈ S0.

Lemma 5. We have

(4.60) Φ(λ) ∼ sinλ

λ

(
1 +O(λ−1)

)
, λ → ∞,

uniformly in β ∈ [−α0;π − α1] ∪ [−π − α0;−α1].

Proof. Suppose β ∈ [−α0;π − α1]. Put

I(λ) =

∫ 1

0

ψ−2(z, λ) dz.

Substituting (2.25) and recalling that Bβ = 0 for β ∈ [−α0;π − α1], for large λ we see
that

I(λ) =

∫ 1

0

e2iλt dt+
1

iλ

∫ 1

0

e2iλz
∫ z

0

q dt dz − 1

iλ

∫ 1

0

∫ z

0

e2iλ(2z−t)q dt dz +O(λ−2)

uniformly in β ∈ [−α0;π − α1]. Consequently, integrating by parts, we get the formula

Φ(λ) ∼ −e−iλ

2iλ

(
1 + O(λ−1)

)
∼ sinλ

λ

(
1 + O(λ−1)

)
, λ → ∞,

uniformly in β ∈ [−α0;π − α1].
Since the function Φ(λ) is even, this formula is also valid for β ∈ [−π − α0;−α1]. �
Representation (4.59) and estimate (2.25) for ψ− with k = 0 imply that

(4.61) Φ(λ) = e−iλI(λ)
(
1 +O(λ−1)

)
, λ ∈ S0.

Let

h(β) = lim sup
r→∞

ln
∣∣Φ(reiβ)∣∣

r
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be the indicator of the function Φ(λ).

Lemma 6. Under conditions (I) and (II), we have

(4.62) h(β) = | sinβ|.

Proof. Since Φ(λ) is even, it suffices to handle the case where −α1 ≤ β ≤ π − α1.
First, we prove that

(4.63) h(β) ≤ | sinβ|.
Condition (I) shows that for any ε > 0 we can find points a and b on γ so that the
segment [a; b] contains no poles of q and Im(a) = Im(b) > −ε.

We fix such a and b. Suppose first that q has no poles in the domain Ωab. Condition (I)
and item 2) of Definition 2 imply that there exists a domain Ω′ such that Ωab ⊂ Ω′ ⊂ Ω
and q ∈ E1(Ω

′). Therefore, the function q has an angular boundary value at a.e. point of
the boundary of Ω′, so that there is no loss of generality in assuming that at the points
a and b the angular boundary values of q exist and are finite. Consequently, q belongs
to the class E1(Ωab). Next, repeating the argument from the proof of the “if part” of
Theorem 2 (see item 3) as applied to the domain Ωab, we show that the function Φ(λ)
does not change when we replace γab with [a, b]. By condition (II) and [20, Theorem 1],
this claim remains also valid in the case where q has poles of the form (2.23) in Ωab.
Thus,

I(λ) =

∫
γε

ψ−2(t, λ) dt, λ ∈ S0(ε),

where γε is the curve obtained from γ by deforming the arc γab to the segment [a; b],
S0(ε) is a sector of the form (4.58) with, possibly, another constant Λ0 = Λ0(ε). Since
estimate (2.25) for ψ remains valid in γε, we have

(4.64) I(λ) = O
[
e(2(sinβ)−+ε)|λ|], λ → ∞,

where (sinβ)− = max{− sinβ, 0}, and the estimate is uniform in −α1 ≤ β ≤ π − α1.
In accordance with (4.61), then we have h(β) ≤ | sinβ| + ε. Since ε > 0 is arbitrary,
inequality (4.63) is established.

Now we prove (4.62). By Lemma 5, we have

(4.65) Φ(λ) ∼ sinλ

λ
, λ → ∞,

uniformly in β ∈ [−α0;π − α1] ∪ [−π − α0;−α1]. Therefore, the problem reduces to the
proof of (4.62) for β ∈ (−α1;−α0).

Inequality (4.63) shows that the function f(z) Borel associated with Φ(λ) is analytic in
the domain D = C\[−i; i]. Now, suppose that h(β0) < | sin β0| for some β0 ∈ (−α1;−α0).
Then f(z) is analytic in the half-plane Re(eiβ0z) > h(β0). Since the function Φ(λ) is
even, we conclude that f(z) is analytic in a domain larger than D, namely, in the domain
C \ [−ik; ik], where k = h(β0)/| sinβ0| < 1. Next, since

Φ(λ) =
1

2πi

∮
C

eλzf(z)dz,

where C is an arbitrary contour enclosing the segment [−ik; ik], it follows that

Φ(±ir) = O
(
e(k+ε)r

)
, r → +∞,

for any ε > 0, which contradicts (4.65). This proves (4.62). �

Lemma 6 says that the function Φ(λ) has a trigonometric indicator on the half-planes
Imλ > 0 and Imλ < 0. Moreover, by (4.65), Φ(λ) is a function of completely regular
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growth in the angle −α0 ≤ β ≤ π−α1 (and a similar statement is valid for −π−α0 ≤ β ≤
−α1). Now we refer to the following fact from the theory of entire functions (see [18]):

if a function f(z) is entire of order ρ, has a trigonometric indicator in the angle
α < arg z < β, and has completely regular growth on some ray lying inside that angle,
then it has completely regular growth inside the entire angle.

Applying this theorem to the function F (λ) with (α, β) equal to (0, π) and (−π, 0), we
see that F (λ) has completely regular growth in the half-planes Imλ > 0 and Imλ < 0.
Since the set of rays on which F (λ) has completely regular grows is closed (see [18]), it
follows that F (λ) has completely regular growth on the entire plane, with the indicator
h(β) = | sinβ|, which is differentiable on (−π; 0) ∪ (0;π). Therefore (see [18]), we have

lim
r→+∞

n(r, ζ, θ)

r
=

1

2π

[
h′(θ)− h′(ζ) +

∫ θ

ζ

h(t) dt

]

for all ζ, θ ∈ (−π; 0) ∪ (0;π). This implies (2.32).

4.2. Proof of the necessity of conditions (I) and (II). We shall show that the
construction built in the course of the proof of the “only if” part of Theorem 1 in [20]
applies also to a nonclosed curve, provided that the monodromy free condition imposed
on a closed curve is replaces with the condition that the spectrum of L is localized in the
sense of (2.32).

We fix points A,B ∈ γ distinct from 0, 1, take a ∈ γAB, and introduce ϕa(z, λ) as the
solution of (2.27) satisfying ϕa(a, λ) = 0, ϕ′

a(a, λ) = 1. Then

(4.66) ϕa(z, λ) = ψ(a, λ)ψ(z, λ)

∫ z

a

ψ−2(z, λ) dz, λ ∈ S0,

where the sector S0 is defined as in (4.58).

Lemma 7. As λ → ∞, we have

ϕa(z, λ) =
1

λ
sinλ(z − a) +O

( 1

λ2
exp | Im(λ(z − a))|

)
,(4.67a)

∂

∂z
ϕa(z, λ) = cosλ(z − a) +O

( 1
λ
exp | Im(λ(z − a))|

)
,(4.67b)

where the remainder terms are estimated uniformly in a ∈ γAB, z ∈ γaB, and β.

Proof. Since this functions ϕa(z, λ) and ∂
∂zϕa(z, λ) are even in λ, we may assume that

|β| ≤ π/2.
First, we prove (4.67a) and (4.67b) for β ∈ [−αa;π/2] (the case where β ∈ [−π/2;−αz]

is similar).
We have

ϕa(z, λ) =
sinλ(z − a)

λ
+

1

λ

∫ z

a

sinλ(z − t)q(t)ϕa(t, λ) dt

(see, e.g., [21]).
Therefore, for the function u(z, λ) = −2iλeiλ(z−a)ϕa(z, λ) we have

u(z, λ) = f0(z, λ) +
1

2iλ

∫ z

a

(e2iλ(z−t) − 1)q(t)u(t, λ) dt,

where f0(z, λ) = 1 − e2iλ(z−a). If β ∈ [−αa;π/2], then the function Im(eiβt) grows as t
moves along the arc γaz in the direction from a to z. Consequently, |e2iλ(z−t)| ≤ 1 for all
t ∈ γaz, so that the C(γaB)-norm of the integral operator

T (λ)f =
1

2iλ

∫ z

a

(e2iλ(z−t) − 1)q(t)f dt



52 KH. K. ISHKIN

admits an estimate of O(λ−1) uniformly in a ∈ γAB and β ∈ [−αa;π/2]). Then

u(z, λ) =
[
(I − T (λ))−1f0

]
(z, λ) = f0(z, λ) + [T (λ)f0] (z, λ) +O(λ−2), λ → ∞.

This leads to (4.67a) for β ∈ [−αa;π/2].
To get (4.67b) for β ∈ [−αa;

π
2 ], we differentiate (4.2) with respect to z:

(4.68) ϕ′
a(z, λ) = cosλ(z − a) +

∫ z

a

cosλ(z − t)q(t)ϕa(t, λ) dt.

Since αt ≥ αa for t ∈ γaz, we have β ≥ −αt; consequently, under the integral sign
in (4.68) we may replace ϕa(t, λ) with the asymptotics (4.67a). This yields (4.67b) for
β ∈ [−αa;π/2].

Now, let −αz < β < −αa, and let |λ| ≥ Λ0, where Λ0 is the constant involved in the
definition of the sector (4.58). By (4.66), we have

ϕa(z, λ) = ψ(a, λ)ψ(z, λ)

[∫ 1

0

ψ−2(t, λ) dt−
∫ a

0

ψ−2(t, λ)dt−
∫ 1

z

ψ−2(t, λ) dt

]

=
ψ(a, λ)ψ(z, λ)

ψ(0, λ)ψ(1, λ)
Φ(λ)− ψ(z, λ)

ψ(0, λ)
ϕ0(a, λ)−

ψ(a, λ)

ψ(1, λ)
ϕz(1, λ)

=: I(a, z, λ)− I0(a, z, λ)− I1(a, z, λ).

(4.69)

First, we find the asymptotics of the 2nd and 3d terms in (4.69). For this, observe
that, when deducing formulas (4.67a) and (4.67b) in the case where β ∈ [−αa;π/2] or
β ∈ [−π/2;−αz], we imposed no restrictions on a and z (for their roles we can take
any points of the curve γ, in particular, 0 or 1). Therefore, the functions ϕ0(a, λ) and
ϕz(1, λ) satisfy (4.67a) for β ∈ (−αz;−αa). Thus, replacing the values of ψ involved in
I0 and I1 by their asymptotics in accordance with (2.25), we get

I0(a, z, λ) =
1

2iλ
eiλ(a−z)

[
1 − 1

2iλ

∫ z

a

q dt+
1

2iλ

∫ z

Bβ

e2iλ(z−t)q dt

− 1

2iλ

∫ a

0

e2iλ(t−a)q dt+ O(λ−2) +O(e−2iλa)

]
,

(4.70)

I1(a, z, λ) = − 1

2iλ
eiλ(z−a)

[
1 +

1

2iλ

∫ z

a

q dt+
1

2iλ

∫ a

Bβ

e2iλ(a−t)q dt

+
1

2iλ

∫ 1

z

e2iλ(t−z)q dt+O(λ−2) +O(e2iλ(1−a))

]
,

(4.71)

where the remainder estimates as λ → ∞ are uniform in a, z ∈ γAB and β ∈ (−αz;−αa).
To estimate I(a, z, λ), we note that, by (4.62) and estimate (2.25) with k = 0, we

have I(a, z, λ) = e−iλ(a+z)
rI(a, z, λ), where rI(a, z, λ) satisfies (4.64) uniformly in −α1 ≤

β ≤ π − α1, and a, z ∈ γAB. Since a, z ∈ γAB, we conclude that there exists a positive
number δ such that

I(a, z, λ) = O
(
e| Im(λ(z−a)|−δ|λ|

)
, λ → ∞,

uniformly in all (a, z) ∈ γAB × γAB, β ∈ (−αz;−αa). Consequently, the asymptotics of
ϕa(z, λ) for large λ is determined by the contributions of I0(a, z, λ) and I1(a, z, λ), which
are calculated by formulas (4.70) and (4.71). This proves (4.67a) for β ∈ (−αz;−αa).

Now we differentiate (4.66):

(4.72) ϕ′
a(z, λ) =

ψ(a, λ)

ψ(z, λ)
+

ψ′(z, λ)

ψ(z, λ)
ϕa(z, λ).

Substituting (2.25) and (4.67a) in this formula, we obtain (4.67b) for β ∈ (−αz;−αa). �
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Our nearest goal is to use estimates (4.67a) and (4.67b) for constructing an analytic
extension (in the sense of Definition 2) of the function q from the curve γ to a certain
semineighborhood Ω′ ⊂ Ω of γ. First, we treat the case where γ is “strictly convex”, i.e.,
Ωab �= ∅ for any pair a, b ∈ γ.

Lemma 8. Suppose that the localization condition (2.32) is satisfied. If the curve γ is
“strictly convex”, then for any A,B ∈ γ̊ such that B ∈ γ̊A1 there exist points A′ ∈ γ̊0A,
B′ ∈ γ̊B1 and a Jordan curve γ′ lying in Ω and intersecting γ only at A′, B′ such that q
extends analytically to the domain Ω′ bounded by the curves γ′ and γA′B′ .

Proof. Fixing two points A,B ∈ γ̊ such that B ∈ γ̊A1, we choose C ∈ γ̊0A, D ∈ γ̊B1.
Since Lemma 7 is valid for any A,B ∈ γ̊, estimates (4.67a) and (4.67b) are true for
A = C, B = D. As was shown in [20] (see §4 and Lemma 9 therein), from Lemma 7
it follows that for any point O ∈ γ̊CD there exist a, b ∈ γCD such that O ∈ γ̊ab and
q ∈ E1(Ωab), which yields the claim. �

Lemma 9 in [20] is of local nature; it stops working in the case where γ has rectilinear
parts. In this case we can employ the method of inverse problems (see [16]). We recall
some definitions and facts to be used in what follows.

Let a, b ∈ γ, and let eab(z, λ) be the solution of (2.27) that satisfies

eab(b, λ) = ei(b−a)λ, e′ab(z, λ)|z=b = iλei(b−a)λ.

We put

Sab(λ) =
eab(a,−λ)

eab(a, λ)
.

Using [15, Lemma 3] and Lemma 7, we see that for any C,D ∈ γ̊ there exists R =
R(C,D) > 0 such that the function Sab(λ) has no poles in the half-plane Πab = {λ :
Im[(b− a)λ] ≥ R}, and
(4.73) sup

λ∈lab,
a,b∈γCD

|(Sab(λ)− 1)λ| < ∞,

where lab =
{

x+iR
b−a , x ∈ R

}
.

We introduce the function

(4.74) fab(z) =
1

2π

∫
lab

(Sab(λ)− 1)ei(z−a)λ dλ, z ∈ mab,

where mab is the half-line {z = a+ (b− a)ζ, ζ > 0}.
The function fab possesses the following properties (see [15, §6] and [20]):
1) fab(z) ≡ 0 for z = 2b− a+ (b− a)t, t ≥ 0;
2) fab(z) is continuous on [a, 2b− a] for a.e. a, b ∈ γCD;
3) if c, d ∈ γCD and q ∈ E1(Ωcd), then for any fixed ξ > 0 and b ∈ γCD, the function

rf(ξ, a, b) = fab
(
a+ (b− a)ξ

)
, ξ > 0,

is analytic in a in the domain Ωcd, is continuous on ĚΩcd, and satisfies

(4.75)
∣∣ rf(ξ, a, b)∣∣ ≤ K|b− a|,

where K only depends on C,D.
If a, b ∈ ω, then [a; b] ⊂ ω, so that the kernel kab(z, x) of the operator given by the

formula

(4.76) eab(z, λ) = eiλ(z−a) +

∫
Mzb

kab(z, x)e
iλ(x−a) dx,
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satisfies the equation (see, e.g., [22])

kab(z, x)−
∫
Mzb

fab(x+ s− a)kab(z, s) ds = fab(z + x− a),

z ∈ Mab, x ∈ Mzb,
(4.77)

called the Gelfand–Levitan–Marchenko equation (see [23]). The definition of fab(z) shows
that the above equation makes sense for any pair (a, b) ∈ ω×γ. If this equation is solvable
for some pair (a′, b′) ∈ ω×γ, then the function q admits extension from ω to the segment
[a′, b′] as the solution of the inverse problem by the scattering function of the Sturm–
Liouville operator with a compactly supported potential on the half-line Ma′b′ .

For what follows, it is convenient to pass from (4.77) to an equation satisfied by the

function rkab(ζ, ξ) = kab(a+ (b− a)ζ, a+ (b− a)ξ):

(4.78) rkab(ζ, ξ)−
[
Fζ(a, b)rkab(ζ, ·)

]
(ξ) = rf(ζ + ξ, a, b), ζ ≤ ξ ≤ 2− ζ,

where ζ is a fixed point in [0, 1] and Fζ(a, b) is the operator acting on L2(ζ; 2− ζ) by the
formula

(4.79) [Fζ(a, b)u] (ξ) = (b− a)

∫ 2−ξ

ζ

rf(ξ + η, a, b)u(η) dη.

Lemma 9. The claim of Lemma 8 remains valid without the assumption that the curve
γ is “strictly convex”.

Proof. Assume that there exist points M,N ∈ γCD such that γMN = [M,N ] and any
segment [M ′, N ′] the interior of which contains [M,N ] is not contained in γCD. Then,
since γ �= [0, 1], varying the points C,D allows us to assume that at least one of the
points M,N differs from C,D. If M ∈ γ̊CD, then we can apply [20, Lemma 9] to find
a, b ∈ γCD such that M ∈ γ̊ab and q ∈ E1(Ωab). By (4.75), there is δ > 0 such that for
every c, d ∈ [M,N ] with |d − c| ≤ δ and ζ ∈ [0, 1) the norm of the operator Fζ(c, d) is
less than 1.

Suppose b �= N . We put N1 = N if |N − b| ≤ γ and N1 = b + δ(N − b) otherwise.
Then the operator (I − Fζ(b,N1))

−1 exists for any ζ ∈ [0, 1). Therefore, for each fixed
ζ ∈ [0, 1) the operator G(a) = I − Fζ(a,N1) is invertible for all a ∈ ω sufficiently close
to b. By the Fredholm analytic theorem (see [24]), (G(a))−1 is meromorphic in ω and
has finitely many poles in ω. Now we can repeat all arguments (with [b,N1] in place of
γ and [b,N1] ∪ ω in place of K) to extend q meromorphically with finitely many poles
to the domain ΩaN1

. Next, put N2 = N if |N1 − N | ≤ δ and N2 = b + 2δ(N − b)
if |N − N1| > δ. Clearly, all the preceding arguments remain valid if we replace ω and
[b,N1] with ΩaN1

and [N1, N2], respectively. Repeating this trick sufficiently many times,
we get a meromorphic extension of q to the domain ΩaN with finitely many poles.

If N �= D, then, applying [20, Lemma 9] once again, we can find points a, b ∈ γCD

such that N ∈ γ̊ab and q ∈ E1(Ωab).
Since the curve γ is piecewise smooth, it can only have finite number of rectilinear

parts. Performing the above procedure for each such segment, we extend the function q
meromorphically (in the sense of Definition 2) with finitely many poles from the arc γCD

to some its half-neighborhood Ω′′ ⊂ Ω. If ∂Ω′′ = γ1 ∪ γA′B′ , where γ̊1 ∩ γ = ∅, then for
the role of γ′ occurring in Lemma 8 we can take an arbitrary curve that lies in Ω′′ and
connects the points A′, B′ so that all poles of q are located in the domain bounded by
γ1 and γ′. �

Taking two points a, b ∈ Ω′, we join them by a smooth curve γab lying entirely in Ω′.
Then formulas (4.67a) and (4.67b) can easily be refined.
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Lemma 10. Under the localization condition (2.32), we have

ϕa(z, λ) =
1

λ
sinλ(z − a) − 1

2λ2
cosλ(z − a) ·

∫ z

a

q dt

+O
( 1

λ3
exp | Im(λ(z − a))|

)
, λ → ∞,

(4.80)

ϕ′
a(z, λ) = cosλ(z − a) +

1

2λ
sinλ(z − a) ·

∫ z

a

q dt

+O
( 1

λ2
exp | Im(λ(z − a))|

)
, λ → ∞,

(4.81)

where the remainder estimates are uniform in a ∈ γAB, z ∈ γaB, and β.

Proof. Since q is smooth (even analytic) on γab, after refinement estimate (2.25) takes
the form

(4.82) ψ(k)(z, λ) = (−iλ)
k
e−iλz

(
1− 1

2iλ

∫ z

Bβ

q(t) dt+O(λ−2)

)
, λ → ∞,

uniformly in −π− α0 ≤ β ≤ π− α1. Plugging these estimates in formulas (4.69)–(4.72),
we arrive at (4.80) and (4.81) after an easy calculation. �

With the refined formulas (4.80), (4.81), and (4.82) taken into account, estimate (4.73)
takes the form

sup
λ∈lab,

(a,b)∈(Ω′)2

∣∣∣∣
(
Sab(λ)− 1− 1

iλ

∫ b

a

q dt

)
λ2

∣∣∣∣ < ∞.

Next, a word-for-word repetition of the arguments of [16, §§6–9] results in the con-
struction of a meromorphic extension rq of the function q to the domain ΩAB so that
rq ∈ TM1(ΩAB) for all pairs (A,B) ∈ γ̊ × γ̊ except for at most countable family of
pairs for which the corresponding segment contains poles of q. This finishes the proof of
Theorem 3.

§5. Examples

In this section we collect examples that show the importance of conditions L1 and
L2 on the function ρ (and similar conditions on the function q): if these conditions are
violated, then formulas (1.5) and (1.15) are no longer valid.

5.1. Problem (1.1), (1.2), (1.6).

Example 1. The function ρ is of the form (1.6): ρ(x) = x− a, a ∈ C.

Theorem 4. Let A be the domain introduced in §1.
(1) If a ∈ C \ A, then the spectrum of problem (1.1), (1.2), (1.6) obeys the asymp-

totics (1.5).
(2) If a ∈ A, then the spectrum of problem (1.1), (1.2), (1.6) can be represented as

in (1.8), (1.9).
(3) If a ∈ ∂A, then for any δ > 0 the spectrum of problem (1.1), (1.2), (1.6) except

for finitely many points lies in the angle | argμ+ 2argQ(a)| < δ.

The proof will be split into lemmas. We restrict ourselves to the case where Im a ≥ 0
(the case of Im a < 0 is analyzed similarly).

We introduce the following notation:

argμ = β, Q(a) =

∫ 1

0

√
x− a dx, Q0(a) =

∫ a

0

√
x− a dx, Q1(a) =

∫ 1

a

√
x− a dx,
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Π+ is the open upper half-plane, A+ = A∩Π+, Λ+ =
{
z :
∣∣z− 1+i/

√
3

2

∣∣ = 1/
√
3, Im z >

0
}
is the part of the boundary of A+ without the segment [0, 1], l0 = l0(a) and l1 = l1(a)

are the rays emanating from a and passing through 0 and 1 (respectively), β0 = β0(a)
and β1 = β1(a) are the angles that the rays l1, l2 form with the Ox-axis (respectively),
βa is the angle between l0 and l1 (see Figure 3).

10 x

y

a

A

½
l 0

l1

βa

β β10

Λ+

Λ−

+

a)

10 x

y

0

A

½

a

l l1

β β
0 1

Λ+

Λ−

+
βa

b)

Figure 3

In the Introduction it was mentioned that formula (1.5) is valid for all real a lying
outside of [0, 1]. The case where the turning point lies inside the interval (0, 1) is also
well studied (see [25, 26]): for a ∈ (0, 1) statement (2) of the theorem is true.

Lemma 11. For every a ∈ Π+, the spectrum of problem (1.1), (1.2), (1.6) lies in the
angle Sa = π − β1 < argμ < π − β0.

Proof. If μ is an eigenvalue of problem (1.1), (1.2) and f is a normalized eigenfunction
corresponding to μ, then, by (1.2), we have

μ =
‖f ′‖2∫ 1

0
x|f |2 dx− a

,

and the claim follows, because 0 <
∫ 1
0
x|f |2 dx < 1. �

In (1.7), for the role of v1 and v2 we take the functions Ai(ξ) (see [3, p. 286]) and
Ai(e2πi/3ξ). Then the problem reduces to the study of the asymptotic behavior of the
zeros for the family of functions

(5.83) Φa(μ) =

∣∣∣∣Ai (ξ11) Ai (ξ12)
Ai (ξ21) Ai (ξ22)

∣∣∣∣ ,
where

ξ11 = −eπi/3μ1/3a, ξ12 = eπi/3μ1/3(1− a),

ξ21 = μ1/3a, ξ22 = μ1/3(a− 1).

The function Ai(ξ) has the following asymptotics (see [3]):

(1) As ξ → ∞, if | arg ξ| ≤ π − ε, then

(5.84) Ai(ξ) ∼ 1

2
√
πξ1/4

e−
2
3 ξ

3/2[
1 +O

(
ξ−3/2

)]
.
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(2) As ξ → ∞, if | arg ξ − π| ≤ ε, then

(5.85) Ai(ξ) ∼ 1

2
√
πξ1/4

{
e−

2
3 ξ

3/2[
1 +O

(
ξ−3/2

)]
+ ie

2
3 ξ

3/2[
1 +O

(
ξ−3/2

)]}
.

The remainder estimates in (5.84) and (5.85) are uniform with respect to arg ξ in the
corresponding intervals.

Lemma 12. For every a in the angle 0 < arg(a − 1) ≤ 2π/3, the spectrum of problem
(1.1), (1.2) has the asymptotics (1.5).

Proof. By Remark 1, we have arg(μ1/3) = β/3 (recall that β = argμ). Then

arg ξ11 = −2π/3 + β0 + β/3, arg ξ12 = −2π/3 + β1 + β/3,

arg ξ21 = β0 + β/3, arg ξ22 = β1 + β/3.

It follows that, for any a ∈ Π+ and μ ∈ Sa, the argument of ξ11, ξ12, and ξ21 lies in the
interval (−2π/3, π), so that the elements Ai(ξ11), Ai(ξ12), and Ai(ξ21) in (5.83) can be
replaced by their asymptotics in accordance with (5.84). If β ≤ 3(π − β1), then we can
apply (5.84) also to the element Ai(ξ22).

Consequently, for every a ∈ Π+ the function Φa(μ) satisfies the estimate

(5.86) Φa(μ) ∼ C(a)μ−1/6
[
sin
(
μ1/2Q(a)

)
+O
(
μ−1/2e| Im(μ1/2Q(a))|)], μ → ∞,

where for 0 < arg(a− 1) ≤ 2π/3 the remainder estimate is uniform in π − β1 ≤ argμ ≤
π−β0, while for 2π/3 < arg(a−1) < π it is uniform in π−β1 ≤ argμ ≤ 3(π−β1)−δ, δ > 0.
Here and till the end of the proof of Theorem 4, C(a) denotes a nonzero constant, which
can be calculated explicitly, but whose exact value is not important. Now, to get the
claim of the lemma, it suffices to apply a standard trick based on the Rouché theorem
(see, e.g., [7] for the details). �

Lemma 13. If the point a lies in the domain D = {2π/3 < arg(a− 1) < π} \A+, then
the spectrum of problem (1.1), (1.2) has the asymptotics (1.5).

Proof. Let a ∈ D. We know that estimate (5.86) is valid for π − β1 < β < 3(π − β1).
Therefore, formula (1.5), in accordance with which we have β = −2 argQ(a), will be
valid whenever

(5.87) −2 argQ(a) < 3(π − β1).

Clarify the geometrical meaning of condition (5.87). Since argQ1(a) = −3(π− β1)/2,
relation (5.87) is equivalent to the inequality argQ(a) > argQ1(a), i.e.,

argQ0(a) > argQ1(a).

Since argQ0(a) = 3(β0 − π)/2 − π, we see that (5.87) is equivalent to the condition
β0 + π − β1 > π/3. Figure 3 shows that the last inequality means that βa > π/3, which
is equivalent to a /∈ A+. Thus, we have shown that for a ∈ D, the part of the spectrum
of problem (1.1), (1.2) that lies in the angle π−β1 < β < 3(π−β1) obeys estimate (1.5).

Now we show that for all a ∈ D the part of the spectrum of problem (1.1), (1.2) that
lies in the angle 3(π − β1) ≤ β < π − β0 is finite.

Note that Ai(ξ22) = Ai(e−2πiξ22). Since for β ∈ (3(π − β1), π − β0) we have

| arg(e−2πiξ22)| < π,

we may apply (5.84) to Ai(e−2πiξ22). Therefore, substituting (5.84) in (5.83), we get

Φa(μ) ∼ C(a)μ−1/6
{
eiμ

1/2(Q0(a)−Q1(a))
[
1 +O

(
μ−1/2

)]
− ie−iμ1/2Q(a)

[
1 +O

(
μ−1/2

)]}
, μ → ∞.

(5.88)
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Next, since for 3(π − β1) ≤ β ≤ π − β0 the argument of μ1/2(Q0(a)) lies in the segment
[−3/2βa,−π − β0], we have

Φa(μ) ∼ C(a)μ−1/6eiμ
1/2(Q0(a)−Q1(a))

[
1 +O

(
μ−1/2

)]
,

where, for each a ∈ D, the remainder estimate is uniform in β ∈ [3(π − β1), π − β0]. It
follows that for each a ∈ D the function Φa(μ) may only have finitely many zeros in the
angle 3(π − β1) ≤ β ≤ π − β0. �

Lemmas 12 and 13 yield statement (1) of the theorem.

Lemma 14. For a ∈ A+, the spectrum of problem (1.1), (1.2) admits the representation
(1.8), (1.9).

Proof. As has been shown above, if a ∈ A+, then the function Φ(μ) can have only finitely
many zeros in the angle π − β1 < β < 3(π − β1). Therefore, the problem reduces to the
study of the behavior of Φa(μ) in the angle 3(π − β1) ≤ β < π − β0.

First, we treat the case where β = 3(π−β1). By using the asymptotic expansion (5.84)
for Ai(ξ11), Ai(ξ12), Ai(ξ21), it is not hard to show that, for a and β as indicated, the
product Ai(ξ12) ·Ai(ξ21) is exponentially small compared to Ai(ξ11). Then substitution
of (5.84) and (5.85) in (5.83) yields (μ = re3(π−β1)i, r → +∞)

Φa(μ) ∼ C(a)μ−1/6eμ
1/2a3/2[

sin
(
μ1/2Q1(a)

)
+O
(
μ−1/2e| Im(μ1/2Q1(a))|)].

This implies the existence of a series {μ(2)
k } satisfying the second relation in (1.9).

Now, let β ∈ [3(π − β1) + δ, π − β0], δ > 0. Using (5.88), we get

Φa(μ) ∼ C(a)μ−1/6e−iμ1/2Q(a)
[
1 +O

(
μ−1/2

)][
e2iμ

1/2Q0(a) − i+O
(
μ−1/2

)]
, μ → ∞,

where, for each a ∈ A+, the remainder estimates are uniform in β ∈ [3(π−β1)+δ, π−β0].

This gives us a series {μ(1)
k } that satisfies the first relation in (1.9). �

Completion of the proof of Theorem 4. It remains to prove statement (3). If a = 0
or 1, then (1.5) is true (see [25, 26]).

Let a ∈ Λ+. We have

(5.89) argQ(a) = argQ0(a) = argQ1(a) = (3β0 − π)/2.

Therefore, since β0 = π/3− β1 for a ∈ Λ+, we see that −2 argQ(a) = 3(π − β1).
Let δ > 0 and let β ∈ [π − β1, 3(π − β1) − δ]. Then −π/3 < arg

(
μ1/2Q(a)

)
≤ −δ/2,

so that estimate (5.86) yields

Φa(μ) ∼ C(a)μ−1/6eiμ
1/2Q(a)

[
1 +O

(
μ−1/2

)]
uniformly in β ∈ [π − β1, 3(π − β1)− δ].

Next, if β ∈ [3(π−β1)+ δ, π−β0], then −δ/2 ≤ arg(μ1/2Q(a)) < β0. Therefore, using
(5.89) and (5.88), we get

Φa(μ) ∼ C(a)μ−1/6e−iμ1/2Q(a)
[
1 +O

(
μ−1/2

)]
infirmly in β ∈ [3(π − β1) + δ, π − β0]. The theorem is proved.

We add a few words about statement (3) of the theorem. In the course of the proof
it was mentioned that for a = 0 or a = 1, the spectrum of problem (1.1), (1.2), (1.6) has
asymptotics (1.5). For all other a in the boundary of A the asymptotics of the spectrum
remains unclear. The same uncertainty occurs for problem (1.16), (1.17): in [7] it was
observed that nothing definite can be said about the movement of the eigenvalues ak(ε)

in the
√
ε-neighborhood of the point (1 − i/

√
3)/2. Note that the point (1 − i/

√
3)/2,

which belongs to Λ−, is nodal for the limit spectral graph of problem (1.16), (1.17):
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there are three lines that intersect at this point (see [7]), namely, this point coincides
with rγ∞(−π/2), rγ0(−π/2), and rγ1(−π/2), where

rγ∞(β) = {a ∈ Πβ : Im eiβ/2Q(a) = 0},
rγk(β) = {a ∈ Πβ : Im eiβ/2Qk(a) = 0}, k = 0, 1,

Πβ = {a = x+ e−iβr, x ∈ (0, 1), r ∈ (0,∞)}.
It is easy to check that, when β varies continuously in the intervals (−π, 0) and (0, π),
the nodal point of the limit spectral graph circumscribes precisely the curves Λ− and
Λ+, respectively.

Let us try to find out the reason for the uncertainty mentioned above. For this, we
need a more detailed information on the behavior of the function Φa(μ) for large μ on
the ray β = 3(π − β1). The asymptotic formulas (5.84) and (5.85) show that

Φa

(
re3i(π−β1)

)
∼ C(a)r−1/6

3∑
k=1

δke
iγkr

1/2(
1 +O

(
r−1/2

))
, r → +∞,

where δ1 = −δ2 = 1, δ3 = i, γ1 = −γ2 = |a|3/2 + |1− a|3/2, and γ3 = |a|3/2 − |1− a|3/2.
It follows that if the ratio γ3/γ1 is irrational, than no asymptotic formula is possible
for the distribution of the μk (see [27]). Otherwise, if γ3/γ1 is rational, then there are
asymptotic expansions in accordance with which the μk split into several series whose
number depends on a:

μ
(i)
k ∼ (πk/Δ+ ci)

2
, i = 1, . . . , n(a),

where Δ > 0 and the ci ∈ C are constants that depend on a. In particular, for a = 0 or
a = 1, we have a single series satisfying (1.5).

Remark 5. The class AM of monotone analytic functions, as introduced in [7], has the
property that the limit spectral graph near which the spectrum of problem (1.16), (1.17)
with potential q of class AM is concentrated as ε → +0 is arranged qualitatively like in
the case of q = x. In [9] it was observed that the methods and basic results of [7] can be
carried over with only minor modifications to the case where ε → 0 along any fixed ray
arg ε = θ. Along with other thinks, a detailed analysis of problem (1.1), (1.2), (1.6) is a
justification (for q = x) of the above claim

Example 2. The function ρ is piecewise constant:

(5.90) ρ(x) = ρ2k, x ∈ (xk−1, xk) , k = 1, . . . , n,

where 0 = x0 < x1 < · · · < xn = 1.

Theorem 5. Suppose ρ is of the form (5.90). Then the spectrum of the problem can be
presented as

σ =

m⋃
k=1

∞⋃
j=1

μkj ,(5.91)

arg(μkj) → αk, j → ∞, k = 1, . . . ,m,(5.92)

where 1 ≤ m ≤ n and α1, . . . , αm are explicitly computable constants.

Proof. The results of [30] show that, under the assumptions of the theorem, we have

F (μ) =

R∑
r=1

δre
μ1/2γr ,

where δr and γr are constants that can be calculated explicitly. This implies the repre-
sentation (5.91), (5.92) (see [31]). �
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Remark 6. If the sides of the convex hull of Γ = {γ1, . . . , γR} either contain exactly 2
points of Γ, or are divided by points of Γ into commensurable parts, then for each series
mk = {μkj}∞j=1 occurring in (5.91) we have (see [28, 29])

mk =

pk⋃
s=1

∞⋃
j=1

μ
(s)
kj , μ

(s)
kj ∼

(
πj/Δks

)2
, j → ∞,

where pk ∈ N, Δks ∈ C.

Example 3. The function ρ is piecewise constant on countably many intervals:

(5.93) ρ(x) = ρ2n, x ∈
[n− 1

n
;

n

n+ 1

)
, n = 1, 2, . . . ,

where the ρn are numbers with the following properties:

(1) ρn = rne
iφn , rn > 0, 0 = φ1 < φ2 < · · · < π/2;

(2) the limit
ρ∞ = lim

n→∞
ρn,

exists, is finite and nonzero, and

ρn = ρ∞ +O(n−γ), n → ∞, γ > 1.

We introduce the following notation:

φ∞ = arg q∞, S = {μ ∈ C : −φ∞ < argμ < 0},
S1 = {μ ∈ C : −φ2/2 < argμ < 0},
Sn = {μ ∈ C : −(φn + φn+1)/2 < argμ < −(φn + φn−1)/2}, n = 2, 3, . . . .

Theorem 6 (see [32, Theorem 1]). Suppose the function q is of the form (5.93). Then:

(1) the spectrum of problem (1.1), (1.2) lies in the angle S;
(2) this spectrum is infinite in each of the angles Sn, n = 1, 2, . . . ;

(3) if {μ(n)
k }∞k=1 is the collection of eigenvalues that lie in Sn, enumerated in the

order of nondecreasing of their modules, then for each fixed n we have

μ
(n)
k =

πk

qnΔn
+

lnαn

2iqnΔn
+O
(
e−σnk

δ)
, k → ∞,

where σn and δ are positive numbers,

Δn =
1

n(n+ 1)
, αn =

(qn+1 + qn)(qn − qn−1)

(qn + qn−1)(qn − qn+1
,

and the branch of ln z is fixed and depends only on n.

Example 4. The infinitely differentiable case:

(5.94) ρ(x) =

{
1 if 0 ≤ x ≤ a,

1 +Ae−1/(x−a) if a < x ≤ 1,

whee 0 < a < 1, 0 < argA < π, 0 < |A| < 1.

Theorem 7 (see [32, Theorem 4]). Suppose ρ is of the form (5.94). Then the spectrum

of problem (1.1), (1.2) splits into two series {μ(j)
k }∞k=1 (j = 1, 2) with the following

asymptotics for large k > 0:

μ
(1)
k ∼

(πk
a

)2(
1−
√

2i

πka
+O
( ln k

k

))2

,

μ
(2)
k ∼

(πk
Q2

)2(
1 +

√
2i

πkQ2
+O
( ln k

k

))2

,
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where Q2 =
∫ 1
a

√
1 +Ae−1/(x−a) dx, and the branch of

√
· is such that

√
z > 0 for z > 0.

5.2. The Sturm–Liouville problem on a curve. Let the domain Ω and the curve γ
be defined as in §2, and let γAB denote the arc of γ that connects the points A,B ∈ γ.

Example 5. The function q has one regular singularity inside Ω:

(5.95) q(z) =
ν(ν − 1)

(z − z0)2
, z0 ∈ Ω.

Theorem 8 (see [16, Theorem 2]). (1) If ν is not an integer, than the spectrum of

problem (1.13), (1.14) consists of two series λ
(1,2)
k with the following asymptotics:

λ
(1)
k ∼

(
πk

z0
+

i ln(2i sinπν)

2z0
+O
(
k−1
))2

,

λ
(2)
k ∼

(
πk

1− z0
− i ln(−2i sinπν)

2(1− z0)
+O
(
k−1
))2

, k → ∞.

(2) If ν is an integer, then the spectrum of problem (1.13), (1.14) localizes near the
ray arg λ = 0 so that formula (1.15) is valid.

Example 6. The function q is piecewise analytic and infinitely differentiable on γ:

(5.96) q(z) =

{
0, z ∈ γ0B ,

e−1/(z−B), z ∈ γB1,

where B is a point of the curve γ different from its ends.

Theorem 9 (see [15, Theorem 2]). The spectrum of problem (1.13), (1.14) with potential
of the form (5.96) consists of two series for which

λ
(1)
k ∼ πk

B

(
1−
√

2i/(πBk) +O
( ln k

k

))
, k → +∞,

λ
(2)
k ∼ πk

1−B

(
1 +
√
2i/(π(1−B)k) +O

( ln k
k

))
, k → +∞.
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