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STATISTICAL INFERENCE FOR HIGH-DIMENSION,

LOW-SAMPLE-SIZE DATA

MAKOTO AOSHIMA AND KAZUYOSHI YATA

Abstract. In this paper, we consider statistical inference for high-dimension,
low-sample-size (HDLSS) data. We first show that HDLSS data have dis-
tinct geometric representations depending on whether or not the data meets
a certain boundary condition. We clarify the limit of the conventional prin-
cipal component analysis (PCA) for HDLSS data. In order to overcome the
curse of dimensionality, we introduce two effective PCAs called the noise-
reduction methodology and the cross-data-matrix (CDM) methodology. We
further introduce the extended CDM methodology, which offers an unbiased

estimator having small asymptotic variance and low computational cost, for
feature parameters appearing in high-dimensional data analysis. We give cor-
relation tests and several inferences on multiclass mean vectors for HDLSS
data, and discuss sample size determination to ensure prespecified high accu-
racy for inference. Finally, we introduce two effective discriminant procedures:
the geometric classifier and the distance-based classifier, that can hold mis-
classification rates less than a threshold.

1. Introduction

High-dimensional data situations occur in many areas of modern science such as
genetic microarrays, medical imaging, text recognition, finance, chemometrics, and
so on. A common feature of high-dimensional data is that data dimension is high,
however, the sample size is relatively low. This is the so-called “HDLSS” or “large p,
small n” situation where p/n → ∞; here p is the data dimension and n is the sample
size. Asymptotic studies of this type of data are becoming increasingly relevant.
Since the year two thousand, several substantial studies have been done on the
asymptotic behavior of eigenvalues of the sample covariance matrix in the limit as
p → ∞. See Baik et al. [10], Baik and Silverstein [11], Johnstone [29] and Paul [33]
under Gaussian or Gaussian-type assumptions about the population distribution
when p and n increase at the same rate, i.e. n/p → c > 0. However, in the
HDLSS context, assuming such “n/p → c > 0” and “Gaussian (-type)” assumptions
is quite strict and unrealistic. Indeed, Yata and Aoshima [38] showed that the
conventional principal component analysis (PCA) gives inconsistent estimates for
both eigenvalues and eigenvectors in the HDLSS context. Hence, some new theories
and methods are expected to develop in the HDLSS context such as n/p → 0 or n
is fixed.
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Yata and Aoshima [39] created a new PCA called the cross-data-matrix (CDM)
methodology that provides consistent estimators of both eigenvalues and eigenvec-
tors together with PC scores in the HDLSS context. The new PCA can enjoy
consistency properties even when the population distribution is non-Gaussian. The
asymptotic behaviors of HDLSS data were studied by Hall et al. [26], Ahn et al. [1],
and Yata and Aoshima [41] when p → ∞ while n is fixed. Hall et al. [26] and Ahn
et al. [1] gave geometric representations of HDLSS data either when the popula-
tion distribution is Gaussian or the sphered data matrix has ρ-mixing dependency
(see Bradley [16]). On the other hand, Yata and Aoshima [41] found a totally dis-
tinct geometric representation of HDLSS data when such Gaussianity or ρ-mixing
dependency is broken. Moreover, Yata and Aoshima [41] explored a boundary con-
dition to separate the geometric representations: the surface concentration of the
n-dimensional unit sphere or the axes concentration of the n-dimensional dual space
as p → ∞.

Aoshima and Yata [2, 3] developed a variety of high-dimensional statistical in-
ference based on the geometric representations such as given-bandwidth confidence
region, two-sample test, classification, variable selection, regression, pathway analy-
sis and so on. They provided sample size determination to ensure prespecified high
accuracy for each inference even when the population distribution is non-Gaussian.
Aoshima and Yata [5] proved the asymptotic normality of statistics appearing in
high-dimensional statistical inferences under mild conditions. Aoshima and Yata [4]
gave distance-based classifiers for multiclass, non-Gaussian high-dimensional data
and verified their high accuracy to hold misclassification rates less than a threshold,
also under mild conditions. See Aoshima and Yata [6] for a review covering this field
of research. Fujikoshi et al. [25] also considered several statistical inferences for
high-dimensional data, but they assumed the population distribution is Gaussian
and n/p → c > 0.

In the field of machine learning, there are many studies for high-dimensional data,
and a feature of the studies is non-linearity. A typical method is the Support Vector
Machine (SVM) given by Vapnic [36]. SVM can perform a non-linear classification
efficiently; however, the computational cost becomes very high when p is large, and
outputs of the method strongly depend on several tuning parameters. See Bishop
[15] and Hastie et al. [27] for details of machine learning.

In this paper, from a mathematical statistics point of view, we introduce mod-
ern statistical methods that are very effective to draw statistical inferences from
HDLSS data. We do not assume either the Gaussianity of population distribu-
tions or the equality of covariance matrices; they are quite strict and unrealistic
for HDLSS data. In Section 2, we show that HDLSS data have totally distinct
geometric representations depending on whether or not the data meets a certain
boundary condition. This observation is the key to developing statistical inferences
for HDLSS data. We pay special attention to the geometric representations. In
Section 3, we consider PCA for HDLSS data. We show that the conventional eigen-
value estimation is heavily affected by high-dimensional noise structures, so that it
becomes inconsistent. In order to overcome such difficulties, we introduce two new
PCAs called the noise-reduction methodology and the cross-data-matrix method-
ology. In Section 4, we consider several inferences on multiclass mean vectors for
HDLSS data and discuss sample size determination to ensure prespecified high ac-
curacy for inference. We introduce a confidence region having a given-bandwidth
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and a two-sample test having prespecified size and power. In Section 5, we introduce
the extended CDM methodology, which offers an unbiased estimator having small
asymptotic variance and low computational cost, for feature parameters appearing
in high-dimensional data analysis. We consider a correlation test for HDLSS data
by using the ECDM methodology. Finally, in Section 6, we consider classification
for HDLSS data. We introduce the geometric classifier that is one of the quadratic
classifiers and draws information on heteroscedasticity through the difference of the
trace of covariance matrices. We show that the classifier ensures high accuracy as
the difference of the trace grows. We also introduce the distance-based classifier
that is very flexible and robust for HDLSS data.

2. Geometric representations of HDLSS data

In this section, suppose we have a p × n data matrix X(p) = [x1(p), . . . ,xn(p)],

where xj(p) = (x1j(p), . . . , xpj(p))
T , j = 1, . . . , n, are independent and identi-

cally distributed (i.i.d.) as a p-dimensional distribution with mean zero and pos-
itive definite covariance matrix Σp. The eigen-decomposition of Σp is given by

Σp = HpΛpH
T
p , where Λp is a diagonal matrix of eigenvalues, λ1(p) ≥ · · · ≥

λp(p)(> 0), and Hp = [h1(p), . . . ,hp(p)] is an orthogonal matrix of the correspond-

ing eigenvectors. Let X(p) = HpΛ
1/2
p Z(p). Then, Z(p) is a p × n sphered data

matrix from a distribution with the identity covariance matrix. Here, we write
Z(p) = [z1(p), . . . , zp(p)]

T and zj(p) = (zj1(p), . . . , zjn(p))
T , j = 1, . . . , p. Note that

E(zji(p)zj′i(p)) = 0 (j �= j′) and Var(zj(p)) = In, where In is the n-dimensional
identity matrix. Hereafter, the subscript p will be omitted for the sake of simplic-
ity when it does not cause any confusion. We assume that the fourth moments of
each variable in Z are uniformly bounded. Note that if X is Gaussian, the zijs
are i.i.d. standard normal random variables. Let us write the sample covariance
matrix as S = n−1XXT . Then, we define the n×n dual sample covariance matrix

by SD = n−1XTX. Let λ̂1 ≥ · · · ≥ λ̂n ≥ 0 be the eigenvalues of SD. Then, we

define the eigen-decomposition of SD by SD =
∑n

j=1 λ̂jûjû
T
j . Note that S and

SD share the non-zero eigenvalues. We consider the following sphericity condition:

tr(Σ2)

tr(Σ)2
=

∑p
i=1 λ

2
i

(
∑p

i=1 λi)2
→ 0 as p → ∞.(2.1)

Then, when X is Gaussian or Z is ρ-mixing, Ahn et al. [1] and Jung and Marron
[30] showed a geometric representation as follows:

n∑p
i=1 λi

SD
P−→ In as p → ∞.(2.2)

Let wj = (n/
∑p

i=1 λi)λ̂jûj (= (n/
∑p

i=1 λi)SDûj) and Rn = {en ∈ Rn : ||en|| =
1}. Yata and Aoshima [41] showed that

wj ∈ Rn, j = 1, . . . , n,(2.3)

in probability as p → ∞, that is, the surface concentration of the n-dimensional
unit sphere. From the geometric representation by (2.3), we can see that the sample
eigenvalues become deterministic and become the same value, so it is difficult to
estimate the eigenvalues and the eigenvectors by using SD (or S) in the conventional
PCA. On the other hand, when X is non-Gaussian and Z is non-ρ-mixing, Yata
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and Aoshima [40, 41] found another geometric representation as follows:

n∑p
i=1 λi

SD −Dn
P−→ O as p → ∞,(2.4)

where Dn is a diagonal matrix whose diagonal elements are of OP (1). Let Rn∗ =
{(1, 0, . . . , 0)T , (0, 1, . . . , 0)T , . . . , (0, 0, . . . , 1)T }, whereRn∗ ⊂ Rn. WhenX is non-
Gaussian and Z is non-ρ-mixing, Yata and Aoshima [41] showed that

ûj ∈ Rn∗, j = 1, . . . , n,(2.5)

in probability as p → ∞, that is, the axes concentration of the n-dimensional dual
space. From the geometric representation by (2.5), we can see that the eigenvec-
tors come to turn to the direction of any axes and the eigenvalues do not become
deterministic. Let zk∗ = (z21k − 1, . . . , z2pk − 1)T , k = 1, . . . , n. We denote the co-

variance matrix of zk∗ by Φ = (φij). Yata and Aoshima [41] considered a boundary
condition between (2.2) and (2.4) as follows:∑

i,j λiλjφij

(
∑p

j=1 λj)2
→ 0 as p → ∞.(2.6)

Then, they gave the following result.

Theorem 2.1 ([41]). Assume (2.1). If the elements of Z satisfy (2.6), we have
(2.2) and (2.3) as p → ∞. Otherwise, we have (2.4) as p → ∞ and under some
regularity condition we have (2.5) as p → ∞.

Let us observe the geometric representations by (2.2) with (2.3) and by (2.4)
with (2.5). We consider an easy example such as λ1 = · · · = λp = 1 and n = 2.
Note that it satisfies (2.1). Figures 1 and 2 give scatter plots of 20 independent
pairs of ±wj (j = 1, 2) when (a) p = 2, (b) p = 20, (c) p = 200 and (d) p = 2000. In
Figure 1, we generated pseudorandom observations from the p-dimensional normal
distribution, Np(0, Ip), with mean zero and covariance matrix Ip. In Figure 2, we
generated them from the p-dimensional t-distribution, tp(0, Ip, ν), with mean zero,
covariance matrix Ip and degrees of freedom (d.f.) ν = 5. Note that Np(0, Ip) sat-
isfies (2.6), but tp(0, Ip, ν) does not. In other words, Figure 1 shows the geometric
representation by (2.2) with (2.3) and Figure 2 shows it by (2.4) with (2.5). In Fig-
ure 1, we can observe the surface concentration such that the plots of wi (i = 1, 2)
appeared around the surface of the n-dimensional unit sphere as p increases. On
the other hand, in Figure 2, we can observe the axes concentration such that the
plots of wi (i = 1, 2) appeared close to the axes of the n-dimensional dual space
as p increases. We emphasize that the geometric representations are the key to
developing the statistical inference for HDLSS data.

3. PCA for HDLSS data

Similar to Section 2, we assume that the population has mean zero and positive
definite covariance matrix Σ, and also the fourth moments of each variable in Z
are uniformly bounded. We consider a general spiked model for λis as follows:

(3.1) λi = aip
αi (i = 1, . . . ,m) and λi = ci (i = m+ 1, . . . , p).

Here, ai(> 0), cj(> 0) and αi(α1 ≥ · · · ≥ αm > 0) are unknown constants preserv-
ing the order that λ1 ≥ · · · ≥ λp, and m is an unknown and positive fixed integer.
The former part in (3.1) is regarded as the intrinsic part and the latter part is
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(a) p = 2 (b) p = 20

(c) p = 200 (d) p = 2000

Figure 1. Gaussian toy example to illustrate the geometric rep-
resentation of w1 (plotted as ©) and w2 (plotted as 	) when
n = 2. The plots are converging to the surface of 2-dimensional
unit sphere with increasing dimension: (a) p = 2, (b) p = 20, (c)
p = 200 and (d) p = 2000.

regarded as the noise part. Note that
∑p

i=m+1 λ
2
i /(

∑p
i=m+1 λi)

2 → 0 as p → ∞,
so that the noise part satisfies the sphericity condition by (2.1). Jung and Marron
[30] also considered a similar spiked model, but they assumed αi > 1. We consider
the following assumption:

(∗) zij , i = 1, . . . , p (j = 1, . . . , n) are independent.

When X is Gaussian, (∗) is naturally satisfied. We denote n by n(p) only when
n = cpγ , where c and γ are positive constants. In this section, we clarify the
limit of the conventional PCA for HDLSS data. In order to overcome the curse of
dimensionality, we introduce two new PCAs for HDLSS data.

3.1. Conventional PCA. Jung and Marron [30] and Yata and Aoshima [38] in-
vestigated consistency properties of the conventional PCA for HDLSS data. Jung
and Marron [30] considered the case when X is Gaussian or Z is ρ-mixing. On the
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(a) p = 2 (b) p = 20

(c) p = 200 (d) p = 2000

Figure 2. Non-Gaussian toy example to illustrate the geometric
representation of w1 (plotted as ©) and w2 (plotted as 	) when
n = 2. The plots are gathering on the axes of 2-dimensional dual
space with increasing dimension: (a) p = 2, (b) p = 20, (c) p = 200
and (d) p = 2000.

other hand, Yata and Aoshima [38] considered the case when X is non-Gaussian
and Z is non-ρ-mixing. Lee et al. [31] also investigated the conventional PCA, but
they assumed n/p → c (> 0). Yata and Aoshima [38] gave the following results to
claim the consistency property of the conventional eigenvalue estimation.

Theorem 3.1 ([38]). When the components of Z satisfy (∗), it holds that for
i (≤ m),

(3.2)
λ̂i

λi
= 1 + oP (1),

under the conditions that

(i) p → ∞ and n → ∞ for i such that αi > 1;
(ii) p → ∞ and p1−αi/n(p) → 0 for i such that αi ∈ (0, 1].
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Theorem 3.2 ([38]). When the components of Z do not satisfy (∗), it holds (3.2)
for i (≤ m) under the conditions that

(i) p → ∞ and n → ∞ for i such that αi > 1;
(ii) p → ∞ and p2−2αi/n(p) → 0 for i such that αi ∈ (0, 1].

The condition described by “p → ∞ and n → ∞” in (i) is a mild condition in
the sense that one can choose n free from p or that n may be much smaller than p
such as n = log p. However, in (ii), n is heavily depending on p especially when the
components of Z do not satisfy (∗). Therefore, one should be very careful to use
the conventional PCA in the HDLSS context. In order to overcome the drawback
of the conventional PCA, Yata and Aoshima [39, 41] proposed two new PCAs
for HDLSS data: the noise-reduction (NR) methodology and the cross-data-matrix
(CDM) methodology.

3.2. NR methodology. Yata and Aoshima [41] proposed the NR methodology
that was brought from the geometric representation by (2.2). The NR estimator of
λi is given by

(3.3) λ́i = λ̂i −
tr(SD)−

∑i
j=1 λ̂j

n− i
(i = 1, . . . , n− 1).

Let us explain the idea briefly. We write that

nSD =
m∑
j=1

λjzjz
T
j +

p∑
j=m+1

λjzjz
T
j .

Then, for the second (noise) term, it follows that under (∗)∑p
i,j=m+1 λiλjφij

(
∑p

j=m+1 λj)2
= O

( ∑p
j=m+1 λ

2
j

(
∑p

j=m+1 λj)2

)
→ 0 as p → ∞.

Then, from Theorem 2.1, we have the following geometric representation for the
second term: ∑p

j=m+1 λjzjz
T
j∑p

j=m+1 λj

P−→ In as p → ∞.

Therefore, the scale of the noise part becomes deterministic. We remove the noise
part by the second term of (3.3). See Section 3 in Yata and Aoshima [41] for the
details. Yata and Aoshima [41] gave the following result.

Theorem 3.3 ([41]). When the components of Z satisfy (∗), it holds that for
i (≤ m),

(3.4)
λ́i

λi
= 1 + oP (1),

under the conditions that

(i) p → ∞ and n → ∞ for i such that αi > 1/2;
(ii) p → ∞ and p1−2αi/n(p) → 0 for i such that αi ∈ (0, 1/2].

By comparing Theorems 3.3 with 3.1, we can conclude that the λ́is have the

consistency property under milder conditions than the λ̂is under (∗).
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Theorem 3.4 ([41]). Let V (z2ij) = Mi (> 0) for i = 1, . . . , p (j = 1, . . . , n).
Assume that λi (i ≤ m) has multiplicity one. When the components of Z satisfy
(∗), it holds that

(3.5)

√
n

Mi

( λ́i

λi
− 1

)
⇒ N(0, 1)

under the conditions that

(i) p → ∞ and n → ∞ for i such that αi > 1/2;
(ii) p → ∞ and p2−4αi/n(p) → 0 for i such that αi ∈ (0, 1/2].

Here, “⇒” denotes the convergence in distribution and N(0, 1) denotes a random
variable distributed as the standard normal distribution.

Remark 3.5. We note that Mi = 2 (i = 1, . . . , p) when X is Gaussian. If λi is a
multiple root such as λi = λj for some j, (3.5) does not hold.

Next, we consider applying the NR methodology to the PC direction vectors.

Let us define h́i = (nλ́i)
−1/2Xûi. Then, we consider h́i as an estimate of the PC

direction vector, hi. We assume h́
T

i hi ≥ 0 for all i without loss of generality. Yata
and Aoshima [41] gave the following the result.

Theorem 3.6 ([41]). Assume that λi (i ≤ m) has multiplicity one. Then, under
(i) and (ii) of Theorem 3.3, when the components of Z satisfy (∗), it holds that

h́
T

i hi = 1 + oP (1).

Next, we consider applying the NR methodology to PC scores. The i-th PC score
of xj is given by hT

i xj = zij
√
λi (hereafter called sij). Let û

T
i = (ûi1, . . . , ûin) for

i = 1, . . . , p. We consider an estimate of the PC score by ûij

√
nλ́i (hereafter

called śij). We define the mean squared error of the i-th PC score by MSE(śi) =
n−1

∑n
j=1(śij − sij)

2. Then, Yata and Aoshima [41] gave the following results.

Theorem 3.7 ([41]). Assume that λi (i ≤ m) has multiplicity one. Then, under
(i) and (ii) of Theorem 3.3, when the components of Z satisfy (∗), it holds that

MSE(śi)

λi
= oP (1).

Corollary 3.8 ([41]). When the population mean may not be zero, let us write that
SoD = (n−1)−1(X−X)T (X−X), where X = [x̄n, . . . , x̄n] and x̄n =

∑n
j=1 xj/n.

We define λ́i (i = 1, . . . ,m) by replacing SD and n with SoD and n − 1 in (3.3).
Then, the assertions in Theorems 3.3, 3.4, 3.6 and 3.7 are still justified under those
conditions.

When the components of Z satisfy (∗), the estimates of eigenvalues, PC di-
rections and PC scores by the NR methodology give quite good performances for
HDLSS data. Yata and Aoshima [41] also provided an estimate of the inverse co-
variance matrix by the NR methodology. See Bickel and Levina [13, 14] for details
of several other covariance matrix estimates in the HDLSS context.



STATISTICAL INFERENCE FOR HDLSS DATA 145

3.3. CDM methodology. In this section, we consider the case when the compo-
nents of Z may not satisfy (∗). In the case, one cannot apply the NR methodology
effectively because the scale of the noise may not become deterministic. In order to
overcome the difficulty, Yata and Aoshima [39] proposed the CDM methodology.

The CDM methodology follows the following four steps:
1. Divide the data matrix, X = [x1, . . . ,xn], into X1 = [x11, . . . ,x1n(1)

] and

X2 = [x21, . . . ,x2n(2)
] at random. Here, n(1) = �n/2� and n(2) = n − n(1), where

�x� denotes the smallest integer ≥ x.

2. Define the cross data matrix by SD(1) = (n(1)n(2))
−1/2XT

1 X2 or SD(2) =

(n(1)n(2))
−1/2XT

2 X1 (= ST
D(1)).

3. Give the singular value decomposition of SD(1) by SD(1) =
∑n(2)

j=1 λ̃jũj(1)ũ
T
j(2),

where λ̃1 ≥ · · · ≥ λ̃n(2)
(≥ 0) denote singular values of SD(1) and ũj(1) (or ũj(2))

denotes a unit left- (or right-) singular vector corresponding to λ̃j (j = 1, . . . , n(2)).

4. Find the singular value λ̃j as an estimate of λj (j = 1, . . . ,m).

Let us explain the idea briefly. We write Xi = HΛ1/2Zi, where Zi = [zi1, . . . ,
zip]

T and zij = (zij1, . . . , zijn(i)
)T , i = 1, 2; j = 1, . . . , p. We have that

(n(1)n(2))
1/2SD(1) =

m∑
j=1

λjz1jz
T
2j +

p∑
j=m+1

λjz1jz
T
2j .

Then, for the second (noise) term, we have the following geometric representation
without (∗): ∑p

j=m+1 λjz1jz
T
2j∑p

j=m+1 λj

P−→ O as p → ∞.

Therefore, by using SD(1), one can remove the noise part without (∗). Yata and
Aoshima [39] gave the following result.

Theorem 3.9 ([39]). It holds that for i (≤ m),

(3.6)
λ̃i

λi
= 1 + oP (1),

under the conditions that

(i) p → ∞ and n → ∞ for i such that αi > 1/2;
(ii) p → ∞ and p2−2αi/n(p) → 0 for i such that αi ∈ (0, 1/2].

By comparing Theorems 3.9 with 3.2, we can conclude that the λ̃is have the

consistency property under the milder conditions than λ̂is.

Remark 3.10. Yata and Aoshima [40] applied the CDM methodology to estimate
the intrinsic dimension of HDLSS data.

Theorem 3.11 ([39]). Assume that λi (i ≤ m) has multiplicity one. Then, under
(i) and (ii) of Theorem 3.9, it holds that

(3.7)

√
n

Mi

( λ̃i

λi
− 1

)
⇒ N(0, 1).

Next, we consider PC direction vectors by using the CDM methodology. Let

h̃i(l) = (n(l)λ̃i)
−1/2X lũi(l), l = 1, 2. We assume h̃

T

i(1)hi ≥ 0 for all i without loss

of generality. We consider h̃i = (h̃i(1)+ h̃i(2))/2 as an estimate of the PC direction
vector, hi. Then, we have the following result.
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Theorem 3.12. Assume that λi (i ≤ m) has multiplicity one. Then, under (i)
and (ii) of Theorem 3.9, it holds that

(3.8) h̃
T

i hi = 1 + oP (1).

Next, we consider applying the CDM methodology to PC scores. Let ũi(l) =

(ũi1(l), . . . , ũin(l)(l))
T , l = 1, 2. Then, the i-th PC score of xlj can be estimated by

ũij(l)(n(l)λ̃i)
1/2 (hereafter called s̃ij(l)). We denote s̃ij = s̃ij′(l′) with some l′, j′ for

j = 1, . . . , n, according to the relation that xj = xl′j′ . The mean squared error of
the i-th PC score is given by MSE(s̃i) = n−1

∑n
j=1(s̃ij − sij)

2. Then, Yata and

Aoshima [39] gave the following results.

Theorem 3.13 ([39]). Assume that λi (i ≤ m) has multiplicity one. Then, under
(i) and (ii) of Theorem 3.9, we have that

(3.9)
MSE(s̃i)

λi
= oP (1).

Corollary 3.14 ([39]). Assume that the components of Z satisfy (∗). Then, (3.6)
holds under (i) and (ii) of Theorem 3.3. When λi (i ≤ m) has multiplicity one,
(3.7) holds under (i) and (ii) of Theorem 3.4, and (3.8) and (3.9) hold under (i)
and (ii) of Theorem 3.3.

Corollary 3.15 ([39]). When the population mean may not be zero, let SoD(1) =

{(n(1)−1)(n(2)−1)}−1/2(X1−X1)
T (X2−X2) having p×n(i) matrices, and Xi =

[x̄in, . . . , x̄in], i = 1, 2, with x̄in =
∑n(i)

j=1 xij/n(i). We define λ̃i (i = 1, . . . ,m) by
replacing SD(1) with SoD(1). Then, the assertions in Theorems 3.9, 3.11, 3.12, 3.13
and Corollary 3.14 are still justified under those conditions.

Even when the components of Z do not satisfy (∗), the estimates of eigenvalues,
PC directions and PC scores by the CDM methodology give fine performances
for HDLSS data. Yata and Aoshima [44] made comparisons between the NR and
the CDM methodologies theoretically under a more general setup called the power
spiked model.

3.4. Clustering for HDLSS data. Suppose we have a mixture model to classify a
data set into two groups. We assume that a sample is taken with mixing proportions
ε (∈ (0, 1)) and 1−ε from π1 and π2, and that the label of the population is missing.
We consider the mixture model whose p.d.f. (or p.f.) is given by

f(x) = επ1(x;μ1,Σ1) + (1− ε)π2(x;μ2,Σ2),(3.10)

where πi(x;μi,Σi) is a p-dimensional p.d.f. (or p.f.) of πi having mean vector μi

and covariance matrix Σi. Let μ and Σ be the mean vector and the covariance
matrix of the mixture model. Then, we have that μ = εμ1 + (1 − ε)μ2 and
Σ = ε(1 − ε)(μ1 − μ2)(μ1 − μ2)

T + εΣ1 + (1 − ε)Σ2. We assume that xj , j =
1, . . . , n(� p), are independently taken from (3.10). We define a p× n data matrix
X = [x1, . . . ,xn]. Let Δ = ||μ1 − μ2||2, where || · || denotes the Euclidean norm.
Let λ11 and λ21 be the largest eigenvalues of Σ1 and Σ2. We assume Δ = cpβ,
where c and β are positive constants. We assume that λ11/Δ → 0 and λ21/Δ → 0

as p → ∞. Also, we assume hT
1 (μ1 −μ2) ≥ 0. Then, from Yata and Aoshima [39],
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it follows that as p → ∞,

s1j√
λ1

p→
{ √

(1− ε)/ε when xj ∈ π1,

−
√

ε/(1− ε) when xj ∈ π2.

Thus, one would be able to classify the data set {x1, . . . ,xn} into two groups if s1j
is accurately estimated for the HDLSS data. Since X from (3.10) is non-Gaussian,
one may estimate s1j by using the CDM estimator, s̃1j , given in Section 3.3. Yata
and Aoshima [39] applied the CDM methodology to the clustering of microarray
data sets.

4. Inference on mean vectors for HDLSS data

In this section, we focus on inference on multisample and high-dimensional mean
vectors. Suppose we have independent populations, πi, i = 1, . . . , k, having un-
known mean vector μi(∈ Rp) and unknown covariance matrix Σi(> O) for each
πi. We assume lim supp→∞ ||μi − μj ||2/p < ∞ for all i �= j. Also, we assume
that lim supp→∞ tr(Σi)/p < ∞ and lim infp→∞ tr(Σi)/p > 0 for i = 1, . . . , k. Let
θ = (μ1, . . . ,μk,Σ1, . . . ,Σk). We do not assume either the Gaussianity of the
population distributions or the equality of the Σs as Σ1 = · · · = Σk. The eigen-
decomposition of Σi (i = 1, . . . , k) is given by Σi = HiΛiH

T
i , where Λi is a

diagonal matrix of eigenvalues, λi1 ≥ · · · ≥ λip > 0, and Hi is an orthogonal ma-
trix of the corresponding eigenvectors. Let xij , j = 1, . . . , ni, be i.i.d. samples of

size ni (≥ 4) from each πi. Let zij = (zi1j , . . . , zipj)
T = Λ

−1/2
i HT

i (xij − μi) for
i = 1, . . . , k, j = 1, . . . , ni. We assume that

(4.1) xij = Γiwij + μi for i = 1, . . . , k, j = 1, . . . , ni,

where Γi is a p × ri matrix for some ri ≥ p such that ΓiΓ
T
i = Σi, and wij , j =

1, . . . , ni, are i.i.d. random vectors having E(wij) = 0 and Var(wij) = Iri . We
assume that the fourth moments of each variable in wij are uniformly bounded.

Note that (4.1) includes the case of Γi = HiΛ
1/2
i and wij = zij . Refer to Aoshima

and Yata [4], Bai and Saranadasa [9] and Chen and Qin [18] for the details of
the model. Let wij = (wi1j , . . . , wirij)

T for any i, j. Then, we assume one of the
following three assumptions for the πis:

(A-i) Np(μi,Σi);
(A-ii) wisj , s = 1, . . . , ri, are independent;
(A-iii) E(w2

isjw
2
itj) = E(w2

isj)E(w2
itj) and E(wisjwitjwiujwivj) = 0 for

s �= t, u, v.

Note that (A-i) implies (A-ii) and (A-ii) implies (A-iii). We assume the following
condition for the Σis:

(A-iv)
λi1√
tr(Σ2

i )
→ 0 as p → ∞ for i = 1, . . . , k.

4.1. Given-bandwidth confidence region. Let μ =
∑k

i=1 biμi, where the bis

are known and non-zero scalars. We define T n=
∑k

i=1 bixini
, where n=(n1, . . . , nk)

and xini
=

∑ni

j=1 xij/ni. Aoshima and Yata [2] considered a given-bandwidth con-
fidence region for μ such as

(4.2) RΣn = {μ ∈ Rp : max{Σn − δ, 0} ≤ ||T n − μ||2 ≤ Σn + δ}
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Figure 3. The gray zone represents confidence region RΣn .

for given δ (> 0), where Σn =
∑k

i=1 b
2
i tr(Σi)/ni. When Σn > δ, μ is included in

the region sandwiched by the two p-dimensional spheres with radii of
√
Σn + δ and√

Σn − δ from T n. In Figure 3, the gray zone represents the sandwiched region
showing RΣn . One can also consider ||T n − μ||2 as a loss function and control it
by using RΣn .

Remark 4.1. Yata and Aoshima [42] considered applying RΣn to each variable
selection for HDLSS data.

Let Sini
=

∑ni

j=1(xij−xini
)(xij−xini

)T /(ni−1) and Σ̂n =
∑k

i=1 b
2
i tr(Sini

)/ni.

Note that Eθ(||T n − μ||2 − Σ̂n) = 0 and

Varθ(||T n − μ||2 − Σ̂n) = 2

k∑
i=1

b4i tr(Σ
2
i )

ni(ni − 1)
+ 4

∑
i<j

b2i b
2
j tr(ΣiΣj)

ninj
.

Then, Aoshima and Yata [2, 5] gave the following result.

Theorem 4.2 ([2, 5]). Assume (A-iii) and (A-iv). Then, it holds that as p → ∞
and ni → ∞, i = 1, . . . , k,

||T n − μ||2 − Σ̂n√
Varθ(||T n − μ||2 − Σ̂n)

⇒ N(0, 1).

Instead of (A-iii), we consider the following conditions when p → ∞:

(A-iii’) Varθ[{(xil − μi)
T (xjl′ − μj)}2] = O{tr(ΣiΣj)

2} and

Varθ{(xil − μi)
TΣj(xil − μi)} = O{tr(ΣiΣjΣiΣj)} for i, j = 1, . . . , k

(l �= l′).

Note that (A-iii) implies (A-iii’). Then, Aoshima and Yata [5] gave the following
result.

Corollary 4.3. After replacing (A-iii) with (A-iii’), the result in Theorem 4.2 is
still justified.
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In order to construct a given-bandwidth confidence region for μ, by using The-
orem 4.2, we consider the sample size such that

ni ≥
zα/2

√
2

δ
|bi|tr(Σ2

i )
1/4

k∑
j=1

|bj |tr(Σ2
j )

1/4 + 1 (hereafter called Ci)(4.3)

for each πi. Here, zα is a constant such that P{N(0, 1) > zα} = α for α ∈ (0, 1/2).
We assume δ = o{mini=1,...,k tr(Σ

2
i )

1/2}. Then, Aoshima and Yata [2, 5] gave the
following result.

Theorem 4.4 ([2, 5]). Assume (A-iii) and (A-iv). Then, for nis satisfying (4.3),
it holds that as p → ∞,

lim inf Pθ(μ ∈ R
̂Σn

) ≥ 1− α.

Since the Σis are unknown, it is necessary to estimate Ci in (4.3). We proceed
with the following two steps:

1. Choose mi(≥ 4), i = 1, . . . , k, such that

(4.4)
mi

Ci
≤ 1,

Ci

m2
i

→ 0 and
Ci

mi

tr(Σ4
i )

tr(Σ2
i )

2
→ 0 as p → ∞ under (A-iv).

Note that (4.4) is met when lim infp→∞ mi/Ci > 0 and lim supp→∞ mi/Ci < 1.
Take pilot samples, xij , j = 1, . . . ,mi, of size mi from each πi. Then, calculate
Wimi

according to (5.1) in Section 5. Define the total sample size for each πi by

(4.5) Ni = max
{
mi,

⌈zα/2√2

δ
|bi|W 1/4

imi

k∑
j=1

|bj |W 1/4
jmj

⌉
+ 1

}
.

2. For each πi, if Ni = mi, do not take any additional samples; otherwise (that
is, if Ni > mi) take additional samples, xij , j = mi + 1, . . . , Ni, of size Ni −mi.
By combining the pilot samples and the additional samples, calculate xiNi

and
SiNi

, i = 1, . . . , k. Let N = (N1, . . . , Nk). Then, define R
̂ΣN

according to (4.2)

with TN =
∑k

i=1 bixiNi
and Σ̂N =

∑k
i=1 b

2
i tr(SiNi

)/Ni.
Aoshima and Yata [2, 5] gave the following result.

Theorem 4.5 ([2, 5]). Assume (A-iii) and (A-iv). For the two-stage procedure by
(4.4) and (4.5), we have that as p → ∞,

lim inf Pθ(μ ∈ R
̂ΣN

) ≥ 1− α.

Remark 4.6. After replacing (A-iii) with (A-iii’), the results of Theorems 4.4 and
4.5 are still justified.

In order to check the performance of the two-stage procedure by (4.4) and
(4.5), we used computer simulations. We set k = 2, p = 1600, b1 = b2 = 1
and δ = 5. Our goal was to construct a 95% given-bandwidth confidence re-
gion R

̂ΣN
. In other words, we set α = 0.05. We set μ1 = μ2 = (0, . . . , 0)T

and m1 = m2 = 20. Independent pseudorandom normal observations were gen-
erated for πi : Np(μi,Σi), i = 1, 2. We considered the covariance matrices such

that Σ1 = c1B(ρ
|i−j|1/3
1 )B and Σ2 = c2B(ρ

|i−j|1/3
2 )B, where ci > 0, ρi ∈ (0, 1),

i = 1, 2, and B = diag
(√

0.5 + 1/(p+ 1),
√
0.5 + 2/(p+ 1), . . . ,

√
0.5 + p/(p+ 1)

)
.

Note that tr(Σi) = cip (i = 1, 2). We considered the following three cases: (i)
(c1, c2) = (1, 1) and (ρ1, ρ2) = (0.3, 0.3), i.e., Σ1 = Σ2; (ii) (c1, c2) = (1, 1)
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Table 1. Required sample size and its coverage probability by
(4.4) and (4.5) when p = 1600, k = 2, δ = 5, α = 0.05 and
m1 = m2 = 20.

N N − C Var(N) P s(P )

(c1, c2) = (1, 1), (ρ1, ρ2) = (0.3, 0.3)

C 118.29 118.81 0.53 26.69 0.961 0.00433
C1 59.14 59.41 0.27 8.4
C2 59.14 59.4 0.26 8.43

(c1, c2) = (1, 1), (ρ1, ρ2) = (0.3, 0.4)

C 133.66 134.28 0.62 41.98 0.96 0.00441
C1 62.87 63.22 0.35 9.74
C2 70.79 71.06 0.27 16.66

(c1, c2) = (1, 1.5), (ρ1, ρ2) = (0.3, 0.3)

C 145.89 146.6 0.71 42.08 0.951 0.00485
C1 65.68 66.03 0.36 10.11
C2 80.21 80.57 0.36 16.21

and (ρ1, ρ2) = (0.3, 0.4), i.e., tr(Σ1) = tr(Σ2) and tr(Σ2
1) �= tr(Σ2

2); and (iii)
(c1, c2) = (1, 1.5) and (ρ1, ρ2) = (0.3, 0.3), i.e., Σ2 = 1.5Σ1. Table 1 gives the find-
ings obtained by averaging the outcomes from 2000 (= R, say) replications. See
Aoshima and Yata [2] for the details. Throughout, we observed that the two-stage
procedure constructs the required confidence regions successfully.

4.2. Two-sample test. We consider the case when k = 2 and test the hypotheses:

H0 : μ1 = μ2 vs. H1 : μ1 �= μ2.

Dempster [20, 21] and Srivastava [35] considered the test when π1 and π2 are
Gaussian. Bai and Saranadasa [9] considered the test under a non-Gaussianity
but Σ1 = Σ2. Chen and Qin [18] and Aoshima and Yata [2] considered the test un-
der a non-Gaussianity and Σ1 �= Σ2. Particularly, Aoshima and Yata [2] proposed
a two-sample test to ensure a prespecified size α and power no less than 1−β when
Δ = ||μ1 − μ2||2 ≥ ΔL, where α, β ∈ (0, 1/2) and ΔL (> 0) are given constants.
We assume ΔL = o{mini=1,...,k tr(Σ

2
i )

1/2}. We define an estimator of Δ by

(4.6) T̃n = ||x1n1
− x2n2

||2 −
2∑

i=1

tr(Sini
)

ni
,

where n = (n1, n2). Note that Eθ(T̃n) = Δ and

Varθ(T̃n) =
2∑

i=1

2

ni(ni − 1)
tr(Σ2

i )+
4

n1n2
tr(Σ1Σ2)+

2∑
i=1

4

ni
(μ1−μ2)

TΣi(μ1−μ2).

Then, Aoshima and Yata [2, 5] and Chen and Qin [18] gave the following result.

Theorem 4.7 ([2, 5, 18]). Assume
∑2

i=1 n
−1
i (μ1 −μ2)

TΣi(μ1 − μ2)/Varθ(T̃n) =
o(1). Assume also (A-iii) and (A-iv). Then, it holds that as p → ∞ and n1, n2 →
∞,

T̃n −Δ√
Varθ(T̃n)

⇒ N(0, 1).



STATISTICAL INFERENCE FOR HDLSS DATA 151

Corollary 4.8. After replacing (A-iii) with (A-iii’), the result of Theorem 4.7 is
still justified.

We give a two-stage test procedure to ensure a prespecified size α and power no
less than 1− β when Δ ≥ ΔL. We proceed with the following two steps:

1. Choose mi(≥ 4), i = 1, 2, satisfying (4.4) for each πi. Take pilot samples,
xij , j = 1, . . . ,mi, of size mi from each πi. Then, calculate Wimi

according to
(5.1) in Section 5. Define the total sample size for each πi by

(4.7) Ni = max
{
mi,

⌈ (zα + zβ)
√
2

ΔL
W

1/4
imi

2∑
j=1

W
1/4
jmj

⌉
+ 1

}
.

2. For each πi, if Ni = mi, do not take any additional samples; otherwise (that
is, if Ni > mi) take additional samples, xij , j = mi + 1, . . . , Ni, of size Ni −mi.
By combining the pilot samples and the additional samples, calculate xiNi

and

SiNi
, i = 1, 2. Let N = (N1, N2). Then, define T̃N according to (4.6) and test the

hypotheses by

rejecting H0 ⇐⇒ T̃N >
ΔLzα
zα + zβ

.(4.8)

Then, from Aoshima and Yata [2, 5], we have the following result.

Theorem 4.9. Assume (A-iii) and (A-iv). Then, the test by (4.8) with (4.4) and
(4.7) has as p → ∞,

lim sup size ≤ α and lim inf power(ΔL) ≥ 1− β,

where power(ΔL) denotes the power when Δ = ΔL.

Remark 4.10. After replacing (A-iii) with (A-iii’), the results of Theorem 4.9 are
still justified.

5. Estimation and test of feature parameters for HDLSS data

Throughout this section, we omit the subscript with regard to the population
number. Yata and Aoshima [43] developed the extended cross-data-matrix (ECDM)
methodology that is an extension of the CDM methodology. In this section, we
consider inferences on feature parameters for HDLSS data and introduce several
statistics given by the ECDM methodology.

5.1. Estimation of tr(Σ2). We apply the ECDM methodology to obtain an un-
biased estimator of tr(Σ2) as follows: Recall that n(1) = �n/2� and n(2) = n−n(1).
Let

V n(1)(k) =

{
{�k/2� − n(1) + 1, . . . , �k/2�} if �k/2� ≥ n(1),

{1, . . . , �k/2�} ∪ {�k/2�+ n(2) + 1, . . . , n} otherwise;

V n(2)(k) =

{
{�k/2�+ 1, . . . , �k/2�+ n(2)} if �k/2� ≤ n(1),

{1, . . . , �k/2� − n(1)} ∪ {�k/2�+ 1, . . . , n} otherwise

for k = 3, . . . , 2n − 1, where �x� denotes the largest integer ≤ x. Let #S denote
the number of elements in a set S. Note that #V n(l)(k) = n(l), l = 1, 2, V n(1)(k) ∩
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V n(2)(k) = ∅ and V n(1)(k) ∪ V n(2)(k) = {1, . . . , n} for k = 3, . . . , 2n− 1. Also, note
that i ∈ V n(1)(i+j) and j ∈ V n(2)(i+j) for i < j (≤ n). Let

xn(1)(k) = n−1
(1)

∑
j∈V n(1)(k)

xj and xn(2)(k) = n−1
(2)

∑
j∈V n(2)(k)

xj

for k = 3, . . . , 2n− 1. Then, Yata and Aoshima [43] gave an estimator of tr(Σ2) by

Wn =
2un

n(n− 1)

n∑
i<j

{
(xi − xn(1)(i+j))

T (xj − xn(2)(i+j))
}2

,(5.1)

where un = n(1)n(2)/{(n(1) − 1)(n(2) − 1)}. Note that Eθ(Wn) = tr(Σ2). Aoshima
and Yata [4] and Yata and Aoshima [44] gave the following result.

Theorem 5.1 ([4, 43]). Assume (A-iii). Then, it holds that as p → ∞ and n → ∞,

Varθ

( Wn

tr(Σ2)

)
=

4

n2
{1 + o(1)}+O

{ tr(Σ4)

tr(Σ2)2n

}
→ 0.

Remark 5.2. Assume (A-i). Then, it holds that as p → ∞ and n → ∞,

Varθ

( Wn

tr(Σ2)

)
=

{ 4

n2
+

8tr(Σ4)

tr(Σ2)2n

}
{1 + o(1)}.

Aoshima and Yata [2] applied the CDM methodology to obtain an unbiased
estimator of tr(Σ2) by tr(Sn(1)Sn(2)), where

Sn(1) = (n(1) − 1)−1

n(1)∑
j=1

(xj − xn(1)(n+1))(xj − xn(1)(n+1))
T

and

Sn(2) = (n(2) − 1)−1
n∑

j=n(1)+1

(xj − xn(2)(n+1)) (xj − xn(2)(n+1))
T .

Note that Eθ{tr(Sn(1)Sn(2))} = tr(Σ2). Then, under (A-iii), it holds as p → ∞ and

n → ∞ that Varθ{tr(Sn(1)Sn(2))/tr(Σ
2)} = 8{1+o(1)}/n2+O[tr(Σ4)/{ntr(Σ2)2}]

→ 0. We note that the asymptotic variance of Wn is smaller than that of
tr(Sn(1)Sn(2)) under (A-iii). On the other hand, Bai and Saranadasa [9] considered

an estimator of tr(Σ2) by Wn(BS) = c−1
n {tr(S2

n) − tr(Sn)
2/(n − 1)} with cn =

(n−2)(n+1)/(n−1)2 when the population distribution is Gaussian. They showed
that, under (A-i), it holds that Eθ(Wn(BS)) = tr(Σ2) and Varθ{Wn(BS)/tr(Σ

2)} =

[4/n2+8tr(Σ4)/{tr(Σ2)2n}]{1+o(1)}. Thus, the ECDM methodology is desirable
in the sense that the asymptotic variance of Wn is equivalent to that of Wn(BS),
which specializes the Gaussian case. It should be noted that Wn(BS) is severely bi-

ased without (A-i). In addition, one cannot even claim Varθ{Wn(BS)/tr(Σ
2)} < ∞

unless the eighth moments of each variable in wj are uniformly bounded. Contrary
to that, Wn is efficient even in non-Gaussian situations. Chen et al. [19] also con-
sidered an unbiased estimator of tr(Σ2), and its computational cost was of O(n4p).
Contrary to that, the computational cost of Wn is of O(n2p) by substituting pre-
viously calculated xn(i)(k)s into (5.1).
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5.2. Test of correlation. Let x1(∗),x2(∗), . . . be a sequence of i.i.d. p+ 1-variate

data vectors and xj(∗) = (xT
j , xj(∗))

T , where xj = (x1j , . . . , xpj)
T is the same as

in Section 2 and xj(∗) is a random variable having unknown variance, σ2
∗ ∈ (0,∞).

We denote the covariance vector between xj and xj(∗) by Cov(xj , xj(∗)) = σ. We
denote the correlation coefficient vector between xj and xj(∗) by Corr(xj , xj(∗)) =
ρ. We consider testing the hypotheses

H0 : ρ = 0 vs. H1 : ρ �= 0.(5.2)

The test of correlation is a very important tool of pathway analysis or graphical
modeling for high-dimensional data. For example, Drton and Perlman [22] and
Wille et al. [37] considered pathway analysis or graphical modeling of microarray
data by testing an individual correlation coefficient. On the other hand, Hero and
Rajaratnam [28] considered correlation screening procedures for high-dimensional
data by using a test of correlations. Zhong and Chen [45] considered tests of a
regression coefficient vector in linear regression models. Aoshima and Yata [2]
considered applying the CDM methodology to test of correlations, and Yata and
Aoshima [43] modified it by using the ECDM methodology as follows: Having
recorded x1(∗), . . . ,xn(∗), an estimator of ||σ||2 is given by

T̂n,σ =
2un

n(n− 1)

n∑
i<j

(xi − xn(1)(i+j))
T (xj − xn(2)(i+j))

× (xi(∗) − xn(1∗)(i+j))(xj(∗) − xn(2∗)(i+j)),(5.3)

where

xn(1∗)(k) = n−1
(1)

∑
j∈V n(1)(k)

xj(∗) and xn(2∗)(k) = n−1
(2)

∑
j∈V n(2)(k)

xj(∗)

for k = 3, . . . , 2n − 1. Note that E(T̂n,σ) = ||σ||2. Then, Yata and Aoshima [43]
gave the following result.

Theorem 5.3 ([43]). Assume lim inf σ2
∗tr(Σ

2)1/2/(n||σ||2) > 0 as p → ∞ and
n → ∞ when ||σ||2 �= 0. Assume also (A-ii) and (A-iv). Under some regularity
conditions on xj(∗), it holds that as p → ∞ and n → ∞,

T̂n,σ − ||σ||2

σ2
∗

√
2tr(Σ2)/n

⇒ N(0, 1).

Similar to Section 4.2, by using Theorem 5.3, Yata and Aoshima [43] considered
correlation tests to ensure prespecified accuracy about both the size and power,
and applied the tests to pathway analysis of microarray data.

6. Classification for HDLSS data

In this section, we consider classification between π1 and π2. The inverse matrix
of Sini

does not exist in the HDLSS context, hence typical discriminant analy-
sis such as Fisher discriminant analysis does not work well. When Σ1 = Σ2,
Saranadasa [34] considered substituting the identity matrix Ip for Sini

. Bickel and
Levina [12] considered the inverse matrix defined by only diagonal elements of the
pooled sample covariance matrix. Yata and Aoshima [41] considered using a ridge-
type inverse covariance matrix derived by the NR methodology. When Σ1 �= Σ2,
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Dudoit et al. [23] considered using the inverse matrix defined by only diagonal
elements of Sini

. Aoshima and Yata [2] considered substituting {tr(Sini
)/p}Ip for

Sini
in order to use a geometric representation of HDLSS data from each πi and

gave a quadratic classifier whose misclassification rates are no more than specified
thresholds. Hall et al. [26] and Marron et al. [32] considered distance weighted
classifiers. Chan and Hall [17] and Aoshima and Yata [4] considered distance-based
classifiers. Particularly, Aoshima and Yata [4] considered distance-based classifiers
for multiclass, non-Gaussian high dimensional data. Also, Fan and Fan [24] and
Aoshima and Yata [2] considered applying a variable selection procedure to classi-
fication. Aoshima and Yata [7, 8] provided a general theory of quadratic classifiers
for high-dimensional data. In this section, we introduce the geometric classifier by
Aoshima and Yata [2] and the distance-based classifier by Aoshima and Yata [4].

6.1. Geometric classifier. Let x0 be an observation vector on an individual be-
longing to π1 or π2. Aoshima and Yata [2] gave the following classification rule by
geometric representations: Let

ωGR(x0) =
p||x0 − x1n1

||2
tr(S1n1

)
− p||x0 − x2n2

||2
tr(S2n2

)
− p log

{
tr(S2n2

)

tr(S1n1
)

}
− p

n1
+

p

n2
.

(6.1)

Then, one classifies x0 into π1 if ωGR(x0) < 0 and into π2 otherwise. Here, −p/n1+
p/n2 is a bias-correction. We denote the error rate of misclassifying the individual
from π1 (into π2) or from π2 (into π1) by e(2|1) or e(1|2). Let Δ = ||μ1−μ2||2 and
ΔΣi = {tr(Σ1) − tr(Σ2)}2/tr(Σi), i = 1, 2. We define Δi = Δ+ΔΣi/2, i = 1, 2,
and Δ� = min

i=1,2
Δi. We assume the following assumptions under p → ∞ either

when ni is fixed or ni → ∞ for i = 1, 2:

(A-v)
(μ1 − μ2)

TΣi(μ1 − μ2)

Δ2
�

= o(1) and
tr(Σ2

i )tr(Σ1 −Σ2)
2

tr(Σi)2Δ2
�

= o(1) for

i = 1, 2;

(A-vi)
maxj=1,2 tr(Σ

2
j)

niΔ2
�

= o(1) for i = 1, 2.

Then, Aoshima and Yata [4] gave the following result.

Theorem 6.1 ([4]). Assume (A-iii), (A-v) and (A-vi). Then, for the classifier by
(6.1), it holds that as p → ∞,

e(2|1) → 0 and e(1|2) → 0.(6.2)

Let us check the performance of (6.1) in an easy example. We set n1 = n2 = 5.
We generated independent pseudorandom observations for π1 : Np(0, Ip) and
π2 : Np(0, 2Ip) when p = 4, 32, 256 and 2048. Note that Δ = 0 and Δ� = p/4, so
that (A-v) and (A-vi) hold even when the nis are fixed. In Figure 4, we constructed
histograms of ωGR(x0) for x0 from πi (i = 1, 2) 2000 times in each case of p. We
observed that the two histograms become separated as p increases, so that the
classifier by (6.1) gives good performances even when μ1 = μ2.

Let

δi(GR) = 2p
{ tr(Σ2

i )

nitr(Σi)2
+

tr(Σ1Σ2)

njtr(Σj)2

}1/2

for i, j = 1, 2, i �= j.

We assume the following assumptions when p → ∞ and n1, n2 → ∞:
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(a) p = 4 (b) p = 32

(c) p = 256 (d) p = 2048

Figure 4. The histograms of ωGR(x0) for x0 from πi (i = 1, 2)
2000 times when p = 4, 32, 256 and 2048. A denotes the case when
x0 ∈ Np(0, Ip) and B denotes the case when x0 ∈ Np(0, 2Ip).

(A-vii)
(μ1 − μ2)

TΣi(μ1 − μ2)

δ2i(GR)

= o(1) for i = 1, 2;

(A-viii)
tr(Σ2

i )tr(Σ1 −Σ2)
2

tr(Σi)2δ2i(GR)

= o(1) for i = 1, 2.

Then, Aoshima and Yata [2, 7] gave the following result.

Theorem 6.2 ([2, 7]). Assume that tr(Σ1)/tr(Σ2) → 1 as p → ∞ and lim infp→∞
tr(Σ1Σ2)/tr(Σ

2
i ) > 0 for i = 1, 2. Assume also (A-iii), (A-iv), (A-vii) and (A-viii).

Then, we have that as p → ∞ and n1, n2 → ∞,

ωGR(x0) + (−1)i+1Δj(tr(Σj)/p)
−1

δi(GR)
⇒ N(0, 1) when x0 ∈ πi (i, j = 1, 2, i �= j).

By using Theorem 6.2, Aoshima and Yata [2] considered sample size determi-
nation for (6.1) to satisfy both e(2|1) ≤ α and e(1|2) ≤ β when Δ� ≥ ΔL, where
α, β ∈ (0, 1/2) and ΔL (> 0) are given constants. See Section 4 in Aoshima and
Yata [2] for the details.

6.2. Distance-based classifier. Aoshima and Yata [4] gave the following distance-
based classification rule: Let

ωDB(x0) =
(
x0 −

x1n1
+ x2n2

2

)T

(x2n2
− x1n1

)− tr(S1n1
)

2n1
+

tr(S2n2
)

2n2
.(6.3)

Then, one classifies x0 into π1 if ωDB(x0) < 0 and into π2 otherwise. Here,
−tr(S1n1

)/(2n1) + tr(S2n2
)/(2n2) is a bias-correction. Chan and Hall [17] also
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considered a scale adjusted distance-based classifier such as (6.3). We assume the
following assumptions under p → ∞ either when ni is fixed or ni → ∞ for i = 1, 2:

(A-ix)
(μ1 − μ2)

TΣi(μ1 − μ2)

Δ2
= o(1) for i = 1, 2;

(A-x)
maxj=1,2 tr(Σ

2
j)

niΔ2
= o(1) for i = 1, 2.

Then, Aoshima and Yata [4] gave the following result.

Theorem 6.3 ([4]). Assume (A-ix) and (A-x). Then, for the classifier by (6.3),
(6.2) holds as p → ∞.

We note that (A-ix) and (A-x) are not met when μ1 = μ2. Thus, the classifier by
(6.3) does not have the consistency property when μ1 = μ2. However, the classifier
by (6.3) has the consistency property without (A-iii). It is quite flexible and robust
for non-Gaussian situations.

Let

δi(DB) =
{ tr(Σ2

i )

ni
+

tr(Σ1Σ2)

nj
+

2∑
l=1

tr(Σ2
l )

2nl(nl − 1)

}1/2

for i, j = 1, 2, i �= j.

We assume the following assumption when p → ∞ and n1, n2 → ∞:

(A-xi)
(μ1 − μ2)

TΣi(μ1 − μ2)

δ2i(DB)

= o(1) for i = 1, 2.

Then, Aoshima and Yata [4] gave the following result.

Theorem 6.4 ([4]). Assume lim infp→∞ tr(Σ1Σ2)/tr(Σ
2
i ) > 0 for i = 1, 2. Assume

also (A-iii), (A-iv) and (A-xi). Then, we have that as p → ∞ and n1, n2 → ∞,

ωDB(x0)− (−1)iΔ/2

δi(DB)
⇒ N(0, 1) when x0 ∈ πi (i, j = 1, 2, i �= j).

By using Theorem 6.4, Aoshima and Yata [4] considered sample size determina-
tion for multiclass (k ≥ 2) classification whose misclassification rates are no more
than specified thresholds. Aoshima and Yata [7, 8] made comparisons between the
geometric classifier and the distance-based classifier theoretically in a more general
framework.
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