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INJECTIVITY THEOREM FOR HOMOTOPY INVARIANT

PRESHEAFS WITH WITT-TRANSFERS

K. CHEPURKIN

Abstract. A definition of the category of Witt-correspondences over a field of char-
acteristic different from 2 is given, the presheafs with Witt-transfers are introduced,
and a series of general properties of these objects are established. In Theorem 1, the
injectivity theorem is shown to be true for a homotopy invariant presheaf with Witt-
transfers and for the local ring of a smooth variety. As a consequence, the injectivity
theorem is proved for the Witt functor.

Introduction

In 1936, Ernst Witt introduced the structure of a ring on the anisotropic quadratic
forms over an arbitrary field [1]. Later, this construction was generalized to schemes
[2] and got the name of the Witt group (or ring) of quadratic forms. The modern
definition of the Witt group of a ring R containing 1

2 is as follows: first, we define the
Grothendieck–Witt group, which is the Grothendieck group of isomorphism classes of
projective modules with a nondegenerate symmetric bilinear form(

P, q : P Ą−→ P ∗).
The group W(R) is then obtained as the quotient of GW(R) by the subgroup generated
by the quadratic spaces of the type

(L⊕ L∗, ( 0 1
1 0 )) ,

which are said to be metabolic. Thus, the study of the group GW is closely related to
that of W.

Taking the Witt group of a scheme is easily seen to be a functor on the category
of schemes. Accordingly, the question arises as to whether the Witt functor admits
inclusion to some cohomology theory. This question was answered by Balmer in the
papers [3, 4], where 4-periodicity was also proved. In [5], multiplication was defined on
the Witt groups. Results on the existence of transfers for Witt functors can be found
in [6].

The following theorem was proved by Ojanguren in his 1980 paper [7]: for any essen-
tially smooth local R over an infinite perfect field k with char(k) �= 2, and for the field
of fractions K of R, the natural map W(R) → W(K) is injective.

In the present paper, our goal is to generalize Ojanguren’s theorem to a wider class of
functors on the category of smooth affine varieties over a field that have the structure of a
module over the functors GW or W. For this, we build the category GW and, in parallel,
the category Wor, the relationship between them will be made more precise below. The
objects of these categories will be smooth affine varieties over a field k with char(k) �= 2.
Each of the new categories is supplied with a natural functor from the category SmAff /k.
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This makes it possible to interpret geometrically some functorial properties that are of
interest for us. The functors GW and W are represented in the corresponding categories
by the spectrum of the ground field k, which yields the basic examples for the theory
to be constructed. Having introduced the notion of homotopy invariance, we prove the
following injectivity theorem.

Theorem. Let k be an infinite field with char(k) �= 2. Let F be a homotopy invariant
functor on the category GW or Wor, and let x be a closed point of a smooth variety X
over k. Then the natural map

F(OX,x) → F(OX,η)

is injective. Here η is a generic point of X, and F(OX,x) = lim−→
U∈Open(X)

x∈U

F(U) by definition.

§1. The categories GW and Wor

All rings are assumed to be associative, commutative, Noetherian, and with unity. We
denote by k an infinite field of characteristic different from 2. All schemes are over the
field k. All limits and colimits are taken in the category of schemes over k if it is not
stated otherwise.

1.1. Definition of the categories GW and Wor. Let X and Y be affine schemes
over k. Let P be an (OX , OY )-bimodule, or equivalently, an OX×Y -module. Then P ∗

X

will denote HomOX
(P,OX) with the natural bimodule structure.

Definition 1. We denote by GW(X,Y ) the Grothendieck group of the semigroup formed
by the isomorphism classes of the pairs

(
P, q : P Ą−→ P ∗

X

)
, where P is a (OX , OY )-bi-

module finitely generated and projective over OX , q is a symmetric isomorphism, and
the semigroup operation is defined as taking the outer direct sum.

Definition 2. W(X,Y ) = GW(X,Y )/ 〈(L⊕ L∗
X , ( 0 1

1 0 ))〉. The quadratic spaces of the
form (L⊕ L∗

X , ( 0 1
1 0 )) are said to be metabolic.

Definition 3. As the objects of the category GW , we take the arbitrary smooth affine va-
rieties over the field k, and the role of morphisms will be played by the group GW(X,Y ).
On the representatives of generators, composition is given by

(
P, q

)
◦
(
P ′, q′

)
=

(
P ⊗Y P ′,

q ⊗ q′
)
.

Lemma 1. The data defined above is indeed a category.

Proof. First, we check consistency. Consider affine varieties X, Y , Z and two classes of
quadratic spaces in GW(X,Y ) and GW(Y, Z), representatives of which are denoted by(
P, q

)
and

(
P ′, q′

)
.

The corresponding tensor product is again a finitely generated OX -module. To prove
projectivity, consider the following splitting:

P ′ On
Y �

Then we have the splitting

P ⊗� P ′ P ⊗� On
Y ,
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where last object is equal to Pn as an OX-module. Thus, the object in question is a
direct summand of a projective one, as required. We calculate the dual to the product
P ⊗Y P ′. We have the following map of (OX , OZ)-bimodules:

HomOX
(P,OX)⊗Y HomOY

(P ′, OY ) −→ HomOX
(P ⊗Y P ′, OX) ,

a⊗ b −→ P ⊗Y P ′ id⊗b−→ P ⊗Y OY
a→ OX .

It is easily seen that we can plug any OY -module in place of P ′, in particular, a finitely
generated free one, and that the map will remain functorial. Since, obviously, this map
is an isomorphism for finitely generated free modules, functoriality implies that the same
is true for the finitely generated projective mudules. This shows the consistency of the
map under study; obviously, it is symmetric and nondegenerate.

The consistency of extension to the groups GW(X,Y ) and GW(Y, Z) is trivial. The
role of the identity map is played by the quadratic space (OX , id). Associativity is obvious
from the properties of tensor products. �

Definition 4. The category Wor is defined as follows: the objects are the same as in
GW ; Wor(X,Y ) = W(X,Y ).

The next lemma checks consistence.

Lemma 2. Consider smooth varieties X, Y , Z. Suppose that quadratic spaces (P, q)
and

(
P ′, q′

)
in GW(X,Y ) and GW(Y, Z) are given. If one of them is metabolic, then so

is their product.

Proof. Let the first quadratic space be of the form
(
L ⊕ L∗

X ,
(
0 1
1 0

))
. The next commu-

tative diagram provides the required isomorphism:

(L⊕ L∗
X)⊗Y P ′ ( 0 1

1 0 )⊗q′

��

id⊗ id⊕ id⊗q′

��

(L∗
X ⊕ L)⊗Y P ′∗

X

id⊗ id⊕ id⊗q′∗

��
L⊗Y P ′ ⊕ L∗

X ⊗Y P ′∗
Y

( 0 1
1 0 ) �� L∗

X ⊗Y P ′∗
Y ⊕ L⊗Y P ′. �

Remark. The categories GW and Wor are additive. Indeed, for the role of the sum of
two objects we can take their disjoint union; the Abelian group structure comes from
addition in the Witt group.

1.2. Construction of functors to the category GW . Here our main goal will be to
build a functor from the category SmAff /k to GW , which will allow us to interpret the
functors on GW as those on the category of smooth affine varieties. In particular, we
shall be able to say that one or other functor is supplied with transfers. On the other
hand, construction of functors from categories larger than SmAff /k will allow us to build
new maps in GW .

Definition 5. We introduce the category MCoret the objects of which are the smooth
affine varieties over k, and

HomMCoret
(X,Y ) = {isomorphism classes X

π←− S → Y |π is finite étale},
namely, two such S1 and S2 are isomorphic is there is an isomorphism ψ : S1 → S2 that
commutes with the arrows from Si to X and Y . The composition of two morphisms

X
π1←− S

f1−→ Y and Y
π2←− T

f2−→ Z is equal to X
π1◦prS←−−−− S ×Y T

prT ◦f2−−−−−→ Z.

We define a functor from the category of étale correspondences to the category GW .
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Definition 6. Let the functor be identical on the objects. Let f = X ← S → Y be
a morphism in MCoret. It gives rise to the quadratic space

(
OS ,Tr(μ(a, ))

)
, where

μ : OS ×OS → OS is multiplication.

Obviously, the trace form is symmetric and commutes with the action OY . It is
well known that this form is nondegenerate in the case of an étale morphism, see [8].
Functoriality is clear from the general properties of the map Tr.

Now we explicitly calculate compositions with morphisms of some specific type, stating
this in the form of the next obvious lemma.

Lemma 3. Let X, Y , Z be smooth affine varieties. Let a morphism of schemes f : X →
Y be given. Then the map

GW(Y, Z)
◦f−−→ GW(X,Z)

coincides with the change of base map, which, in particular, takes the bimodule P to
OX ⊗OY

P .

Now, when we have obtained a map from the category SmAff /k to GW and to Wor
and calculated the composition with maps from SmAff /k, we can state a corollary.

Corollary 1. The Grothendieck–Witt functor is representable in the category GW by the
spectrum of the field k. Similarly, the Witt functor is representable in Wor.

Proof. It is easily seen that the modules overX×Spec k are precisely the modules overX.
Lemma 3 yields agreement on morphisms. �
1.3. The categories GW and Wor. Presheafs with transfers.

Definition 7. We define the category GW as follows. The objects will be the same as
in GW , and the role of morphisms will be played by the cokernel of the following arrow:

GW
(
X × A

1, Y
) i∗1−i∗0−→ GW (X,Y ),

where i1, i0 are the embeddings of X in X × A
1 with 1 or 0 as the second coordinate,

respectively. For the category Wor we act similarly.

Definition 8. By a presheaf with Witt transfers we mean an arbitrary additive con-
travariant functor from Wor to the Ab-category of Abelian groups. A presheaf on Wor
is said to be homotopy invariant if it admits passage through the category Wor. The
functors on GW are called presheafs with Grothendieck–Witt transfers, or GW-transfers.
Homotopy invariance is defined similarly.

Proposition 1. A contravariant functor F on the category GW or Wor is homotopy
invariant if and only if its value at the canonical projection pX : X × A

1 → X is an
isomorphism for any X.

Proof. It is easy to observe that pX ◦ i1 − pX ◦ i0 = idX − idX = 0. Applying F , we get
(i∗1 − i∗0) ◦ p∗X = 0. If p∗X is an isomorphism, then it can be canceled. Thus, i∗1 − i∗0 = 0,
as required.

Conversely, consider the map X × A
1 × A

1 idX ×mult−−−−−−−→ X × A
1. Calculating the com-

position of i0, i1 : X × A
1 → X × A

1 × A
1 with (idX ×mult), we get

(idX ×mult) ◦ i0 = idX ×0 = i0 ◦ pX (idX ×mult) ◦ i1 = idX×A1 .

Since F is homotopy invariant, its values at these morphisms are equal. We see that p∗X
is invertible. �
Remark. Obviously, the functors of Witt and Grothendieck–Witt are examples of homo-
topy invariant presheafs with the corresponding transfers.



INJECTIVITY THEOREM FOR HOMOTOPY 295

Remark. It is clear that, for the categories GW , Wor, GW , Wor and an object X ∈
SmAff /k, an endofunctor is well defied that takes an arbitrary object Y to Y ×X, and
a morphism (P, q) to (P ⊕ OX , q ⊕ idOX

). In particular, this makes it possible, given
a functor F from the given category to, say, the category of Abelian group, to build
functors FX of the form FX(Y ) = F (Y ×X), also taking the initial category to Abelian
groups. This implies that the functors W(Y ×X) and GW(Y ×X) are homotopy invariant
presheafs with transfers.

Remark. For a smooth affine variety X, let Z be its closed subscheme. We define a
functor on the category SmAff /k as follows: F (Y ) = GWZ×Y (X × Y ). We extend it to
the entire category GW . Let (P, q) be a quadratic space that gives rise to a morphism
from Y1 to Y2. Let a pair (M, s) be given, where M is a complex of projective OX×Y2

-
modules supported on Z × Y2, and s is a symmetric isomorphism.

We introduce a new quadratic space as follows: (M ′, s′)(P×OY2
M, q⊗s). Since tensor

product commutes with localization, it follows that the supports of M ′ lie in Z × Y1.
Consistency is obvious, and homotopy invariance is a consequence of that of the Witt
functor.

§2. Injectivity theorem

The next lemma shows that maps with certain properties admit lifting from the local
ring of a point to maps with the same properties on some neighborhood of that point.

Lemma 4. Consider an affine scheme X of finite type over an irreducible affine scheme
U , a point x ∈ U , and a section Δ: U → X of the canonical projection pU : X → U .
Let R denote the local ring OU,x, and let XR be the scheme X ×U SpecR. Also, let a
closed reduced subscheme Z in X be given (the restriction of Z to SpecR will be denoted
by ZR), together with a map rπ : XR → A

1 × SpecR such that

1) rπ is finite and surjective;
2) rπ−1(SpecR× {0}) = Δ(SpecR) �D′

0, where D′
0 ⊂ (XR \ ZR);

3) rπ−1(SpecR× {1}) = D′
1 ⊂ (XR \ ZR).

Then there exists a neighborhood V of x and a map π : XV = X ×U V → A
1 × V that

coincides with rπ on SpecR and possesses the following properties:

1) π is finite and surjective;
2) π−1(V × {0}) = Δ(V ) �D0, where D0 ⊂ (XV \ ZV );
3) π−1(V × {1}) = D1 ⊂ (XV \ ZV ).

If, moreover, rπ is étale at the points of Δ(SpecR)�D′
0 and (or) D′

1, then we can arrange
that π be étale at the points of Δ(V ) �D0 and (or) D1, respectively.

Proof. Standard. �

Theorem 1. Let F be a homotopy invariant presheaf with GW-transfers, x a closed
point of a smooth irreducible variety X over the field k, and η a generic point of X.
Then the natural map

F
(
OX,x

)
→ F(OX,η)

is injective.

Proof. For an element α ∈ F(OX,x), suppose that its image in F(OX,η) is equal to zero.
There is no loss of generality in assuming that the variety X has trivial canonical sheaf
ωX and that the element α is defined on all of X. Since the image of α is zero, we can
find a principal open set Xf on which α vanishes. If Xf is a neighborhood of x, then
α = 0 on OX,x, as required. Thus, we may assume that x ∈ {f = 0}.
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Now we construct a morphism ψ in the category GW from some neighborhood V of
x to Xf in such a way that the following diagram be commutative in GW :

V
ψ ��

i

�����
����

����
����

����
�� Xf

j

���
��

��
��

X,

(�)

where i and j are the corresponding embeddings. Then we see that the restriction of
i∗(α) = ψ∗ ◦ j∗(α) = 0 to V is equal to zero, so that α is equal to 0 on OX,x.

We describe the construction of ψ. Since X is smooth, the construction of [9, Theo-
rem 7.1] yields a finite surjective morphism q : X → A

d, where d is the dimension of X,
and a linear projection l from A

d onto A
d−1 such that

1) l ◦ q is smooth in some neighborhood of x;
2) Z = {f = 0} is finite over Ad−1.

We apply this to the triple (X,Z, x), obtaining the diagram

Z �� X
q ��

��

A
d

l����
��
��
��

A
d−1

Let U be a neighborhood of x where l ◦ q is smooth and the sheaf ωU is trivial (ωU is the
canonical sheaf on U). Making the base change relative to the composition U → X →
A

d−1, we get the diagram

Z �� X = U ×Ad−1 X ��

πU

��

U × A
1

�����
���

���
���

��

U

Observe that X is a variety smooth over k with trivial canonical class. Indeed, the
projection of X to X is a smooth morphism by the choice of U . The canonical class
of X is equal to the tensor product of that of X and the relative canonical class of U
over Ad−1. The last two classes are trivial. Z = U ×Ad−1 Z is a principal closed subset in
X finite over U . The map X → U × A

1 is finite. Observe also that the projection to U
possesses a natural section Δ. Then we employ [9, Lemma 5.1] for (X|R, R,Δ|R), where
R = OU,x. We obtain an R-morphism rπ : X|R → SpecR× A

1 such that

1) rπ is finite and surjective;
2) rπ−1(SpecR× {0}) = Δ(SpecR) �D′

0, where D′
0 ⊂ (XR \ ZR);

3) rπ−1(SpecR× {1}) = D′
1 ⊂ (XR \ ZR).

Applying Lemma 4, we lift the morphism rπ up to a morphism π on some neighborhood
V of x to U with the following properties:

1) π is finite and surjective;
2) π−1(V × {0}) = Δ(V ) �D0, where D0 ⊂ (XV \ ZV );
3) π−1(V × {1}) = D1 ⊂ (XV \ ZV ).

Observe that ωXV
and ωV×A1 are trivial, because this was the case over U . The morphism

π : XV → V ×A
1 is finite and surjective; in particular, this yields the projectivity of OXV

over V × A
1, see [10, Corollary]. Thus, we can apply [9, Proposition 2.1], obtaining a

symmetric isomorphism q : OXV
Ą−→ OXV

∗ over OV×A1 . Obviously, this map preserves
the structure of an OX -module, i.e., we have got an element H ∈ GW(V × A

1, X).
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Consider the restriction of H to Δ(V ). Since OΔ(V ) is a free OV -module of rank 1,
it is clear that qΔ(V ) is multiplication by some invertible s ∈ OU . Then we consider the
quadratic space

rH =
(
OXV

,
q

s

)
.

Obviously, this will preserve the OX -module structure. Since Δ is a section of the

canonical projection, we have rH|Δ(V ) =
(
OΔ(V ), id

)
.

Now we restrict rH to the entire V ×0. Since π−1(V ×{0}) = Δ(V )�D0, the definition

of rH shows that
rH |V×0 =

(
OΔ(V ), id

)
⊕ (OD0

, q′),

where q′ is a symmetric isomorphism. Since prX(D0) ⊆ Xf , it follows that H0 =
(OD0

, q′) ∈ GW(V,Xf ). The same is true for V × 1, with H1 = (OD1
, q′′) ∈ GW(V,Xf )

and with a restriction q′′ of the map q.

For the role of ψ we take the element H1 − H0 ∈ GW(V,Xf ). Then rH realizes
a homotopy between j ◦ ψ and i = (OV , id), which proves the commutativity of the
diagram (�) in the category GW . �
Corollary 2. The same theorem will remain valid if we replace the presheafs with
GW-transfers by presheafs with Witt-transfers: it suffices to observe that the Witt-trans-
fers are a special case of the GW-transfers.

Corollary 3. Applying the theorem to the functors GW(Y ×X) and W(Y ×X), we see
that the following injections exist:

GW(XOY,y
) ↪→ GW(XK(Y )),

W(XOY,y
) ↪→ W(XK(Y )).
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