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QUASI-LINEAR STOCHASTIC DIFFERENTIAL EQUATIONS
WITH A FRACTIONAL BROWNIAN COMPONENT

YU. S. MISHURA

ABSTRACT. The paper is devoted to stochastic differential equations with a fractional
Brownian component. The fractional Brownian motion is constructed on the white
noise space with the help of “forward” and “backward” fractional integrals. The
fractional white noise and Wick products are considered. A similar construction
for the “complete” fractional integral is considered by Elliott and van der Hoek.
We consider two possible approaches to the existence and uniqueness of solutions of
stochastic differential equation with a fractional Brownian motion.

1. INTRODUCTION

We consider quasi-linear stochastic differential equations with a fractional Brownian
component.

The paper is organized as follows. Section 2 contains the construction of the “for-
ward” and “backward” fractional Brownian motions on the white noise space (a similar
construction for the “two-sided” fractional Brownian motion is described in [1, [2]).

In Section 3, the fractional Brownian noise related to the “forward” fractional Brow-
nian motion is considered. It is proved that the fractional Brownian noise belongs to the
Hida space S™.

Section 4 contains the conditions on the process Y under which the Wick product
Y ¢ Wg with a fractional Brownian noise Wy is S*-integrable. It is also proved that the
S*-integral with a nonrandom integrand and a “forward” fractional Brownian motion as
the integrator can be reduced to the ordinary It6 integral with a nonrandom integrand
that is a kernel of the Volterra type, and with a Wiener process as the integrator.

Two possible methods of solving stochastic differential equations with a fractional
Brownian noise are described in Section 5. The first method is based on the Lipschitz and
growth conditions for negative norms of coefficients (note however that those conditions
are rather restrictive). The second method is applied only to quasi-linear equations
and is based on the Giessing lemma [3]. Both methods show that fractional stochastic
differential equations on the white noise space are very close in their properties to ordinary
stochastic differential equations with respect to the Wiener process.

2. “FORWARD” AND “BACKWARD” FRACTIONAL BROWNIAN MOTION

Consider a probability white noise space. More precisely, let S(R) be the Schwartz
space of real smooth rapidly decreasing functions on R, and let S’(R)) be the dual space
of tempered distributions equipped with the weak-star topology. We treat S’(R) as the
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probability space 2 with the o-field F' of Borel sets. According to the Bochner—Minlos
theorem, there exists a probability measure P on (9, F') such that

) Eexp(i {f,0)} = exp { -5 /12

for all functions f € S(R), where ||f|3 = [5 |f(z)]* dz.

Note that E (f,w) = 0 and E (f,w)* = || f||2 for f € S(R) by (1) and thus the duality
(f,w) can be extended by isometry to the whole space La(R).
For H € (%, 1), consider fractional integrals of the form

oo xT

My f(z) = Crr / (t— T3 f(t)dt, M f(x) = Ch / (x — )32 f(t) dt,

T — 00
where

On = (sin(H)0@H + 1) ()" + (¢7)°)
= (2eos (2 2) o)1 (2- 1))
C4,=m <ZSin ((Z — g) 7r> r

We set My o f(x) = My, f(x) = f(z) for H = i
According to [4], these operators are defined on L,(R) for 1 <p < a™!, where

1
a=H——.

2
If 1 < p < 3, then the operators are bounded and act from L,(R) to Ly(R), where

q= p(l —pa)_l. Let f1 S LQ(R) and fg S Ll/H(R) Then MHf1 S Ll/(lfH)(R) and
My fa € Lo(R), so that one can introduce an inner product in Lo(R) by putting

(f17MHf2)Z/Rf1($)MHf2(x)dx.

It follows from the Fubini theorem that

(oo}
(Mt = Cu [ o) ([T 0= 2" 2 00 at) o
R T

(2) ¢
= CH/ fa(t) (/ fi(a)(t —z)H=3/2 dx) dt = (M3 f1, f2).

R —o00
Relation means that the operators My and M7, are, in some sense, conjugate. Note
that Mg and M7}, transform S(R) into S(R).

Let Ijo,4(s), 0 < t, be the indicator function. For ¢ < 0 we put I 4(s) = —Ij;(s). Set
My (x) = Myl q(x) and My (x) = MjIg 4(x). Consider two stochastic processes
(3) Bu(H)(w) = (Mu,w) and Bi(H(w) = (Mj,w),  teR.

Note that By and Bj; are Gaussian stochastic processes such that
E By (t) = EBy(t) = 0.

It follows from the Parseval equality that

1 — —

EBH(t)BH(S) = /RMH,t(x)MH,s(x) dr = % - H,t(A)MH,s(A) d)\,



STOCHASTIC DIFFERENTIAL EQUATIONS 105

where f(\) = Jr e ™ f(y)dy is the Fourier transform. The “fractional” Fourier trans-
form is of the form

Muf(\) = Cu (Ch +i-sgnx-C3) NY2HF(N),
M\ = Cy (Cl —i-sgnh- CF) A2 H f())

see [4]). In the particular case of f(z) = Ijg 4(x) we have
0,t]

Mpus(\) = C (Cl +i-sgn X - C%) |A|1/2*H1%;m,
W50 = G (Ch = i-senh- C) /- e 2
Therefore
g EBOBH0) = o () +(@)°) [ 2 (1= ) (1= ) i

1
_ 5 (|f,|2H + |5|2H _ |t _ 5|2H)

for all ¢, s € R.

It follows from (@) and (@) that the processes By (t) and By (t) are fractional Brownian
motions and have stationary increments. Moreover, representation (EZ]) allows one to
express By (t) and Bj;(t) in terms of a standard Brownian motion B(t) = By s(t) =

{Tj0,4,w):

Bult) = /R My (u)dB(u),  Bj(t) = /R My o(w) dB(u)

(5)  Bult)=Cn <H - %) / ; (1t =)= = (%) dBw),
(6) B (t) = Cy (H - %) - /too (uf*“ —(u— t)H_1/2> dB(u).

It is seen from representations (@)—(Gl) that By is a “forward” fractional Brownian motion,
since it depends only on the “past”, namely on {B(u), —oco < u < t}. Similarly, B}, is
a “backward” fractional Brownian motion, since it depends on the “future”, namely on
{B(u),t < u < oco}. In what follows we consider only stochastic equations with By (t),
since the solutions are adapted and depend on o{B(u),u < ¢} in this case.

Note that the so-called “two-sided” fractional Brownian motion is considered in [1].
This process depends on the whole trajectory {B(t),t € R}. This property creates
difficulties when calculating the mutual correlation of the processes By and B, since
B(t) — B(s), s > u, depends on By (u).

Now we construct a linear combination of our operators,

Mf(z)=> owMp, f(z), Hy€ B 1) , oy, >0,
k=1

and the corresponding linear combination of fractional Brownian motions with different
Hurst indices,

Bu(t) =Y oxBu,(t) = (MIjgy,w).
k=1



106 YU. S. MISHURA

3. FRACTIONAL WHITE NOISE AND ITS REPRESENTATION
IN TERMS OF HERMITE FUNCTIONS

In what follows we adopt the following notation of [I],[5]. Let No = N U {0}, I be the
set of all finite multiindices o = (a1, ..., a,) with a; € Ny. Put |a| = a1 + -+ 4+ a,, and
al = aylas! - a,!. Consider the Hermite polynomials

2 dn 2
hn(x)—(—l)”exp{%}dx—nexp{—%}, n >0,

and the Hermite functions
~ 2
ho(z) =7 Y4((n = D72 hyoy (V) exp {—x—} ., n>1

It is well known that the functions Bn(m), n > 1, form an orthonormal basis in La(R).
Let Ho(w) = [Ti2, ha, (<hi,w>), and assume that
F=Fw)e LQ(S/(R),]:, P) = L1(Q)
for a random variable F. Then
(7) Flw) =) caHa(w)
acel
by [4], and

1P = Y _ el < oo
acl
Consider the following dual spaces.

(a) S: F € S if the coefficients of expansion (@) are such that

IFIIE =D (ah)?c(2N)* < oo
acl
for all k > 1, where (2N)Y = H;il(Zj)'Yj and v = (71,...,7m) € I.
(b) S*: F € §* if F' admits a formal expansion (7]) with a finite negative norm
IE)Z, =D et (2N) 7" < oo
a€el
for at least one ¢ € N (we write F' € S_, in this case).
For
F=Y coHa€S,  G=) dyHo€S*
« «

we set

(F.G) = al cada.
«
Further we define the spaces

L3(R) = {f: Mf € Ly(R)} = {f: M € Lx(R)},
L3 (R)={f: M*f € Ly(R)}.
The inner product in L32,(R) and L3%,.(R) is introduced by

(Fiahas = [ MF Mg, (£9)y. = [ Mf Mgt
R R
We also define the inverse operator M ! in terms of the Fourier transform. Let

g(x) = M~ f(z);
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then .
FO) =90 > orDa N[V,

k=1
where Dy, = Cp, (Cly, +i-sgn - CF ). Thus

(M-TF)(A (ZakDH A2 Hk)lf@)-

k=1

It is clear that the functions e, = M *lﬁk, k > 1, form an orthonormal basis in the space
L3,(R). Now we represent the linear combination of the fractional Brownian motions
By (t) in terms of hg, k > 1, by using the conjugacy property of M and M*.

Lemma 1. The following representation holds:
00 st

(8) BM(t):Z/ M*hg(z) dx <hk,w>, teR, we S (R),
k=170

and the series converges in La(£2).
Proof. First assume that w € S(R). Using relation (2) we obtain
By (t) = <MI[0 t],w> = <I[0 t],M*w>
where M*w € S(R). Since Ijg 4 € L3,(R), we have Ioy = >y < Ot],ek> - ey, where
the series converges in L3,(R). Then <I[Ot M* w> Y orey < Ot],ek>M (ex, M*w) and

the series converges in Lo(2). Further,

[e )

<I[o,t]76k>M e, M w) = i LMI[Q7t]($)M€k($) dx - (Mey,w)
= g/RI[O’t] (m)M*Ek(a:) dx - <Ek,w>
= kzz:l/o M*Ek(a:) dx - <Ek,w>

and () is proved for w € S(R). Now we can extend (B) to the whole space 2 = S'(R),
since S(R) is tight in S"(R) in the weak-star topology generating the weak convergence.
Finally

k=1

<7Lk,w> —H. (v), ex=1(0,...,0,1,0,...),

k-1
and
oo t ~ 2 00 t ~ 2
S / Mhp(z) dz| (ea])? = / M () dz| < oo,
— /o — /o
whence it follows that series (8) converges in Lo(€2). O

Now we define the fractional white noise Wy () as the formal series

= i M hy(z) da - <Ek,w> .
k=1

The linear combination of fractal noises is given by

= i M*hy,(z) da - <7Lk,w> .
k=1
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Lemma 2. The fractional noises Wy (t) and Wy(t) belong to the space S* for any
teR.

Proof. Tt is sufficient to consider the case of Wy (t). In what follows we denote by C
the constants whose exact values have no importance for our consideration. Using the
Fourier transform we obtain
of |
[t|>1

M ()| = € / et o (O)¢[1/2H dt gc/
R lt|<1

It is known that

iL/(\t) = Ch(t),

(t)] < Ck='/12 if |t| < 2Vk,
“ e it |t > 2V,

where the constants C' > 0 and v > 0 do not depend on k and ¢ € R (see [1l [5]).
Therefore

‘Mﬁﬁk(x)‘ <C / k_1/12|t|1/2_H dt+/ |t|1/2_HI<:_1/12 dt
[t]<1 1<t<2VE

2
+/ [t]/2Hem 7t gt
9) [t|>2vE
e (k,71/12 L pm1/12 p3/a-H/2 | e—2m/E) <C <k2/37H/2 i k"l/Q)

< C,]€2/3—H/27
whence

W ()%, Z‘M*hk ‘ (2k)~ q<cZk4/3 Hq < o

k=1
for ¢ > %—H. Since H > 1 5, we get that for ¢ > 1—61
||WH(t)H2_q < 00
forallt € R and H > % The proof is complete. a

4. WICK PRODUCTS, INTEGRALS, AND SOME REPRESENTATIONS

Let F(w) = > s cala(w) and G(w) = 3 c;daHa(w). Then the Wick product is
defined by
(Fo@) @)= Y cadsHarp(w).
a,Bel

According to [B], FoG € S for F,G € S, and F oG € S* for F,G € S*.
Let Z: R — S* and

(Z(t),F) € Li(R), t e R,
for all F' € S. We define the S*-integral fR t) dt as the unique element of S* such that

<</Rz(t) dt,F>> :/R<<Z(t)7F>> dt.

Theorem 1. Suppose Y (t) € S* is represented as Y (t) = > c;ca(t)Ha(w), t € R,
where the coefficients cq satisfy K := sup, {a!- ||ca||2L1(R)(2N)*qa} < oo for some g > 0.
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Then the Wick product Y (t) o Wi (t) is S*-integrable and
(10) / Y (t) o Wa(t) dt = Z/ Ca(t)M*hy(t) dt - Hope, ().
R o /R

Proof. We consider the case of Wy (t); the proof for Wy, (t) is the same. It is clear that
Y (t)oWg(t) € S* and the Wick product equals 3~ ; ca (t)M*hy,(t)Hyye, (w). We apply
Lemmas 2.5.6 and 2.5.7 of [5] to prove that Y (t) o Wg(t) is S*-integrable. According to
these results, the S*-integrability follows from

o)

Bel

(QN)(*Pﬁ) < 00
Li(R)

S M)

ak: atep=0

for some p > 0. We proved in Lemma 2l that ‘M}}ﬁk(t)‘ < Ck*/3-H/2 < OS2 for all
k > 1 and some C' > 0. Therefore

Jo

calt)Mighi(t)] dt < CH2||ca |1, m)

and
2 2
Y wompho| <Y [le@mhao),
ak: atep=0 Li(R) ak: ater=0 1(R)
2
<ol S Rl
ak: atep=0
Further

2
S—Zm( > k<5“2>||ca<t)|L1<R>> (2N) PP

Berl ok atep=p0

SZﬁl-(l(ﬁ))5/6-< > ||Ca(t)|L1(R)> (28) PP

Bel a,k: ater=0

where () equals the subscript of the last nonzero element in the index 3 (the length of
the index (). It is shown in the proof of Lemma 2.5.7 in [5] that for all & and § there
exists at most one number & such that a + e, = 3, whence

2
Yo lea®lomy | <182 D leall?,wy:
a,k: ater=0 a,k: ater=0

Thus
S <Y (ater)! (a+e) ™ leall, @) (2N) 77 (2N) P
a,k

a+ep)! (p— _
< k3 0L 0 4y am)= 00 o) e
a,k
<KD (| + 1271 0k7 < oo
a,k
for p > ¢+ 1. This result means that Y (t) ¢ Wy (t) is S*-integrable.
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By the definitions of the S*-integral and Wick product,

<</R Y (t) o W (t) dt,F>> = /R<<§ca(t)M}}ﬁk(t)Haﬂk(w)’F» dt
- /R D (e en)! calt) da i Miphy(t)(w) dt
ak

forall F€S, F =35, Hgic,(w). Note that

D (a+ep)! o[ (2N)2 10T = ¢ < o0
a,k

for all ¢ € N, whence

Z/ (@ + i) |ealt)] - [da | Mihi(t) dt < (a+ ex)! [da kK2 cal®)] £, m)
a,k R ak

< Z(a +ep)! |d(y7k|2(2N>2(I(a+Ek) Z k5/6||Ca|‘%1(R) (o +ep)! (2N)-2q(a+€k)
o,k a,k

< Cy K> K%(lal + 1)(2N) 11572 < 00
ak

for ¢ > % Interchanging the sum and the integral in ([[I]) we obtain

<</Ry(t)<>WH(t) dt,F>> = (a+er)dan | calt)Mhi(t)(w)dt

ak R

_ <<§;Lca(t)M§ﬁk(t)(w)dt,F>>,

and ([0) follows. O
Corollary 1. Let Y(t) = > ca(t)Ha(w) € S* be a stochastic process such that
T
/ EY2(t)dt < o0
0

for some T > 0. Then

T T
Za!/ ci(t)dtz/ EY2(t)dt < oo,
p 0 0

whence K = supa{a!HEQHQLI(R)(ZN)_QO‘} < oo for all ¢ > 0 (we use the notation
Co = ca(t)Ijo,71(t)). By Theorem 1 this means that Y (t) o Wa(t) is S*-integrable and
(@) holds.

Corollary 2. Let Y(t) = 1. Then it follows from Corollary 1 that
T T T R

/ War(t) dt = Z/ M*hy(t) dt - Hoyep (w) = Z/ M* T (t) dt-<hk,w> = Bu(T).
0 on /0 = Jo

In this sense, we say that a fractional noise is the S*-derivative of a fractional Brownian
motion.
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Consider the case where Y (t) € La(R) is a nonrandom function. Then ¢, (t) = Y (¢)
for o = 0 and ¢, (¢) = 0 otherwise. It follows from Theorem 1 that

/OT Y(t) o Wi(t)dt = zk:/oT Y (£)M* hy (t) dt - <Bk,w>

(12) :zk:/RM?T(t)/}k(t)dt-<ﬁk,w>
:%: /R MY 0 (#)hu(£) dt - H, (),

Yr(t) =Y ()10, (t).

The right-hand side of ([[2)) is the same as that of equality (2.5.22) in [5]. Thus the
left-hand sides also are equal, and

/TY(t)oWM(t)dt—/ M?T(t)oWM(t)dt:/ MY 7(t) - War(t) dt
0 R R

(13) T m T
> <0kcH,c /0 Y (z)(x — t)e=3/2 dx) Was(t) dt.

/—oo k=1 Vi

Now let Y(t), t € R, be a stochastic process such that Y (¢) ¢ Wi (t) is S*-integrable
on any interval [0,7]. Let

/T Y (t) dBy () := /T Y(t)o War(t)dt, T > 0.
0 0

Then it follows from (I3) and Theorems 2.5.4 and 2.5.9 in [5] that

/TY(t)dBM(t)—/ M?T(t)-WM(t)dt:/ MY 7(t) 6B(t)
(14) 0 R R

= / MY 7(t)dB(t)
R

for nonrandom Y € Ly(R), where the symbols § and d stand for the Skorokhod and It6

integrals, respectively. Therefore, the S*-integral fOT Y (t) o Was(t) dt is an ordinary It
integral with nonrandom integrand

Ch /T Y(z)(z — )" """ d
0

vt
of Volterra type if Y € Ly(R) is nonrandom. Note that

2
0 T
1M Vx|l g = / ( /0 Y(x)(x_t)H-s/gdx> dt

2

s /OT< tTY(x)(m—t)H3/2 da:) dt

0
<Y1 0y (1= H) L / (T = 1272 = (—)*"2) dt < o,
so that the It6 integral is well defined.
Note also that it is proved in [I] that the integrals [ Y (t) dBas(t) and [z MY (t) dB(t)
coincide in the case of a nonrandom Y and a “two-sided” fractional Brownian motion.
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5. STOCHASTIC DIFFERENTIAL EQUATIONS WITH A FRACTIONAL WHITE NOISE

Consider two possible methods for solving stochastic differential equations with a
fractional noise.

5.1. Lipschitz and growth conditions posed on negative norms of coefficients.
Consider a stochastic differential equation of the form

(15) X(t):X0+/O a(s,X(s))ds—f—Z/O bi(s, X (s)) o Wi, (s)ds,  0<t<T,
k=1

where Hj € [%, 1) for all k < m, and H; # H,, i # j. The case of equation (I5]) with
a usual (nonfractional) white noise is considered in [6]. Note that the proof presented
in [6] does not use the structure of a white noise; it is based on the fact that the white
noise belongs to the space S*, and this is true for fractional noises as well. If FF € S_,.,
G e S_4,and r < g—1, then

1F oGl —r < Crgl|Fl| -Gl -

by Theorem 1 in [6]. According to Lemma [ Wy, (t) € S_q for all ¢ > L. In particular,
W, (t) € S_2. Moreover, sup; ||Wa, (t)|| -2 < C for some C > 0. Thus
[E oW, ()]~ < CF| -
forr< -3, FeS_,, andt > 0.
Assume that the coeflicients a and b and initial value X of equation (I3]) satisfy
(A) forall T > 0,1 <k < m, and some r > 3
a,bg: [0,T] x S_ — S_,,
Xo € S_r, and the functions a(t, X (¢)) and bx(t, X (t)), 1 < k < m, are strongly
measurable on [0,T] for all X € C([0,T],S—-,);

(B) The Lipschitz and growth conditions on negative norms of coefficients a and by,
namely

la(t, z) = a(t,y)| - + D Ibk(t,2) = bx(t, Yl < Cllz =yl -t < T
k=1

la(t, @) + D Ibe(t, @)l < O+ |Jal|-r),t < T
k=1
Since by, are strongly measurable, it follows from Theorem 6 of [6] that
bi(t, X (1)) © Wi, (¢)

also is strongly measurable. The existence of the integrals

/ a(s, X (s))ds
0
and .
/O ba(s, X (5)) o Wi, (5) ds

follows from condition (B). The latter integrals can be viewed as Bochner integrals in
S_,if X € C([0,T],5-).

The following result can be proved by the standard successive approximation method
(a similar proof for a white noise can be found in [f]).

Theorem 2. Assume conditions (A) and (B). Then equation [AR) has a unique solution
on [0,T], and this solution belongs to C([0,T],S_,).
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5.2. Quasi-linear stochastic differential equations with a fractional noise. The
Lipschitz and growth conditions on negative norms of coefficients together are very re-
strictive (see [6]). Consider a stochastic differential equation for which one can drop
these conditions, namely the following quasi-linear equation:

(16) Xt:X0+/O a(s,X(s))ds+Z/0 ok ()X (s) o Wy, (s) ds,
k=1

where Hj, € [%, 1) for all & < m, and the coefficients and initial value X, are such that
(C) ox(s), 1 <k <m, are nonrandom functions, o}, € Ly g, [0,T7;
(D) the function a(s, z,w): [0,T]xRxS'(R) — R is measurable in all its arguments,
la(s, z,w)| < c(1+ |z|), weS(R), 0<s<T, z€R,
la(s, z,w) — a(s,y,w)| < clz —y|, r,yeR, we S (R), 0<s<T;
(E) Xo € L,(Q) for some p > 0.

Theorem 3. Assume conditions (C)-(E). Then equation (I8) has a unique solution X
on [0,T], and moreover X € L,y (P) for all p' < p.

Proof. For simplicity we give the proof for the case of m =1 and H = H; > % Consider

the differential form of equation (14,
dX(t)
(17) & = a(t,X(t)) + o(t) X (t) o Wg(t), X (0) = X,.

Set 0¢(s) = o (s)I1o,1(s) and let

) =ex (- [ "o(s) B (5))

where
> xon
n!

exp® X =
n=0

is the Wick exponential. It follows from (I4)) that

Jo(t) —expO{—/RMHat(s) dB(s)}.

Put Z(t) := J,(t) © X(t). By the rules of stochastic differentiation given in [3],
dz(t) dX(t) dJ,(t)

a Ve g

Taking the Wick product of both sides with %t(t), we obtain from (7)) that

dZ(t)  dJ,(t)

o X (t)oWy(t) - o(t).

1 —t = —— X(1)).
(18) 0 = S (e, X (1)
Now we apply the Giessing lemma:
dJ,(t dJo (¢
(19) Jo(t) oalt,X(t),w) = Jo(t) ca(t,T-Mpo, X (t),w — Mpgoy),

dt d
where T is the shift operator and T, f(w) = f(w + wp). Similarly,
Z(t) = Jo(t) - T- o, X (t).
By I&)-(3), Z(t) is a solution of the ordinary differential equation
dZ(t)  dJs(t) _1
(20) e (¢, J; 5 (t) - Z(t),w — Myoy)
for every w € S'(R), Z(0) = Xo.
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The only difference between equations (20) and (3.6.15) in [5] is that the function
Moy is involved in (20) instead of o in (3.6.15). Since the structures of Myo: and o
are the same, equation (20) has a unique solution on [0, 7] for all w € Q = S'(R) (here

we take conditions (C)—(D) into account).
Now we estimate the moments of the solution X (¢). It follows from condition (C) that

|Z(t)] < | Xo] —l—/o Jo(s) |a (s, 7 (5)Z(s),w — Mpoy)| ds
<X+ C [ Ip(6) (14 7, ()| Z(3)) s
<Xl +C [ Is)ds+C [ 171

whence
T
|Z(t)| < <|X0| + C/ Iy (8) ds> exp{CT},
0
T
(21) E|Z(t)]P < exp{pCT}2?P (E | Xol? + CE/ |Jo(8)|P ds)
0
by the Gronwall inequality. Since

E |, ()" = Eexp® {—p /R (M) (s) dB<s>} = exp {9 Muro|12}

we obtain from (21) that
E|Z(t)|P <
as condition (C) implies that Myo, € La(R). Further,
Tonue X () = Z()J5 (1),
and E |J;1(t)]9 < oo for all ¢ > 0. Therefore
T riyo, X(t) € Ly (Q)

for all p’ < p. Since Myo, € La(R), we have X € L,/ (Q) for all p’ < p by Corollary 2.10.5
in [5]. a
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