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THE DISCRETE SPECTRUM OF CROSS-SHAPED WAVEGUIDES

F. L. BAKHAREV, S. G. MATVEENKO, AND S. A. NAZAROV

Abstract. The discrete spectrum of the Dirichlet problem for the Laplace operator
on the union of two circular unit cylinders whose axes intersect at the right angle
consists of a single eigenvalue. For the threshold value of the spectral parameter, this
problem has no bounded solutions. When the angle between the axes reduces, the
multiplicity of the discrete spectrum grows unboundedly.

§1. Setting of the problem

Consider the spectral Dirichlet problem for the Laplace operator

(1) −Δu(x) = λu(x), x ∈ Qθ, u(x) = 0, x ∈ ∂Qθ,

on a cross-shaped waveguide Qθ = Q1 ∪ Q2, i.e., on the union of two infinite circular
cylinders of unit diameter that intersect at an angle θ (see Figure 1, a, b),

(2) Q1 =
{
x = (x1, x2, x3) ∈ R3 : x2

2 + x2
3 ≤ 1

4

}
, Q2 = Rθ(Q1).

Here Rθ is the rotation of R3 about the axis x1 = x2 = 0 by the angle θ ∈ (0, π/2]:

Rθ(x1, x2, x3) = (x1 cos θ − x2 sin θ, x1 sin θ + x2 cos θ, x3).

The continuous spectrum σθ
c of problem (1) occupies the ray [Λ†,+∞), and the cutoff

point Λ† < 2.35π2 is the first eigenvalue of the Dirichlet problem in the disk with unit
diameter.

a) b)

Figure 1. A cross-shaped waveguide (a) and its plane image (b).
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§2. Motivation

After the grapheme had been extracted in practice, a considerable growth was observed
of the number of publications devoted to the asymptotic analysis of the spectrum of thin
grids of quantum waveguides with diverse geometry (see, e.g., the surveys [1, 2]). Not
dwelling on physics, we mention the usual pattern of such researches: first, dimension
reduction is used in order to pass to a one-dimensional graph with some differential
structure, and second, the limit one-dimensional problem is studied thoroughly. To treat
the second step, new, interesting, and fruitful methods are developed. On the contrary, in
almost all papers the first step is done without any strict analysis and L. Pauling’s model
[3] is adopted without due arguments. In that model, the graph edges are supplied with
ordinary differential equations with a spectral parameter, and at the nodes the classical
Kirchhoff transmission conditions are prescribed, which state that, at the node points,
the one-dimensional solution is continuous and the flux (the sum of the derivatives of
the solution along the outgoing directions) vanishes. The rigorous justification of the
asymptotic procedure of dimension reduction, which results in L. Pauling’ model, was
only provided (see [4, 5]) in the case of the Neumann boundary conditions, while the
nature of a quantum waveguide requires the setting of Dirichlet conditions.

At the same time, there is a fairly substantial paper [6], which serves the two spectral
problems, Dirichlet and Neumann, and shows that the conjunction conditions at the
graph’s nodes can be found via analysis of the boundary layer problem near many-
dimensional (before-limit) nodes of the quantum waveguide’s grid. Problem (1) on the
cross-shaped infinite set Qθ is precisely of this kind in the case of a rectangular (θ = π/2)
or oblique (θ ∈ (0, π/2)) grid of thin 3-dimensional circular waveguides.

The spectrum of the Neumann problem on Qθ occupies the entire closed positive real
semiaxis, and at the threshold λ = 0 we only have a constant bounded solution. By
the results of [6], the presented facts and other easily available information suffice for
the justification of the adequacy of L. Pauling’s model. For the Dirichlet problem, the
continuous spectrum acquires a positive cutoff point Λ†, and the simplest version of the
variational method, which works well in the case the Neumann problem, ceases to fit,
making the spectral analysis much more difficult.

In recent times, several new results have been obtained (see [7, 8, 9, 10, 11] and [12, 13])
about T -, X-, and Y -shaped junctions of quantum waveguides, but exclusively planar,
formed by strips of small width h > 0. Together with the general result by Grieser,
these researches show that the Pauling model fails in the case of specific (as above)
grids of two-dimensional quantum waveguides (because no bounded solutions exist at
the threshold λ = Λ†), and moreover, the low-frequency range of the spectrum of a
grid with h > 0 cannot be described by a model on a one-dimensional graph (because
the discrete spectrum is nonempty and multiple). In this case, the role of the limit
conjunction conditions is played by the Dirichlet conditions, which split the graph into
nonlinked units and dramatically change the asymptotic structure of the before-limit of
the grid’s spectrum: the spectral segments of small width are separated from each other
by wide gaps. On the contrary, the Kirchoff transmission conditions predetermine the
presence of only narrow gaps, or the absence of gaps.

In the present paper, for the first time, the boundary layer phenomenon is studied
near the nodes of rectangular and oblique grids of 3-dimensional quantum waveguides
formed by circular cylinders, a detailed description is presented for the spectrum of the
problem in Qπ/2, and the full multiplicity of the discrete spectrum of the problem in Qθ

is estimated from below as θ → +0. The passage to the spatial case has required revision
of all methods used in the planar case. Finally, a new and simpler method is proposed
for checking the absence of bounded solutions at the threshold point.
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§3. Statement of the results

In the sequel, we shall check the following statements, which confirm the conclusions
made above.

Theorem 1. For all θ ∈ (0, π/2], the discrete spectrum σθ
d of problem (1) has at least

one eigenvalue λ1 ∈ (0,Λ†).

Theorem 2. If θ = π/2, then the full multiplicity of the discrete spectrum σ
π/2
d of

problem (1) is equal to one.

Theorem 3. If θ = π/2, then problem (1) admits no nontrivial bounded solutions that
correspond to the threshold value λ = Λ† of the spectral parameter.

Theorem 4. The full multiplicity of the discrete spectrum σθ
d grows unboundedly as θ→0.

In the context of the general results [6], Theorems 1–4 show that the one-dimensional
model of the spatial quantum grid of thin waveguides with circular cross-section acquires
the Dirichlet conditions at the graph nodes, and the low-frequency range of the grid’s
spectrum is not related to the one-dimensional model, but rather is predetermined by
the presence of the discrete spectrum of the problem in Qθ, and also by its multiplicity.

§4. Existence of eigenvalues (proof of Theorem 1)

In accordance with the max-min principle (see, e.g., [14, Theorem 10.2.2]), in order to
show that an eigenvalue exists below the cutoff point, it suffices to check the inequality

(3) inf
‖∇xv;L

2(Qθ)‖2
‖v;L2(Qθ)‖2 < Λ†,

where the infimum is computed over all nonzero functions in the Sobolev class H̊(Qθ).

Consider the function uε ∈ H̊(Qθ) given by

uε(x) =

{
U(x2, x3)e

−ε|x1−2|, x ∈ Q1,

0, x ∈ Q2 \Q1,

where U is the first normalized eigenfunction of the Dirichlet problem in the disk of
unit diameter. Observe that the exponential in the definition of uε is chosen so that the
discontinuity of its derivative lies outside the ball |x| < 1. Direct calculations show that

‖uε;L2(Qθ)‖2 =
1

ε
, ‖∇xu

ε;L2(Qθ)‖2 =
Λ†
ε

+O(ε) as ε → 0.

Thus,
‖∇xu

ε;L2(Qθ)‖2
‖uε;L2(Qθ)‖2 = Λ† +O(ε2) as ε → 0.

Now we employ a trick used in [15]: in place of uε, in the Rayleigh quotient we plug its
perturbation vε = uε +

√
εϕ with some function ϕ ∈ C∞

0 (Qθ) that has compact support
in the ball {x : |x| < 1}. We have

‖∇x(u
ε +

√
εϕ);L2(Qθ)‖2 =

Λ†
ε

+ 2
√
εΛ† Re

∫
Q

uεϕdx+ 2
√
εRe

∫
∂Q1

∂nu
ε · ϕds+O(ε)

and

‖uε +
√
εϕ;L2(Qθ)‖2 =

1

ε
+ 2

√
εRe

∫
Qθ

uεϕdx+O(ε).

We fix ϕ so that the expression Re
∫
∂Q1

∂nu
ε · ϕds be negative. Then, for sufficiently

small ε, the Rayleigh quotient will be less than Λ†, showing that (3) is true indeed.
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§5. Absence of odd eigenfunctions

In what follows, for brevity, the cross-shaped waveguide Qπ/2 will be denoted simply
by Q. Also, we introduce the truncated waveguides

QR =
{
x ∈ Q : |xk| < R, k = 1, 2

}
and their halves

QR• =
{
(x1, x2, x3) ∈ QR : x2 > 0

}
, Q• =

{
(x1, x2, x3) ∈ Q : x2 > 0

}
.

Proposition 1. For sufficiently large R, the Laplace operator on QR•, given by the
quadratic form

ηR•[u1, u2] =

∫
QR•

∇u1 · ∇u2 dx

on the domain

H1
0 (QR•,QR• ∩ ∂Q•) =

{
u ∈ H1(QR•) : u(x) = 0, x ∈ ∂QR• ∩ ∂Q•

}
has no eigenvalues in (0,Λ†].

Proof. Suppose that an eigenfunction v ∈ H1
0 (QR•,QR•∩∂Q•) of the operator mentioned

above corresponds to an eigenvalue τ ∈ (0,Λ†). We shall check that the left-hand side of
the identity

(4) ‖∇v;L2(QR•)‖2 = τ‖v;L2(QR•)‖2

is greater than Λ†‖v;L2(QR•)‖2, thus arriving at a contradiction.

a) b)

Figure 2. Splitting QR• into parts (a); the plane image of the truncated
spacial rectangular cross-shaped waveguide QR and of its quarter (b).

We write consequences of the two-dimensional Friedrichs inequality in the disk and
half-disk (see Figure 2, a):

‖∂1v;L2(Q+
2 )‖2 + ‖∂3v;L2(Q+

2 )‖2 ≥ Λ†‖v;L2(Q+
2 )‖2,(5)

‖∂2v;L2(Q±
1•)‖2 + ‖∂3v;L2(Q±

1•)‖2 ≥ Λ•‖v;L2(Q±
1•)‖2,(6)

where Λ• > 5.95π2 is the first eigenvalue of the Dirichlet problem in the half-disk of unit
diameter, ∂j = ∂/∂xj , and

Q+
2 =

{
x ∈ Q2 : 1

2 < x2 < R
}
, Q±

1• =
{
x ∈ Q1 : x2 > 0, 1

2 < ±x1 < R
}
.

We extend v by zero from the set

Π0 =
{
x ∈ Q• : |x1| ≤ 1/2, x2 ≤ 1/2

}
to the parallelepiped Π = {x : x2 ∈ [0, 1/2], |xk| ≤ 1/2, k = 1, 3} and apply the two-
dimensional Friedrichs inequality on the cross-section of Π orthogonal to the x1-axis,
having integrated additionally in x1. This yields

(7) ‖∂2v;L2(Π0)‖2 + ‖∂3v;L2(Π0)‖2 ≥ 2π2‖v;L2(Π0)‖2.
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Next, due to the one-dimensional Friedrichs inequality on the segments parallel to the
x1-axis that form the set Π0 \Q1 and have length �(x2, x3) ≤ 1, we have

(8) ‖∂1v;L2(Π0 \Q1)‖2 ≥ π2‖v;L2(Π0 \Q1)‖2.
For the norm of v in L2(Π0 ∩ Q1) = L2(Π0 ∩ Q1•), whenever R is sufficiently large, we
have the inequality

(9) ‖∂1v;L2(Q1•)‖2 + (Λ• − Λ†)‖v;L2(Q+
1• ∪Q−

1•)‖2 ≥ (2π/3)2‖v;L2(Π0 ∩Q1•)‖2,
to be justified below. We sum up inequalities (5)–(8) and (9). Since

(10) 2π2 + (2π/3)2 > Λ†

and v does not vanish identically on Q1 (see [16, §4.3]), we see that the left-hand side
of (4) is indeed greater than Λ†‖v;L2(QR•)‖2. �

For the proof of estimate (9) we need an auxiliary inequality.

Lemma 5.1. If u ∈ H1(R), a > 0, and R > 1/2, then

(11)

∫ R

0

|∂zu(z)|2dz + a2
∫ R

1
2

|u(z)|2dz ≥ μ(a,R)

∫ 1
2

0

|u(z)|2dx,

and limR→+∞ μ(a,R) = μ, where μ is the smallest positive root of the transcendental
equation

(12)
√
μ tan

(√
μ

2

)
= a.

Proof. Consider the functional

F (u) =

∫ R

0

|∂zu(z)|2 dz + a2
∫ R

1
2

|u(z)|2 dz.

given on the space H1(0, R). Since F is weakly semiconscious from below and coercive,
it attains its smallest value on the weakly closed set

{
u : ‖u;L2(0, 1/2)‖ = 1

}
(see, e.g.,

[17]). The necessary condition for F to attain its minimum μ on the set described above
takes the form of the ordinary differential equation

(13) −∂2
zu(z) + a2χ(z)u(z) = μ(1− χ(z))u(z), z ∈ (0, R),

with the boundary conditions

(14) ∂zu(0) = ∂zu(R) = 0,

where χ(z) = 0 for |z| ≤ 1/2 and χ(z) = 1 for|z| > 1/2. The solution of problem (13)
and (14) has the form

u1(t) =

{
C1 cos(

√
μz) on [0, 1

2 ],

C2(e
az−2aR + e−az) on [ 12 , R),

with some constants C1 and C2. Since the eigenfunction and its derivative must be
continuous at z = 1/2, we have

√
μ tan

√
μ

2
= a

(
−e

a
2−2aR + e−

a
2

e
a
2−2aR + e−

a
2

)
= a

(
1 +O(e−2aR)

)
as R → +∞,

which completes the proof. �

Integrating inequality (11) with a =
√
Λ• − Λ† over the cross-section Q1• = Q1∩QR•,

we see that

‖∂1v;L2(Q1•)‖2 + (Λ• − Λ†)‖v;L2(Q+
1• ∪Q−

1•)‖2 ≥ μ(Λ• − Λ†, R)‖v;L2(Π0 ∩Q1•)‖2.
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The function z tan( z2 ) is strictly monotone increasing for z ∈ (0;π/2). Since

2π

3
tan

(π
3

)
< 4 <

√
Λ• − Λ†,

for sufficiently large R the eigenvalue μ(Λ• − Λ†, R) exceeds (2π/3)2.

Remark 1. Proposition 1 remains valid for R = +∞.

Remark 2. The eigenvalues Λ† and Λ• can be expressed in terms of the roots of the
Bessel functions (see, e.g., [18]), which are known within any given accuracy. The search
of the roots of equation (12) also meets no difficulty. Thus, the approximate calculation
of (10) gives the strict result.

§6. Uniqueness of the eigenvalue (proof of Theorem 2)

Proposition 2. For large R, the second eigenvalue λ2(R) of the Laplace operator given
by the quadratic form

(15) ηR[u1, u2] =

∫
QR

∇u1 · ∇u2 dx

on the domain

H1
0 (QR, ∂QR ∩ ∂Q) =

{
u ∈ H1(QR) : u(x) = 0, x ∈ ∂QR ∩ ∂Q

}
is strictly greater than Λ†.

Proof. Suppose that λ2(R) ∈ (λ1(R),Λ†]. Then, by Proposition 1, the corresponding
eigenfunction u2 ∈ H1

0 (QR, ∂QR ∩ ∂Q) is even with respect to the variables x1 and x2,
and hence, satisfies a mixed boundary-value problem on the quarter

Q∠ =
{
x ∈ QR : xi > 0, i = 1, 2

}
of the cross QR (its projection is formed by the deeply shaded and the cross-hatched
parts in Figure 2, b), namely,

−Δu(x) = λu(x), x ∈ Q∠, u(x) = 0, x ∈ Γ = ∂Q ∩Q∠,

∂nu(x) = 0, x ∈ ∂Q∠ \ Γ;
(16)

where ∂n is the derivative along the exterior normal. The restriction of the first eigen-
function u1 also satisfies the boundary conditions in (16), i.e., by the max-min principle,

(17) λ2 = max
E

inf
u∈E\{0}

‖∇u;L2(Q∠)‖2
‖u;L2(Q∠)‖2 ,

where E is an arbitrary subspace of codimension 1 in the space

H1
0 (Q

∠; Γ) = {u ∈ H1(Q∠) : u = 0 on Γ}.
We extend u ∈ H1

0 (Q
∠; Γ) by zero from the domain

Σ0 =
{
x ∈ Q∠ : xi ≤ 1/2, i = 1, 2

}
(its cross-section is the deeply shaded region in Figure 2, b) to the rectangular paral-
lelepiped

Σ =
{
x : 0 ≤ xi ≤ 1/2, i = 1, 2, |x3| ≤ 1/2

}
.

The first eigenfunction cos(πx3) of the mixed boundary-value problem in Σ with Dirichlet
conditions given on the bases of the prism occurs in the definition

E⊥ =

{
u ∈ H1

0 (Q
∠; Γ) :

∫
Σ0

u(x) cos(πx3) dx = 0

}
, codimE⊥ = 1,
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and the second eigenvalue that corresponds to the eigenfunction sin(2πx3) is equal to
4π2 > Λ†. Observe that the Poincaré inequality

‖∇u;L2(Σ0)‖2 ≥ 4π2‖u;L2(Σ0)‖2 > Λ†‖u;L2(Σ0)‖2

and the following consequences of the 2-dimensional Friedrichs inequality in the domains
Q∠

i = {x ∈ Q∠ : xi > 1/2}, i = 1, 2 (their sections are cross-hatched in Figure 2, b))∥∥∂iu;L2(Q∠
i )

∥∥2 + ∥∥∂3u;L2(Q∠
i )

∥∥2 ≥ Λ†
∥∥u;L2(Q∠

i )
∥∥2

are valid for any u ∈ E⊥. This shows that the right-hand side of (17) is greater than Λ†,
which contradicts the assumption λ2 ≤ Λ†. �

Remark 3. Putting R = +∞ in Proposition 2 (see Remark 1), we can modify the above
proof to get the proof of Theorem 2.

§7. Absence of a bounded solution at the threshold (proof of Theorem 3)

The separation of variables ensures that any bounded solution of problem (1) with
λ = Λ† can be written in the form

(18) u(x) =
∑
±

(
K1±χ±(x1)U(x2, x3) +K2±χ±(x2)U(x1, x3)

)
+ ũ(x),

where the χ±(z) are smooth functions equal to zero for ±z < 1/2 and to one for ±z > 1,
and ũ(x) is an exponentially decaying remainder.

Formula (18) implies the relation

(19) ∂iu(x) = O
(
e−

√
Λ•−Λ†|xi|), |xi| → ∞, i = 1, 2.

Proposition 3. Suppose that at the threshold λ = Λ† we have a nontrivial bounded
solution of problem (1). Then the second eigenvalue of the mixed boundary-value problem
for the Laplace operator on the truncated waveguide QR (cf. Proposition 2) does not
exceed the cutoff point Λ†.

Proof. Let u1 denote the eigenfunction of problem (1) that corresponds to the eigenvalue
λ1 ∈ (0,Λ†), and let u2 be a bounded solution corresponding to Λ†. For sufficiently large
R, the functions u1 and u2 are “almost orthogonal” in H1(QR), i.e.,

(20)

∫
QR

(
∇u1∇u2 + u1u2

)
dx = O

(
e−

√
Λ•−Λ†R

)
as R → ∞,

in particular, u1 and u2 are linearly independent. Indeed, integration by parts yields

(λ1 + 1)

∫
QR

u1u2 dx+
∑
i=1,2

∫
∂(QR∩Qi)\∂Q

∂iu1 u2 ds =

∫
QR

∇u1∇u2 + u1u2 dx

= (λ2 + 1)

∫
QR

u1u2 dx+
∑
i=1,2

∫
∂(QR∩Qi)\∂Q

u1 ∂iu2 ds.

It remains to observe that, as R → +∞, the surface integrals on the two sides are

O
(
e−

√
Λ•−Λ†R

)
, because the eigenfunction u2 satisfies (19).

By the max-min principle, the second eigenvalue can be found by the formula

(21) λ2(R) = max
E

inf
u∈E\{0}

‖∇u;L2(QR)‖2
‖u;L2(QR)‖2

,

where the maximum is computed over all subspaces E ⊂ H1
0 (QR, ∂QR∩∂Q) of codimen-

sion 1. By (20), in each subspace E of this sort there is a linear combination α1u1+α2u2

with |α1|2 + |α2|2 = 1.
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Using (20), we obtain an estimate for the Rayleigh quotient

‖α1∇u1 + α2∇u2;L
2(QR)‖2

‖α1u1 + α2u2;L2(QR)‖2

=
α2
1‖∇u1;L

2(QR)‖2 + α2
2‖∇u2;L

2(QR)‖2 +O
(
e−

√
Λ•−Λ†R

)
α2
1‖u1;L2(QR)‖2 + α2

2‖u2;L2(QR)‖2 +O
(
e−

√
Λ•−Λ†R

) ≤ Λ†. �

We complete the proof of Theorem 3. If a bounded solution of the Dirichlet problem
in Q exists for λ = Λ†, then, by Proposition 3, for large R the second eigenvalue of the
Dirichlet problem in QR is below the cutoff point, which contradicts Proposition 2 proved
earlier.

§8. Discrete spectrum and the change of the waveguides’ junction angle

(proof of Theorem 4)

Lemma 8.1. There exists ε > 0 such that for all L > 0 and all θ ∈ (0, θ0(L)), where
θ0(L) is a positive number depending on L, the waveguide Qθ includes the set (Figure 3, a)

(22) QL,ε =
{
x : |x2 − 1

2 |
2 + |x3|2 < ε2, x1 ∈ (Lθ, Lθ + L)

}
.

Proof. For fixed θ ∈ (0, π/2) and ε ∈ (0, 1/4), we place in Q2 the cylinder QL∗,ε of the
form (22) of maximal possible height (see Figure 3, b). Such a cylinder will touch Q2 from
inside at the points K1(L

∗
θ, 1/2 + ε, 0) and K2(L

∗
θ + L∗, 1/2− ε, 0). The point M(L∗

θ +
L∗, 1/2 − ε + sec θ, 0) is a vertex of the ellipse that is the section of Q2 containing the
base of QL∗,ε. Calculating the height in the triangle K1K2M , we find the quantity
L∗ = (sec θ − 2ε) cot θ, which tends to infinity as θ → 0; hence, for θ close to zero, we
can always find the required cylinder. �

a) b)

Figure 3. Planar image of the cylinder QL,ε (a), and the cylinder QL∗,ε

of maximal height L∗ with fixed radius ε of the base (b), located inside
the waveguide Qθ.
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It remains to check the claim of Theorem 4. By Lemma 8.1, for small θ > 0, in
the waveguide Q we can place a cylinder of the form QL;ε given by (22). The planes
of the bases of QL,ε cut off from Q1 a right circular cylinder QL of height L. The
section of the union QL,ε∪QL orthogonal to the x1-axis contains a disk of unit diameter;
therefore, the first eigenvalue λε

1 of the Dirichlet problem for the Laplace operator on
that section lies below the cutoff point Λ†. Clearly, the numbers λn,ε = λε

1+π2n2L−2 are
eigenvalues of the Dirichlet problem on QL,ε ∪ QL, and for all integers n = 1, . . . , NL,ε

with NL,ε < π−1L
√
Λ† − λε

1 we have λn,ε < Λ†. The corresponding eigenfunctions,

extended by zero to Qθ, are orthogonal in L2(Q), and the Rayleigh quotient for each
of them is less than Λ†. Consequently, the max-min principle provides NL,ε points of
the discrete spectrum of the Dirichlet problem in Qθ, and NL,ε → +∞ as θ → +0.
Theorem 4 is proved.
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