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A FAMILY OF PERMUTATION GROUPS
WITH EXPONENTIALLY MANY
NONCONJUGATED REGULAR
ELEMENTARY ABELIAN SUBGROUPS

S. EVDOKIMOV, M. MUZYCHUK, AND I. PONOMARENKO

ABSTRACT. Given a prime p, a permutation group is constructed that contains at
least p?~2 nonconjugated regular elementary Abelian subgroups of order p3. This
gives the first example of a permutation group with exponentially many nonconju-
gated regular subgroups.

§1. INTRODUCTION

A transitive permutation group is said to be regular if the one-point stabilizer of it
is trivial. Regular subgroups of permutation groups arise in many natural contexts, for
example, in group factorizations [4], Schur rings [6], Cayley graphs [I], etc. In the present
paper, given a group H and a permutation group I', we are interested in the number

(1) by (I') := [ Orb(I', Reg(I', H))|

of orbits in the action of ' by conjugation on the set Reg(T", H) of all its regular subgroups
isomorphic to H. Using terminology and arguments of [I], one can see that if T" is the
automorphism group of an object of a concrete category C, then by (') equals the number
of pairwise nonequivalent representations of this object as a Cayley object over H in C.
As C one can take, for example, the category of finite graphs or other combinatorial
structures.

Let H be a cyclic group. Then, obviously, by (I') is bounded from above by num-
ber ¢(T") of the conjugacy classes of full cycles contained in I'. It was proved in [5] that
the latter number does not exceed n = |H| Thus, in this case by (T') < n.

The simplest noncyclic case appears when H is an elementary Abelian group E.
Here, by (I') < by (P) by the Sylow theorem, where P is a Sylow p-subgroup of the
group I'. To estimate bg(P), without loss of generality we may assume that P is a
transitive p-group of degree p? the action of which on some imprimitivity system induces
a regular (cyclic) group of order p, i.e., P belongs to the class defined in the same way as
the class &, in Theorem [T below with p? replaced by p?. With the help of the technique
developed in §2, we can describe the set Reg(T', H) (cf. Theorem and Lemma 2.4]).
Then applying [2, Theorem 6.1], one can prove that by (P) < p. Thus, in this case we
also have by (T") < n.
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IMore exactly, under the Classification of Finite Simple Groups, ¢(I') < ¢(n), where ¢ is the Euler
function, ibid.
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In the above two cases, the number by (I') does not exceed n for all I'. The main result
of the present paper (Theorem [[T]) shows that in the general case, neither this bound,
nor even substantially weaker bounds are valid.

Theorem 1.1. Let H = E3, where p is a prime. Denote by &, the class of all transitive
p-groups of degree p> the action of which on some imprimitivity system induces a regular

group isomorphic to Epz. Then there exists a group I € €, such that by (T) > pP=2.

From Theorem [[I] it follows that there is no function f for which the inequality
b (T) < nf (") holds true for all Abelian groups H of rank at most 7 and all permutation
groups I of degree n. It would be interesting to find an invariant ¢ = ¢(I") such that

bH (F) < nf(r’t)

for a function f of r and ¢; for instance, one can try to take ¢ = ¢(I") to be the minimal
positive integer ¢ for which the group I is t’-closed as a permutation group in the sense
of 7.

The proof of Theorem [[T]is given in §3l It is based on a representation of the groups
belonging to the class £, with the help of two-variable polynomials over the field F,,. The
details are presented in §21 It is of interest to note that the stabilizer of the imprimitivity
system in every group I' C &, is, up to language, a Generalized Reed—-Muller code [3].

Notation. As usual, F, and Sym(V') denote the field of order p and the symmetric group
on the set V. An elementary Abelian p-group of order p” is denoted by Ej».

§2. PERMUTATION GROUPS AND POLYNOMIALS

Let p be a prime. Denote by R, the factor ring of the polynomial ring F,,[X, Y] modulo
the ideal generated by the polynomials X? — 1 and Y? — 1. The images of the variables
X and Y are denoted by z and vy, respectively. Denote by V' the disjoint union of the
one-dimensional subspaces

Viﬁjz{axiyj raelF,}, 4,j=0,...,p—1,

of the ring R, viewed as a linear space over F,,.
Every element f = Zz j a; jz'y’ of R, yields a permutation
or:ax'y’ = (a+a; j)r'y’

of the set V. This produces a permutation group on V with p? orbits Vi; that is
isomorphic to the additive group of the ring R,. For a subgroup I of the latter group, the
corresponding subgroup of Sym(V) is denoted by A(I). Also, we define two commuting
permutations

it+1 j+1

Tzt ax'y = ax' Ty, Ty ax'y! = ax'y

)

Clearly, each of them commutes with the permutation s = oy,, where fo = . ;T Y.

The following statement is straightforward.

Lemma 2.1. In the above notation, we have
(1) Tglafo =0y, and T,;lO'ny =o0yy forall f € Ry,
(2) Go = (s,Ta,Ty) is a regular group on V isomorphic to Es.

Set I'(I) to be the group generated by A(I) and 7, 7,. If I is an ideal of Ry, then, by
statement (1) of Lemma [2:7]

(2) A(I)QT'(I) and I'(I)/A(I) = Epe.
If I is not an ideal, then I'(I) = I'(I’), where I’ is the ideal of R, generated by I.

2Here for groups I' € Ep, the upper bound in inequality (§) could be useful.
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Theorem 2.2. Let p be a prime. Then

(1) for every ideal I # 0 of the ring Ry, the group T'(I) belongs to the class &,
(2) every group T’ € &, with by (T") > 0 is permutation isomorphic to the group I'(I)
for some ideal I of R,,.

Proof. To prove statement (1), let I # 0 be an ideal of R,. Then at least one of the
sets V; ; is an orbit of the group A([). Since 7, and 7, commute, the group (7., 7,) acts
regularly on the set S = {V;; : i,j =0,...,p — 1}. This implies that the group I'(I)
is transitive and S is an imprimitivity system of it. The action of I'(I) on this system
induces a regular group isomorphic to E,> that is generated by the images of 7, and 7,
with respect to this action. Thus, I'(I) € &,.

Let I' € £. Then I' is a transitive p-group of degree p>, the action of which on
some imprimitivity system S’ induces a regular group isomorphic to E,2. Without loss
of generality, we may assume that I' < Sym(V) with V as above. Furthermore, since
b (I') > 0, the group I" contains a regular subgroup G’ isomorphic to H = E,s. Choose
an element s € G’ such that Orb((s’), V') = S’. Then there exists a group isomorphism

©: G — Go
taking s’ to s (see statement (2) of Lemma 21]). Since ¢ is induced by a permutation
of V, we may assume that S’ = S and Gy € Reg(I', E;s). Note that the permutation s
belongs to the stabilizer A of the blocks V; ; in I". Therefore, Orb(A, V) = S. Since the
restriction of A to V; ; is a p-group of degree p that contains the restriction of s to V; ;
for all 4, j, this implies that

A < A(Ry).
It follows that A = A(I) for a subgroup I of R,,. Taking into account that A is normalized
by 7, and 7,, we conclude that I is an ideal of R, by statement (1) of Lemma 21l O

Any maximal element in the class &£, is permutation isomorphic to the (imprimitive)
wreath product of regular groups isomorphic to £, and E,.. One of these maximal
elements equals the group I', := I'(R,); set also A, = A(R,). We need two auxiliary
lemmas.

Lemma 2.3. Let g,h € R,. Then the order of the permutation t, , = 047, (respectively,
thy = onTy) equals p if and only if g € aR, (respectively, h € bR,,), where a = x — 1 and
b=y—1.

Proof. Let g = Z” a; jz'y’, and let v = ar’v’ be a point of V. Then by the definition
of tg 4, we have

ploe — (o + ai7j)xi+1yj~
This implies that the order of ¢,, equals p if and only if the following condition is
satisfied:

p—1
(3) d ai;=0, j=0,...,p—1L
=0

Note that this is always true whenever g € aR,,. Conversely, suppose that relations (3
are fulfilled for some g € R,. Then

N | N
@05 = Q15 = Qo iy Xp-1,5 = Qg5 = Xp_1 55

where o] ; = Z;;lo ay,; for all 4, j. It follows that g = ag’ with ¢’ =}, ; a;7ja:iyj. This
completes the proof of the first statement. The second statement (on the order of ¢, )
is proved similarly. O
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Lemma 2.4. A permutation group G belongs to the set Reg(I',, Eps) if and only if there
exist elements g € aR, and h € bR, such that

(4) G = (s,tga,thy) and ah =bg.

Proof. To prove the “only if” part, suppose that G € Reg(I'y, Ep3). Then G is a self-
centralizing subgroup of Sym(V). On the other hand, the centralizer of G in Sym(V)
contains the central element s of the group I',. Thus, s € G. The other two generators
of G can obviously be chosen so that their images with respect to the epimorphism
I, - TI',/A, coincide with = and y. By Lemma[23] this implies that there exist g € aR,
and h € bR, for which the first identity in () holds true. Next, since the group G is
Abelian, the definition of ¢, , and ¢ , implies that

OgTe OpTy = tgalhy = thylge = OnTy OgTs-

Each of the permutations on the left- and right-hand sides takes the point ax’y’ € Vi
to a certain point o/z*t1yi Tt € V; 44 ;11. Calculating the images of the former point
with respect to them, we obtain

a+gij+hity=a =a+hij+ g

or equivalently, h; 11 j—h; ; = gij+1—gi,; for all ¢, j. Therefore, ah = xh—h = yg—g = by,
as required.

Conversely, let G be the group defined by relations (). Then the above argument
shows that the permutations s, t4 ., and ¢}, pairwise commute. Therefore, the group
G is Abelian. Moreover, the definition of s and Lemma 2.3 imply that G is elementary
Abelian and transitive. Thus, G € Reg(I',, E,3), as required. |

83. PROOF OoF THEOREM [L]

By statement (1) of Theorem [22] we may restrict ourselves to looking for a group I'
of the form I'(I), where I is an ideal of the ring R,,.
For every integer k > 0, set

I, = spanmp{aibj ci4j > kY

where the elements ¢ and b are as in Lemma [Z4l Clearly, I, is an ideal of R,, and
Iv1 C I for all k, and also I, = 0 for k > 2(p — 1). Below, the kernels of the mappings
Iy, — aly and I — blj induced by the multiplication by a and b are denoted by Ay and
B, respectively.

Lemma 3.1. Suppose that p < k < 2(p—1). Then
(1) dim(Iy) = ("),
(2) aly = bl = Ij41,
(3) dim(Ag) =dim(Bg) =2p — k — 1.

Proof. The leading monomials of the polynomials
(@-D'y-17, 0<ij<p-1,

are obviously linearly independent. Therefore, the polynomials a’b’ with i +j > k
form a linear basis of the ideal I;. This immediately proves statement (1). To prove
statement (2), we note that, obviously, aly C Iri1. Conversely, let ¢ € Ij41. Since
k > p, we have ¢ = abu for some u € I},_1, which proves the reverse inclusion. The rest
of statement (2) is proved similarly. Finally, statement (3) follows, because the linear
space Ay, (respectively, By) is spanned by the monomials a?~1b* (respectively, a’bP~1)
withk—p+1<i<p-—1. O
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In what follows, for a subgroup G of a group I' we denote by G the set of all I'-con-
jugates of G.

Lemma 3.2. Let 'y, = I'(I}), where k is as in Lemma BIl Then
(1) [Dgp| = p2reimtho,
2 T E 3| = dim(Ay)+dim(By)+dim(I41)—2
(2) [Reg(Lkp, Eps)| = p ;
(3) pdimtn)=1 < |GPrr| < pdimU)=1 for qll G € Reg(T'p, Eps).

Proof. Obviously, |A(I)| = pd™Ux). Therefore, statement (1) follows from the right-
hand side of formula (). Next, from Lemma [Z4] it follows that

Reg(Fk,pa Epg) = {Gg,h : (gv h) € M}7
where Gy, = (8,142, th,y) and
(5) M ={(g,h) € Iy NaR,) x (I NbR,) : ah = bg}.

However, I NaR, = I NbR, = I}, because k > p. So by statement (2) of Lemma [3.T]
the element ah = bg runs over the ideal Ij11, whenever (g, h) runs over the set M. By
the definition of Ay and By, this implies that

|M| = plim(Ai)+dim(Bi)+dim(Tita)

Thus, to complete the proof of statement (2), it suffices to verify that G4 = Gy pr if
and only if ¢, , = sty , and t, , = s/t for some 0 < i,j < p — 1. However, this is
true, because G4 5, = Gy if and only if ¢(Gy n) = ©(Gy 1), where ¢ is the quotient
epimorphism of T’ , modulo the group (s).

To prove statement (3), we note that, by statement (1),

|F| p2+dim(1k)

IN|—[C]-IN/CT

where I' =T'y, ,, and N and C are, respectively, the normalizer and centralizer of G in T'.
Since G is a regular elementary Abelian group and the quotient N/C' is isomorphic to a

subgroup of a Sylow p-subgroup P of the group Aut(G) = GL(3,p) (here we use the fact
that T is a p-group), we conclude that

€| =G| =p* and 1<|N/C|<|P|

(6) IG'| =

However, |P| = p3. Thus, statement (3) follows from formula (B]). O

To complete the proof of Theorem [T} we note that Reg(I'y, E,3) is the disjoint union
of distinct sets G'*, where I'y, = T'y;, as in LemmaB2land G € Reg(I'y, E,3). Therefore,
setting my, and M}, to be, respectively, the minimum and maximum of the numbers |G *|,

we obtain
| Reg(L'x, Eps)| |Reg(T'k, Eps)|
7 = P > hy(Ty) > ————2
@ S (ry) 2 L

However, by statement (3) of Lemma 3.2 my > ptim(x)=% and M, < pdimUx)=1 By
statement (2) of Lemma [3:2] this implies that
| Reg(I'y, Eips)| < ™2 and

mg M;,

where d = dim(Ay)+dim(Bg) +dim(Ij1) —dim I},. Moreover, by statements (1) and (3)
of Lemma BT we have d = 2p — k — 1. Thus,

(8) p2p7k:+1 > bH(Fk) > p2p7k72.
This lower bound for by (I'x) with k = p — 1 proves Theorem [[L1]

\Reg(Fk,Ep3)| > pd—l

- b
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