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A LIMIT THEOREM FOR STOCHASTIC NETWORKS
AND ITS APPLICATIONS

E. O. LEBEDEV

ABSTRACT. A service process in an overloaded regime for multichannel stochastic
networks is considered. A general functional limit theorem is proved, and the prop-
erties of the limit process are studied. An application of the approximation obtained
is given for the case of networks with a semi-Markov input.

1. INTRODUCTION

A multichannel network of queueing systems is the main model considered in the
paper. Assume that customers arrive at an ith node of the network, i = 1,2,...,r, at
instances ’7'151), k=1,2,.... Let v;(t) be the total number of customers arrived to the ith
node on the interval [0,¢]. Every node consists of infinitely many similar servers. The
service time of every server is exponentially distributed with parameter pu;, ¢ =1,2,...,7.
After the service at an ith node, a customer moves to a jth node with probability p;;,
and exits the network with probability p;,4+1 = 1 — Z;=1Pij~ Here P = ||p;;||7 is the
route matrix of the network. An extra, (r + 1)th, node is treated as the “exit” from the
network. We denote this model by [G|M|oo]".

The [G|M|oo]” models of networks are used when designing computer or communi-
cation systems (see, for example, [T]) and in the studies of primary ionization processes
(see [2).

An r-dimensional process Q(t) = (Q1(t),...,Q.(t)) is called a service process in a
[G|M|oc]” network if @;(t) is the number of busy servers at the ith node at the mo-
ment ¢ > 0. We study the service process Q(t) for a critical traffic in the network. This
means that the parameters of input flows v;(t) and service intensities p;, i = 1,2,...,7,
depend on “n” (the series number), and moreover

1) there are constants A\; > 0,4 =1,2,...,r, for which

n~1/2 (I/YZ) (nt) — Aint, ..., v (nt) — Arnt> = W(t) = W(t),..., Wi (1)),

n—00

where W (¢) is an r-dimensional Wiener process with zero mean vector,
EW(1) =0,

and correlation matrix EW (1)W’'(1) = 02 = ||oy;]|7. (The symbol L stands for
the weak convergence in the uniform topology);
2) limy oo npi(n) = p; #0,i=1,2,...,7.
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Consider the sequence of stochastic processes
EM(t) =n"2(Q (nt) —ng(t),  t20,
Q™' (0) = (0,...,0),
where ¢/(t) = (q1(t), ..., qr(t)) = (0/p)'(I = P(t)), (0/p)" = (61/ 11, - - ., 0r /i),
0 =(01,...,0,)=NIT—-P)!
is a solution of the balance equation for a [G|M|oo]” network, X' = (A1,..., Ar),
P(t) = |lpi;)|I1 = exp[A(u)(P — I)t],

and A(p) = [|d;5]|7 is a diagonal matrix.

The condition Q(™’(0) = (0,...,0) means that the prelimit process is in a transient
regime.

2. THE CONVERGENCE OF THE SERVICE PROCESS

We introduce two independent Gaussian processes £V’ (t) = ( §1)(t), e ,gﬁ”(t)) and

£t = ( §2) (t),... ,§£2)(t)) in order to describe the limit behavior of the sequence
€M (), n > 1.
The process £1(t) is completely determined by its mean value

EcH(t)=0
and correlation matrices
R“Kﬂ-—E£“Kﬂfuyﬁ)—E£ONﬂE£“”@)—1AtP%uw2P@0dw
R (s,1) = E€W ()¢ (1) —E€W(s) E€W (1) = RD(s)P(t — ), s <t
The process &) (t) satisfies

E€® (1) =0,
r ¢
R0 = Y [ (Ao @] = o)) du,
m=1 0
R (s,t) = RA(s)P(t — s), s < t,
where p), (u) = (pm1 (1), . .., Pmr(u)) is the mth row of the matrix P(u), and

Alpm(u)] = [lpmi(w)disly

is a diagonal matrix.
The following theorem is the main result of the paper.

Theorem 1. Assume that a [G™|M™|cc]” network of queue systems satisfies con-
ditions 1) and 2). If the spectral radius of the route matriz P is less than 1, then the
sequence of stochastic processes €™ (t), n > 1, converges to €M) (t)+£@) (t) in the uniform
topology on every finite interval [0,T].

The proof of Theorem 1 is based on the following two auxiliary results.

Lemma 1. The finite-dimensional distributions of fot dW'(u)P(t—u) coincide with those
of the Gaussian process €V (t).
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Lemma 1 follows from properties of the stochastic integral (see, for example, [3]).
The trajectory of a customer arrived at the network at an mth node, can be described
(until the time when it exits the network) by a Markov chain
™) €{1,2,...,r,r +1},  t>0,

whose infinitesimal matrix ||g;;||;T" and initial distribution P(n(™)(0) = i) are given by

—pi(l—pii), i=j7=1,2,...,m
qij = § MiDij, i#£5,i=12....r, j=12,....,mr+1,
0, t=r+1,7=1,2,...,r,r+1,
and P(n(™)(0) =) = i, 4 = 1,2,...,7 + 1, respectively.
Let x(™(t) = (XW t),... ,Xﬁm) (t)),t >0, m=1,...,r, be an r-dimensional process
defined by the chain (™ (t) as follows:

X(m) _ )% n(m)(t) =5 =1
eo, nM(t)=r+1,
where e; is an r-dimensional vector whose jth coordinate is equal to 1 and all other

coordinates are 0; eg is the zero r-dimensional vector.
For an arbitrary positive integer N and

()= (105),-- . 2(),  F=L2... N, [2(j)] <1,
we denote by ®(™) = &™) (¢y, ... tn,2(1),...,2(N)) the joint moment generating func-
tion of the vectors x(™ (t1),...,x™(tn), 0 < t; < --- < tn,
o' = (W ... o),

Lemma 2. For an arbitrary N =1,2,... and 0 <t; < --- < ty,
N

(1) =T+ PAL)A[(1)] - P(AL;-1)A[2(j — 1] P(AL)(2(5) - 1),
j=1

where 1 is the r-dimensional vector whose coordinates are 1s, and At; = t; —t;_1 (to =0)
and Alz(1)] = ||zk(2)0km||] are diagonal matrices.

Equality (1) can be proved by induction.

Proof of Theorem 1. There are two steps in the proof:

a) we prove the convergence of finite-dimensional distributions;

b) we show that
2) lim Tim P (WA@(")) > 5) =0

A—0n—oo
for all § > 0, where
wal®) = swp () — a(w).
[t—u|<A, 0<t,ulT
Proof of a). Let x™ D (), x(™2)(t),...,x"™*)(t),... be a sequence of indicator type

independent stochastic processes whose finite-dimensional distributions coincide with
those of x(™)(t). Applying the method of moment generating functions, we conclude
that, for a fixed trajectory of the input process v(t) = (v1(t),...,vr(t)), ¢ > 0, the
distribution of Q(t) coincides with that of

r vm(t)

X(m’k) (t — T,im)) .
m=1 k=1
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This together with equality (1) implies that for N = 1 the moment generating function
O(t,2), z = (21,...,2), |2] <1, of the vector Q(t) such that Q'(0) = (0,...,0) can be
represented as

r vm(t)

(3) o(t,2) =E ] I [1-#hlt - ™)== 1))

m=1 k=1
Consider one-dimensional distributions of the process £ (t), t > 0. By
©on(s), s'=(s1,...,8) ER",
we denote the characteristic function of £ (t). Tt follows from (3) that

onl(s) = Ei€" 05

r  Um(nt)

= exp (—iv/ng'(t)s) Eexp Z In [1 +7, (t _ T}Em)/n) (eis/ﬁ B T)}

m=1 k=

—

where ,
(eis/ﬁ) = (e“l/‘/ﬁ, cee eis"/ﬁ) .
Let (s%) = (s%,...,5%). Then
lim ¢, (s) = lim exp(—ivng'(t)s)

n—oo

T Vv(:)(nt) Z T]im) 1 1 T]Em) 9
E —p |t - £ ———p | t—-
(4) X Eexp Z Z \/ﬁpm n s ) npm n s

m=1 k=1

Put
V]in) (nt) — \gnt
Y
The sums on the right-hand side of (4) can be expressed in terms of integrals of W (™) (¢)
and thus
lim @, (s) = Jim_exp (—iv/ng'(t)s)

n—oo

Wi (1) = W) = (W), wiw).

X Eexp{i\/ﬁ)\' /Ot P(u)dus +i /t dW ™ (w)P(t — u)

0
- %)\'/0 P(u) dus® + %mz_:l /\msl/O p(u)p'(u) dus}
_ exp{—% 3 A /0 Ao ()] = P (), ()] dus}

t
x Eexp {z/ dW'(u)P(t — u)s} :
0
The right-hand side of the last equality is the characteristic function of
V() + €2 (1)

The convergence of one-dimensional distributions is proved.
Consider two-dimensional distributions.
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Given a fixed trajectory of the input flow, the distribution of
(Q(t1), Q(t2)), 0 <t1 <ty

coincides with that of

r vm (t1) vm (t1) m (t2)

Z Z (k) ( (m)>7 (o) (t2 _ T}gm)) + Z (k) ( ( ))

m=1 k=1 ,ym(tl)

Applying equality (1) for N = 2 we represent the joint moment generating function
D(t1,t2,2(1),2(2)) of the vectors Q(t1), Q(t2) as follows:

vm (t1)

B(ts,ta, (1), —E{H IL [+ 8 (0 - ) ) - 1)

m=1 k=1

+ 2l (11 =7 ) ARDIP(AL)(2(2) - 1)

vm (t2)
< I 1+ pu -7 (2)—1)]}

v (t1)+1

This representation allows one to evaluate the limit of the joint moment generating
function

en(s(1),5(2)),  s(1),s(2) R,
of the vectors £ (¢;) and £ (t5), namely
lim o, (s(1),5(2)) = lim Eexp (i€ (t1)s(1) + i€ (t2)5(2))

= nlinéo exp (—i\/ﬁq'(tl)s(l) - i\/ﬁq'(tg)s@))
X E{ i { (”)z(rftl) In [1 +p, (t1 — T,gm)/n> (eis(l)/\/ﬁ 3 i)

m=1\ k=1
+o (tl - T;Em)/n)
x A [eis(l)/ﬁ} P(Ats) (eis(Z)/‘/ﬁ — 1)}

ny?’)(ntz)

+ Z In {1 +ph, (tg — T,Em)/n> (eis(Z)/‘/H — i)} }}

Vy(ﬁl>(nt1)+1
- exp{—é Ams' (1) / (AP ()] — pra()ply (w)] dus(1)

Ams'(2) / (A (w)] — po ()l ()] dus(2)

- AmS'(l)/Ol[A[ m ()] = pm (w)ply, (u)] duP(Ats)s(2 )}

1

3

t2

< E {z O AW (W) Pty — u)s(1) + i [ aw ) ps - u)s(Z)} .

The right-hand side of this equality is the characteristic function of the two-dimensional
distribution of £ (t) 4 £3)(¢).
The convergence of N-dimensional distributions, N > 2, can be checked similarly.
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Proof of b). We represent the process £ (t) as follows:

€0t = () - €2 ),

where
ro (v (nt) (m)
e () = n=1/2 Z Z Dm <t - —) —nAm / pm(t —u)du |,
m=1
v (nt) (m) (m)
€@m(t) = n~1/2 Z Z l <t ) (m.k) <t Tk )]
n X n .
m=1
Since

wa (5(")) <wa (5(1’")) +wa (5(2,71)) )

it is sufficient to check relation (2) for €™ () and £€3™)(t) separately. We follow the
method of the paper [4]. Integrating by parts, we get that for A > 0,

t t
AEM (1) = A / AW (W) P(t — u) = AW (t) — / AW (u) dP(t — u),
0

—A
where
Azx(t) = z(t + A) — z(t)
and
w ) (u) =0
for u <0.
Let
Hio) =

Since P'(t) = A(u)(P — I)P(t),

OittlET 123@101 () < ey

and
(5) wa (€0) < (L4 penT) wa (W),
Estimate (5) implies that

Jim, T P (wa (607) > ) =

for all § > 0. Now we consider ™) (t), t € [0, T).
The increment A&(™(t) can be represented as

AL (1) = ¢ + G,
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where

v (nt) v (nt4nA)

Vm

_ n71/2 Z Z a(m k) G = n71/2 Z Z 5(m7k)’
m=1

m=1 l/,,L )(nt)—i-l

=1,2,...,v
() (m)
Blmk) — p t+A—’“T —xmR (A -
k=v{(nt) +1, (") (nt 4+ nA)

Let F),, be the o-algebra generated by the family of random vectors
{V(”)(nt),O <t< T} .

Now we obtain an upper bound for Mg, (JAEZ™)()[*):

Mp, (|83 (1)) <8 (M, |Gl + M, |GI")
(6) T v (nt) . 4 v (nt4nA) . 4
<srin 30 \Mp | YD o™ wMe (X 8™
mi=1 k=1 Vy(,?')(nt)Jrl

where agm’k) and @(m’k) are the ith coordinates of the vectors a(™*) and 3% respec-
tively. Now we estimate every term in (6) from above.
The random variable

. ~(m) B am
n n

assumes only three values +1, —1, and 0, with probabilities

X\ ( Tlgm_)> X\ <t+ A— ngm)
n n

(m)

(7) +1, Pk = Pmi (t— = >(1—pn~(A)),

(m)

Tl = i Py (t - )pjz‘(A),
07 1- Pr — 4k,

respectively.
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It follows from (7) that

V) (nt) * V) (nt) V) (nt)
n Mg, [ Y o™ | <302 S eta)+ | D (or+ar)
k=1 k=1 k=1
(8) <3n7'A [Cfm) +4n 2 p sup IW&")(t)l]
0<t<T

2
387 O 4Py sup (WA
0<t<T

=S4,
where

T
Cim) = Qu(r))\m/o (1 — prrt1(uw)) du.

Similarly we get for the second term on the right-hand side of (6) that

1/7(,7;/) (nt+nA) 4
’I’LizMFn Z ﬁfm’k)
Vy(,?')(nt)Jrl
(9) <n! {)\mA +n7 Y20, (W,%")) + 4u(,«)n’1/2A sup |W,(,f)(t)|}
0<t<T
2
+3 [/\mA +n Y20, (Wr(nn)) + 4,u(r)n_1/2A sup |Wr(n”)(t)|}
0<t<T
= 550 (A).
Combining (8) and (9) we obtain the desired estimate:
T
(10) M, (JAEED @) <87 3 (SI7(8) + S§7(8))
m=1

whence it follows that
lim Tim P (wA (€@ > 35) =0

A—0n—oo
for all § > 0. Without loss of generality we assume that 7= 1 and A = 1/2P.
Let
wit.t+A) = sup [ (t) - €3 (),
UE[t,t+A]
olV]

£3 (/2 - €3 (j/2Y)|.

= max
[k/2N —j/2N|<A
Then Lok
(2.m) [NV] Kk k+1
um(ﬁ )SMA +20<n]32)2<Nw<2N7 o
for N > p, and

i p(oa () 2 <p () 20) < p U o (2 )

Consider the first term in (11). The random event

ﬁ ﬁ {‘g@’") <£) _ezm) (%)‘ B ;iz}

s=p k=1
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implies {w[AN] < d}. Passing to the complement events, we get that for p > 3,
N 2f
N 5 5\ < en (K _cem (EZ1Y|o 0
P 20) <35 (e (5:) - (U5 |2 )

Using a Chebyshev type inequality for conditional probabilities and estimate (10), we
obtain

lim lim P (w[AN] > 6)

P—00 N—00

N 2°
< jm i S E (P

k k—1 1)
0 (z) - ()| %))

s=p k=1
_ N 2° 4
< lim Tim 57 s® E{ MF”‘ AgeZn) }
pP—00 N—00 = et

r 00
< 24540 Z (C'fm)2 + /\fn) plilgo Z s8275 =0,
m=1 s=p
k k—1
Azg(Z,n) _ 5(2,71) <§) _ 5(2,71) (T) )

2NV -1
e Eok+1
Jim, Jim, ) P (o (w55 20) =0

where

The equality

can be checked similarly.
The theorem is proved. |

The two terms of the limit process depend on the prelimit processes in the queueing
system as follows: () (t) is related to the fluctuations of the input flow, while £(2)(¢) is
related to the fluctuations of the service time at the nodes of the network.

3. PROPERTIES OF THE LIMIT PROCESS

Prior to our study of the properties of the limit process we give some sufficient condi-
tions for a multidimensional Gaussian process to be Markovian.

Theorem 2. Let £(t) be an r-dimensional Gaussian process with zero mean vector and
such that

a) the correlation functions R(s) and R(s,t) are related by
R(s,t) = R(s)P(t — s), P(t) = exp(Qt)
for some matriz Q) and all 0 < s < t;
b) the matrices R(s) and R(t) — P'(t — s)R(s)P(t — s) are nonsingular.
Then the process £(t) is Markovian. Moreover the conditional distribution
P(t)eB/&(s)=xa), B € Bg,,
is Gaussian with the mean vector P'(t — s)x and correlation matriz

R(t) — P'(t — $)R(s)P(t — s).
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The set G of Gaussian processes satisfying condition a) is closed in the sense that if
two processes of G are independent and have the same matrix @ in representation a),
then every linear combination of them belongs to G. As a corollary of Theorem 1 we
obtain the following result: the sum of two independent Markov G-processes with the
same matriz Q is a Markov process if condition b) holds.

Note that the multidimensional Ornstein—Uhlenbeck process satisfies condition a).

The following result for block matrices is the main tool in the proof of Theorem 1.

Lemma 3. Let P(t) = exp(Qt) and let Ry, ..., R, be symmetric r x r matrices. Assume
that

ARjpt1 = Ry — P/(Atyep1) R P(Atger), k=0,1,...,n—1,
are nonsingular, where 0 < t1 < -+ < t,, Atgr1 = tx11 — tr, and Ry is the zero matriz.
Then the block rn x rn matriz R consisting of n? blocks

R — RzP(tJ - t1)7 1 S .j7
Y Pt — t;)Ry, 0>,

has the inverse matriz R~ = ||R( 1)H1, which is three-diagonal. Moreover,

R =—ARUVP(AL),  i=2,....n,

17— 1 -
R'Eerl) = —P(Atu-l)ARZH , t1=1,....,n—1,
RGY = AR + P(At;1)ARZL P/(Atiyr), i=1,....n—1,  RGY=AR;.

To prove Lemma 3 we use induction on n and the following result: if a square matrix

A is of the block form
A An
A =
<A21 A22> ’

where A11 and Aso are square matrices, then A~ is also a block matriz, and moreover,
-1 -1
AT = <A§111; A:m 13) )
Ay Ay
1 _
A(22 M= [A22 - A21A11 A12] ) A(u Y= A11 + A11 A12A A21A§1 1),
A = —aG Y A4 AGY = —A7A,AG Y,
provided the inverse matrices on the right-hand side of (12) exist. A similar result can
be found in [5].
The proof of Theorem 2 follows from Lemma 1 and Theorem 2 in [3], p. 262.

It is clear that the limit &) (¢), ¢ > 0, is an r-dimensional Ornstein-Uhlenbeck process.
The following is an immediate corollary of Theorem 2 for the sum ™M) () 4+ £ (¢).

where

(12)

Corollary 1. If the spectral radius of the matriz P does not exceed 1, then the limit
Gaussian process €V (t) + €3)(t) is an r-dimensional diffusion process with the shift
vector A(x) = Q'x and diffusion matriz

B(t) = Ald'()Q] - Q'Alg(t)] — Alg(1)]Q + o,

where Q = A(u)(P—=1) and A(z) is a diagonal matriz whose principal diagonal coincides
with the vector x.

Theorem 1 is a result of the diffusion approximation type. Note also that Theorem 1
contains more information about the structure of the limit process than do other results
of this type.
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4. AN APPLICATION FOR NETWORKS WITH A SEMI-MARKOV INPUT

Consider a particular case of a [G|M|oo]” network where the input flow has a special
structure. We assume that r servers have a common input flow of customers governed
by a semi-Markov process ((¢t) € {1,2,..., N}. This means that the arrival times of
customers coincide with the moments 7,,, n = 1,2, ..., at which the process ((¢) changes
its state. If the process ((t) moves to a state “/” at a moment 7,, then the probability
that the nth customer arrives at the server j is h;j, 22:1 hi; = 1. The matrix H = || hy;||
is of size N x r. Denote by

N
B(t) = [[Fi (8]l

the semi-Markov matrix of the process ((t). Let

t) = Zﬂ-j(t)

be the distribution function of the time spent by the process ((t) at the state “i”, let
fij = Fij(+00)

be the transient probabilities of the embedded Markov chain, and F = || f;;||. Such a

multichannel network with the input flow specified above is denoted by [SM|M|oo]” in

the theory of queues.
It is known that condition 1) of Theorem 1 holds for the input flows v (t),...,v.(¢) if

3) the matrix F is indecomposable;
4) there exist the first and second moments of the time spent at every state,

oo oo
mi:/ tdFy(t) < oo, di:/ t? dF;(t) < oo, i=1,2,...,N
0 0

(see [6 [7]).
Following the method of the paper []], we represent the intensities A\;, i = 1,...,7,
and the matrix o2 as follows:

N
1 Z ,
:E 7Tjhj'h z:1,...,r,
Jj=1

N
1
2 _

(13) o’ = H'CH + — z;wjm(hj) — ;1)

=

C= ||Ca5||iv7
d— 2m(2) T

(14) Caf = Ta— Z Tajfig + T3 — Z rgjfie + MaTg— 35— +dap -~
(15) R1 = H7“7,]|Hv = (I— EHA(m)) RO (I — EA(m)H> .
Here my, w9, ..., mn and h;- = (hj1,. .., hj;r) are the stationary distribution of the embed-

ded chain and the jth row of the matrix H, respectively,

N N N
m = E m;T;, d= E diﬂ'i, m(z) = E m?m,
i=1 i=1 i=1

A(m) = ||m;6;;||Y, I is an N x N matrix whose rows are equal to each other and coincide
with the stationary distribution, and Ry = (I — F + II)~! — II is the potential of the
embedded Markov chain.
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The following result is a corollary of Theorem 1.

Theorem 3. Assume that conditions 2)—4) hold for a queueing [SM™|M ™ |oo]” net-
work and the spectral radius of the route matrix P is less than 1. Then the normalized
queueing process £ (t) weakly converges in the uniform topology on every finite interval
[0,T] to a diffusion process £(t) (£(0) = 0) with the shift vector A(x) = Q'x and diffusion
matric

B(t) = Ald' (1Q) — Q' Ala(t)] — Ala()]Q + o,
where the matriz o2 is defined by (13)—(15).

The convergence of the functionals of the process €™ (t) can be used to evaluate the
quality index of a network and the optimal control for the service processes.
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