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THE BOLTZMANN EQUATION

WITHOUT ANGULAR CUTOFF

YOSHINORI MORIMOTO AND SEIJI UKAI

Abstract. The Boltzmann equation which is a fundamental equation in the
kinetic theory of gases is an integro-differential equation whose integral kernel
has the singularity in the collisional angle between two particles, in physically
important models. Most of the extensive studies on the Boltzmann equation
have been based on the so-called Grad’s angular cutoff assumption. While it
is known that many important properties of the Boltzmann equation are pre-
served in spite of Grad’s angular cutoff approximation, there is one important
property lost after this cutoff approximation. The collisional integral operator

without angular cutoff intrinsically behaves like the differential operator, and
hence it has been expected that the Boltzmann equation enjoys the regulariz-
ing effect of solutions, such as the heat equation and the Kolmogorov equation,
corresponding to the spatially homogeneous case and the inhomogeneous one,
respectively. In this article, we introduce the existence theory of solutions and
the one of their regularizing effect for the Boltzmann equation without angular
cutoff, obtained recently in a series of joint works with R. Alexandre, C.-J. Xu
and T. Yang.

1. The Boltzmann equation

The Boltzmann equation, given by Boltzmann [22] himself in 1872, is the kinetic
equation of the non-equilibrium dilute gas, which is written as

(1.1) ∂tf + v · ∇xf = Q(f, f),

where f(t, x, v) is the density distribution function of particles with position x ∈ R3

and velocity of v ∈ R
3 at time t. The right hand side Q(f, f) is called the collision

integral term, and defined by the bilinear collision integral operator

(1.2) Q(f, g)(t, x, v) =

∫
R3

∫
S2

B (v − v∗, σ) {f ′
∗g

′ − f∗g} dσdv∗ ,

where
f ′
∗ = f(t, x, v′∗), g

′ = g(t, x, v′), f∗ = f(t, x, v∗), g = g(t, x, v).

Here (v, v∗) and (v′, v′∗) denote the pre- and post-collisional velocities of particles,
respectively, and the relation

v′ =
v + v∗

2
+

|v − v∗|
2

σ, v′∗ =
v + v∗

2
− |v − v∗|

2
σ, σ ∈ S

2,

follows from the conservation of the moment v′ + v′∗ = v+ v∗ and the conservation

of energy |v′|2 + |v′∗|2 = |v|2 + |v∗|2. It is easy to see that the Maxwellian e−|v|2/2

is the equilibrium solution of (1.1). The function B is called the collision cross
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section, which is non-negative and determined by the physical assumption on the
particle interactions. Boltzmann gave the following two models [22, 24]:

(i) The hard sphere model: B(v − v∗, σ) = b0|v − v∗|, b0 > 0.
(ii) The inverse power law interaction potential, U(ρ) ∼ ρ−(q−1), (q > 2, ρ the

distance between the two interacting molecules) leads us to

B(v − v∗, σ) = Φ(|v − v∗|)b(cos θ), cos θ =
v − v∗
|v − v∗|

· σ,(1.3)

Φ(|v − v∗|) = |v − v∗|γ , γ =
q − 5

q − 1
,(1.4)

b(cos θ)θ2+2s → K (θ → 0), s =
1

q − 1
, K > 0,(1.5)

by solving the Newton equation approximately [23, 56]. According to the sign of
the power γ, U(ρ) is called hard potential, Maxwellian potential and soft potential,
respectively, when q > 5, q = 5 and 2 < q < 5, respectively. When q = 2, U(ρ) is
the Coulomb potential, and in this case the Landau equation is considered instead
of the Boltzmann equation [56]. In the hard sphere model case (i), B is locally
integrable, but in the case (ii) it follows from (1.5) that1∫

S2

b

(
v − v∗
|v − v∗|

· σ
)
dσ = 2π

∫ π/2

0

sin θb(cos θ)dθ = ∞ ,

and hence the additional consideration is necessary to make the collision integral
term Q well-defined.

In the great majority of works on the Boltzmann equation, the angular singular-
ity at θ = 0 is removed by using the Grad’s angular cutoff approximation assump-
tion so that B is locally integrable in σ. On the other hand, it has been expected
since Pao [47] in the 1970s that the regularizing (smoothing) effect of solutions to
the Cauchy problem for the Boltzmann equation occurs such as the Kolmogorov
equation (∂t + v · ∇x −Δv)f(t, x, v) = 0 because the collision integral term Q with
the angular singularity (1.5) behaves like the pseudodifferential operator of order
2s with respect to the velocity variable v. The new mathematical theory for the
non-cutoff Boltzmann equation became possible to develop after the breakthrough
by Alexandre-Desvillettes-Villani-Wennberg [3] (2000) concerning the precise L2−
estimate of the collision integral term Q. Desvillettes-Wennberg [25] icf., [5, 6])
constructed solutions, enjoying the smoothing effect, to the Cauchy problem for
the Boltzmann equation in the spatially homogeneous case, that is, when the un-
known function f in (1.1) is independent of the space variable x. However, in the
spatially inhomogeneous case, such regularizing (smoothing) effects had not been
approved at all until then. In addition, as for the existence of solutions for the
Boltzmann equation without angular cutoff, in the 1980s there was the study of
Arkeryd [19] by means of the non-standard analysis, and the Cauchy-Kowalevskaya
type theorem by Ukai [52] in the Gevrey function space.

The purpose of this article is to introduce a series of joint works [8, 9, 10, 11, 12,
13, 14, 16] with R. Alexandre, C.-J. Xu and T. Yang, concerning the regularization
of solutions, the local existence and the uniqueness of solutions, the global existence

1The range of θ can be restricted to [0, π/2], by replacing b(cos θ) by its “symmetrized” version
b(cos θ)+b(cos(π−θ))]10≤θ≤π/2 because of the invariance of the product f(v′)f(v′∗) in the collision

operator Q(f, f) under the change of variables σ → −σ.
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of solutions near the equilibrium and their convergence to the equilibrium, for the
spatially inhomogeneous Boltzmann equation without angular cutoff. In order to
explain how to treat the collision integral term Q by means of pseudodifferential
operators, we detail the smoothing effect for the spatially homogeneous Boltzmann
equation studied in [42, 32, 41, 15] with the above collaborators and Z.-H. Huo.

2. Assumptions on the collision cross section and estimates for Q

Inspired by the inverse power law interaction potential case (ii), in this article we
assume that the collision cross section B takes the form (1.3), in which the angular
factor b contains a singularity

(2.1) b(cos θ)θ2+2s → K (θ → 0), 0 < s < 1, K > 0,

and the kinetic factor Φ = Φγ is given by

(2.2) Φγ(|v − v∗|) = |v − v∗|γ , γ ∈ R.

To state estimates for the collision integral operator Q(f, g), we introduce the
following weighted Sobolev space; for p ≥ 1 and β, s ∈ R,

‖f‖Lp
β
=

(∫
R3

|〈v〉βf(v)|pdv
)1/p

, 〈v〉 = (1 + |v|2)1/2 ,

‖f‖Hs
β
=

(∫
R3

|〈Dv〉s
(
〈v〉βf(v)

)
|2dv

)1/2

.

Furthermore, in view of the entropy,2 we write f ∈ L logL(R3) if

‖f‖L logL =

∫
R3

|f(v)| log(1 + |f(v)|)dv < ∞ .

In what follows we denote r+ = max(r, 0) for r ∈ R.

Theorem 2.1 (Upper bound estimate). Let B satisfy (2.1) and (2.2) with γ >
max{−3,−3/2− 2s}. Then for any m ∈ (s− 1, s] and β ∈ R there exists a C > 0
such that∣∣∣(Q(f, g), h

)
L2

∣∣∣ ≤ C
(
||f ||L1

β++(γ+2s)+
+ ‖f‖L2

)
||g||Hs+m

(β+γ+2s)+
||h||Hs−m

−β
.(2.3)

If γ + 2s > 0, then, for m ∈ (s− 1, s] and β ∈ [−γ − 2s, 0] we have∣∣∣(Q(f, g), h
)
L2

∣∣∣ ≤ C||f ||L1
γ+2s

||g||Hs+m
β+γ+2s

||h||Hs−m
−β

.(2.4)

Theorem 2.1 was first proved in [32, 8] with the kinetic factor Φ(|z|) = |z|γ
replaced by the regularized variant Φ̃(|z|) = (1 + |z|2)γ/2, and in this case we do
not need restrictions for γ,m and the factor L2−norm of f in the right hand side
of (2.3). Though the regularized variant was considered to avoid the singularity
of Φ(|z|) = |z|γ at z = 0, this difficulty is overcome in [13]. Putting m = s in
Theorem 2.1, we see that Q behaves like the pseudodifferential operator of order
2s. It should be noted that the derivative appears only in the second factor g of
Q(f, g) but not in the first one f . Thus Q(f, g) is not symmetric with respect to
f, g. Similar upper bound estimates were given in [2, 4], for example, where the
derivative of f appears.

2If we put H =
∫
R3 f log fdv for f ≥ 0, then the integral −H coincides with the entropy

introduced by Boltzmann himself in statistical physics, and if f ∈ L1
β (β > 0), then H and

‖f‖L logL are equivalent (see [18],(2.14)).
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Theorem 2.2 (Lower bound estimate). Let B satisfy (2.1) and (2.2) with γ > −3.
If f ≥ 0, �≡ 0, f ∈ L1

max{2,|γ|}(R
3) ∩ L logL(R3), then there exist a constant C1 > 0

independent of f and another constant3 Cf > 0 which increases with respect to
1/‖f‖L1 and ‖f‖L1

max{2,|γ|}(R
3)∩L logL such that for any h ∈ S(R3) we have

1

Cf
‖h‖2Hs

γ/2
≤ −(Q(f, h), h)L2 + Cf‖h‖2L2

γ/2
+ C1‖f‖L1

|γ|
‖h‖2

H
(−γ/2)+

γ/2

.(2.5)

Furthermore, if γ + 2s ≤ 0 and if f ∈ L
3/(3+γ+2s′)
−γ for s′ ∈ (0, s), then

1

Cf
‖h‖2Hs

γ/2
≤ −(Q(f, h), h)L2 + Cf‖h‖2L2

γ/2
+ C1‖f‖L3/(3+γ+2s′)

−γ

‖h‖2
Hs′

γ/2

.(2.6)

Theorem 2.2 is called the coercivity estimate, which means −Q is the positive
definite. In fact,

−2(Q(f, h), h)L2 = 2

∫
R6×S2

Bf∗hh−Bf ′
∗h

′hdvdv∗dσ

= 2

∫
R6×S2

Bf∗
(
h2 − hh′)dvdv∗dσ(2.7)

=

∫
R6×S2

Bf∗(h− h′)2dvdv∗dσ +

∫
R6×S2

Bf∗(h
2 − h′2)dvdv∗dσ

holds,4 and the second term of the right hand side can be estimated above from the
third term of (2.5) or (2.6). Since the coercivity estimate can be regarded as the
hypoelliptic estimate, it plays an important role in proofs of the smoothing effect
and the global existence of solutions. The property of Theorem 2.2 was suggested
first in [35], and the precise index 2s was found in [3], where the estimate was still

local. The coercivity estimate was proved in [32, 8] for the regularized variant Φ̃,
and given finally in [15] for Φ with the singularity.

Roughly speaking, the above two theorems show that f > 0 implies

(2.8) Q(f, f) ≈ −Cf (−Δ)s + lower order terms, Cf > 0,

if we neglect5 the weight 〈v〉. Namely, the collision integral operator Q is similar
to the fractional power of the Laplace operator. Therefore, the Cauchy problem
for the Boltzmann equation (1.1) may resemble the one for the Kolmogorov type
equation

∂tf + v · ∇xf = −(−Δv)
sf , f(0, x, v) = f0(x, v) ∈ L2(R6

x,v).

By the Fourier transformation, the explicit solution of the above Cauchy problem
is given by

f̂(t, η, ξ) = e−
∫ t
0
|ξ−ρη|2sdρf̂0(η, ξ − tη).

3The uniform dependence of Cf with respect to these norms of f is important when this
estimate is applied to f depending on time variable t and space variable x. The existence of Cf

follows only from the fact that 0 ≤, �≡ f ∈ L1.
4The second equality follows from the change of variables (v, v∗, σ) → (v′, v′∗,k), k = (v −

v∗)/|v − v ∗ |, for the second term of the integrand.
5Putting m = 0, β = −γ/2 − s in Theorem 2.1 by means of Theorem 2.2 together we have

Cf
−1‖h‖2Hs

γ/2
≤ −(Q(f, h), h) + Cf‖h‖2L2

γ/2

≤ Cf‖h‖2Hs
γ/2+s

. The gap 〈v〉s requires certain

devices to show the existence of solutions.
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Using the inequality6

∃cs > 0 ; cs (t|ξ|2s + t2s+1|η|2s) ≤
∫ t

0

|ξ − ρη|2sdρ,

we obtain
ecs(t(−Δv)

s+t2s+1(−Δx)
s)f(t, ·, · ) ∈ L2(R6),

which is equivalent to the fact that for any α, β

‖(t1/2s∂v)α(t1+1/2s∂x)
βf(t, ·, ·)‖L2(R6) ≤ C0C

|α+β|
1 (α!β!)1/2s .

This means the solution gains the regularity at t > 0 (smoothing effect), that
is, f becomes smooth at t > 0 even if the initial data f0 is only in L2 and not
smooth. More precisely, f gains the regularity in Gevrey class of order 1/(2s) This
smoothing effect for the Kolmogorov type equation suggests that one can expect
C∞− smoothing effect and moreover the smoothing effect in the Gevrey function
space for the Boltzmann equation without angular cutoff.

3. Smoothing effect of weak solutions (spatially homogeneous case)

In this section we consider the regularization of solutions (smoothing effect)
which is a special property for the Boltzmann equation without angular cutoff, in
the case where the density distribution f is independent of the space variable x,
since this case is relatively easy to handle. For the Cauchy problem

(3.1)

{
∂tf(t, v) = Q(f, f)(t, v), t ∈ R

+, v ∈ R
3,

f(0, v) = f0(v),

it is known by Villani [55] that the non-negative weak solution, satisfying the finite
mass, energy and entropy

(3.2) sup
0<t

∫
R3

f(t, v)[1 + |v|2 + log(1 + f(t, v))]dv < +∞,

exists globally in time. We state the definition of weak solution:

Definition 3.1 ([55]). Let f0(v) ≥ 0 belong to L1
2(R

3)∩L logL(R3). We state that
f(t, v) is a weak solution of the Cauchy problem (3.1) if it satisfies the following
conditions:

f(t, v) ≥ 0,

f(t, v) ∈ C(R+;D′(R3)) ∩ L1([0, T ];L1
2+γ+(R3)) ∩ L∞([0, T ];L logL(R3)),

f(0, v) = f0(v),

∀t ≥ 0,

∫
R3

f(t, v)ψ(v)dv =

∫
R3

f0(v)ψ(v)dv , ψ = 1, v1, v2, v3, |v|2,∫
R3

f(t, v) log f(t, v)dv ≤
∫
R3

f0 log f0dv,∫
R3

f(t, v)ϕ(t, v)dv −
∫
R3

f0ϕ(0, v)dv(3.3)

−
∫ t

0

dτ

∫
R3

f(τ, v)∂τϕ(τ, v)dv =

∫ t

0

dτ

∫
R3

Q(f, f)(τ, v)ϕ(τ, v)dv,

and holds for any ϕ(t, v) ∈ C1(R+;C∞
0 (R3)).

6See [43, Lemma 3.1], for example.
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Theorem 3.2 ([15]). Let the cross section B satisfy (2.1) with 0 < s < 1 and
(2.2).

1) Suppose that γ > max{−2s,−1}. Let f be a weak solution to (3.1). For
0 ≤ T0 < T1, if f satisfies

(3.4) |v|
f ∈ L∞([T0, T1];L
1(R3)) , ∀� ∈ N,

then

f ∈ L∞([t0, T1];S(R3))

for any t0 ∈ (T0, T1).

2) When −1 ≥ γ > −2s, the same conclusion as above holds if 7

∫ T1

T0

D(t)dt <

∞ , where D(t) is the entropy dissipation functional defined by

(3.5) D(t) =
1

4

∫
R6×S2

B(f ′
∗f

′ − f∗f) log
f ′
∗f

′

f∗f
dvdv∗dσ ≥ 0.8

In Villani [55], the weak solution in Definition 3.1 is constructed by the limit
of solutions for the Boltzmann equation with angular cutoff, and it is known (see
[57, 21, 56]) that this weak solution satisfies the L1 moment condition (3.4) for
any T0 > 0. We remark that the uniqueness of the weak solution to the Cauchy
problem for the spatially homogeneous Boltzmann equation without angular cutoff
is known only in the case where γ = 0 (Maxwellian molecule case) [49].

If the angular singularity of b is mild, that is, 0 < s < 1/2, then we have the
similar smoothing effect with the rapidly decreasing function space S(R3) replaced
by the Sobolev space H∞(R3), without the L1 moment condition.

Theorem 3.3 ([15]). Let B satisfy (2.1) and (2.2) with 0 < s < 1/2, 0 ≤ γ ≤ 2.
If f is a weak solution to (3.1), then we have f ∈ L∞([t0, T1]; H

∞(R3)) for any
T1 > 0, t0 ∈ (0, T1).

The smoothing effect for weak solutions was first proved in [32] with the ki-

netic factor Φ replaced by the regularized variant Φ̃. In preceding works [25, 6],
the boundedness of the L2 moment condition was assumed additionally on weak
solutions. In [32], the case where the angular factor b has the logarithmic singularity

(3.6) b(cos θ)θ2(log θ−1)−ε → K (θ → 0), ε > 0, K > 0,

was also considered. If the the inverse power law interaction potential, U(ρ) ∼
ρ−(q−1), q > 2, is replaced by Debye-Yukawa type potential U(ρ) = ρ−1e−ρτ

(0 <
τ < 2), then one can draw the model satisfying (3.6) with ε = 2/τ − 1 (see [42]).
The logarithmic singularity (3.6) gives the coercivity estimate (2.5) with the left
hand side replaced by

1

Cf
‖(log(e+ |D|2))

ε+1
2 h‖2L2

γ/2
.

It is known by, for example, [38, 40] that this logarithmic type hypoelliptic estimate
is enough to gain the C∞ smoothness. As stated in the preceding section, the
hypoelliptic estimate of the fractional order suggests the smoothing effect in the

7If H(t) =
∫
R3 f log fdv, then it follows formally from the Boltzmann H−theorem that dH/dt+

D(t) = 0, and consequently
∫ T1
T0

D(t)dt = H(T0)−H(T1) < ∞.
8Because (A−B)(logA/B) ≥ 0, ∀A,B > 0.
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Gevrey functions space. We state a partial result on this subject for the spatially
homogeneous Boltzmann equation as follows:

Theorem 3.4 ([41]). Let B = Φ̃(|v − v∗|)b(cos θ), Φ̃ = (1 + |v − v∗|2)γ/2 and let b
satisfy (2.1) with 0 < s < 1/2. Assume γ ≥ 0 and γ + 2s < 1. If ν = 1/(2s) and
if f(t, v) is a smooth Maxwellian decay solution to the Cauchy problem (3.1) for a
fixed T > 0 in the following sense:{

f ≥ 0 , �≡ 0,

∃δ0 > 0; eδ0〈v〉
2

f ∈ L∞([0, T ]; H+∞(R3)),

then for any t0 ∈ (0, T ] there exist ρ > 0 and δ, κ > 0 satisfying δ > κT such that

(3.7) sup
t∈[t0,T ]

sup
α

ρ|α|‖e(δ−κt)〈v〉2∂α
v f(t)‖L2

{α!}ν < +∞ .

As a result related to the Gevrey smoothing effect, the linearized Boltzmann

equation around the equilibrium solution μ(v) = (2π)−3/2e−|v|2/2 was considered
in [42], where the Gevrey smoothing effect of the perturbation g was proved if
f = μ+ g is the solution to (3.1) and if a non-linear term Q(g, g) for g is omitted.
A similar Gevrey smoothing effect was given in [44] for the Landau equation which
corresponds to the limit as s → 1 in the Boltzmann equation without angular
cutoff. It was proved in Lekrine-Xu [34] that the Gevrey smoothing effect occurs
for the Kac equation which is derived from the radially symmetric solution of the
Boltzmann equation. All results mentioned in this paragraph are treated in the
Maxwellian molecule case, γ = 0, and there are many unknown problems even only
for the spatially homogeneous case.

In the rest of this section, we state the proof of Theorem 3.3. For brevity we
consider the case γ = 0, where the conclusion holds for any 0 < s < 1. Put
Mδ(t, ξ) = 〈ξ〉Nt−2〈δξ〉−N0 , for t ∈ [0, T1], N > 0, N0 ≥ NT1 and 0 < δ < 1. Then
we have Mδ(t,Dv)

2f ∈ L2([0, T1];W
2,∞(R3)), since f(t) ∈ L1(R3) ⊂ H−2(R3).

Here Mδ(t) = Mδ(t,Dv) plays the role of a mollifier which makes the weak solution
smooth. If we take Mδ(t)

2f as a ϕ in the definition of the weak solution, it follows
from (3.3) that

1

2

∫
R3

f(t)Mδ(t)
2f(t)dv − 1

2

∫ t

0

∫
R3

f(τ )(∂τMδ(τ )
2)f(τ )dvdτ

=
1

2

∫
R3

f0Mδ(0)
2f0dv +

∫ t

0

(
Q(f, f)(τ ),Mδ(τ )

2f(τ )
)
L2
dτ.(3.8)

Since ∂tMδ(t, ξ) = N log〈ξ〉Mδ(t, ξ) we have∫ t

0

∫
R3

f(τ )(∂τM
2
δ (τ ))f(τ )dvdτ ≤ 2N

∫ t

0

‖(log〈D〉)1/2Mδf(τ )‖2L2dτ.

In order to gain the regularity of the weak solution, we need to estimate the
commutator between the mollifier Mδ(D) = 〈D〉λ〈δD〉−N0 , (λ,N0 ∈ R) and the
collision integral operator Q.

Lemma 3.5. Let B satisfy (2.1) and (2.2) with 0 < s < 1 and γ = 0. Then there
exists a C > 0 independent of 0 < δ < 1 such that

|(Q(f,Mδ(D)g), h)L2−|(Q(f, g),Mδ(D)h)L2 | ≤ C‖f‖L1‖Mδ(D)g‖L2‖h‖L2 .(3.9)
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Use Lemma 3.5 with g = f, h = Mδf . Then it follows from Theorem 2.2 that∫ t

0

(
Q(f, f)(τ ),Mδ(τ )

2f(τ )
)
L2
dτ

≤
∫ t

0

(
− 1

Cf
‖〈D〉sMδ(τ )f(τ )‖2L2 + Cf‖Mδ(τ )f(τ )‖2L2

)
dτ,

which together with (3.8) yields

‖Mδ(t)f(t)‖2L2 ≤ ‖Mδ(0)f0‖2L2 + Cf

∫ t

0

‖Mδ(τ )f(τ )‖2L2dτ.

Since we have ‖(1 − δ�)−N0f(t)‖2HNt−2 = ‖Mδf(t)‖2L2 ≤ C‖f0‖2H−2 ≤ C‖f0‖2L1 ,

letting δ → 0 we get f(t) ∈ HNt−2, and hence f(t) ∈ H+∞ because N is arbitrary.
One can easily show Lemma 3.5 by using the Fourier transform of the bilinear

collision integral operator

Q(f, g)(v) =

∫
R3

∫
S2

b

(
v − v∗
|v − v∗|

· σ
)
{f ′

∗g
′ − f∗g} dσdv∗

= Q+(f, g)(v)−Q−(f, g)(v).

Indeed, for the first term we have the Bobylev formula ([20, 3])

(3.10) F(Q+(f, g))(ξ) =

∫
S2

f̂(ξ−)ĝ(ξ+)b(
ξ

|ξ| · σ)dσ, ξ± =
ξ ± |ξ|σ

2
,

and it is easy to check F(Q−(f, g))(ξ) =

∫
S2

f̂(0)ĝ(ξ)b(
ξ

|ξ| · σ)dσ. Therefore, it

follows from the Parseval formula that

(Q(f,Mδ(D)g), h)L2 − (Q(f, g),Mδ(D)h)L2

=
1

(2π)3

∫
R3

ξ

∫
S2

f̂(ξ−)b(
ξ

|ξ| · σ)
(
Mδ(ξ

+)−Mδ(ξ)
)
ĝ(ξ+)ĥ(ξ)dξdσ.

Note that Mδ(ξ) is a function of |ξ|2. Since it follows from

|ξ+|2 = |ξ|2 cos2 θ

2
,

ξ

|ξ| · σ = cos θ, θ ∈ [0,
π

2
],

that |ξ|2 ≤ 2|ξ+|2 ≤ 2|ξ|2, the mean value theorem gives

|Mδ(ξ
+)−Mδ(ξ)| ≤ C sin2

θ

2
Mδ(ξ

+).

Noting
∫
b(cos θ) sin2(θ/2)dσ < ∞ and ‖f̂(ξ−)‖L∞ ≤ ‖f‖L1 , by Schwarz inequality

we have (3.9).9

In the case where γ �= 0, the commutator estimate between the mollifier Mδ(D)
and the collision integral operatorQ is involved. The case for the regularized variant
Φ̃ was treated in [32, 8] by using the pseudodifferential calculus effectively. The case
for the singular kinetic factor Φ requires the detailed calculation in the harmonic
analysis ([13, 15]).

9To estimate
∫
R3×S2

b(cos θ) sin2(θ/2)|(Mδ ĝ)(ξ
+)|2dξdσ, we use the change of variables ξ →

ξ+, whose Jacobian |∂ξ/∂ξ+| = 22/ cos2(θ/2) is finite because θ ∈ [0, π/2].
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4. Regularity of solutions to the Boltzmann equation

(spatially inhomogeneous case)

When the density distribution f depends on the space variable x, that is, in
the spatially inhomogeneous case, it is unknown whether the smoothing effect of
solutions occurs similarly to the Kolomogorov type equation stated at the end of
Section 2, or, as for the spatially homogeneous Boltzmann equation in the preceding
section. However, if one assumes the regularity of appropriate order for solutions
to avoid the difficulty coming from the non-linearity, the spatially inhomogeneous
Boltzmann equation possesses the property that its solution has the C∞ smoothness
with respect to all variables, a kind of C∞−hypoellipticity.10

As in Section 2, we use the weighted Sobolev space in R3
x × R3

v. For m, � ∈ R,
we put

Hm

 (R6) =

{
f ∈ S ′

(R6); 〈v〉
 f ∈ Hm(R3
x × R

3
v)

}
,(4.1)

where the weight is imposed only in variable v ∈ R3. To consider solutions locally
with respect to the position space, when m ∈ N we similarly define Hm


 (Ω × R3
v)

for a domain Ω ⊂ R3
x. Differing from the spatially homogeneous case, solutions are

handled in the frame of L or Hm concerning v variable, instead of L1.

Theorem 4.1 ([13]). Assume that the collision cross section B satisfies (2.1) and
(2.2) with γ > max{−3,−3/2−2s}. Let 0 < T ≤ +∞ and let Ω be a domain in R3

x.
Let f belong to L∞([0, T ];H5


 (Ω×R3)) for any � ∈ N and be a solution of (1.1) in
(0, T )× Ω× R3. Furthermore, if f satisfies the following local coercivity estimate:

∀K compact ⊂ Ω, ∀T1, T2 ∈ (0, T ), T1 < T2, ∃C0 > 0;

1

C0
‖h‖2L2(R4;Hs

γ/2
(R3

v))
≤ −(Q(f, h), h)L2(R7) + C0‖h‖2L2

γ/2+s
(R7) ,(4.2)

∀h ∈ C1
0 ((T1, T2);C

∞
0 (K;H+∞


 (R3))),

then we have f ∈ C∞((0, T )× Ω;S(R3)).

Remark 4.2. If a non-negative f ∈ L∞([0, T ];H5

 (Ω×R3)) satisfies (1.1) and more-

over

(4.3) ‖f(t, x, ·)‖L1(R3
v)

> 0,

holds for all (t, x) ∈ (0, T ) × Ω, then the local coercivity estimate follows11 from
Theorem 2.2. In Section 5, we will show the existence of the global solution which
is not necessarily non-negative but satisfies the local coercivity estimate. In the
case where 0 < s < 1/2 and γ = 0, the hypothesis H5


 (Ω× R3) can be replaced by
H3


 (Ω× R3)(see [10]).

We state the outline of the proof of Theorem 4.1. Notice the gain of the regularity
〈Dv〉s with respect to v variable by putting h = f in (4.2). Then we employ the
result obtained in [7] concerning the regularity of solutions to a transport equation

∂tf + v · ∇xf = g .(4.4)

10We say that a linear differential operator P defined in a domain U is hypoelliptic if and only
if Pf ∈ C∞(U), f ∈ D′(U) imply f ∈ C∞(U).

11We have f ∈ C1((0, T )× Ω;L1
2 ∩ L2) by means of (1.1) and Theorem 2.1.
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Proposition 4.3 ([7]). Assume that g ∈ H−s′(R7
t,x,v), for some s′ ∈ [0, 1). Let

f ∈ L2(R7) be a weak solution of (4.4) such that 〈Dv〉sf ∈ L2(R7) for some
0 < s < 1. Then it follows that

〈Dx〉s(1−s′)/(s+1)f ∈ L2
−ss′/(s+1)(R

7), 〈Dt〉s(1−s′)/(s+1)f ∈ L2
−s/(s+1)(R

7) .

We use this proposition with g = 〈v〉
Q(f, f). If f is a classical solution with an

appropriate regularity, then we have g ∈ H−s′ , and hence gain the regularity with
respect to t, x. Combining this regularity of t, x together with the regularity with
respect to v, we can gain a little more regularity with respect to all variables t, x, v.
Using Proposition 4.3 again, we can gain a little more regularity. The repetition of
this procedure leads us to the conclusion of Theorem 4.1. In carrying out the proof,
we need not only the commutator estimate between the collision integral operator
Q and the mollifier M(Dv), stated in the preceding section, but also the following
commutator estimate between Q and the weight 〈v〉
:

Lemma 4.4 ([13]). Let B satisfy (2.1) and (2.2) with 0 < s < 1, γ>max{−3,−2s−
3/2}. For any ε > 0, � ∈ R there exists C = Cε,
 > 0 such that∣∣∣(〈v〉
 Q(f, g)−Q(f, 〈v〉
g), h

)
L2(R3

v)

∣∣∣
≤ C‖f‖L2

�+3/2+(2s−1)++γ++ε
‖g‖

H
(2s−1+ε)+

�+(2s−1)++γ+

||h||L2 .

We sketch the idea of the proof of Proposition 4.3 which gives the hypoelliptic
estimate of the transport equation (4.4). Considering the Fourier transform of

g ∈ H−s′(R7) and the transport term ∂t + v · ∇x with respect to t, x, we put

|τ + v · η|2/(1 + |τ |2 + |η|2)s′ = V (v; τ, η), and regard the hypothesis 〈Dv〉sf ∈ L2

as ((−Δv)
sf, f)L2 < ∞. Then it is important to consider the positivity of the time

independent Schrödinger type operator (−Δv)
s+V (v; τ, η). This kind of positivity

for the case s = 1 was formulated in the 1980s by Fefferman [27], as the uncertainty
principle, and the case for a general s was treated in [39, 40], for example, to study
the hypoellipticity of degenerate elliptic operators.

5. The existence of solutions to the Boltzmann equation

without angular cutoff (spatially inhomogeneous case)

We discuss the existence of classical solutions which satisfy assumptions of The-
orem 4.1. Consider the Cauchy problem

(5.1)

{
ft + v · ∇xf = Q(f, f), t > 0, x, v ∈ R

3,
f |t=0 = f0, x, v ∈ R3 .

There are few results concerning the existence of solutions for the spatially inhomo-
geneous Boltzmann equation without angular cutoff. Other than [19, 52] referred
to in the introduction, Alexandre [1] and Alexandre-Villani [17] constructed the
local solution and the global one, respectively, but they are weak solutions that are
not classical solutions treated in Theorem 4.1. It was proved in [52] that the local
solution exists for the initial datum in Gevrey function space, but this solution is
already in C∞ and not an object of Theorem 4.1.

As existence theorems about classical solutions, in this section we state the
time local existence, and the time global existence around the equilibrium μ(v) =

(2π)−3/2e−|v|2/2. For the global solution we discuss the asymptotic behaviour to
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the equilibrium when the time tends to ∞. In both existence theorems, we consider
solutions with the decay order of Maxwellian function in v variable, in order to fill
up the gap 〈v〉s between the lower and the upper estimates for the collision integral
operator. In this way, we directly obtain the uniqueness of solutions in the function
space where solutions are constructed; however, in the next section we will discuss
the uniqueness problem in a more general frame, as the uniqueness of solutions for
the Boltzmann equation without angular cutoff.

5.1. Time local solution. To loosen the restriction on the behaviour with respect
to x variable, instead of the weighted Sobolev space Hm


 (R6) defined in (4.1), we
introduce the following uniformly local Sobolev space: For k ∈ N ∪ {0}, � ∈ R we
put

Hk,

ul (R

6) = {g ∈ D′(R6) ; ‖g‖Hk,�
ul

=
∑

|α+β|≤k

sup
a∈R3

∫∫
|φ(x− a)〈v〉
∂α

β g(x, v)|2dxdv < ∞} ,

φ ∈ C∞
0 (R3), φ(x) = 1 (|x| < 1), φ(x) = 0 (|x| > 2),(5.2)

∂α
β = ∂α

x ∂
β
v (α, β ∈ N

3).

The uniformly local Sobolev space was first introduced by Kato in [33] as a space
of functions of x variable, and was used to develop the local existence theory on the
quasi-linear symmetric hyperbolic systems without specifying the limit behaviour
at infinity.

We define the function space with the Maxwellian decay order in v variable,
similar to Theorem 3.4. For k ∈ NCT > 0 we put

Ek
0 (R

6) =
{
g ∈ D′(R6

x,v); ∃ ρ0 > 0 s.t. eρ0〈v〉2g ∈ Hk
ul(R

6
x,v)

}
,

Ek([0, T ]× R
6) =

{
f ∈ C0([0, T ];D′(R6

x,v)); ∃ ρ > 0 s.t.

eρ〈v〉
2

f ∈ C0([0, T ]; Hk
ul(R

6
x,v))

}
,

where Hk
ul(R

6) = Hk,0
ul (R6).

Theorem 5.1 ([14]). Let B satisfy (2.1) and (2.2) with 0 < s < 1/2 and γ ∈
(−3/2, 1 − 2s). If the initial data f0 is non-negative and belongs to the function

space Ek0
0 (R6) for some k0 ∈ N, k0 ≥ 4, then there exists T∗ > 0 such that the

Cauchy problem (5.1) admits a non-negative unique solution in the function space
Ek0([0, T∗]× R

6).

By means of Theorem 4.1 and its remark we have

Proposition 5.2. Assume the same conditions as in Theorem 5.1. Furthermore,
if the initial datum f0 belongs to E5

0 (R
6) and it satisfies, for any compact K ⊂ R3

x,

‖f0(x, ·)‖L1(R3
v)

> 0, ∀ x ∈ K,

then there exist a T̃0 ∈ (0, T∗] and a neighborhood V0 of K such that f ∈ C∞((0, T̃0)
×V0; S(R3

v)) .
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Remark 5.3. Though s and γ are restricted, Theorem 5.1 guarantees the local
existence of solutions for any initial data f0 without the restriction on the size and
asymptotic behaviour at x−infinity. Indeed, the theorem gives solutions vanishing
at x = ∞ (solutions close to vacuum), or periodic solutions with respect to x, or
solutions approaching the equilibrium at x = ∞.

The strategy of the proof of Theorem 5.1 is as follows: In order to fill up the
moment loss of order s in v variable, we introduce weight functions in v of time
dependent Maxwellian type, used in [52],

μκ(t) = μ(t, v) = e−(ρ−κt)〈v〉2 , κ, ρ > 0, 0 ≤ t ≤ T0 := ρ/(2κ) .

Putting f = μκ(t)g, Γt(g, g) = μκ(t)
−1Q(μκ(t)g, μκ(t)g) we consider the Cauchy

problem for g

(5.3)

{
gt + v · ∇xg + κ〈v〉2g = Γt(g, g),
g|t=0 = g0.

Thanks to this weight function μκ(t), we gain the third term in the left hand side,
which solves the moment loss. If one defines

Mk,
((0, T )× R
6)) = {g | ‖g‖Mk,�((0,T )×R6))

=
∑

|α+β|≤k

sup
a∈R3

∫
(0,T )×R6

|φ(x− a)〈v〉
∂α
β g(x, v)|2dtdxdv < +∞},

then the proof of Theorem 5.1 can be reduced to

Proposition 5.4. Assume that B satisfies the same assumptions as in Theorem

5.1. Let κ, ρ > 0 and let g0 ∈ Hk,

ul (R

6), g0 ≥ 0 for some k ≥ 4 and � ≥ 3.
Then there exists T∗ ∈]0, T0] such that the Cauchy problem (5.3) admits a unique
non-negative solution satisfying

g ∈ C0([0, T∗]; Hk,

ul (R

6)) ∩ Mk,
+1((0, T∗)× R
6) .

For the proof of this proposition we approximate the collision cross section B by
Bε = Φ(|v − v∗|)bε(θ), where bε(cos θ) = b(cos θ) if |θ| ≥ 2ε, b(cos ε) if |θ| ≤ ε. The
proposition can be proved by showing the uniform a priori estimates with respect
to the cutoff parameter ε for the approximate solutions {gε}.

5.2. Time global solution and its asymptotic stability to the equilibrium.
We first recall the global existence theory for the Boltzmann equation with angular
cutoff. There have been developed three theoretical frame works from which a
principle completely differs.

(1) L∞ theory : solutions near equilibrium,
spectral analysis + bootstrap method, Ukai [50, 51] (1974, 1976),
Nishida-Imai [46] (1977), Shizuta-Asano [48] (1977), [53, 54] · · ·

(2) L1 theory : solutions without restriction on amplitude,
renormalization + H theorem,
DiPerna-Lions [26] (1989), Hamdache [31] (1992) · · ·

(3) L2 theory : solutions near equilibrium,
macro-micro-decomposition + energy method
Liu-Yang-Yu [36, 37] (2004), Guo [28] (2004) · · ·
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When the global solution is constructed for the non-linear equation, the dissipation
property of the equation may play an important role in general. The H theorem12

means the dissipation property of the Boltzmann equation, but it is not strong
enough to work for the global existence. The difference among the above three
frame works depends on the difference of how the strong dissipation is derived from
the weak dissipation. Innovations, in the research of this direction, have been born
successively and greatly contributed to the development of the theory for the non-
linear partial differential equation. A variety of innovation has been brought about
approximately every 15 years, and this shows that there is fruitful mathematical
research and a great possibility of further development in the Boltzmann equation.

In what follows we state the global existence of solutions by extending the method
by Guo [28] to the angular non-cutoff case. We consider the perturbation solution
f = μ+

√
μg around the normalized Maxwellian distribution

μ(v) = (2π)−
3
2 e−

|v|2
2 .

Since Q(μ, μ) = 0 we have

Q(μ+
√
μg, μ+

√
μ g) = Q(μ,

√
μ g) +Q(

√
μ g, μ) +Q(

√
μ g,

√
μ g).

Denote

(5.4) Γ(g, h) = μ−1/2Q(
√
μ g,

√
μh).

Then the linearized Boltzmann operator takes the form

(5.5) Lg = L1 g + L2 g = −Γ(
√
μ , g)− Γ(g,

√
μ ).

Now the original problem (5.1) is reduced to the Cauchy problem for the pertur-
bation

(5.6)

{
gt + v · ∇xg + Lg = Γ(g, g), t > 0 ,
g|t=0 = g0,

where g0 is defined by f0 = μ+
√
μg0.

As stated in the preceding subsection, for the existence theorem of solutions
it is important to fill up the gap between the lower and the upper estimates for
the collision integral operator. Since the global existence of solution is reduced to
the equation for the perturbation, it is our task to consider the upper and lower
estimates for the linearized operator L. In order to estimate them without a gap,
we introduce the following norm:

|||g|||2 =

∫∫∫
Bμ∗

(
g′ − g

)2
dvdv∗dσ +

∫∫∫
Bg2∗

(√
μ′ −√

μ
)2
dvdv∗dσ

=J1(g) + J2(g) .(5.7)

It is known that the linearized Boltzmann operatorL has the null space

N = Span
{√

μ , v1
√
μ , v2

√
μ , v3

√
μ , |v|2√μ

}
.

If P denotes the L2-orthogonal projection onto the null space N , then we have the
following about the linearized operator L and the non-linear term in (5.6).

12In view of the spatially inhomogeneous case, we put H(t) =
∫
R6 f log fdvdx. If D(t) in (3.5)

is defined, similarly adding the integration over R3
x, then dH/dt = −D(t) ≤ 0, and hence the

entropy −H(t) increases, which was proved by Boltzmann and called the H theorem.
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Theorem 5.5 ([11]). Let B satisfy (2.1) and (2.2) with 0 < s < 1, γ > −3. Then
there exists a C > 0 such that

C−1|||(I−P)g|||2 ≤
(
Lg, g

)
L2(R3

v)
≤ 2

(
L1g, g

)
L2(R3

v)
≤ C|||g|||2 ,(5.8)

C−1
(
||g||2Hs

γ/2
(R3

v)
+ ||g||2L2

s+γ/2
(R3

v)

)
≤ |||g|||2 ≤ C||g||2Hs

s+γ/2
(R3

v)
.(5.9)

Furthermore if γ > max{−3,−2s− 3/2}, then∣∣∣(Γ(f, g), h)L2(R3
v)

∣∣∣ ≤ C
{
‖f‖L2

s+γ/2
(R3

v)
|||g|||+ ‖g‖L2

s+γ/2
(R3

v)
|||f |||

+min
{
||f ||L2(R3

v)
||g||L2

s+γ/2
(R3

v)
, ||f ||L2

s+γ/2
(R3

v)
||g||L2(R3

v)

}}
|||h||| .(5.10)

Remark 5.6. The linearized operator L2 is the remainder term in the sense that
|(L2g, g)| ≤ Cβ‖g‖2L2

β
for any β ∈ R. Though the norm |||g||| itself has the gap 〈v〉s

between upper and lower estimates by the weighted Sobolev space, the linearized
operator L can be estimated without a gap by the norm |||g||| except for the null
space N .

The norm ||| · ||| for the case γ = 0, 0 < s < 1/2, was first introduced in [10], and
the one for general case employed in [9, 10],13 where time global solutions of the
Boltzmann equation without angular cutoff in the whole space R

3
x were given for

the first time.
If γ + 2s ≥ 0, then it follows from (5.9) that ‖g‖L2 ≤ C|||g|||, and hence the

third term between the big braces on the right hand side of (5.10) is absorbed in
the first and second terms. In this way, the sign of γ + 2s plays the crucial role in
considering the perturbation solution of the Boltzmann equation without angular
cutoff. Therefore, in this section, the case γ + 2s > 0 is called hard potential and
the case γ + 2s ≤ 0 is called soft potential.

Theorem 5.7 ([12] Hard potential). Let B satisfy (2.1) and (2.2) with 0 < s <
1, γ + 2s > 0. Let g0 ∈ Hk


 (R
6) for k ≥ 6, � > 3/2 + 2s + γ. Then there exists a

small ε0 > 0 such that if ‖g0‖Hk
� (R

6) ≤ ε0, then the Cauchy problem (5.6) admits a

global solution

g ∈ L∞([0,+∞) ; Hk

 (R

6)) .

Furthermore if f0(x, v) = μ+
√
μg0(x, v) ≥ 0, then

f(t, x, v) = μ+
√
μg(t, x, v) ≥ 0,

that is, f(t, x, v) is a non-negative global solution to the Cauchy problem (5.1).

In the case γ + 2s ≤ 0, instead of the weighted Sobolev space defined in (4.1),
we use the function space with the weight of v which varies with respect to the
number of v derivatives. For k ∈ N ∪ {0}, � ∈ R we put

H̃k

 (R

6) =
{
f ∈ S ′(R6

x,v) ; ‖f‖2H̃k
� (R

6)
=

∑
|α|+|β|≤k

‖W̃
−|β|∂
α
β f‖2L2(R6) < +∞

}
.

W̃ = 〈v〉|2s+γ|, W̃
 = 〈v〉|2s+γ|
, ∂α
β = ∂α

x ∂
β
v (α, β ∈ N

3).

13The equivalent norm with completely different form was used in Gressman-Strain [29, 30],
where global solutions periodic in the x space are constructed.
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Theorem 5.8 ([11] Soft potential). Let B satisfy (2.1) and (2.2) with 0 < s < 1,

γ + 2s ≤ 0 and γ > max{−3,−2s − 3/2}. Assume that g0 ∈ H̃N

 (R6) for N ≥

4, � ≥ N . Then there exists a small ε0 > 0 such that if ‖g0‖H̃N
� (R6) ≤ ε0, then the

Cauchy problem (5.6) admits a global solution

g ∈ L∞([0,+∞) ; H̃N

 (R6)) .

Furthermore if f0(x, v) = μ+
√
μg0(x, v) ≥ 0, then the Cauchy problem (5.1) has a

non-negative global solution.

Remark 5.9. Differing from time local solutions, the non-negativity of global solu-
tions to the Cauchy problem (5.1) does not follow directly from the construction
procedure of the perturbation g, but another proof is indispensable. Even if ε0 is
very small, we do not always have f0 ≥ 0, and hence the above Theorems 5.7 and
5.8 show the existence of negative solutions. In the next section, the non-negativity
of solutions, together with the uniqueness of solutions, will be discussed within a
general framework. The case γ + 2s = 0 can be included in Theorem 5.7.

Remark 5.10. Under the same assumptions as in Theorem 5.8, we can show the
global existence of solutions in the function space without the weight and the deriv-
ative of v variable. In fact, if N ≥ 4 and if the initial datum g0 ∈ HN (R3

x;L
2(R3

v))
satisfies ‖g0‖HN (R3

x;L
2(R3

v))
≤ ε0 for a sufficiently small ε0 > 0, then the Cauchy

problem (5.6) admits a time global solution g ∈ L∞([0,∞);HN (R3
x;L

2(R3
v))).

Since the time global solution f = μ+
√
μg around the equilibrium μ has been

constructed, we next consider the stability of the equilibrium, that is, the time
decay of the perturbation g.

Theorem 5.11 ([13]). Let B satisfy (2.1) and (2.2) with 0 < s < 1. If f =
μ + μ1/2 g is a global solution to the Cauchy problem (5.1) with the initial datum
f0 = μ+ μ1/2 g0, then we have the following two cases:

1) Let γ + 2s > 0, N ≥ 6, � > 3/2 + 2s + γ. There exists ε0 > 0 such that if
‖g0‖2L2(R3

v;L
1(R3

x))
+ ‖g0‖2HN

� (R6)
≤ ε0 and g ∈ L∞([0,+∞) ; HN


 (R6)), then we have

for all t > 0,

‖g(t)‖2L2(R6) = ‖Pg(t)‖2L2(R6) + ‖(I−P)g(t)‖2L2(R6) � (1 + t)−3/2,

and ∑
1≤|α|≤N

‖∂αPg(t)‖2L2(R6) +
∑

|α|≤N

‖∂α(I−P)g(t)‖2L2(R6) � (1 + t)−5/2.

2) Let max{−3,− 3
2 − 2s} < γ ≤ −2s,N ≥ 6, � ≥ N + 1. There exists ε0 > 0

such that if ‖g0‖2H̃N
� (R6)

≤ ε0 and g ∈ L∞([0,+∞) ; H̃N

 (R6)), then we have for all

t > 0,

sup
x∈R3

‖g(t)‖2HN−3(R3
v)

� (1 + t)−1.

Here notation A � B means that there exists a constant C > 0 such that A ≤ CB.

We sketch the proof of Theorem 5.8. The perturbation g is time locally con-
structed as a limit of successively approximate solutions{

(∂t + v∇x)g
n+1 + L1(g

n+1) + L2(g
n) = Γ(gn, gn+1),

gn+1|t=0 = g0, where g1 ≡ 0 .
(5.11)
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To show the existence of the successively approximate sequence {gn} and its
convergence, it is important to define the weighted function space

B̃k

 (R

6) =
{
g ∈ S ′(R6

x,v) ; ‖f‖2B̃k
� (R

6)
=

∑
|α|+|β|≤k

∫
R3

x

|||W̃
−|β|∂
α
β g(x, ·)|||2dx < +∞

}

by means of ||| · ||| in (5.7), instead of the Sobolev norm, and to prove the following
proposition.

Proposition 5.12. Let 0 < s < 1, max{−3,−2s− 3/2} < γ ≤ −2s,N ≥ 4, � ≥ N .

There exist ε0, ε1 > 0 and T > 0 such that if g0 ∈ H̃N

 (R6) and ‖g0‖H̃N

� (R6) ≤ ε1,

then (5.11) admits the successively approximate solution sequence {gn, n ∈ N} ⊂
L∞([0, T ]; H̃N


 (R6)) ∩ L2([0, T ]; B̃N

 (R6)), and for any n we have

‖gn‖2
L∞([0,T ]; H̃N

� (R6))
+ ||gn||2

L2([0,T ]; B̃ N
� (R6))

≤ ε20 .

In the construction of the global solution, we need to require the initial datum
small at the step of showing the time local existence. In the proof of Proposition
5.12, we put g = gn+1, h = gn in the first equation (5.11), and after taking the

derivative ∂α
β on both sides of the equation, we multiply it by (W̃
−|β|)

2∂α
β g and

integrate over R6. Then we have, for |α+ β| ≤ N ,

1

2

d

dt
‖W̃
−|β| ∂

α
β g‖2L2(R6) +

(
W̃
−|β|∂

α
βL1(g), W̃
−|β|∂

α
β g

)
L2(R6)

≤ C
{
‖h‖H̃N

� (R6) ||g||2B̃N
� (R6)

+ ‖h‖B̃N
� (R6) ‖g‖HN

� (R6)||g||B̃N
� (R6)(5.12)

+ ‖g‖2H̃N
� (R6)

+ ‖h‖H̃N
� (R6)‖g‖H̃N

� (R6)

}
.

In this calculation, we use the non-linear term estimate (5.10) stated in Theorem
5.5, and moreover the following commutator estimate between the weight 〈v〉 and
Γ, similar to Lemma 4.4.

Lemma 5.13 ([11]). Let 0 < s < 1, γ > max{−3,−2s− 3/2}. For any � ∈ R there
exists a C = C
 > 0 such that∣∣∣(〈v〉
Γ(f, g)− Γ(f, 〈v〉
g), h

)
L2(R3

v)

∣∣∣ ≤ C
(
‖f‖L2

s+γ/2
(R3

v)
‖g‖L2

�+γ/2
(R3

v)

+min{‖f‖L2(R3
v)
‖g‖L2

�+γ/2
(R3

v)
, ‖f‖L2

s+γ/2
(R3

v)
‖g‖L2

�−s(R
3
v)
}
)
|||h|||.

Using the lower estimate (5.8) for the linearized operator L1 and |||PW̃
∂
α
β g||| ≤

C‖∂αg‖, by means of (5.12) we have

d

dt
‖g‖2H̃N

� (R6)
+

1

C
||g||2B̃ N

� (R6)
≤ C

{
‖h‖H̃N

� (R6)
||g||2B̃ N

� (R6)

+ Cδ

(
||h||2B̃ N

� (R6)
+ 1

)
‖g‖2H̃N

� (R6)
+ δ‖g‖2B̃ N

� (R6)
+ ‖h‖2H̃N

� (R6)

}
.

Since h = gn, g = gn+1, if ε20 � C−2e−CT , then it follows from

‖gn‖2
L∞([0,T ]; H̃N

� (R6))
+ ‖gn‖2

L2([0,T ]; B̃ N
� (R6))

≤ ε20

that

‖gn+1‖2
L∞([0,T ]; H̃N

� (R6))
+ ||g||2

L2([0,T ]; B̃ N
� (R6))

≤ CeC T
(
‖g0‖2H̃N

� (R6)
+ ε20T

)
,

which yields Proposition 5.12.
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To extend the time local solution (5.6) and show the existence of the global
solution, we derive the energy estimate of solution

E(t) + C1

∫ t

0

D(τ )dτ ≤ E(0) + C2

∫ t

0

E(τ )1/2D(τ )dτ,(5.13)

where E = ‖g‖2H̃N
� (R6)

and the dissipation functional D is given in the form

D = ‖∇xg1‖2HN−1
x (R3;L2(R3

v))
+ ‖g2‖2B̃N

� (R6)
,

by decomposing the solution g into the macro part and the micro part

g = Pg + (I−P)g = g1 + g2 ,

following Guo [28], as stated at the beginning of this subsection. Since we cannot
use the lower estimate (5.8) of the linearized operator L for g1 belonging to the null
space of L, taking an expansion

g1 = Pg =
(
a(t, x) + b(t, x) · v + c(t, x)|v|2

)
μ1/2, A = (a, b, c),

and noting ‖∇xg1‖2HN−1
x (R3;L2(R3

v))
∼ ‖∇xA‖2

HN−1
x

, we derive

∂t

{
a+ b · v + c|v|2

}
μ1/2 + v · ∇x

{
a+ b · v + |v|2c

}
μ1/2

= −(∂t + v · ∇x)g2 + Lg2 + Γ(g, g)

for A = (a, b, c) from the Cauchy problem (5.6). Using the identity

v · ∇xb · v =
∑
i,j

vivj∂ibj =
∑
i

v2i ∂ibi +
∑
i>j

vivj(∂ibj + ∂jbi)

we get⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(i) vi|v|2μ1/2 : ∇xc = −∂trc + lc + hc,
(ii) v2i μ

1/2 : ∂tc+ ∂ibi = −∂tri + li + hi,

(iii) vivjμ
1/2 : ∂ibj + ∂jbi = −∂trij + lij + hij , i �= j,

(iv) viμ
1/2 : ∂tbi + ∂ia = −∂trbi + lbi + hbi,

(v) μ1/2 : ∂ta = −∂tra + la + ha,

where

{ej}13j=1 = {vi|v|2μ1/2, v2i μ
1/2, vivjμ

1/2, viμ
1/2, μ1/2},

and by its dual basis {e∗l }13k=1 (that is, (ej , e
∗
k)L2(R3

v)
= δj,k) , rc, · · · , ha are given

by

r = (g2, e
∗)L2(R3

v)
, l = −(v · ∇xg2 + Lg2, e∗)L2(R3

v)
, h = (Γ(g, g), e∗)L2(R3

v)
.

Applying Theorem 5.5 to the right hand of equations (i-v), we obtain the differential
inequality with ‖∇xA‖2

HN−1
x

as a dissipation term. Moreover, showing the improved

version of (5.12)14 for the micro part g2, we finally obtain the energy estimate (5.13).
We shall see that global solutions f = μ +

√
μg given in Theorems 5.7 and 5.8

satisfy the local coercivity estimate stated in the hypothesis of Theorem 4.1, in
spite of the pointwise ± sign of f . We have the following estimate of the collision
integral operator by the norm ||| · |||.

14Since [v ·∇x, ∂α
β ] = −

∑
∂j∂α

β′ for β �= 0, the term ([v ·∇, W̃�−|β|∂
α
β ]g2, W̃�−|β|∂

α
β g2)L2(R6) is

estimated by
∫
|||W̃�−|β′|∂

α+1
β′ g2||| |||W̃�−|β|∂

α
β g2|||dx, which can be absorbed into the dissipation

term.
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Proposition 5.14 ([13]). If 0 < s < 1, γ > max{−3, −3/2− 2s}, then∣∣(Q(
√
μ g, h), h

)
L2(R3

v)

∣∣ ≤ C‖g‖L2(R3
v)
|||h|||2 .

On the other hand, noting (2.7) we have

−2(Q(μ, h), h)L2 = J1(h) +

∫
R6×S2

Bμ∗(h
2 − h′2)dvdv∗dσ .

To estimate the second term of the right hand side, we recall the fundamental
lemma in [3].

Lemma 5.15 ([3] Cancellation lemma). For the cross section B(|v− v∗|, cos θ) we
have ∫

R3
v×S2

B(|v − v∗|, cos θ)(H ′ −H)dvdσ =

∫
R3

v

S(|v − v∗|)H(v)dv,

where

S(|v|) = 2π

∫ π/2

0

sin θ
[ 1

cos3(θ/2)
B(

|v|
cos(θ/2)

, cos θ)−B(|v|, cos θ)
]
dθ .

If B of the form (1.3) satisfies (2.1) and (2.2), then S(|v|) is equal to |v|γ with a
constant factor. Consequently, if γ > −3 we have

∣∣ ∫
R6×S2

Bμ∗(h
2 − h′2)dvdv∗dσ

∣∣ ≤ C

∫
R6

|v − v∗|γμ∗|h|2dvdv∗ ≤ C‖h‖2L2
γ/2

.

Since it follows from (5.9) and (5.7) that the following proposition holds for J2(h),
for h ∈ S(R3

v) we have

C−1‖h‖2H2
γ/2

≤ |||h|||2 = J1(h) + J2(h) ≤ −2(Q(μ, h), h)L2(R3
v)

+ C‖h‖2L2
s+γ/2

(R3
v)

≤ −2(Q(f, h), h)L2(R3
v)

+ C
(
‖h‖2L2

s+γ/2
(R3

v)
+ ‖g‖L2(R3

v)
|||h|||2

)
,(5.14)

where we used f = μ +
√
μg and Proposition 5.14. Therefore, if ‖g‖L∞

t,x(L
2(R3

v))
is

small enough, then the local corecivity estimate (4.2) holds with the left hand side
replaced by the stronger term

∫
|||h|||2dtdx. Since the smallness of ‖g0‖H2(R6) for

the initial perturbation g0 implies the smallness of ‖g‖L∞([0,∞)×R3
x;L

2(R3
v))

for the

perturbation g, the local coercivity estimate holds for any domain in (0,∞)× R3
x,

and hence the global solution f belongs to C∞((0,∞)× R3
x;S(R3

v)).

Proposition 5.16 ([11]). Let B satisfy (2.1) and (2.2) with 0 < s < 1, γ > −3.
Then there exists a C > 0 such that15

C−1‖h‖2L2
s+γ/2

(R3
v)

≤ J2(h) ≤ C‖h‖2L2
s+γ/2

(R3
v)
.

15The lower estimate for J2(h) was proved by the direct calculation in [11], where the estimate

(Lh, h) ≥ 10−1|||h|||2 − C‖h‖2
L2

γ

was also given, and hence we find another direct proof of the estimate

||(I−P)h||L2
s+γ/2

≤ C(Lh, h)L2(R3),

given by Mouhot-Strain [45] by means of the method of the functional analysis.
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6. Uniqueness and non-negativity of solutions

In this section we consider the uniqueness of solutions to the Cauchy problem
for the Boltzmann equation without angular cutoff. Though we treat the spatially
inhomogeneous case, most of the results are applicable to the spatially homogeneous
case because the function space which the solutions handled belong to is L∞ with
respect to the space variable x. The non-negativity of solutions plays an important
role in the proof of the uniqueness, but the uniqueness of solutions holds in spite of
the non-negativity if one assumes the strong coercivity estimate, stated at the end
of the preceding section,∫

R3
x

|||h(x, ·)|||2dx ≤ C
(
−
(
Q(f, h), h

)
L2(R6)

+ ‖h‖2L2(Rx;L2
(s+γ/2)+

(R3
v)

)
(6.1)

that global solutions given in Theorems 5.7 and 5.8 satisfy. At the end of this
section we mention the result about the non-negativity of solutions constructed by
the successively approximate method as in (5.11).

6.1. Uniqueness of solutions. Since the uniqueness holds for solutions which are
not classical necessarily, we first state the definition of weak solutions. f(t, x, v) is
called a weak solution of the Cauchy problem (5.1), if

f ∈ C(R+;S ′(R6
x,v)) ∩ L1([0, T ];L∞(R3

x, L
1
2+γ+(R3

v))),

and it satisfies (5.1) in the following weak sense:∫
R6

f(t, x, v)η(t, x, v)dxdv −
∫
R6

f0(x, v)η(0, x, v)dxdv

−
∫ t

0

dτ

∫
R6

f(τ, x, v)(∂τ + v · ∇x)η(τ, x, v)dxdv(6.2)

=

∫ t

0

dτ

∫
R6

Q(f, f)(τ, x, v)η(τ, x, v)dxdv,

where η ∈ C1(R;C∞
0 (R6)).

When γ ≤ 0, we can show the uniqueness in the function space with polynomial
decay in the velocity variable v. More precisely, for m ∈ R, � ≥ 0 and T > 0 we set

Pm

 ([0, T ]× R

6
x,v) = C0([0, T ];S ′(R6

x,v)) ∩ L∞([0, T ]× R
3
x; Hm


 (R3
v)).

Theorem 6.1 ([16]). Let B satisfy (2.1) and (2.2) with 0 < s < 1, max{−3, −3/2−
2s} < γ ≤ 0. Suppose that the Cauchy problem (5.1) admits two weak solutions
f1(t), f2(t) ∈ P2s


0
([0, T ] × R

6
x,v) with T > 0 and �0 ≥ 14 having the same initial

datum f0 ∈ L∞(R3
x;H

2s

0
(R3

v)). If one solution is non-negative, then f1(t) ≡ f2(t).

In order to consider the uniqueness of solutions in the case containing γ > 0, we
define the function space with the Maxwellian decay order in the velocity variable
v, similar to the preceding section. For m ∈ R we set

Ẽm
0 (R6) =

{
g ∈ D′(R6

x,v); ∃ ρ0 > 0 s.t. eρ0〈v〉2g ∈ L∞(R3
x;H

m(R3
v))

}
,

and for T > 0

Ẽm([0, T ]× R
6
x,v) =

{
f ∈ C0([0, T ];D′(R6

x,v)); ∃ ρ > 0

s.t. eρ〈v〉
2

f ∈ L∞([0, T ]× R
3
x; Hm(R3

v))
}
.
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Differing from the existence theorem, we require only L∞ with respect to x variable.

Theorem 6.2 ([13]). Assume that B satisfies (2.1) and (2.2) with 0 < s < 1 and
max{−3,−3/2 − 2s}<γ< 2− 2s. Suppose that the Cauchy problem (5.1) admits

two weak solutions f1(t), f2(t) ∈ Ẽ2s([0, T ]×R
6
x,v) for T > 0 having the same initial

datum f0 ∈ Ẽ2s
0 (R6). If one solution is non-negative, then both coincide.

In this theorem, we can loosen the regularity assumption in v of the index 2s
and the non-negativity of one solution if the strong-coercivity estimate (6.1) holds.

Theorem 6.3 ([13]). Assume that B satisfies the same assumptions as in Theorem
6.2. Suppose that the Cauchy problem (5.1) admits two weak solutions f1(t), f2(t) ∈
Ẽs([0, T ] × R6

x,v) for T > 0 having the same initial datum. If f1(t) satisfies (6.1)
with f = f1(t) uniformly with respect to t ∈ [0, T ], then we have f1(t) ≡ f2(t).

Remark 6.4. If γ + 2s ≤ 0, then the assumption f1(t), f2(t) ∈ Ẽs([0, T ] × R6
x,v) in

the above theorem can be replaced by

f1, f2 ∈
{
f ∈ C0([0, T ];D′(R6

x,v)); ∃ ρ > 0

s.t. eρ〈v〉
2

f ∈ L∞([0, T ]× R
3
x; L2(R3

v)) ∩ L2([0, T ];L∞(R3
x; Hs(R3

v)))
}
.

Even when γ+2s ≥ 2, the uniqueness of solutions holds if one confines solutions
to the perturbation solution f = μ+ μ1/2g around the equilibrium.

Theorem 6.5 ([13]). Assume that 0 < s < 1,γ+2s ≥ 2. If �1 > 3/2+γ+2s, then

there exists an ε0 > 0 satisfying the following: If f1(t), f2(t) ∈ Ẽs([0, T ] × R
6
x,v)

are two weak solutions to the Cauchy problem (5.1) having the same initial datum

f0 ∈ Ẽs
0 (R

6) and if they satisfy

μ−1/2
(
fj(t)− μ

)
∈ L∞([0, T ]× R

3
x;H

s

1
) , j = 1, 2 ,

and ‖μ−1/2
(
f1(t)− μ

)
‖L∞([0,T ]×R3

x;L
2(R3

v))
< ε0, then f1(t) ≡ f2(t) holds.

By using the above theorems, we can handle the uniqueness of all solutions given
by the existence theorems in the preceding section.16

6.2. Non-negativity of global solutions. The global solution given in the sub-
section 5.2 is the perturbation solution f = μ +

√
μg around the equilibrium μ.

Since the perturbation g is constructed by the successively approximate (5.11),
fn = μ+

√
μgn is determined successively by

(∂t + v · ∇x)f
n+1 = Q(fn, fn+1), fn+1|t=0 = f0, where f1 = μ.(6.3)

Consequently, if f0 ≥ 0 and if fn ≥ 0 implies fn+1 ≥ 0 inductively, then we get the
non-negativity of the solution f . More precisely we have

Proposition 6.6 ([13]). Assume that B satisfies (2.1) and (2.2) with 0 < s < 1
and max{−3,−3/2 − 2s}<γ< 2− 2s. Let {fn} be a sequence of solutions of the
Cauchy problem (6.3) with

∃ρ > 0 ; eρ〈v〉
2

fn(t, x, v) ∈ L∞([0, T ]× R
3
x;H

N (R3
v)) for ∀n = 1, 2, 3, · · · ,

16The uniqueness of global solutions stated in Remark 5.10 follows from Remark 6.4 of Theorem
6.3. Indeed, the assumption L2([0, T ];L∞(R3

x; Hs(R3
v))) for the solution space is certified by the

dissipation term of the energy estimate (5.13) for the perturbation g.
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for some N ≥ 4 and T > 0. Then for any n ∈ N, fn ≥ 0 on [0, T ] implies fn+1 ≥ 0
on the same interval.

Remark 6.7. This proposition shows the non-negativity not only of perturbation
solutions but also all solutions constructed in the successive sequence (6.3). Even
when γ + 2s ≥ 2, a similar proposition holds if one confines solutions to the per-
turbation solution.

References

1. R. Alexandre, Some solutions of the Boltzmann equation without angular cutoff, J. Stat.
Physics, 104 (2001), 327–358. MR1851391 (2002i:82077)

2. R. Alexandre, Integral estimates for linear singular operator linked with Boltzmann opera-
tor. Part I: small singularities 0 < ν < 1, Indiana Univ. Math. J., 55 (2006), 1975-2021.
MR2284553 (2008j:35023)

3. R. Alexandre, L. Desvillettes, C. Villani and B. Wennberg, Entropy dissipation and long-range
interactions, Arch. Rational Mech. Anal., 152 (2000), 327-355. MR1765272 (2001c:82061)

4. R. Alexandre and L. He, Integral estimates for a linear singular operator linked with Boltz-
mann operator. Part II: high singularities 1 ≤ ν < 2, Kinetic and Related Models, 1 (2008),

491-514. MR2448604 (2009m:42028)
5. R. Alexandre, M. ElSafadi, Littlewood-Paley decomposition and regularity issues in Boltz-

mann homogeneous equations. I. Non cutoff and Maxwell cases. Math. Models Methods
Appl. Sci. 15 (2005), 907–920. MR2149928 (2006c:82027)

6. R. Alexandre, M. ElSafadi, Littlewood-Paley theory and regularity issues in Boltzmann ho-
mogeneous equations. II. Non cutoff case and non Maxwellian molecules. Discrete Contin.
Dyn. Syst., 24 (2009), 1-11. MR2476677 (2010f:35275)

7. R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu and T. Yang, Uncertainty principle and kinetic
equations, J. Funct. Anal., 255 (2008), 2013-2066. MR2462585 (2010b:35330)

8. R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu and T. Yang, Regularizing effect and local
existence for non-cutoff Boltzmann equation, Arch. Rational Mech. Anal., 198 (2010), 39-
123. MR2679369 (2011i:82056)

9. R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu and T. Yang, Global well-posedness theory for
the spatially inhomogeneous Boltzmann equation without angular cutoff, C. R. Math. Acad.
Sci. Paris, Ser. I, 348 (2010), 867-871. MR2677982 (2012a:82076)

10. R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu and T. Yang, Global existence and full regularity
of the Boltzmann equation without angular cutoff, Comm. Math. Phys., 304 (2011), 513-581.
MR2795331 (2012j:35303)

11. R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu and T. Yang, The Boltzmann equation without
angular cutoff in the whole space: I, Global existence for soft potential, J. Funct. Anal. (2012),
262 (2012), 915-1010. MR2863853

12. R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu and T. Yang, The Boltzmann equation with-
out angular cutoff in the whole space: II, global existence for hard potential, Analysis and

Applications, 9 (2011), 113-134. MR2793203 (2012g:35224)
13. R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu and T. Yang, The Boltzmann equation without

angular cutoff in the whole space: Qualitative properties of solutions, Arch. Rational Mech.
Anal., 202 (2011), 599-661. MR2847536

14. R.Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu and T. Yang, Bounded solutions of the Boltz-
mann equation in the whole space, Kinet. Relat. Models, 4 (2011), 17-40. MR2765735
(2012d:35262)

15. R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu and T. Yang, Smoothing effect of weak solutions
for the spatially homogeneous Boltzmann equation without angular cutoff, Kyoto J. Math.
52 (2012), 433-463. MR2959943

16. R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu and T. Yang, Uniqueness of solution for the
non cutoff Boltzmann Equation with the soft potential, Kinet. Relat. Models, 4-4 (2011),
113-134. MR2861580

17. R. Alexandre and C. Villani, On the Boltzmann equation for long-range interaction, Comm.
Pure Appl. Math., 55 (2002), 30–70. MR1857879 (2002f:82026)

http://www.ams.org/mathscinet-getitem?mr=1851391
http://www.ams.org/mathscinet-getitem?mr=1851391
http://www.ams.org/mathscinet-getitem?mr=2284553
http://www.ams.org/mathscinet-getitem?mr=2284553
http://www.ams.org/mathscinet-getitem?mr=1765272
http://www.ams.org/mathscinet-getitem?mr=1765272
http://www.ams.org/mathscinet-getitem?mr=2448604
http://www.ams.org/mathscinet-getitem?mr=2448604
http://www.ams.org/mathscinet-getitem?mr=2149928
http://www.ams.org/mathscinet-getitem?mr=2149928
http://www.ams.org/mathscinet-getitem?mr=2476677
http://www.ams.org/mathscinet-getitem?mr=2476677
http://www.ams.org/mathscinet-getitem?mr=2462585
http://www.ams.org/mathscinet-getitem?mr=2462585
http://www.ams.org/mathscinet-getitem?mr=2679369
http://www.ams.org/mathscinet-getitem?mr=2679369
http://www.ams.org/mathscinet-getitem?mr=2677982
http://www.ams.org/mathscinet-getitem?mr=2677982
http://www.ams.org/mathscinet-getitem?mr=2795331
http://www.ams.org/mathscinet-getitem?mr=2795331
http://www.ams.org/mathscinet-getitem?mr=2863853
http://www.ams.org/mathscinet-getitem?mr=2793203
http://www.ams.org/mathscinet-getitem?mr=2793203
http://www.ams.org/mathscinet-getitem?mr=2847536
http://www.ams.org/mathscinet-getitem?mr=2765735
http://www.ams.org/mathscinet-getitem?mr=2765735
http://www.ams.org/mathscinet-getitem?mr=2959943
http://www.ams.org/mathscinet-getitem?mr=2861580
http://www.ams.org/mathscinet-getitem?mr=1857879
http://www.ams.org/mathscinet-getitem?mr=1857879


86 YOSHINORI MORIMOTO AND SEIJI UKAI

18. L. Arkeryd, On the Boltzmann equation, I. Existence. Arch. Rational Mech. Anal., 45 (1972),
1-16. MR0339665 (49:4423)

19. L. Arkeryd, A non-standard approach to the Boltzmann Equation, Arch. Rational Mech.
Anal., 77 (1981), 1-10. MR630118 (83k:76056)

20. A. Bobylev, The theory of nonlinear spatially uniform Boltzmann equation for Maxwell
molecules, Sov. Sci. Rev. C. Math. Phys., 7 (1988), 111–233. MR1128328 (92m:82112)

21. A. Bobylev, Moment inequalities for the Boltzmann equations and applications to spatially

homogeneous problems, J. Statist. Phys., 88 (1997), 1183–1214 MR1478067 (99e:82077)
22. L. Boltzmann, Lectures on Gas Theory (English trans. by S. G. Brush). Dover Publ. Inc.,

New York, 1964. MR0158708 (28:1931)
23. C. Cercignani, The Boltzmann equation and its applications, Applied mathematical sciences,

67, Springer-Verlag, 1988. MR1313028 (95i:82082)
24. C. Cercignani, R. Illner and M. Pulvirenti, The mathematical theory of dilute gases, Applied

Mathematical Sciences 106, Springer-Verlag, New York 1994. MR1307620 (96g:82046)
25. L. Desvillettes and B. Wennberg, Smoothness of the solution of the spatially homogeneous

Boltzmann equation without cutoff, Comm. Partial Differential Equations, 29 (2004), 133–
155. MR2038147 (2004k:82086)

26. R. J. DiPerna and P. L. Lions, On the Cauchy problem for Boltzmann equations: global
existence and weak stability. Ann. Math., 130 (1989), 321-366. MR1014927 (90k:82045)

27. C. Fefferman, The uncertainty principle, Bull. Amer. Math. Soc., 9 (1983), 129-206.
MR707957 (85f:35001)

28. Y. Guo, The Boltzmann equation in the whole space, Indiana Univ. Maths. J., 53-4 (2004),
1081–1094. MR2095473 (2005g:35028)

29. P.-T. Gressman, R.-M. Strain, Global classical solutions of the Boltzmann with long-range
interactions. Proc. Nat. Acad. Sci., 107 (2010), 5744-5749. MR2629879 (2011c:82064)

30. P.-T. Gressman, R.-M. Strain, Global classical solutions of the Boltzmann equation without
angular cut-off, J. Amer. Math. Soc. 24-3 (2011), 771-847. MR2784329 (2012d:82065)

31. K. Hamdache, Initial boundary value problems for Boltzmann equation. global existence of
weak solutions, Arch. Rat. Mech. Anal., 119 (1992), 309-353. MR1179690 (93g:35132)

32. Z. H. Huo, Y. Morimoto, S. Ukai and T. Yang, Regularity of solutions for spatially homoge-

neous Boltzmann equation without angular cutoff, Kinet. Relat. Models, 1 (2008), 453-489.
MR2425608 (2009f:35032)

33. T. Kato, The Cauchy problem for quasi-linear symmetric hyperbolic systems, Arch. Rational
Mech. Anal., 58 (1975), 181–205. MR0390516 (52:11341)

34. N. Lekrine and C.-J. Xu, Gevrey regularizing effect of Cauchy problem for non-cutoff ho-
mogeneous Kac’s equation, Kinetic and Related Models, 2 (2009), 647-666. MR2556716
(2010m:35063)

35. P. L. Lions, Regularity and compactness for Boltzmann collision operator without angular
cut-off, C. R. Acad. Sci. Paris Series I, 326 (1998), 37–41. MR1649477 (99h:82062)

36. T.-P. Liu and S.-H. Yu, Boltzmann equation: micro-macro decompositions and positivity of
shock profiles, Comm. Math. Phys., 246 (2004), 133–179. MR2044894 (2005f:82101)

37. T.-P. Liu, T. Yang and S.-H. Yu, Energy method for Boltzmann equation. Phys. D, 188
(2004), 178-192. MR2043729 (2005a:82091)

38. Y. Morimoto, A criterion for hypoellipticity of second order differential operators, Osaka
J. Math., 24 (1987), 651-675. MR923880 (89b:35023)

39. Y. Morimoto, The uncertainty principle and hypoelliptic operators, Publ. RIMS Kyoto Univ.,
23 (1987), 955-964. MR935709 (89e:35037)

40. Y. Morimoto and T. Morioka, The positivity of Schrödinger operators and the hypoellip-
ticity of second order degenerate elliptic operators, Bull. Sc. Math. 121 (1997), 507-547.
MR1485327 (99c:35033)

41. Y. Morimoto and S. Ukai, Gevrey smoothing effect of solutions for spatially homogeneous
nonlinear Boltzmann equation without angular cutoff, J. Pseudo-Differ. Oper. Appl., 1 (2010),

139-159. MR2679746 (2011m:35261)
42. Y. Morimoto, S. Ukai, C.-J. Xu and T. Yang, Regularity of solutions to the spatially homo-

geneous Boltzmann equation without angular cutoff, Discrete Contin. Dyn. Syst. - Series A,
24 (2009), 187-212. MR2476686 (2010h:35035)

43. Y. Morimoto and C.-J. Xu, Hypoelliticity for a class of kinetic equations, J. Math. Kyoto
Univ. 47 (2007), 129-152. MR2359105 (2008k:35064)

http://www.ams.org/mathscinet-getitem?mr=0339665
http://www.ams.org/mathscinet-getitem?mr=0339665
http://www.ams.org/mathscinet-getitem?mr=630118
http://www.ams.org/mathscinet-getitem?mr=630118
http://www.ams.org/mathscinet-getitem?mr=1128328
http://www.ams.org/mathscinet-getitem?mr=1128328
http://www.ams.org/mathscinet-getitem?mr=1478067
http://www.ams.org/mathscinet-getitem?mr=1478067
http://www.ams.org/mathscinet-getitem?mr=0158708
http://www.ams.org/mathscinet-getitem?mr=0158708
http://www.ams.org/mathscinet-getitem?mr=1313028
http://www.ams.org/mathscinet-getitem?mr=1313028
http://www.ams.org/mathscinet-getitem?mr=1307620
http://www.ams.org/mathscinet-getitem?mr=1307620
http://www.ams.org/mathscinet-getitem?mr=2038147
http://www.ams.org/mathscinet-getitem?mr=2038147
http://www.ams.org/mathscinet-getitem?mr=1014927
http://www.ams.org/mathscinet-getitem?mr=1014927
http://www.ams.org/mathscinet-getitem?mr=707957
http://www.ams.org/mathscinet-getitem?mr=707957
http://www.ams.org/mathscinet-getitem?mr=2095473
http://www.ams.org/mathscinet-getitem?mr=2095473
http://www.ams.org/mathscinet-getitem?mr=2629879
http://www.ams.org/mathscinet-getitem?mr=2629879
http://www.ams.org/mathscinet-getitem?mr=2784329
http://www.ams.org/mathscinet-getitem?mr=2784329
http://www.ams.org/mathscinet-getitem?mr=1179690
http://www.ams.org/mathscinet-getitem?mr=1179690
http://www.ams.org/mathscinet-getitem?mr=2425608
http://www.ams.org/mathscinet-getitem?mr=2425608
http://www.ams.org/mathscinet-getitem?mr=0390516
http://www.ams.org/mathscinet-getitem?mr=0390516
http://www.ams.org/mathscinet-getitem?mr=2556716
http://www.ams.org/mathscinet-getitem?mr=2556716
http://www.ams.org/mathscinet-getitem?mr=1649477
http://www.ams.org/mathscinet-getitem?mr=1649477
http://www.ams.org/mathscinet-getitem?mr=2044894
http://www.ams.org/mathscinet-getitem?mr=2044894
http://www.ams.org/mathscinet-getitem?mr=2043729
http://www.ams.org/mathscinet-getitem?mr=2043729
http://www.ams.org/mathscinet-getitem?mr=923880
http://www.ams.org/mathscinet-getitem?mr=923880
http://www.ams.org/mathscinet-getitem?mr=935709
http://www.ams.org/mathscinet-getitem?mr=935709
http://www.ams.org/mathscinet-getitem?mr=1485327
http://www.ams.org/mathscinet-getitem?mr=1485327
http://www.ams.org/mathscinet-getitem?mr=2679746
http://www.ams.org/mathscinet-getitem?mr=2679746
http://www.ams.org/mathscinet-getitem?mr=2476686
http://www.ams.org/mathscinet-getitem?mr=2476686
http://www.ams.org/mathscinet-getitem?mr=2359105
http://www.ams.org/mathscinet-getitem?mr=2359105


THE BOLTZMANN EQUATION WITHOUT ANGULAR CUTOFF 87

44. Y. Morimoto and C.-J. Xu, Ultra-analytic effect of Cauchy problem for a class of kinetic
equations, J. Differential Equations, 247 (2009), 596-617. MR2523694 (2011b:35192)

45. C. Mouhot and R.M. Strain, Spectral gap and coercivity estimates for linearized Boltz-
mann collision operators without angular cutoff, J. Math. Pures Appl. 87 (2007), 515–535.
MR2322149 (2008g:82116)

46. T. Nishida and K. Imai, Global solutions to the initial value problem for the nonlinear Boltz-
mann equation, Publ. RIMS, Kyoto Univ., 12 (1977), 229-239. MR0432105 (55:5096)

47. Y. P. Pao, Boltzmann collision operator with inverse power intermolecular potential, I, II.
Commun. Pure Appl. Math., 27 (1974), 407–428, 559–581. MR0636407 (58:30519)

48. Y. Shizuta and K. Asano, Global solutions of the Boltzmann equation in a bounded convex
domain, Proc. Japan Acad., Ser. A Math., 53 (1977), 3-5. MR0466988 (57:6861)

49. G. Toscani and C. Villani, Probability metrics and uniqueness of the solution to the Boltzmann
equations for Maxwell gas, J. Statist. Phys., 94 (1999), 619-637. MR1675367 (2000f:82089)

50. S. Ukai, On the existence of global solutions of mixed problem for non-linear Boltzmann
equation, Proc. Japan Acad., 50 (1974), 179–184. MR0363332 (50:15770)

51. S. Ukai, Les solutions globales de l’equation de Boltzmann dans l’espace tout entier et dans
le demi-espace, C. R. Acad. Sci. Paris Ser. A-B, 282 (1976), 317–320. MR0445138 (56:3482)

52. S. Ukai, Local solutions in Gevrey classes to the nonlinear Boltzmann equation without cutoff,
Japan J. Appl. Math., 1 (1984), 141–156. MR839310 (87j:45025)

53. S. Ukai, Solutions of the Boltzmann equation, Pattern and Waves – Qualitative Analysis of
Nonlinear Differential Equations (eds. M. Mimura and T. Nishida), Studies of Mathematics
and Its Applications 18, pp. 37-96, Kinokuniya-North-Holland, Tokyo, 1986. MR882376
(88g:35187)

54. S. Ukai and K. Asano, On the Cauchy problem for the Boltzmann equation with a soft
potential, Publ. Res. Inst. Math. Sci., 18 (1982), 477-519. MR677262 (84h:82048)

55. C. Villani, On a new class of weak solutions to the spatially homogeneous Boltzmann and
Landau equations,Arch. Rational Mech. Anal., 143, 273–307 (1998), MR1650006 (99j:82065)

56. C. Villani, A review of mathematical topics in collisional kinetic theory, Handbook of Fluid
Mechanics. Ed. S. Friedlander, D. Serre, 2002. MR1942465 (2003k:82087)

57. B. Wennberg, The Povzner inequality and moments in the Boltzmann equation, in “Proceed-

ings of the VIII International Conference on Waves and Stability in Continuous Media”, Part
II (Palermo, 1995); Rend. Circ. Mat. Palermo (2) Suppl. No. 45, part II (1996), 673–681.
MR1461113 (98j:76128)

Translated by YOSHINORI MORIMOTO

Graduate School of Human and Environmental Studies, Kyoto University, Yoshida-

Nihonmatsu-cho, Sakyo-ku, Kyoto, 606-8501 Japan

E-mail address: morimoto@math.h.kyoto-u.ac.jp

http://www.ams.org/mathscinet-getitem?mr=2523694
http://www.ams.org/mathscinet-getitem?mr=2523694
http://www.ams.org/mathscinet-getitem?mr=2322149
http://www.ams.org/mathscinet-getitem?mr=2322149
http://www.ams.org/mathscinet-getitem?mr=0432105
http://www.ams.org/mathscinet-getitem?mr=0432105
http://www.ams.org/mathscinet-getitem?mr=0636407
http://www.ams.org/mathscinet-getitem?mr=0636407
http://www.ams.org/mathscinet-getitem?mr=0466988
http://www.ams.org/mathscinet-getitem?mr=0466988
http://www.ams.org/mathscinet-getitem?mr=1675367
http://www.ams.org/mathscinet-getitem?mr=1675367
http://www.ams.org/mathscinet-getitem?mr=0363332
http://www.ams.org/mathscinet-getitem?mr=0363332
http://www.ams.org/mathscinet-getitem?mr=0445138
http://www.ams.org/mathscinet-getitem?mr=0445138
http://www.ams.org/mathscinet-getitem?mr=839310
http://www.ams.org/mathscinet-getitem?mr=839310
http://www.ams.org/mathscinet-getitem?mr=882376
http://www.ams.org/mathscinet-getitem?mr=882376
http://www.ams.org/mathscinet-getitem?mr=677262
http://www.ams.org/mathscinet-getitem?mr=677262
http://www.ams.org/mathscinet-getitem?mr=1650006
http://www.ams.org/mathscinet-getitem?mr=1650006
http://www.ams.org/mathscinet-getitem?mr=1942465
http://www.ams.org/mathscinet-getitem?mr=1942465
http://www.ams.org/mathscinet-getitem?mr=1461113
http://www.ams.org/mathscinet-getitem?mr=1461113

	1. The Boltzmann equation
	2. Assumptions on the collision cross section and estimates for 𝑄
	3. Smoothing effect of weak solutions (spatially homogeneous case)
	4. Regularity of solutions to the Boltzmann equation  (spatially inhomogeneous case)
	5. The existence of solutions to the Boltzmann equation  without angular cutoff (spatially inhomogeneous case)
	5.1. Time local solution
	5.2. Time global solution and its asymptotic stability to the equilibrium

	6. Uniqueness and non-negativity of solutions
	6.1. Uniqueness of solutions
	6.2. Non-negativity of global solutions

	References

